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1 Introduction

In this paper, we assume that

X is a real Hilbert space ‘

with the inner product (- | -) and the induced norm || - ||. Let L >0 and let 7: X — X. Then
T is L-Lipschitz continuous if (V(x,y) € X x X) || Tx— Ty|| < L||lx—y||, and T is nonexpansive
if T is 1-Lipschitz continuous, i.e., (V(x,y) € X x X) || Tx — Ty|| < ||x — y||. In this paper, we
study compositions of what we call (see Definition 3.1) identity-nonexpansive decompo-
sitions (I-N decompositions for short) of Lipschitz continuous operators. Let (a, 8) € R?
and letId: X — X be the identity operator on X. A Lipschitz continuous operator R admits

an («, B)-I-N decomposition if R = «Id + BN for some nonexpansive operator N: X — X.
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For instance, averaged,' conically nonexpansive, and cocoercive® operators are all Lips-
chitz continuous operators that admit special I-N decompositions.
We consider compositions of the form

R=R, Ry, (1)

where m € {2,3,...},1 = {1,...,m}, and (R;); is a family of Lipschitz continuous operators
such that, for each i € I, R; admits an (¢, 8;)-1-N decomposition. That is, R; = «; Id +8;N;
for all i € I, where «; and B; are real numbers, and N;: X — X are nonexpansive for all
i € I. A straightforward (and naive) conclusion is that the composition is Lipschitz con-
tinuous with a constant IT;c; (|| + | B;|). However, such a conclusion can be further refined
when, for instance, each R; is an averaged operator. Indeed, in this case it is known that
the composition is an averaged (and not just Lipschitz continuous) operator (see, e.g., [2,
Proposition 4.46], [6, Lemma 2.2], and [21, Theorem 3]). In this paper, we provide a sys-
tematic study of the structure of R under additional assumptions on the decomposition
parameters.

Our main result is stated in Theorem 3.4. We show that, for m = 2, under a mild assump-
tion on (&1, &y, B1, B2) composition (1) is a scalar multiple of a conically nonexpansive op-
erator. As a consequence of Theorem 3.4, we show in Theorem 4.2 that, under additional
assumptions on the decomposition parameters, compositions of scaled conically nonex-
pansive mappings are scaled conically nonexpansive mappings, see also [1] for a relevant
result.* Special cases of Theorem 4.2 include, e.g., compositions of averaged operators [2,
Proposition 4.46] and compositions of averaged and negatively averaged operators [12].

Of particular interest are compositions R that are averaged, conically nonexpansive, or
contractive. Let xy € X. For an averaged (respectively contractive) operator R, the se-
quence (R¥xo)ren converges weakly (respectively strongly) towards a fixed point of R (if
one exists) [2, Theorem 5.14]. For conically nonexpansive operators, a simple averaging
trick gives an averaged operator with the same fixed point set as the conically nonexpan-
sive operator. Iterating the new averaged operator yields a sequence that converges weakly
to a fixed point of the conically nonexpansive operator. These properties have been instru-
mental in proving convergence for the Douglas—Rachford algorithm and the forward—
backward algorithm. In this paper, we apply our composition result Theorem 4.2 to prove
convergence of these splitting methods in new settings.

The Douglas—Rachford and forward—backward methods traditionally solve monotone
inclusion problems of the form

Find x € X such that 0 € Ax + Bx, (2)

where A: X = X and B: X = X are maximally monotone, and, in the case of the forward—
backward method, A is additionally assumed to be cocoercive. The Douglas—Rachford

Let T: X — X. Then T is a-averaged if @ €10, 1[ and nonexpansive N: X — X exists such that T = (1 - &) Id +aN.

2Let T: X — X. Then T is a-conically nonexpansive if a €10,00[ and nonexpansive N: X — X exists such that T = (1 -
a)ld+aN.

3Let T: X — X,and let 8 >0. Then T is %—cocoercive if nonexpansive N: X — X exists such that 7 = g(ld +N).

4The paper [1] appeared online while putting the finishing touches on this paper. Partial results of this work were presented
by the second author at the Numerical Algorithms in Nonsmooth Optimization workshop at Erwin Schrodinger Interna-
tional Institute for Mathematics and Physics (ESI) in Vienna in February 2019 and at the Operator Splitting Methods in
Data Analysis workshop at the Flatiron Institute, in New York in March 2019. Both workshops predate [1].
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method iterates the Douglas—Rachford map T = %(Id +R,5R,4), where® y > 0 is a posi-
tive step-size. The Douglas—Rachford map is an averaged map of the composition of re-
flected resolvents. The forward—backward method iterates the forward—backward map
T =],(Id — yA), where y > 0 is a positive step-size. The forward—backward map is a
composition of a resolvent and a forward-step.

In this paper, we show that for Douglas—Rachford splitting we need not impose mono-
tonicity on the individual operators, but only on the sum, provided the sum is strongly
monotone. The reflected resolvents R, 4 and R, are negatively conically nonexpansive,
the composition is conically nonexpansive, and a sufficient averaging gives an averaged
map that converges to a fixed point when iterated. Relevant work appears in [9, 16], and
[17].

More striking, for the forward—backward method, we show that it is sufficient that the
sum is monotone (not strongly monotone as for DR). More specifically, we show that iden-
tity can be shifted between the two operators, while still guaranteeing averagedness of the
forward—backward map T =/, 3(Id — yA). Indeed, the resolvent J, 5 is cocoercive and the
forward-step (Id — yA) is scaled averaged. This implies that the composition is averaged
(given restrictions on the cocoercivity and averagedness parameters). Moreover, when the
sum is strongly monotone, again with no assumptions on monotonicity of the individual
operators, we show that the forward—backward map is contractive. We also prove tight-
ness of our contraction factor.

We also provide, in Theorem 4.7, a generalization of Theorem 4.2 to the setting in (1) of
compositions of more than two operators. We assume that all R; are scaled conically non-
expansive operators and provide conditions on the parameters that give a specific scaled
conically nonexpansive representation of R. Our condition is symmetric in the individual
operators and allows for one of them to be scaled conic, while the rest must be scaled
averaged. This is in compliance with the m = 2 case in Theorem 4.2.

Finally, in Sect. 8, we provide graphical 2D-representations of different operator classes
that admit I-N decompositions such as Lipschitz continuous operators, averaged opera-
tors, and cocoercive operators. We also provide 2D-representations of compositions of

1_
2

expansive operator classes have previously appeared in [10, 11], and illustrations of more

two such operator classes. Illustrations of the firmly nonexpansive (5 -averaged ) and non-
operator classes that admit particular I-N decompositions and their compositions have
appeared in [14, 24] and in early preprints of [15].

1.1 Organization and notation

The remainder of this paper is organized as follows: Sect. 2 presents useful facts and auxil-
iary results that are used throughout the paper. In Sect. 3, we present the main abstract re-
sults of the paper. Section 4 presents the main composition results of Lipschitz continuous
operators that admit I-N decompositions, under mild assumptions on the decomposition
parameters, as well as illustrative and limiting examples. In Sect. 5 and Sect. 6, we present
applications of our composition results to the Douglas—Rachford and forward—backward
algorithms, respectively. In Sect. 7 we present applications of our results to optimization
problems. Finally, in Sect. 8, we provide graphical representations of many different I-N
decompositions and their compositions.

5Let A: XX be an operator. The resolvent of A, denoted by Jy, is defined by J, = ([d+A)™", and the reflected resolvent of A,
denoted by Ry, is defined by Ry = 2J4 — Id
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The notation we use is standard and follows, e.g., [2] or [23].

2 Facts and auxiliary results
Let p e R. Let A: X — X. Recall that A is p-monotone if (V(x, u) € graA) (V(y,v) € graA)

(x—ylu-v)>plx-yl? 3)

and is maximally p-monotone if any proper extension of gra A will violate (3). In passing
we point out that A is (maximally) monotone (respectively p-hypomonotone, p-strongly
monotone) if p = 0 (respectively p < 0, p > 0) see, e.g., [2, Chap. 20], [4, Definition 6.9.1],
[7, Definition 2.2], and [23, Example 12.28].

Fact 2.1 Let A: X = X, let B: X = X, let A € R \ {0}, and suppose that zer(A + B) =
(A + B)71(0) # @. Suppose that J; and Jp are single-valued and that dom ], = domJp = X.
Set

T= (1 —)\,) Id+)\RBRA. (4)
Then T is single-valued, dom T = X, and

zer(A + B) = J4(Fix RgRy) = J4(Fix T). (5)
Proof See [9, Lemma 4.1]. O

Proposition 2.2 LetA: X — X, let B: X =% X, and suppose that zer(A + B) = (A +B)~1(0) #
. Suppose that Jp is single-valued and that domJp = X. Set

T = Jp(Id-A). (6)
Then T is single-valued, dom T = X, and
zer(A + B) =Fix T. (7)

Proof The proofis similar to the proof of [2, Proposition 26.1(iv)].° Indeed, let x € X. Then
xe€zer(A+B) & —Ax € Bx & (Id-A)x € (Id+B)x < x = Jg(Id-A)x = Tx. O

Lemma2.3 LetAeR,letR;: X — X, let Ry: X — X, and set
R(A) = (1 = A)Id +AR,R;. 8)
Let (x,y) € X x X. Then

(R(W)x =Ry | (Id=R(1))x — (Id=R(1))y)
=(1-2M)x -y | (Id-R())x — (Id—R(1))y)

®In passing, we mention that [2, Proposition 26.1(iv)] assume that A and B are maximally monotone, which is not required
here. However, the proof is the same.
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+A2((Id+Ry)x — (Id +Ry)y | (Id—Ry)x — (Id =Ry )y)

+ A%((Id +Ry)Ryx — (Id +R)Ryy | (Id —Ry)Ryx — (Id —Ry)Ry ). )
Proof See Appendix A. d

Proposition 2.4 Leta e R, let Be R, let N: X — X, and set T = ald + BN. Let (x,y) €
X x X. Then the following hold:
B (Il = yII* = [[Nx — Ny|I*)

= (B —a®)lx—yI* = 1 Tx = Ty|)* + 2 (x —y | Tx = Ty) (10a)

= (B> - a?)lx—yl> = (1 = 2a) | Tx - Ty||I* + 20(Tx — Ty | (Id=T)x — (1d - T)y)
(10b)

= (B —ale-1)lx-ylI> - (1 - )| Tx - Ty||* + || Ad = T)x - (Id—T)sz). (10¢)
Proof Indeed, we have

B2 (Ilx = y11* - Nx - Ny|1*)

= B2llx—yI* - || (Tx - ax) - (Ty - ay) | (11a)
= B2llx = ylI> - (1T = Ty|1® + &2llx — yl1* — 20 (T — Ty | 2 — 3)) (11b)
= (82— ) llx— 1% = (I T - TyI* = 20(Tx — Ty | x - ) (11c)

= (B2 - +a)lx-yl* - (1-a)|Tx - Ty
+a|| Tx - Ty|* = 20(Tx — Ty | £ = y) + | — yI|?) (11d)

= (B —ale-1)llx-yI* - (L - ) Tx - Tyl* + || 1d =T )x - (Id—T)y||2). (11e)

This proves (10a) and (10c) in view of (11c) and (11e). Finally, note that (8% — a2)||lx - y||2 -
[T — Tyl1* + 2(x — y | Tx = Ty) = (B> — &) |lx = y|I* = (1 - 2a0) || Txx — Ty||*> — 2| T — Ty||* +
2a(x—y | Tx—Ty) = (B2 —a?)|x—yl|— (1-20) | Te—Ty|| + 20 (Te— Ty | (1d—T)x—(1d-T)y).
This proves (10b). O

Proposition 2.5 Letx € R, let B e R, let N: X — X, and set T = ald + BN. Let (x,y) €
X x X. Then the following are equivalent:

(i) N is nonexpansive.

(i) 1 Tx = Ty)? - 2aix—y | Tx — Ty) < (B2 —a?)|x -y

(iii) (1-200)]| T2 - Ty]1* - 20(Tx - Ty | (1d - T)x - (1d - T)y) < (B> — &) | ¥

(iv) 2a-1)[I(Id - T)x - (Id - T)y||*> - 2(1 —a)(Tx - Ty | (Id - T)x - (Id - T)y) <

(B2 = (1 -a))llx-yl*
W) (1= )| Te = Tyl + all(ld - T)x - (1d - T)y|1? < (8% - (e — 1)l = yI|*.

Proof (i)< (i) (iil) < (v): This is a direct consequence of Proposition 2.4. (i)<(iv): Ap-
plying (10b) with (T, , B) replaced by (Id - T, 1 — «, —B) yields B2(||x - y||> — [|Nx — Ny||?) =
(B2 - (1-a)?) -y - (20 = | (Id—T)x — (1d=T)y|[2 + 2(1 — ) (Te— Ty | (1d - T — (I1d -
T)y). The proof is complete. O

Page 5 of 38
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Proposition 2.6 Leta € R, let N: X — X, and set T = (1 — o) Id+aN. Let (x,y) € X x X.
Then the following are equivalent:
(i) N is nonexpansive.
(i) 17— TylI> - 2(1 — ) (x -y | Tx — Ty) < 2o — 1)[lx - y|1*.
(it)) (20 - D)I| Tx = Tyll? — 21 - ) (T — Ty | (1d = T)x — (Id - T)y) < (2a = 1)l — 1%
(iv) (1-2a)|(Id = T)x - (Id = T)y||?> < 2a(Tx — Ty | (Id - T)x — (Id - T)y).
) (1-a)|(ld = T)x — (id - Ty < allx - yI2 - | Tx - Ty

Proof Apply Proposition 2.5 with («, 8) replaced by (1 — o, @). d

Lemma 2.7 Let A < 1. Then

A

2 2
x||°—A >—
ll® = Ayl = -

[l + y11%. (12)

Proof Let § > 0. By Young’s inequality, [x + y[|? = [|x]|® + 2(x,y) + [ly|> > (1 = 8)||x||® +
(1 =871 y/1%. Equivalently, [lx + y]|% = (1 = 8)||lx[|> > (1 = §71)||y||>. Now, replace (x,7,8) by
(=y,x+y,1-2). O

Proposition 2.8 Let « €]0,1[, let B> 0, and let T: X — X. Then T is a-averaged if and
only if T = (1 - B)Id+BM and M is %—conically nomnexpansive.

Proof Indeed, T is a-averaged if and only if there exists a nonexpansive mapping N: X —
X such that T' = (1 — «)Id + «N. Equivalently,

T:(1—a)Id+ozN:(1—ﬂ)Id+ﬂ(<1— %)m%z\z),

and the conclusion follows by setting M = (1 — %) Id + %N . O
The following three lemmas can be directly verified, hence we omit the proof.

Lemma 2.9 Leta >0,andlet T: X — X. Then T is a-conically nonexpansive < 1d T is

1

5 -cocoercive = 1d -T is maximally monotone.

Lemma 2.10 Let B >0, let t € R, and let A: X — X. Suppose that A is maximally p-
monotone and %—cocoercive. Then < %

Lemma2.11 LetB>0,let T: X — X, and letﬁ > B. Suppose that T is %—cocoercive. Then
T is %—cocoeraive.

Lemma2.12 Let 8 > 0,andlet A: X — X. Suppose that A is B-Lipschitz continuous. Then
the following hold:
(i) A is maximally (—B)-monotone.

(i) A+ pBIdis ﬁ—cocoeraive.

Proof See Appendix B. O
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Lemma 2.13 Let >8>0, let T1: X — X, and let Tr: X — X. Suppose that T, (respec-
tively T,) is %—cocoercive (respectively %—cocoercive). Then T, — T, is B-Lipschitz continu-
ous.

Proof See Appendix C. g
As a corollary, we obtain the following result which was stated in [27, page 4].

Corollary 2.14 Letfi: X — R, fo: X — R be Frechét differentiable convex functions, and
let B > 8 > 0. Suppose that Vf, (respectively Vf,) is B-Lipschitz continuous (respectively
8-Lipschitz continuous). Then the following hold:

(i) Vf,-Vf, is B-Lipschitz continuous.

(i) Suppose that fi — f, is convex. Then Vf, —Vf, is %-cocoercive.

Proof See Appendix D. d

Lemma 2.15 Let« €]0,1[, let § €]0,1], and let T: X — X. Suppose that T is a-averaged.
Then the following hold.:

(i) 8T is (1 -68(1 — @))-averaged.

(i) Suppose that § €10,1[. Then 8T is a Banach contraction with constant §.

Proof See Appendix E. 0

Let A be maximally p-monotone, where p > —1. Then (see [9, Proposition 3.4] and [3,
Corollary 2.11 and Proposition 2.12]) we have

J4 is single-valued and dom /4 = X. (13)

The following result involves resolvents and reflected resolvents of p-monotone opera-
tors.

Proposition 2.16 Let A be p-monotone, where p > —1. Then the following hold.:
(i) Ja is (1 + p)- cocoercive, in which case ], is Lipschitz continuous with constant ﬁ.
(ii) —Ry is ﬁ—conieully nomnexpansive.

1-p

(iii) Suppose that p < 0. Then Ry is Lipschitz continuous with constant oo

Proof (i): See [9, Lemma 3.3(ii)]. Alternatively, it follows from [3, Corollary 3.8(ii)] that
Id-T is ﬁ—averaged. Now apply Lemma 2.9 with T replaced by Id —J,. (ii): It follows

from (i) that there exists a nonexpansive operator N: X — X such that J, = ﬁ(ld +N).
Now, —R4 = 1d-2J, = Id—ﬁ(ld +N)=(1- ﬁ)lmﬁz\ﬁ (iii): Indeed, let (x,y) € X x X
and let N be as defined above. We have
1Rax = Ryl = ||~ (6 9) = —— (N = Np)| = =2l =yl + —— [Nix— Ny
x— =|l-—®-y) - ——(Nx - - x—y| + x —
4 Y 1+p J 1+p = 1+p Y l+p 4
(14a)
-p
=7 lx =yl (14b)
+p

The proof is complete. g



Giselsson and Moursi Fixed Point Theory Algorithms Sci Eng (2021) 2021:25

3 Compositions

Definition 3.1 ((«, 8)-I-N decomposition) Let R: X — X be Lipschitz continuous, and
let” (&, B) € R x R,. We say that R admits an (e, 8)-identity-nonexpansive (I-N) decom-
position® if there exists a nonexpansive operator N: X — X such that R = « Id +8N.

Throughout the rest of this paper, we assume that

‘ R;: X — X and Ry: X — X are Lipschitz continuous operators. ‘

Proposition 3.2 Let o €]-00,1[, let ay €]-00,1[, let B1 € Ry, let B2 € R, and suppose
that ay(ay — 1) < B3. Set

o (1-a)* - B3
e ey (152)
b= —2 (15b)
1—0[2
2 2 2 2 2 2
83:1_<(1—0‘1) —IB1(1_(1—052) —,32)+(1—(x2) —,32) (15¢)
1—0[1 1—0[2 (1—0[2)

Suppose that Ry admits an (a1, B1)-I-N decomposition and that R, admits an (o, B2)-I-N
decomposition. Then (¥(x,y) € X x X) we have

[IRyR1x — RyRyy|1® + 8, || (1d =Ry )x — (1d—Ry )y

+8 | (1d~Ry)Ryx — (Id—Rp)Ryy ||* < 831~y (16)
Proof Set T; = %(Id +R) = “2“" 1d +%Ni, and observe that by Proposition 2.5 applied with
(T, a, B) replaced by (T3, %, %), i €{1,2}, we have (V(x,y) € X x X)

(Tix— Tiy | 1d=T)x — (Id—T;)y)

i (1-a)* - B}
= ool 0a=Tye— (=T + =S

> lla =y (17)

Equivalently,

((1d +R;)x — (Id +Ry)y | (Id —R;)x — (Id -R;)y)

—a)? = B2
[(1d-Rx - (d-Ryy|* + L2221
1—0[[

@

> llx = y11%. (18)
1 -

Observe also that, because a5 < 1, we have

(1-ap)? - B3 -

1—0(2 -

wl-1)<p; & 1- 0. (19)

7Here and elsewhere, we use R, to denote the interval [0, +ool.

8The assumption that 8 € R, is not restrictive. Indeed, since N is nonexpansive, an operator admits an (e, 8)-I-N decom-
position if and only if it admits an (o, —B)-I-N decomposition. This is the reason why we define it only for nonnegative

B.

Page 8 of 38
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It follows from (18), applied with i = 2 and (x, ) replaced by (R;x, R1y) in (20c) and by i =1
in (20f), in view of (19) that
ll& = yI* = | R2Ryx — RyRyy||?
= [lx = ylI* = IRwx = Riyll* + |Rix = Ryy||* = [|[RyR1x — Ry Ry || (20a)
=((1d+R)x = (Id +R,)y | (Id - Ry)x - (1d — Ry )y)

+((Id +Ry)Ryx — (Id +Ry)Ryy | (Id - Ry)Ryx — (Id — Ry)Ry ) (20b)
> ((Id +R1)x = (Id +R1)y | (Id = Ry)x — (Id = Ry)y)
o 1—ay)? - B2
+1 Za | (1d —Ry)Ry % — (1d —R2)R1y||2 + (12# |Rix — Ryy|? (20¢)
— Z
= ((1d+Ry)x - (Id+R,)y | (Id - Ry)x — (Id — Ry )y)
| (1a-Ro)Rix — (1 -R)R1y |
S
1-—ay)? - p?
+ (12#(”95 -yl*- ((Id +R1)x — (Id +Ry)y | (Id - Ry)x — (1d —Rl))’»
— &2
(20d)
1-— 2_ p2
= (1 - %)((Idﬂ?l)x— (Id +Ry)y | (Id = Ry)x — (Id — Ry )y)
S
o 1-—ay)? - p2
(=R R~ (14 -R)Ryy | + Ul =Py yp2 (20€)
— oy l-«
1-— 2 _p2 1-— 2 _p2
> (1= O (L aa-rs- ta-rp )+ O P a2
— 0 1 — o1 1 — o1
1- 2_p2
+ —2 [ (1d=Ry)Ryx — (Id—Ry)Ryy|” + (Gl il YR (20f)
1 — 0 1 — 0y
1-— 2 _ p2
_ o1 <1_( 0(2) 'BZ)”(Id—Rl)x—(Id—RI)yHZ
1-a; 1-0ay
%2 || (1d-Ry)Ryx — (Id —Ry) Ry
1 — 0
—a)? - B2 _v)2 _ B2 2 B2
+ ((1 0‘1) ﬁl <1 _ (1 ay) l32> + (1-o0y) ﬂ2>||x—_)/||2- (20g)
1- (03] 1- (03] 1- [0%))
Rearranging yields the desired result. O

Theorem 3.3 Let a; €]-00,1[, let ap €]-00,1[, let B1 € Ry, let B, € R, and suppose that
az(oy — 1) < B3. Let 81, 82, and 83 be defined as in (152)—(15c). Set

8162

8a = ,
4 31+82

(21)

and suppose that 81 + 85 > 0, that 83 — 84 + 8384 > 0, and that 8, > —1. Suppose that R;
admits an (a1, B1)-I-N decomposition, and that Ry admits an (o, B2)-I-N decomposition.
Then RyR; admits an («, B)-I-N decomposition, where

34 ,3 _ «/53—84+5384
1+54, B 1+54 ’

o=

(22)

Page 9 of 38
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Proof Let § := min(81,8,), let § := max(8;,8,), and let A := —8/8 (i.e., A = —81/8, if §; < &,
and A = —8,/8; if 8; > 8;). Then Proposition 3.2 and Lemma 2.7 imply that

83llx = yII* = [ RaR1x — RyRyy |

81| (1d=Ry)x — (1d =Ry )y + 8 ” (Id—R,)R,x — (Id —R,)Ry (23a)
<81
= 5(§ | (1d-Ry)x - (1d-Ry)y|)* + = || (Id—Ry)Ryx — (Id—Ry)Ryy | (23b)
> S(—m |(1d—Ry)x — (Id—Ry)y + (Id —Rp)Ryx — (Id —Ry)Ryy | 2) (23¢)
A8 2
=~ [0d = ReR)x - (1d - RoR )| (23d)
85 2
= ——|(1d = RoRy)x - (Id = RoRy )y | (23e)
5+46
= 84 (1d - RyRy)x — (1d - RyRy )y . (23f)

Comparing (23a)—(23f) to Proposition 2.5 applied with T replaced by RyR;, we learn
that there exist a nonexpansive operator N: X — X and («, ﬁ) € R? such that RyR; =
ald+BN, where 83 = w and 8, = 1% . Equivalently, « = 1+5 , hence 8 = ¥ 531‘3:5384,
as claimed. O

Theorem 3.4 Let a; € R, let ay € R, let B1 > 0, let By > 0, suppose that a1 + By > 0, that

ay + By >0, and that either % <lor max{aﬁﬁl a2+ﬁ2} =1. Set
k= (o1 + f1)(ez + Ba), (242)
Bran+poay B1B2 <1
g = ] cum+aiprrarpy’ (d1+f51)(0t2+/32) ’ (24b)
1, max{-2 }=1

oy +ﬂ1 0t2+l32

Suppose that Ry admits an (a1, B1)-I-N decomposition, and that Ry admits an (a3, B2)-I-N
decomposition. Then 6 €0, +oo[ and RyRy admits a (k(1 —6),k0)-I-N decomposition, i.e.,
RyR, is k-scaled 0-conically nonexpansive. That is, there exists a nonexpansive operator
N: X — X such that

RyRy =k(1-6)Id+kON. (25)
Proof Let 6; = +ﬁ > 0, and observe that

Ri=(o; + B)((1-6)1d+0;N;), i€ {1,2}. (26)
Next, let N2 Nz o (a1 + B1)1d, and note that N2 is nonexpansive. Now, set

Ri=(1-0)1d+0,N;, Ry = (1—6,)1d +0,N,. (27)
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Then (26) and (27) yield

RyRy = (2 + B2)((1 = 62)Id + 6,N5) ) (e + B1) ((1 — 61)1d + 61N7 ) (28a)
= (a1 + B)(oz + 52)( ! (1-6)1d + 92N2)> (1 + B1)R) (28b)

oy + B
= (a1 + B1)(2 + B2)RoRy. (28¢)

B1 B2 } =
. a1+p1” ax+pa
max{6;,6,} = 1. The conclusion follows by observing that R; is nonexpansive, i € {1,2}.

We proceed by cases. CASE I: @33 = 0. Observe that 0 € {0, 03} < max({

_ Cask II: ajap # 0. By assumption we must have a1ﬂ+1ﬁ1 azﬁfﬁz =016, < 1. We claim that
R;, i € {1,2}, satisfy the conditions of Theorem 3.3 with («;, 8;) replaced by (1 — 6;,6;).
Indeed, observe that (1 —6,)(1 — 6, — 1) < 07 & 65(0, — 1) < 03 & 6, — 1 < 6,, which is
always true. Moreover, replacing (o;, 8;) by (1 —6;,6;) yields é; = %, 8y = %, 83 =1, and,
consequently, 84 = %&2—)92), We claim that

91 + 92 — 29192 > 0. (29)

Indeed, recall that 0; + 6, — 26,0, = 0192(% + % -2)> 9102(% +01=2) = 0,0,(/01 — ﬁy >0.

9462-26162 0. Moreover,

This implies that §; + 8, = e

(1—91)(1—92) _ 1—91—92+9192 1—0192

= = =-1+ > 1. (30)
92(1—91)+91(1—92) 91 +92—29192 91 +92—29192

4

Therefore, by Theorem 3.3, we conclude that there exists a nonexpansive operator

> D B 1-01-62+010 aja
N: X — X such that RyR; = Id+8N, a = ﬁ = }—afezl L 0t1012+0t1/3§+l12}31’ and B =
11 = Wxa=2016) _ _ Bronthhar _ Ngw combine with (28a)—(28¢). d
+84 1-616 ajag+al fa+ag B

4 Applications to special cases
We start this section by recording the following simple lemma which can be easily verified,

hence we omit the proof.

Lemma 4.1 Set (T?l,ﬁg) = (=R1, Ry o (—1d)). Then the following hold:
(i) RaRy = RyRy.
(ii) Let a; >0, let §; € R \ {0}, and suppose that —%Ri is a;-conically nonexpansive.

Then siiR,» is a;-conically nonexpansive.

Theorem 4.2 Letic {1,2}, let a; >0, let §; € R . {0}, let R;: X — X be such that %Ri is
a;-conically nonexpansive. Suppose that either o105 < 1 or max{o, o} = 1. Set

a71+1a_2a712;21a2, oo <1; (31)
1, max{ay, oz} = 1.
Then there exists a nonexpansive operator N: X — X such that
R2R1 =5182((1—0[)Id+0[N). (32)

Furthermore, a <1< [y <1 and ay < 1].
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Proof Set (1~31,732) = (—R1, Ry o (—1d)) and set R = RyR;. The proof proceeds by cases.

Caske I: §; > 0, i € {1,2}. By assumption, there exist nonexpansive operators N;: X — X
such that R; = §;(1 — «;) Id +3;a;N;. Moreover, one can easily check that R; satisfy the as-
sumptions of Theorem 3.4 with («;, 8;) replaced by (8;(1 — «;), §;¢;). Applying Theorem 3.4,
with (o, B;) replaced by (8;(1 — «;),8;0;), we learn that there exists a nonexpansive op-
erator N: X — X such that R = (§;(1 — a1) + 8101)(82(1 — o2) + S200)((1 — &) Id +aN) =
8182((1 — o) Id +aN), where

81(1 — 1)z + 82 (1 — ap)81001 _apton-2a10n

" - . (33)
81(1 — a1)da0p + 82(1 — 02)811 + 81 (1 — 1)82(1 — aa) 1-oa

Finally, observe that « < 1 < [oj00 < 1 and %ﬁm <1] & [a1op <1 and 1 - ojay >

o1 + oy —20100] € [ajop <1and (1 —o7)(1 —ay) >0] & [a1 <1 and ay < 1].
Casell: §; <0, i € {1,2}. Observe that %R,- = _‘3_1.|Ri is a;-conically nonexpansive. There-
fore, Lemma 4.1(ii), applied with §; replaced by |§;|, implies that ﬁ

nonexpansive. Now combine Lemma 4.1(i) and CAsEt I applied with (R;,4;) replaced by

R; are a;-conically

Ry, 15
Cask III: §; < 0 and &, > 0: Observe that %Rl = —ﬁRl is aj-conically nonexpan-
sive. Now, using Lemma 4.1(1)&(ii), we have —R = —RyRy = ~RyRy, and —%Ez is og-

conically nonexpansive. Now combine with CAsE II, applied with (R;, Ry, 8;) replaced by
(El,—ﬁz, |81]), to learn that there exists a nonexpansive mapping N: X — X such that
—R =181|82((1 — a) Id +aN), and the conclusion follows.

CAsSeIV: §; >0 and §; < 0: Indeed, —R = —RyR;. Now combine with Cask I applied with
R, replaced by —R;, in view of Lemma 4.1(ii). O

Corollary 4.3 Leto €]0,1[,let 8 >0,let § € R~ {0}, let {i,j} = {1,2}, and suppose that %Ri
1

5-
nonexpansive operator N: X — X such that

is a-averaged, and that R; is z-cocoercive. Set o = ﬁ Then o €10, 1[, and there exists a

RoRy = BS((1 —@)Id +aN). (34)

Proof Suppose first that (i, /) = (1,2), and observe that there exists a nonexpansive operator
N such that R, = g(ld +N). Applying Theorem 4.7 with m = 2, (a1, &y, 81,8,) replaced by
(@,1/2,8, B) yields that there exists a nonexpansive operator N such that RyR; = B§((1 -
o)Id +aN), where

_ Ol+§—2% 1
= = €]0,1[. 35
T g el (35)

The case (i,j) = (2,1) follows similarly. a

The assumption oy, < 1 is critical in the conclusion of Theorem 4.2 as we illustrate
below.

Example 4.4 (1 =ay >1) Leta >1,and set R} = Ry = (1 — )Id — wld = (1 — 2«)Id. Then

RyR; = (1-2a)’1d = (1 - 4o + 4a®)1d. (36)
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Hence, Id —R,R; = 4a(1 — ) Id. That is, Id —R,R; is not monotone; hence, RyR; is not con-
ically nonexpansive by Lemma 2.9 applied with T replaced by RyR;.

The following proposition provides an abstract framework to construct a family of oper-
ators R; and R, such that R; is o1 -conically nonexpansive, R; is «p-conically nonexpansive,

aj03 > 1, and the composition R, R; fails to be conically nonexpansive.

Proposition 4.5 Let 0 € R, let a; >0, let oy > 0, let

cosf —siné
Ré‘ = ) (37)

sinf  cosf

set

Ry =1 —ay)Id+a1Ry, Ry = (1 —ay)Id—ayRy, (38)
and set

K=y +ay — 20700 Sin% 0 — (0 — arp) cOS 6. (39)

Then R, is a1-conically nonexpansive, and R, is ay-conically nonexpansive. Moreover, we
have the implication k <0 = RyR; is not conically nonexpansive.

Proof Set S = R, and observe that S? = —Id and that Ry = (cos #) Id +(sin 8)S. Now,

RyRy = ((1 —ay) Id +o1Rp) ((1 — r3) Id —ata Ry (40a)
=(1-oa) —ag +a1ay) Id +(a; — )Ry — a109R9g (40b)
= (1-oq — o + g + (a1 — ) cos O — gy cos(26)) Id
+ ((al — ) sinf — oy sin(29))S (40¢)
= (L—01 - + 10 + (o1 — ) cos 6 — agor (2 cos® 6 — 1)) Id
+ ((al —atp) sinf — aq oy sin(29))S (40d)
=(1-oq — oz + 20105 8in 6 + () — @) cos 0) 1d

+ ((al —0tp) Sinf — aqary sin(26))S. (40e)
Consequently,

Id—RyR; = (ozl + oy — 20700 8in% 0 — (a1 — ) COS 9) Id

— (a1 — a2) sin 6 — &y 8in(26)) S. (41)
Hence, (Vx € R?)

(Id=RyRy)x | %) = (a1 + 0tz — 201065 5in% 6 — (011 — ) cos 0) [|x]1* = e[|, (42)

Page 13 of 38
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Now, R;R; is conically nonexpansive = Id—R,R; is monotone by Lemma 2.9, and the

conclusion follows in view of (42). O

The following example provides two concrete instances where: (i) «; > 1, & > 1, hence

ajap > 1, (ii) o1 > 1, g < 1, g > 1. In both cases, RyR; is not conically nonexpansive.

Example 4.6 Suppose that one of the following holds:
(i) 6€10,7/2[,€>0,8>0, a1 =L, and oy = 12

) sigZO sin2
.. cos” 0(2—cos” ) _ l+e 2
(i) 0 €l /d /2], €> (1—2c0s20)(T+cos0) +eos6’ X1 = SinZg’ and &, = sin”6.

Let Ry be defined as in (37), let R; = (1 — 1) Id +a1 Ry, and let Ry = (1 — ap) Id =y Ry. Then

a0 > 1, and RyR; is not conically nonexpansive.

Proof Let « be defined as in (39). In view of Proposition 4.5, it is sufficient to show that
Kk < 0. (i): Note that k <0 < « sin?0 < 0. Now,

ksin?0=2+€+8—(e—8)cosf —2—2e — 25 — 2€8 (43a)

=—(e(1 +cos) +38(1 —cosh) +2€8) <O0. (43b)
( )

(ii): We have

1+e+sin*o . 2 1+e—sin*0
K= 21 +€)sin’ 0 — ————— cosh (44a)
sin“ 6 sin“ 6
1
= —.—20(2(1 +€)sin*0 — (1 +€ +sin*0) + (1 + € —sin*6) cos ) (44b)
sin
1
= —ﬁ((Z sin*6 + cos@ — 1)e + sin* 6(1 — cos#) — (1 - cos 9)) (44<)
—cos
1- 0
= —%((2(1 +c0s6)(1—cos*0) —1)e + 1 -2cos*0 +cos* 6 — 1) (44d)
—cos
1
= —ﬁ((l +2c0sf —2cos* 6 — 2cos®0)e — cos® 0 (2 — cos® 0)) (44e)
+cos
1
- _ﬁ((l —2cos?0)(1 +cos) + cosO)e — cos® 6(2 — cos® ). (44f)
+cos

Now;, observe that (V6 €]%, 5[) 1-2cos® 6 = —cos(26) > 0. Consequently, (1 -2 cos*0)(1 +
cos? 0(2—cos? 0)
(1-2cos2 0)(1+cos6)+cos O
(1 —2cos?8)(1 + cosh) + cosB)e — cos? (2 — cos? ) > 0, hence « < 0, and the conclusion

follows. O

cosf) + cosf > cos > 0. Now use the assumption € > to learn that

Theorem 4.7 (composition of m scaled conically nonexpansive operators) Let m > 2 be
an integer, set I = {1,...,m}, let (R;)ic; be a family of operators from X to X, let r € I, let
o; be real numbers such that {«; | i € I ~ {r}} C]0,1[ and «, > 0, let §; be real numbers in

R ~\ {0}, and suppose that, for every i € I, éRi is a;-conically nonexpansive. Set

>
= —
iy 17

— o (45)
1+ ZZI %
i#r g

o=
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Suppose that o,a < 1, and set

7 Tk
15 —(Xl
o, #1;
a=112h 10?1, ’ e (46)

1, o, =1.
Then there exists a nonexpansive operator N: X — X such that
Ry Ry =8y---8((1-a)ld+aN). (47)

Proof First, observe that (Vi € I\ {r}), a%Ri is nonexpansive. If &, = 1, then (Vi € {1,...,m})
R; is |8;|-Lipschitz continuous and the conclusion readily follows. Now, suppose that o, #
1. We proceed by induction on k € {2,...,m}. At k = 2, the claim holds by Theorem 4.2.
Now, suppose that the claim holds for some k € {2,...,m — 1}. Let (R;)1<j<k+1 be a family
of operators from X to X, let 7 € {1,...,k,k + 1}, let «; be real numbers such that {o; |
ie{l,....k,k+ 1}~ {r}} €]0,1[ and a7 €]0, +oo[\{1}, let §; be real numbers in R \ {0},
and suppose that, for every i € {1,...,k + 1}, %R,’ is a;-conically nonexpansive. Set g =

i

i

k+l o
1+ Zl 1 T-a;

i#
CASE L: ax41 = o5 In this case the conclusion follows by applying Theorem 4.2 in view

and suppose that a,ﬁ < 1. We examine two cases.

of the inductive hypothesis with (R1,R») replaced by (Ri...R1, Riy1) and (81,85, a1, ) re-

placed by (3186, Suvr, (1 125)/(1 + 3001 1%), k).
CASE II: a1 # a7. We claim that

k o
D T
dk+1$ <1 (48)

+Ztllo{,

Zl 1 lariz,
To this end, set & = ﬁ' and observe that & < 8. By assumption we have o7 < 1.
+ O
7
Altogether, we conclude that o7& < 1. It follows from the inductive hypothesis that

k o
1 lelal

(Ri...Ry) is -conically nonexpansive. (49)
51...8]( 1+lelo¢
Next note that
Zz;} 13,*11—
1 A
R o+ —o(
Zk o 1+Zz 11- fx, (1-a7) 1+Zl 1 l—fxl)
i=1 1-o i#r i#r (
= — = - 50a)
WY e 1 ———
1+ Zl 1 1 al +le;}1 i Ty (1—a7)(1+2f:1 ;)
1+Zl 1 1(1(;1 o
i

a(l- ar)l"'lel )+ar
= (50b)
1-ar)1+ Z, 1 o) o

Page 15 of 38
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ar(l-a 1+Zl 11 ))+a 1+Z, 11
= . (50c¢)
1+(1-o5) sz:l -
i#r

Because a5 < 1, we learn that 1 + (1 — a5 Z, 1= 1 - > 0. Moreover, because & < 1, we have
it

ag1@ < 1. Therefore, (50a)—(50c) implies

0lk+1— <1 (51a)

k k
Z Q; ~ Z o
© O‘k+1<0‘r<1 0‘<1+ i-1 l_ai>>+a<1+ i-1 1—oz,->>
Z 1

<1+ (1-a,)z - (51b)

k
Q; ~
< <1+Z l_ai>(1—ak+1a) (51¢)
i=1
i

k
< (1 DB i"w)u - @) (51d)
L !

ag1(1 - 2111 2111
& oF <1 (51e)
1+ Y5 = ) (1 = 1)
i 1%

Now, observe that

k k k
o o o (735
« 1- + = + —|(1l-«
k“( Zl—ai) Zl—a- (Zl—ai 1—0[k+1)( k1)

Q;
:Z - (52)

Page 16 of 38
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and

k
<1+Z i )(1 Upes1Q 1+Z & (53a)
— 7] —
ifr Z/% #r
1+Z L) (1 - o) (53b)
1- o 1_Olk+1

k+1
o
= (1 + Z 1 —La,') (1 —otis1)- (53¢)

In view of (52) and (53a)—(53c¢), (51a)—(51e) becomes

ko k+1 o
Zizl 1o Zl 1 1-a;
Ml —— o <

& — % —wB<1. (54)
i k+1
+ Zi:l 11” 1 Zl+1 12[[

This proves (48). Now proceed similar to CASE I in view of (48) and (49). O

The assumption o, & < 1 is critical in the conclusion of the above theorem as we illustrate

in the following example.

Example 4.8 Let € >0,let § > 1, let o; €]0, %(,/(e +8)2+4—(e+9)),letay =a; +8 +¢,
and let

0 -1
S= . 55
0 &
Set Ry = (1 —ay)ld—01S, Ry = (1 — 03) Id +2S, R3 = — 1S, and

R =R3R,R;. (56)

Then R = R3R1R2 = R1R2R3 = R1R3R2 = R2R3R1 = R2R1R3. Moreover, the following hold:
(1) o1 E]O 1[ ay > 1,and aqon < 1.

(i

Rs is a3-conically nonexpansive where o3 = “5 €l1/2,1].

2
(111 wa >1.
oo

i)
)

(iv) R (E+6)Id+(%w)5

(v) d-R=-51d- (%M“)S Hence, Id —R is not monotone.
)

(vi) Ris not comcally nonexpansive.

Proof 1t is straightforward to verify that R = RsR1Ry = RiRyR3 = RiR3Ry = RyR3R, =
RyRR3. (i): It is clear that @y €]0, 1[ and that @y > 1. Note that a0y < 1 & a% + (€ +8)ag —
1< 0 < o lies between the roots of the quadratic x% + (¢ + 8)x — 1, and the conclusion fol-

lows from the quadratic formula. (ii): This follows from [2, Proposition 4.38]. (iii): Indeed,
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in view of (i) we have

oy + ay — 20010

- o az>1
& (o1 +ay —201a0)03 > 1 —aq0n (57a)
& (a1 +oap —207a3)(1 +8) >2(1 —aya0)8 (57b)
& (ap+a2)(1+68) — 20109 — 20010028 > 28 — 20010098 (57¢)
& (o1 +a)(1+8) =270 > 26 (57d)
& Roy+e+8)(1+8)—20(ay +€+8)>28 (57e)
& 200(1+8-01—€-8)+82+8(1+€)+e>28 (57f)
& 20 —1+€)<82-8+e8+e=82-8+(1+9)e. (57g)

Now, because a1 < 1, § > 1, we learn that 2c1(a; — 1 + €) < 2a7€ < (1 + §)e < (1 + 8)e +
82 — 8, and the conclusion follows. (iv): It is straightforward, by noting that §? = ~1d, to
verify that RyR; = RiRy = (1 — a1 — 0y + aryap) Id +(ata(1 — 1) — a1 (1 — 2))S — a1z S? =
(1 - o1 — g +20109) Id +(rg — 01)S. Consequently, R3RyR; = %(—(1 —aq — 0y + 2012)S —
(a2 = 01)S?) = H((0r — 1) Id—(1 — o1 — @t + 2011005)S) = 2 1d + 2r2=202-1 g (v): This is a
direct consequence of (iv). (vi): Combine (v) and Lemma 2.9. a

Theorem 4.9 (Composition of cocoercive operators) Let m > 1 be an integer, set I =

{1,...,m}, let (R;)ic1 be a family of operators from X to X, let B; be real numbers in ]0, +00],
and suppose that, for every i € I, R; is é

erator N: X — X such that

-cocoercive. Then there exists a nonexpansive op-

1
Rm---Rlzﬁm---ﬁ1<Id+mN). (58)
1+m 1+m
Proof Apply Theorem 4.7 with («;, 8;) replaced by (1/2, 8;), i € {1,...,m}. d

5 Application to the Douglas-Rachford algorithm
Theorem 5.1 (Averagedness of the Douglas—Rachford operator) Let u > w > 0, and let
y €10, (n — w)/2uw)|. Suppose that one of the following holds:

(i) A is maximally (—w)-monotone and B is maximally -monotone.

(i) A is maximally p-monotone and B is maximally (—w)-monotone.

Set
T=L(d+R 4R, 1), and a=—F"2 (59)
2 2(p -0~y pw)
Then a €]0,1[ and T is a-averaged.
Proof Suppose that (i) holds. Note that YA is —y w-monotone, and
—yw>—wz—i>—l. (60)

2u 21
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Using (13) and Fact 2.1 we learn that /, 4 and, in turn, T are single-valued and dom/, 4 =
dom T = X. It follows from [3, Proposition 4.3 and Table 1] that —R, 4 is ﬁ-conically

nonexpansive and —-R,p is ;w-conically nonexpansive. It follows from Theorem 4.2,

1-y
applied with (a3, 81,81, a2, B2, 8) replaced by (1 — ——, 1 —1,1 - =+ L _1), that

T+yp’ 1+yu’ l-yo’ 1-yw’

R,gR, 4 is —=2—-conically nonexpansive. Therefore, there exists a nonexpansive map-
H—w—y po

ping N: X — X such that

w—w

RysRys=(1-8)Id+N, §= ————.
==y pe

(61)

The conclusion now follows by applying Proposition 2.8 with (8,N) replaced by (%,

B

Ry R, 4). Finally, notice that y < £=2, which implies that 0 < p - w < 2(1 — @ — y uw).

2nw
Therefore,
w—
a=———""¢€]0,1[. (62)
2(p - o -y po)
The proof of (ii) follows similarly. d

Corollary 5.2 ([9, Theorem 4.5(ii)]) Let i > w > 0,and lety €10, (n — w)/(2uw)|. Suppose
that one of the following holds:

(i) A is maximally (—w)-monotone and B is maximally jr-monotone.

(i) A is maximally p-monotone and B is maximally (—w)-monotone.
SetT = %(Id +Ry,gR, 1) and let xy € X. Then (Ix € Fix T = Fix R, gR, 4) such that T"x, — *.

Proof Combine Theorem 5.1 and [2, Theorem 5.15]. O

Remark 5.3 In view of (13), one might think that the scaling factor y is required only to
guarantee the single-valuedness and the full domain of T. However, it is actually critical
to guarantee convergence as well, as we illustrate in Example 5.4.

Example 5.4 Let i > w >0, let U be a closed linear subspace of X, suppose that’
A=Ny+upld, B=-old. (63)

Then A is ;.-monotone, B is —w-monotone, and (Vy € [1/(2w), 1/w]) ], 5 is single-valued.
Furthermore, we have

l+yw yw
Py -
(1-yo)d+yp) l-yo

1
T =S (d+Ry5R, ) = Id, (64)

and (Vxg € UY) (T"x0),en does not converge.

Proof Indeed, one can verify that

1 Id [ 1
l-yw VB_1+)/;L

Jya= Py. (65)

9Let C be a nonempty, closed convex subset of X. Here and elsewhere, we shall use N¢ to denote the normal cone operator
associated with C, defined by N¢(x) = {u € X | sup(C - x | u) <0} if x € C; and Nc(x) = &, otherwise.
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Consequently,
Roa= V%4 Ry-—2 py-1d (66)
)/A—l_yw ) VB_1+)/M u ]
and (64) follows. Therefore,
Ty =-—"2"1d and -—'2 e]-00,-1]. (67)
l-yw l-yw
Hence, (Vxo € U*) (T"x0),en does not converge. O

Before we proceed to the convergence analysis, we recall that if T is averaged and Fix T'
& then (Vx € X) we have (see, e.g., [22, Theorem 3.7])

T'x— T"x — 0. (68)

We conclude this section by proving the strong convergence of the shadow sequence of
the Douglas—Rachford algorithm.

Theorem 5.5 (Convergence analysis of the Douglas—Rachford algorithm) Let > w > 0,
and let y €10, (n — w)/2uw)|. Suppose that one of the following holds:

(i) A is maximally p-monotone and B is maximally (—w)-monotone.

(i) A is maximally (—w)-monotone and B is maximally p-monotone.
Set

1
T = S(d+Ry5Ry 1), (69)

and let xo € X. Then zer(A + B) # &. Moreover, there exist x € Fix T = FiXR,pR, 4, zer(A +
B) = {]yAE} = {]VBRyAa_c}, T"xy — X, ]yAT"xo —>]yAE, and]VBRyAT"xo —>]yBRyAE.

Proof Suppose that (i) holds. Since A + B is (1 — w)-monotone and i — w > 0, we conclude
from [2, Proposition 23.35] that zer(A + B) is a singleton. Combining with Fact 2.1 with
(A, B) replaced by (yA,yB) vields zer(A + B) = zer(yA + yB) = {J, 4%} = {J, 3R, 4%}. The
claim that 7"xy, — x follows from Corollary 5.2. It remains to show that J, s T"xy — J, 4%
and J,gR, 4 T"x9 — ]8R, 4%. To this end, note that (7"x)),en is bounded; consequently,
since J, 4 and J, gR, 4 are Lipschitz continuous (see Proposition 2.16(i)&(ii)), we learn that

(]VA T”xo)nEN and (];/BR;/A T”xo)nEN are bounded. (70)
On the one hand, in view of (68) we have

(Id-T)T"x0 = T"x0 — T" %0 = J, s T"x0 — J, 3R, 4 T"x9 — O. (71)
Combining (70) and (71) yields

”]VA T"x0 - ]VA’_C“ ' ”]VBRVA T"x0 - ]VBRVA’_CH ’ (72a)
=Ty aT"%0 = Jy8RyaT"%0 | JyaT"%0 + Jy8RyaT"%0 — ]y 4% — Jy Ry 4%) (72b)

=(T"x0 = T" %0 | JyaT"%0 + Jy8RyaT"%0 — ]y a% — Jy8Ryy 4%) — O. (72¢)
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On the other hand, combining Lemma 2.3, applied with (R, Ry, R(A),A) replaced by
(Ry4,Ry B, T,1/2) and (x,y) replaced by (T"xy, %), in view of (68) yields

0« (T" %9 —% | T"x0 — T x0) (73a)
> yu<||fyA 7% Ty = ysRya T —JyBRyAxHZ) (73b)
> —% | 70 — T |* — 0. (73¢)

Therefore,
VaT"so ~JyaZ " = [JysRya T"50 Ry ] = 0. (74)

Combining (72a)—(72c) and (74) and noting that % < Lyields ||, 4T"xo —]VAo_c”z — 0 and
Iy BRy 4 T"x¢ —]J,BR,,Ao_cH2 — 0, which proves (i). The proof of (ii) proceeds similarly. [J

Remark 5.6 (Relaxed Douglas—Rachford algorithm) A careful look at the proofs of Theo-
rem 5.1 and Theorem 5.5 reveals that analogous conclusions can be drawn for the relaxed
Douglas—Rachford operator defined by T, = (1-1)Id +AR, gR, 4, > €]0, 1[. In this case, we
choose y €]0,((1 — 1)(u — w))/(uw)[. One can verify that the corresponding averagedness
constant is o = =2 £]0,1].

H—w—Y W

6 Application to the forward-backward algorithm
Throughout this section we assume that

A: X=X, B: X=X, n=>0, w>0, and B>0.

In the rest of this section, we prove that the forward—backward operator is averaged, hence
its iterates form a weakly convergent sequence in each of the following situations:
+ A is maximally p-monotone, A — p1d is %-cocoercive, B is maximally

(—w)-monotone, and © > w.
1_

+ A is maximally (—w)-monotone, A + wId is 3

cocoercive, B is maximally
u-monotone, and © > w.
+ A is B-Lipschitz continuous, B is maximally u-monotone, and p > .
That is, we do not require A and B to be monotone. Instead, it is enough that the sum
A + B is monotone to have an averaged forward—backward map. In addition, we show that
the forward—backward map is contractive if the sum A + B is strongly monotone, and we

prove the tightness of our contraction factor.

Theorem 6.1 (Case I: A is y-monotone) Let i > w > 0, and let B > 0. Suppose that A is
maximally (1-monotone, A — n1d is %—cocoercive, and B is maximally (—w)-monotone. Let
vy €10,2/(B +2u)[. Set T = J,g(Id—yA), set v =yB/(2(1 —yu)), set § = (1 - yu)/(1 - yw),
and let xy € X. Then § €10,1] and v €]0, 1[. Moreover, the following hold:
(i) T=58((1-v)Id+vN), N is nonexpansive.
(i) Tis(1-(8(1=v))/(2-v))-averaged.
(iti) T is 8-Lipschitz continuous.
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(iv) There exists x € Fix T = zer(A + B) such that T"xy — X.
Suppose that |1 > w. Then we additionally have:

(v) T is a Banach contraction with a constant § < 1.

(vi) zer(A + B) = {x} and T"xy — x with a linear rate § < 1.

Proof Clearly, § €]0,1] and v > 0. Moreover, we have v <1 & y8<2(1 —yu) & y <
2/(B +2upB). Hence, v €]0, 1 as claimed. Next note that u < (8 + 2u)/2, hence yw < yu <
(2y)/(B +2u) < 1. It follows from Proposition 2.2 that /, 5 and, in turn, T are single-valued
and domJ, 5 = dom T = X. The assumption on A implies that there exists N: X — X, N is
nonexpansive, such that A — uId = g Id +§ﬁ. Therefore,

Id-yA=1d-y(A-pld)—yuld=(1- yu)Id—%(Id+ﬁ) (75a)

=(1-yu)((1-v)Id+v(-N)). (75b)
Moreover, Proposition 2.16(i) implies that

JyB is (1 — yw)-cocoercive. (76)

(i): It follows from Corollary 4.3 applied with (R;,R;) replaced by (Id—yA,J,5) and
(o, B,8) replaced by (v, 1/(1-yw), 1 -y u), in view of (75a)—(75b) and (76), that there exists
a nonexpansive operator N such that T = J, 3(Id —y A) = 8((1 — v) Id +vN). (ii): Combine (i)
and Lemma 2.15(i). (iii): Combine (i) and (ii). (iv): Applying Proposition 2.2 with (4, B)
replaced by (YA, y B) yields zer(A + B) = zer(yA + yB) = Fix T. The claim that 7"xy — x
follows from combining (ii) and [2, Theorem 5.15]. (v): Observe that § < 1 < > @. Now,
combine with (iii). (vi): Note that A + B is maximally (x — w)-monotone and u — w > 0, we
conclude from [2, Proposition 23.35] that zer(A + B) is a singleton. Alternatively, use (iii)
to learn that T is a Banach contraction with a constant § < 1, hence zer(4 + B) =Fix T is a
singleton, and the conclusion follows. O

Theorem 6.2 Let 1 > w > 0, and let B > 0. Suppose that A is maximally -monotone,
A—pldis %—cocoercive, and B is maximally (-w)-monotone. Let y € [2/(B+2u),2/(B + u)[.
Set T =], g(Id—yA), set v = yB/2(y(u+ B)—1)),set § = (1 — y(u + B))/(1 - yw), and let
x0 € X. Then § €]-1,0] and v €]0, 1[. Moreover, the following hold:
(i) T=48((1-v)Id+vN), N is nonexpansive.
(ii) T is a Banach contraction with a constant |5| < 1.
(iii) There exists x € X such that Fix T = zer(A + B) = {x} and T"xq — x with a linear
rate |§| < 1.

Proof We proceed similar to the proof of Theorem 6.1 to verify that T is single-valued,
domT = X, v €]0,1[, and § €]-1,0]. The assumption on A implies that there exists
N: X — X, N is nonexpansive such that A — Id = % Id+ %ﬁ . Therefore,

vB
2
= (1-y(u+PB)((1-v)Id+v(N)). (77b)

Id-yA=1d-y(A - pld)—yuld=(1 - yu)Id—==(1d +N) (77a)

Now, proceed similar to the proof of Theorem 6.1(i), (v), and (vi) in view of (76). O
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Corollary 6.3 Let > w > 0, and let B > 0. Suppose that A is maximally p-monotone,
A-puldis %—cocoercive, and B is maximally (—w)-monotone. Let y €]0,2/(8 + p)[. Set
T =],p(Id-yA),set § =max(1—yu,y(u+p)-1)/(1-yw),and let xy € X. Then § € [0,1],
T is a Banach contraction with a constant §, and there exists x € X such thatFix T = zer(A +

B) = {x} and T"xy — *.
Proof Combine Theorem 6.1 and Theorem 6.2. O

Remark 6.4 (Tightness of the Lipschitz constant)
(i) Suppose that the setting of Theorem 6.1 holds. Set (A, B) = (1 Id, —w1d). Then
T= % Id. Hence, the claimed Lipschitz constant is tight.
(ii) Suppose that the setting of Theorem 6.2 holds. Set (4, B) = (i + 8) Id, —w1d). Then
T= V(i‘_*—fz)_l Id. Hence, the claimed contraction factor is tight.
Note in particular that the worst cases are subgradients of convex functions. Hence, the
worst cases are attained by the proximal gradient method.

Theorem 6.5 (Case II: A + wld is cocoercive) Let it > w > 0, let B > 0, and let B
Jmax{B, u+w}, +oo[. Suppose that A is maximally (—w)-monotone, A + w1d is B-cocoercive,
and B is maximally ji-monotone. Let y €]0,2/(B — 2w)[. Set T = Jys(Id—yA), set v =
yB/(2(1 + yw)), set § = (1 + yw)/(1 + yu), and let xo € X. Then § €10,1] and v €]0,1][.
Moreover, the following hold:
(i) T=48((1-v)Id+vN), N is nonexpansive.

(i) Tis(1-(8(1-v))/(2-v))-averaged.

(iti) T is 8-Lipschitz continuous.

(iv) There exists x € Fix T = zer(A + B), and T"xq — x.
Suppose that |1 > w. Then we additionally have:

(v) T is a Banach contraction with a constant § < 1.

(vi) zer(A + B) = {x} and T"xy — x with a linear rate § < 1.

Proof Observe that the assumption on A and Lemma 2.11 applied with T replaced by A +
w1d imply that there exists N: X— X,Nis nonexpansive, such that A + w1d = g Id +§N .

Id-yA=1d-y(A +wld) + yold=(1+ ya))Id—%(Id+N) (78a)

=(1+ ya))((l -v)Id +v(—ﬁ)). (78b)

Moreover, Proposition 2.16(i) implies that
Jyg is (1 + y )-cocoercive. (79)
Now proceed similar to the proof of Theorem 6.1 but use (78a)—(78b) and (79). O

Theorem 6.6 Let ju>w > 0, let B >0, and let B € max{B, i + w}, +00[. Suppose that A
is maximally (—w)-monotone, A + w1d is B-cocoercive, and B is maximally p-monotone.
Lety € [2/(B - 20),2/(B — n — w)[. Set T = J,5(Id—yA), set v =y B/(2(y B — yw — 1)), set
8= +yw-yB)(+yp), and let xo € X. Then 8 €1-1,0] and v €10, 1[. Moreover, the
following hold:
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(i) T=48((1-v)Id+vN), N is nonexpansive.
(ii) T is a Banach contraction with a constant |5| < 1.
(iii) There exists x € X such that Fix T = zer(A + B) = {x} and T"xq — x with a linear

rate |8 < 1.

Proof Observe that the assumption on A and Lemma 2.11 applied with T replaced by A +
w1d implies that there exists N:X— X,Nis nonexpansive, such that A + wId = g Id+ gﬁ .

Id-yA=Id-y(A +wld) + yold=(1 + yw) Id—%(ldﬂﬁ) (80a)
=(1+yo-yB)(1-v)Id+vN). (80b)
Now proceed similar to the proof of Theorem 6.5 in view of (79). g

Corollary 6.7 Let > w >0, let B >0, and let B € | max{B, i + w}, +o0[. Suppose that A is
maximally (—w)-monotone, A + wld is B-cocoercive, and B is maximally p-monotone. Let
y €0,2/(B—p—w)[.Set T =J,5(Id~y A), set § =max{l + ypu,y B —yw—1}(1+yw), and
let xg € X. Then § €1-1,0) and v €]0,1[. Then § € [0, 1], T is a Banach contraction with a
constant 8, and there exists x € X such that Fix T = zer(A + B) = {x} and T"xy — X.

Proof Combine Theorem 6.5 and Theorem 6.6. O

Theorem 6.8 (Case III: A is B-Lipschitz continuous) Let i > 8 > 0. Suppose that A is
B-Lipschitz continuous and that B is maximally w-monotone. Let B €128, +00[, and let
y €10,2/(B —2B)}. Set T =], p(Id—y A), set v = y B/(2(1 + yB)), set § = (1 + yB)/(1 + y ),
and let xy € X. Then § €]0,1] and v €]0, 1[. Moreover, the following hold:
(i) T=68((1-v)Id+vN), N is nonexpansive.

(i) Tis(1-(8(1-v))/(2-v))-averaged.

(iti) T is 8-Lipschitz continuous.

(iv) There exists x € Fix T = zer(A + B), and T"xq — X.
Suppose that v > 1/B. Then we additionally have:

(v) T is a Banach contraction with a constant § < 1.

(vi) zer(A + B) = {x} and T"xy — x with a linear rate § < 1.

Proof Combine Lemma 2.12 and Theorem 6.5 applied with (w, 8) replaced by (8,28). O

Theorem 6.9 Let v > B > 0. Suppose that A is B-Lipschitz continuous and that B is max-
imally ji-monotone. Let B €| + B,+ool, and let y € [2/(B — 2B),2/(B — u — B)[. Set
T =],g(Id—yA),setv = yBIQ(yB-yB-1)),sets=1+yB—-yB)(1+yu),andletxyc X.
Then § €]-1,0] and v €10, 1[. Moreover, the following hold:
(i) T=38((1-v)Id+vN), N is nonexpansive.
(ii) T is a Banach contraction with a constant |5| < 1.
(iii) There exists x € X such that Fix T = zer(A + B) = {x} and T"xy — x with a linear
rate |8| < 1.

Proof Combine Lemma 2.12 and Theorem 6.6 applied with (w, 8) replaced by (8,28). O
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7 Applications to optimization problems
Let f: X —]-o00,+00], and let g: X —]—00, +oo]. Throughout this section, we shall as-

sume that

‘ f and g are proper lower semicontinuous functions. ‘

We shall use 9f to denote the subdifferential mapping from convex analysis.

Definition 7.1 (see [3, Definition 6.1]) An abstract subdifferential 9; associates a subset
9:f (x) of X with f at x € X, and it satisfies the following properties:
(i) 94f =9f if f is a proper lower semicontinuous convex function;
(ii) 94f = Vf if f is continuously differentiable;
(iii) O € 94f(x) if f attains a local minimum at x € domf;
(iv) for every B € R,

I =l
2

0 (f +B ) = 0yf + B(Id —x).

The Clarke—Rockafellar subdifferential, Mordukhovich subdifferential, and Frechét sub-

differential all satisfy Definition 7.1(i)—(iv), see, e.g., [5, 19, 20], so they are 9.
Let A > 0. Recall that f is A-hypoconvex (see [23, 26]) if

A
f((l —T)x + ry) <(1-7)f(x)+tf(y)+ Ef(l —1)|lx - y|? (81)
for all (x,y) € X x X and 7 €]0, 1{ or, equivalently,
A 2.
f+ §|| - || is convex. (82)

For y > 0, the proximal mapping Prox,r is defined at x € X by
. 4
Prox, r(x) = argmm(f(y) + =l —y||2>. (83)
yeX 2

Fact 7.2 Suppose that f: X —]-00,+00] is a proper lower semicontinuous h-hypoconvex
function. Then

a#f=a<f+%||-||2>—ud. (84)

Moreover, we have:
(i) The Clarke—Rockafellar, Mordukhovich, and Frechét subdifferential operators of f
all coincide.
(il) 94f is maximally —A-monotone.
(iii) (Yy €]0,1/A]) Prox, is single-valued and domProx,r = X.

Proof See [3, Proposition 6.2 and Proposition 6.3]. O
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Proposition 7.3 Let u > w > 0. Suppose that argmin(f + g) # & and that one of the follow-
ing conditions is satisfied:
(i) f is u- strongly convex, g is w- hypoconvex.
(ii) f is w- hypoconvex, and g is - strongly convex.
Then f + g is convex and 3:(f + g) = 3(f + g).
1If; in addition, one of the following conditions is satisfied:
(a) 0 € sri(domf —domg).
(b) X is finite dimensional and 0 € ri(dom f — dom g).
(c) X is finite dimensional, f and g are polyhedral, and domf Ndomg # @.
Then

d#(f +g) = 3(f +g) = 94f + 3zg, (85)

and
zer 04(f + g) = zer(94f + 0xg) = argmin(f + g). (86)

Proof 1t is clear that either (i) or (ii) implies that f/ + g is convex, and the identity follows
in view of Definition 7.1(i). Now, suppose that (i) holds along with one of the assumptions
(a)—(c). Rewrite f and g as (f,g) = (f + & - 1>,g - 2| - *) and observe that both f and g
are convex, as is f + g. Moreover, we have domf = domf and domg = domg. Now,

8#(f+g)=8#<f+§+ L ||2) (872)
=0(f+2) + (-w)ld=0(f +7) + (1 — ) Id (87b)
=f+0g+(n—w)d=3f + nld+dg— wld (87¢)
= Of + 0sg = 04f + 0sg. (87d)

Here, (87b) follows from applying Definition 7.1(iv) to f + g, (87c) follows from [2, The-
orem 16.47] applied to f and g, and (87c) follows from applying Fact 7.2 to f and g and
using Definition 7.1(i), which verify (85). Finally, (86) follows from combining (85) and [2,
Theorem 16.3]. O

The following theorem provides an alternative proof to [17, Theorem 4.4] and [9, The-
orem 5.4(ii)].

Theorem 7.4 Let v > w > 0, and let y €]0,(t — w)/2uw)|. Suppose that one of the fol-
lowing holds:

(i) f is - strongly convex, g is w- hypoconvex.

(ii) f is w-hypoconvex, and g is ju-strongly convex,
and that 0 € 94f + 3:¢ (see Proposition 7.3 for sufficient conditions). Set

-

2 - -y puw)’ (88)

1
T = 5 (Id +(2 Prox,, — Id)(2 Prox, s — Id)) and o=

and let xo € X. Then « €]0,1(, and T is a-averaged. Moreover, (Ix € Fix T) such that
T"xo — X, argmin(f + g) = {Prox x}, and Prox; T"xy — Proxs x.
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Proof Suppose that (i) holds. Then [2, Example 22.4] (respectively Fact 7.2(ii)) implies
that d.f = df (respectively dxg) is maximally p-monotone (respectively maximally (-w)-
monotone). The conclusion follows from applying Theorem 5.5(i) with (A, B) replaced by
(34f, 0+g2). The proof for (ii) follows similarly by using Theorem 5.5(ii). d

Before we proceed further, we recall the following useful fact.

Fact 7.5 (Baillon-Haddad) Letf: X — R be a Frechét differentiable convex function, and
let B > 0. Then Vf is B-Lipschitz continuous if and only if Vf is %—cocoercive.

Proof See, e.g., [2, Corollary 18.17]. O

Lemma 7.6 Let >0, let B >0, and let f: X — R be a Frechét differentiable function.
Suppose that f is -strongly convex with a B-Lipschitz continuous gradient. Then the fol-
lowing hold:
(i) f =51+ 1% is convex.
(i) Vf is maximally u-monotone.
(iti) Vf-pldis %—cocoercz’ve.

Proof (i): See, e.g., [2, Proposition 10.8]. (ii): See, e.g., [2, Example 22.4(iv)]. (iii): Combine
(i), Lemma 2.10, and Corollary 2.14(ii) applied with (f;,f;) replaced by (f, %] - ||2). O

Theorem 7.7 (The forward—backward algorithm when f is w-strongly convex) Let >
w > 0,and let B > 0. Let f be u-strongly convex and Frechét differentiable with a B-Lipschitz
continuous gradient, and let g be w-hypoconvex. Suppose that argmin(f + g) # &. Let y €
10,2/(B + 2u)[, and set § = (1 — yu)/(1 — yw). Set T = Prox,,(Id—y Vf), and let x, € X.
Then the following hold.:

(i) There exists x € Fix T = zer(A + B) = argmin(f + g) such that T"xy — X.
Suppose that 1 > w. Then we additionally have:

(i) Fix T = argmin(f + g) = {x} and T"xo — x with a linear rate § < 1.

Proof Note that Definition 7.1(ii) implies that dsf = Vf. Set (4, B) = (Vf, 9x2) and observe
that Proposition 7.3 and Proposition 2.2 imply that Fix T’ = zer(A + B) = argmin(f + g). It
follows from [2, Example 22.4] (respectively Fact 7.2(ii)) that A (respectively B) is max-
imally u-monotone (respectively maximally (—w)-monotone). Moreover, Lemma 7.6(iii)
implies that A — pId is %-cocoercive, (i)—(ii): Apply Theorem 6.1(iv)&(vi). O

To proceed to the next result, we need the following lemma.

Lemma 7.8 Let w >0, let B >0, and let f: X — R be a Frechét differentiable function.
Suppose that g is w-hypoconvex with a %—Lipschitz continuous gradient. Then Vf +w1d is
B/(1 + wp)-cocoercive.

Theorem 7.9 (The forward-backward algorithm when f is w-hypoconvex) Let u >
w>0,let B>0,and let E € ]max{B, 2w}, +oo[. Let f be w-hypoconvex, and let g be ji-
strongly convex and Frechét differentiable with a B-Lipschitz continuous gradient. Sup-
pose that argmin(f + g) # 3. Let y €]0,2/(B — 2w)[, and set § = (1 + yw)/(1 + yu). Set
T =Prox,¢(Id—y Vf), and let xo € X. Then the following hold.:

(i) There exists x € Fix T = argmin(f + g) such that T"xy — X.
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Suppose that |1 > w. Then we additionally have:
(i) Fix T = argmin(f + g) = {x} and T"xo — x with a linear rate § < 1.

Proof Proceed similar to the proof of Theorem 7.7 but use Theorem 6.5(iv)&(vi). a

Theorem 7.10 (The forward—backward algorithm when f is 1/8-hypoconvex) Let >
B >0, and let B €12, +ool. Let f be ji-strongly convex, and let g be Frechét differentiable
with a B-Lipschitz continuous gradient. Suppose that argmin(f + g) # @. Let y €]0,2/(B —
2B}, and set § = (1 + yB)/(1 + yu). Set T = Prox,¢(Id—y Vf), and let xy € X. Then the
following hold.:

(i) There exists x € Fix T = argmin(f + g) such that T"xy — x.
Suppose that > 1/B. Then we additionally have:

(i) Fix T = argmin(f + g) = {x} and T"xo — x with a linear rate § < 1.

Proof Combine Lemma 2.12 applied with A replaced by Vf and Theorem 7.9 applied with
(w, B) replaced by (8,28). O

Remark 7.11 The results of Theorem 6.2, Theorem 6.6, and Theorem 6.9 can be directly
applied to optimization settings in a similar fashion a la Theorem 7.7, Theorem 7.9, and
Theorem 7.10.

8 Graphical characterizations
This section contains 2D-graphical representations of different Lipschitz continuous op-
erator classes that admit I-N decompositions and of their composition classes. We illus-
trate exact shapes of the composition classes in 2D and conservative estimates from The-
orem 3.4 and Theorem 4.2. Similar graphical representations have appeared before in the
literature. In [10, 11], nonexpansiveness and firm nonexpansiveness (%—averagedness) are
characterized. Early preprints of [15] have more 2D graphical representations, and the
lecture notes [14] contain many such characterizations with the purpose of illustrating
how different properties relate to each other and to provide intuition on why different al-
gorithms converge. This has been further extended and formalized in [24]. Not only do
these illustrations provide intuition. Indeed, it is a straightforward consequence of, e.g.,
[24, 25] that for compositions of two operator classes that admit I-N decompositions, there
always exists a 2D-worst case. Hence, if the 2D illustration implies that the composition
class admits a specific (¢, 8)-1-N decomposition, so does the full operator class.

In Sect. 8.1, we characterize many well-known special cases of operator classes that ad-
mit I-N decompositions. In Sect. 8.2, we characterize classes obtained by compositions of
such operator classes and highlight differences between the true composition classes and

their characterizations using Theorem 3.4.

8.1 Single operators

We consider classes of («, 8)-I-N decomposition of Lipschitz continuous operators. We
graphically illustrate properties of some special cases. The illustrations should be read as
follows. Assume that x — y is represented by the marker in the figure. The diagram then
shows where Rx — Ry can end up in relation to x — y. If the point x — y is rotated in the
picture, the rest of the picture rotates with it. The characterization is, by construction of
(o, B)-I-N decompositions, always a circle of radius B||x — y|| shifted «||x — y|| along the
line defined by the origin and the point x — y.
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Lipschitz continuous operators Let >0 and let R: X — X. Then R is B8-Lipschitz con-
tinuous if and only if R admits an («, )-I-N decomposition, with « chosen as 0. Figure 1

shows the case 8 = 0.8. The radius of the Lipschitz circle is B||x — y||.

Figure 1 lllustration of B-Lipschitz continuous operator with 8 = 0.8

Cocoercive operators Let >0, and let R: X — X. Then R is %-Cocoercive if and only
if R admits an (&, 8)-I-N decomposition, with («, 8) chosen as (g, g). Figure 2 shows the
cases f = 1.4 and B = 0.7. The diameter is 8||x — y||. The figure clearly illustrates that %—

cocoercive operators are also 8-Lipschitz (but not necessarily the other way around).

O p=14
Q@ p=07

Figure 2 lllustration of l;—cocoercive operators with § =0.7and B =14

Averaged operators Let a €]0,1[, and let R: X — X. Then R is a-averaged if and only if
R admits an (o, 8)-1-N decomposition, with (¢, 8) chosen as (1 — «, «). Figure 3 shows the

cases & = 0.25 and @ = 0.5, and « = 0.75. All averaged operators are nonexpansive.
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@ x=025
xX—y O a=05
O a=075

Figure 3 lllustration of a-averaged operators with o = 0.25, &« = 0.5,and o = 0.75

Conic operators Let o >0, and let R: X — X. Then R is a-conically nonexpansive if and
only if R admits an (¢, 8)-I-N decomposition, with («, 8) chosen as (1 — o, «). Figure 4
shows the cases o = 1.2 and o = 1.5. Conically nonexpansive operators fail to be nonex-

pansive for « > 1.

O a=12
O a=15

Figure 4 Illustration of a-conically nonexpansive operators with = 1.2 and @ = 1.5

u-Monotone operators Let p € R, and suppose that A: X = X is pu-monotone. The
shortest distance between the vertical line and the origin in the illustration is |u|||x — y/|.

Figure 5 shows the case u = 0.2.
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Figure 5 lllustration of p-monotone operator with @ =0.2

8.2 Compositions of two operators
In this section, we provide illustrations of compositions of different classes of Lipschitz

continuous operators. We consider compositions of the form
R=RyR;, where R; admits an (¢;, 8;)-1-N decomposition,

Vi € {1,2}. Let (x,y) € X x X. We illustrate the regions within which RyR1x — RyR;y can
end up. For most considered composition classes, we provide two illustrations. The left il-
lustration explicitly shows how the composition is constructed. It shows the region within
which R;x — Ry must end up. The second operator R; is applied at a subset, marked by
crosses, of boundary points of that region. Given these as starting points for R, applica-
tion, the dashed circles show where Ry;R;x — RyR;y can end up for this subset. The right
illustration shows, in gray, the resulting exact shape of the composition. It also contains
the estimate from Theorem 3.4 that provides an I-N decomposition of the composition.
From these illustrations, it is obvious that many different I-N decomposition are valid. The
illustrations also reveal that the specific I-N decompositions provided in Theorem 3.4 in-
deed are suitable for our purpose of characterizing the composition as averaged, conic, or

contractive.

Averaged-averaged composition We first consider «;-averaged R; with «; €]0, 1[. A spe-
cial case is the forward—backward splitting operator T =/, 3(Id — y A) with %—cocoercive
A and maximally monotone B. This implies that (Id — yA) is %—averaged for y €]0, %[
and that /, 3 is %—averaged. The example in Fig. 6 has individual averagedness parameters
a1 =0.5 and oy = 0.5, i.e.,, R = RyRy with R; = 0.5Id + 0.5N; and R; = 0.51d + 0.5N;,. Theo-
rem 3.4 shows that the composition is of the form 0.33Id + 0.67N, where N is nonexpan-
sive, i.e., it is 0.67-averaged. The fact that the composition is averaged is already known,
see [8, 12].
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Figure 6 lllustration of composition of o¢1-averaged and «;-averaged operators with o1 =y =0.5

The example in Fig. 7 shows a7 = 0.7 and o3 = 0.6. Theorem 3.4 shows that the compo-

sition is of the form 0.21Id + 0.79N, where N is nonexpansive, i.e., it is 0.79-averaged.

Figure 7 lllustration of composition of o1 -averaged and a;-averaged operators with o1 =0.7 and at; = 0.6

Conic-conic composition We consider o;-averaged R; with «; > 0. Several examples with
this setting are considered in for Douglas-Rachford splitting and forward—backward split-
ting in Sect. 5 and Sect. 6. We know from Theorem 4.2 that the composition is conic if
10y < 1. The example in Fig. 8 has «; = 1.7 and «y = 0.45, that satisfies ajap = 0.76 < 1.
Theorem 4.2 shows that the composition is of the form —1.641d + 2.64N, where N is non-

expansive, i.e., it is 2.64-conic.
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Figure 8 lllustration of composition of ¢¢1-conic operator and o;-averaged operator with o1 = 1.7 and
o) = 045

In Example 4.6, we have shown that the assumption «ja; < 1 is critical for the com-
position to be conic. Figure 9 illustrates the case «; = 1.7 and a5 = 0.7, which satisfies
ajop = 1.19 > 1, hence Theorem 4.2 cannot be used to deduce that the composition is
conic. Indeed, we see from the figure that the composition is not conic. It is impossible to
draw a circle that touches the marker at x — y and extends only to the left.

Figure 9 lllustration of composition of a¢1-conic operator and o;-averaged operator with o1 = 1.7 and
o) = 0.7

We conclude the conic composed with conic examples with a forward—backward ex-
ample. The forward—backward splitting operator /,z(Id — yA) with A %-Cocoercive and
B (maximally) monotone is composed of %-averaged resolvent J, g and %—conie forward
step (Id—y A). The composition R = RyR; with R; o;-conic is conicif ¢yap < 1, Theorem 4.2.
In the forward—backward setting, this corresponds to y € (0, %), which doubles the al-
lowed range compared to guaranteeing an averaged composition. This extended range
has been shown before, e.g., in [13, 18].

In Fig. 10, we illustrate the forward—backward setting with y = %. This corresponds to
conic parameters ¢ = 1.95 and «y = 0.5, i.e., R = RyR; with R; = —0.95Id + 1.95N; and R, =
0.5Id + 0.5N5. The composition is of the form —18.991d + 19.99N, where N is nonexpansive,
i.e., it is 19.99-conic, Theorem 4.2. The left figure shows the resulting composition and
(parts of) the conic approximation. The conic approximation is very large compared to
the actual region. This is due to the local behavior around the point x — y, where it is
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almost vertical. As y /' 48, the exact shape approaches being vertical around x — y and
the conic circle approaches to have an infinite radius. For y > 48, the exact shape extends
to the right of x — y (as in the figure above), and the composition will not be conic.

In the right figure, we consider the relaxed forward—backward map (1 —6)Id + 6], g(Id -
yA) with 6 > 0. If the composition J,g(Id — yA) is «-conic, it is straightforward to verify
that the relaxed map is fa-conic. Therefore, any 6 € (0,a!) gives an fa-averaged re-
laxed forward—backward map. An averaged map is needed to guarantee convergence to
a fixed-point when iterated. In the figure, we let # = 0.04, which satisfies 6 < o' ~ 0.05.
The approximation is indeed averaged, but the region within which the composition can

end up is very small compared to the conic approximation.

Figure 10 To the leftis an illustration of the forward-backward composition J,,g(Id - y A) with y = %9, where
% is the cocoercivity constant of A. It is a composition between an «1-conic operator and an o;-averaged

operator with a1 = 1.95 and ot = 0.5. To the right is an illustration of a 8-relaxation of the same
forward-backward map with 6 = 0.04

Scaled averaged and cocoercive compositions Compositions of scaled averaged and co-
coercive operators are also special cases of scaled conic composed with scaled conic op-
erators treated in Theorem 4.2. It covers the forward backward examples in Sect. 6, where
identity is shifted between the operators and the sum is (strongly) monotone. The oper-
ators in the composition are of the form R; = 8;((1 — a1)Id + @1 N7) and R, = %(Id +N>),
where a1 € (0,1), 8; >0, and B, > 0.

In Fig. 11, we consider the forward—backward setting in Theorem 6.5. The forward
backward map is /, s(Id — yA) and we let A + 0.3Id be 1-cocoercive, B be maximally 0.3-
monotone. That is, we have shifted 0.31d from A to B and the sum is monotone. We use
step-length y = 2. The proof of Theorem 6.5 shows that, in our setting, R; is 1.6-scaled
0.62-averaged and that R, is 1.6-cocoercive. Theorem 3.4 implies that the composition is

of the form 0.27Id + 0.73N, where N is nonexpansive, i.e., it is 0.73-averaged.
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Figure 11 lllustration of composition of 1.6-scaled 0.62-averaged operator with 1.6-cocoercive operator. The
composition comes from the forward-backward map J,, g(Id - yA) with A+ 0.31d 1-cocoercive, B
0.3-monotone, and y =2

Figure 12 considers a similar forward—backward setting, but with a strongly monotone
sum. We let A + 0.2Id be 1-cocoercive, B be maximally 0.3-monotone, which implies that
the sum is 0.1-strongly monotone. We keep step-length y = 2. The proof of Theorem 6.5
shows that, in our setting, R; is 1.4-scaled 0.62-averaged and that R, is 1.6-cocoercive.
Theorem 3.4 implies that the composition is of the form 0.191d + 0.68N, where N is non-

expansive, i.e,, it is 0.87-contractive.

Figure 12 lllustration of composition of 1.4-scaled 0.62-averaged operator with 1.6-cocoercive operator. The
composition comes from the forward-backward map J,,g(Id - yA) with A+ 0.2Id 1-cocoercive, B
0.3-monotone, and y =2

The final example in Fig. 13 considers a similar forward—backward setting where the
sum is not monotone. We let A + 0.4Id be 1-cocoercive, B be maximally 0.3-monotone,
which implies that the sum is —0.1-monotone, i.e., it is not monotone. We use step-length
y = 2. The proof of Theorem 6.5 shows that, in our setting, R; is 1.8-scaled 0.62-averaged
and that R, is 1.6-cocoercive. Theorem 3.4 implies that the composition is of the form
0.351d + 0.78N, where N is nonexpansive, i.e., it is 1.12-Lipschitz and not conic, averaged,

or contractive.
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Figure 13 lllustration of composition of 1.8-scaled 0.62-averaged operator with 1.6-cocoercive operator. The
composition comes from the forward-backward map J,,g(Id - yA) with A+ 0.41d 1-cocoercive, B
0.3-monotone, and y =2

Appendix A
Proof of Lemma 2.3 Indeed, observe that

R(A) = (1 —2A)Id +A(Id +R3R;) (89)
and

Id—R(x) = A(Id =R, Ry). (90)
In view of (89) and (90) we have

(R(W)x =Ry | (1d=R(1))x — (Id=R(1))y)
= (1-2A){x -y [1d=R(1))x — (Id—R(1))y)
+2%((x =) = (ReR1x — RoRyy) | (% — 9) + (RoRyx — RyRyy))
=(1-20)(x -y [ Id=R()x — (Id=R())y) + 2*(Ilx = yI1* = [ RoR1x — RyRy 1)
= (1-2A){x -y [Id=R(1))x — (Id—R(1))y)
+ 22 (Ile = y1% = 1R1x = Ruyll* + [|R1x = Riy || = [|RyR1x = RoR1y )
=(1-2A){x -y | (Id-R(1))x — (Id—R(1))y)
+A*((Id +Ry)x — (Id +Ry )y | (Id =Ry )x — (Id—Ry)y)

+ )»2((1(1 +R2)R1x - (Id +R2)R1_j/ | (Id —Rg)Rlx - (Id —Rg)le/),

and the conclusion follows. O

Appendix B

Proof of Lemma 2.12 (i): Because %A is nonexpansive, we learn from [2, Example 20.7]
that Id + %A, as is B1d +4, is maximally monotone. The conclusion now follows in view of
e.g., [3, Lemma 2.5]. (ii): This is clear by observing that ﬁ (BId+A) = %(Id +%A). O
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Appendix C
Proofof Lemma 2.13 Indeed, by assumption, there exist nonexpansive mappings N; : X —
X and N, : X — X such that

B B ) 8
T)==Id+=Nj, Ty = -Id+=N,. 91
1=5 + 5 275 + 52 (91)
Now,
1 1 1 1 1 1) 1)
—(TI—TQ):—TI——TQZ—Id+—N1——Id——N2 (923)
B B B 22 28 2P
-8 1 )
= ﬁ—I +—N1 - —Nz. (92b)
28 2 28
Using the triangle inequality, one can directly verify that %(Tl —T) is Lipschitz continuous
with a constant ﬁz—;f + % + % = 1. The proof is complete. g
Appendix D

Proof of Corollary 2.14 (i): It follows from Fact 7.5 that Vf, (respectively Vf,) is %—
cocoercive (respectively %—cocoercive). Now apply Lemma 2.13 with (T4, T,) replaced by
(Vf1, Vf,). (ii): Combine (i) with Fact 7.5 applied with f replaced by fi — fa. O

Appendix E

Proof of Lemma 2.15 (i): Indeed, we have T = (1 - (1 -8(1 —)))Id+6aN = (1 - (1 -8(1 -
@) Id+(1 - 8(1 - «))N, where N = ((8a)/(1 - 8(1 — )))N. Note that (&)/(1-8(1 —a) < 1,
hence N is nonexpansive and the conclusion follows. (ii): Clear. (I
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