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1 Introduction
Let f be a mapping acting between the normed spaces X and Y, whose norms are denoted
by the same symbol || - ||. To estimate the approximate solutions of the equation y = f(x),

we seek an error bound

dist(x,f () < «|ly —f(x)

’

locally, for all (x,y) near (x,¥ = f(x)), or globally, for all x and y, where « is some positive
constant. The infimum of such « is called the modulus of regularity of f. For instance,
when f : R — R is smooth and verifies f’(x) # 0, it is easily observed that the modulus of
regularity of f at ¥ is exactly |f’(x)| 1. A first approach to the concept of regularity goes
back to a celebrated fundamental result proved in 1934 by Lyusternik [1]:

Theorem 1.1 (Lyusternik, [1]) Let f be a mapping from a Banach space X to a Banach
space Y. Suppose that f is Fréchet differentiable in a neighborhood of X and that its deriva-
tive f'(x) is continuous at x and f'(x) is surjective. Then, for every € > 0, there exists r > 0
such that

dist(x,/7'(0)) < &llx - |,
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whenever
lx-%|<r and f'(x)(x-%)=0.

In other words, the tangent manifold to f~1(0) is equal to x + Ker f'(x), where Ker f'(x) is the
set of those x such that f'(x)(x) = 0.

We refer to Dontchev [2] for a nice overview on the Lyusternik theorem and to the fact
that the Lyusternik theorem can be easily obtained from the Graves theorem. We also refer
to the forthcoming book by Thibault [3].

Theorem 1.2 (Graves, [4]) Let X and Y be Banach spaces, x € X, and f : X — Y be a
C-mapping whose derivative f'(x) is onto. Then, there exist a neighborhood U of x and a
constant ¢ > 0 such that for every x € U and © > 0 with B(x,t) C U,

B(x,ct) C f (B(a_c, 7:)) (partial openness property with linear rate).

Ioffe and Tihomirov showed in [5] that the original Lyusternik proof may lead to a
stronger result and proved that if f'(x) is surjective, then there are ¥ > 0 and § > 0 such
that

dist(x,f_l()_/)) <k Hf(x) —f(x) || whenever ||x — k|| < 6. (1.1)
Ioffe’s remark leads to a standard definition:

Definition 1.1 Point x € X is said to be a regular point of a mapping f : X — Y if the
relation (1.1) is satisfied.

In this note, we will call x a strongly regular point of f if the inequality
e =l < & |[f () -f @], (1.2)

holds locally, for all x belonging to a neighborhood of X, where k > 0 is a positive constant.
Next, we will provide sufficient conditions for x to be a strongly regular point. Our results
allow us to estimate the constant « in (1.2). Then, we apply our results to the Hoffman
estimate and obtain some results for the estimate of the distance to the set of solutions to a
system of linear equalities. The advantage of our estimate is that it allows one to calculate
the upper limit of the error. In particular, for a finite-dimensional space X and a linear

(continuous) mapping A : X — X, we prove that the estimate

[A@)II

dist(x, Ker A) < - : :
istlw, KerA) < A - € X, dist(s, Ker ) = 1)

holds for all x € X (Corollary 3.2 below). We can easily see that this estimate is sharp for
injective linear mappings, in the sense that, if A is an injective linear mapping and

inf{ ||A(u) || cu € X, dist(u, KerA) = 1} < U,

then there exists some x € X such that ||x|| = dist(x, KerA) > w1 ||A(x)]|.
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Our work is outlined as follows. In Sect. 1, we recall the famous Lyusternik theorem
and survey briefly its relationship with the concept of metric regularity. In Sect. 2, we first
introduce the notion of homogeneous continuity of mappings. Then, using an appropriate
notion of lower directional derivative, we achieve some results ensuring in finite dimen-
sion that for a given mapping a point is strongly regular. Finally, in Sect. 3, we focus our
attention on Hoffman’s estimate of approximate solutions of finite systems of linear in-
equalities and prove some similar estimates.

2 Sufficient conditions of regularity via generalized derivative

Throughout the paper, we use standard notations. For a normed space X, we denote its
norm by || - || and by X* its (continuous) dual. The symbol S stands for the unit sphere,
that is, the set of all points of X of norm one, while B(x, 7) and B(x, r) denote, respectively,
the open and closed balls centered at x with radius r. Some other notations are introduced
as and when needed.

2.1 Homogeneous continuity
We begin with the following definition.

Definition 2.1 Let X and Y be normed spaces and E C X. The mapping f : X — Y is
said to be homogeneously continuous at x € X on E if for every € > 0 there exist § > 0 and
0 < B <1 such that

lx=yll<é = Hf(a'c+ tx) — f(x + ty)H < te,
forallO<¢t<Bandallx,y e E.
We are going to provide some sufficient conditions under which a mapping f is homo-

geneously continuous. Let us recall that a mapping f : X — Y is said to be locally Lipschitz
around x € X if there exist a neighborhood O of x and a real number X > 0 such that

lf@ £ < Alx -y, (2.1)
for all x,y € O.

Lemma 2.1 Suppose that X and Y are normed spaces. If f : X — Y is locally Lipschitz
around x € X, then f is homogeneously continuous at X on some closed ball B(0, ).

Proof By hypothesis, there exist a constant A > 0 and a neighborhood O of ¥ in X such
that (2.1) holds for all x,y € Q. Choose r > 0 such that B(x, r) C Q. It follows that

|V(i+ tx) — f(x + ty)” < A||a?+ tx — (x+ ty)” =tAllx - yl,
forallx,y e E(O, r)and all 0 <t < 1. Now for each € > 0 take 0 < § < eA~L. It follows that
lx=yll<8 = |fG+tx)-fG+1)] <te,

for all %,y € B(0,7) and all 0 < £ < 1. This completes the proof. O
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Proposition2.1 Let X and Y be normed spaces, f : X — Y be a mapping, E be a subset of X
equipped with the topology induced by the norm and x € X. Ifthe bifunction fi : E x (0,1] —
Y, defined by

ey S EHSE),

is uniformly continuous (E x (0, 1] equipped with the product topology with the usual linear
operations of vector addition and scalar multiplication), then f is homogeneously continu-
ous at x on E.

Proof Let € > 0. By hypothesis, there exist §, 8 > 0 such that for all x,y € E with [[x—y| <&
and all 5, € (0, 1] with |s — k| < B we have ||f(x,s) — fe(y, 1) || < €. It follows that

<E€E,

Hf(fe +10)~fG) fGE+1y)~f ()
t t

for all x,y € E with |[x —y|| <§ and all 0 < £ < 1. Thus

|Lf(9'c +ix)—f(x+ ty)|| < te,
for all x,y € E with [|x — y|| < § and all 0 < ¢ < 1. This completes the proof. d

2.2 Generalized derivatives
We recall the definitions of the Hadamard and Gateaux derivatives: The Hadamard direc-

tional derivative f;,(x)(v) of f at x in direction v is defined as

@) = uéiu“luw _ ng?ija:—n)—ﬂi)’

where (v,) and (¢,) are any sequences such that v, — v and ¢, — 0.
The Gateaux directional derivative f(x)(v) of f at ¥ in direction v is defined by

S@ )= 1ti§)1f7(x *! ”t) &)
The following facts are well known:
+ Hadamard differentiability is a stronger notion than Gateaux differentiability, see, e.g.,
[6]; when f is Hadamard differentiable at ¥, it is Gateaux (directional) differentiable at
% and, moreover, f7;(X) is continuous;
« For locally Lipschitz mappings in normed spaces, Hadamard and Gateaux directional
derivatives coincide.
The following corollary uses Hadamard differentiability and provides another sufficient
condition for a mapping f to be homogeneously continuous.

Corollary 2.1 Let X and Y be normed spaces, f : X — Y be a continuous mapping, E
be a compact subset of X (equipped with the topology induced by the norm) and x € X.
If the Hadamard directional derivative of f at x in every direction v € E exists, then f is
homogeneously continuous at x on E.
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Proof Define the bifunctionﬁE :E x [0,1] = Y as

. [ET® ifo<r<1,
fe,t) = N B
fL@W)  ifr=0.

Since f is continuous and the Hadamard directional derivative of f at X in every direction
v € E exists, the bifunction j]E is continuous. Since E x [0, 1] is compact, fﬂg is uniformly
continuous. It follows that the bifunction fz : E x (0,1] — Y, defined by

S+ x) - f(%)

f]E(x: t) = ¢

is uniformly continuous. Now apply Proposition 2.1. d

The following proposition illustrates our main motivation for introducing the homoge-
neously continuous mappings.

Proposition 2.2 Let X and Y be normed vector spaces, f : X — Y be a mapping, E be a
subset of X and x € X. If f is homogeneously continuous at x on E, then there exist § >0
and B > 0 such that

<E€,

Hf@+n@—f@)_f@+moaﬂ@
t t

forallx,y e Ewith |x—y|| <8 andall0 <t <B.
Proof The proof is obvious; we therefore omit it. O

For a mapping f : X — Y, we consider the following notions of lower directional deriva-

tives which are crucial to our approach:

fl/(f_f)(l)) = li%énfw,

t
F@ )= liming LE ) =SEN
tL0,u—v t
Note that we have
0 <fo(BR)(v) <f @), (2.2)

for every v € X. We shall observe that if inf,cs f; (¥)(v) > 0 and f is homogeneously contin-
uous at x on S, then f satisfies the property (1.2) above.

2.3 Main results

Throughout the remaining part of the discussion, unless specified otherwise, we assume
that X is a finite-dimensional space and Y is an arbitrary normed space. We now are com-
pletely ready to state the main theorem of the paper. For a positive scalar « € R, let

Se = {xeX: (1l :oe} =aS.
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Theorem 2.1 Letf : X — Y be homogeneously continuous at x € X on S, _for some positive
scalar o. If there exists some k > 0 such that inf, s, f] (X)(v) > «, then there exists § > 0 such
that

’

llx— x| < %!lf(x) —f®)

for all x € B(x, ). In other words, x is a strongly regular point of f.

Proof Letk <y <inf,cg, f/(¥)(v) and € := y — k. Hence, forall v € S, there exists 0 <7, <1

such that
o WG+ ) = X))
0<1;1§frv B — >y, (2.3)

Since f is homogeneously continuous at X on S, there exist 8 >0 and 8 > 0 such that

<€, (2.4)

v-pl<o = Hf(’_”ﬁ;) fE) [ ) -f@

t

for all v, u € S, and all 0 < ¢ < B, by Proposition 2.2. Let 7, := min{0, 8,r,} for all v € S,,.
Clearly, Sy C U5,
S« such that S, C |2, B(vk, 74,). Now let x € B(x, ad) \ {¥} and v := ”x"‘?”(x — x), where

§:= min{7,, : 1 <k <m}. Then, v € S, and therefore v € B(v;,#,,) for some 1 <s <m. It
follows that ||v — vy]| <@ and a7} |lx — || < B. By (2.4), we deduce that

B(v,7,). The compactness of S, implies that there exist vy, vy,..., v, €

a - a -l

‘f(ﬂ_c +ollx-%v) —f®)  fE+alx-%v) - f(&)

Hence

If @) —f@I _ If G+ e =%Iv) - fE) S I G+ ol = Xl lvy) = @)l

a tx - x| a - atx—x]

>y —€=k by(2.3),
since o !jx — || < r,,. It follows that

e — x| < %Hf(x) —f®)

’

for all x € B(X, ). Letting & := o8 completes the proof. O

Corollary 2.2 Let f : X — Y be homogeneously continuous at x € X on S. If there exists
some k >0 such that inf, s fi (X)(v) > &, then there exists 8 > 0 such that

e -7 < % 1) —f @], 25)
for all x € B(x, ).

Proof Apply Theorem 2.1 and (2.2). O
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Corollary 2.3 Suppose that f : X — Y is locally Lipschitz around x € X. If there exists
some k >0 such that inf, s f (x)(v) > «, then there exists § > 0 such that (2.5) holds for all
x € B(x,9).

Proof By Lemma 2.1, f is homogeneously continuous at x on some closed ball B(0, ). It
follows that f is homogeneously continuous at X on S, (since S, C B(0, 7). The condition

inf,es f (¥)(v) > k implies that inf,cs, f/ (X)(v) > r«. Now apply Theorem 2.1. O

Corollary 2.4 Let f : X — Y be a continuous mapping and x € X. Assume that the
Hadamard directional derivative of f at x in every direction v € S exists. If there exists
some « > 0 such that inf, s ||f;(X)(V)|| > k, then there exists § > O such that (2.5) holds for
all x € B(x, 5).

Proof By hypothesis, f7;(x)(v) exists for every v € S. By continuity of f and || - |, it follows
that

|Lf(5c + tl)t) _f(‘;c)” :ﬁ/(ﬁ_C)(V),

@) = 6@ | = lim
£10
for every v € S. It follows that inf,cs f; (¥)(v) > «. Since X is finite dimensional, S is com-

pact. Hence, f is homogeneously continuous at ¥ € X on S, by Corollary 2.1. Now apply
Theorem 2.1. O

The following example has been considered in [7] (Example 2.1). We shall prove that the

origin is a regular point of the involved mapping f once again by Theorem 2.1.

Example 2.1 Consider the mapping f : R — R defined as

F) = (2 —xsin(})), x#0;

0, x=0.

We have S = {1} and therefore f is homogeneously continuous at 0 on S. One may easily

verify that

| £42 - EDsind)] 2

t T

f0)(£1) = hrﬁ(l)nf
It follows that infes f/(0)(s) = % > 0. Hence, if 0 < k < %, then there exists § > 0 such that

1 1
lx—0] = |x| < ;[f(x) -f(0)] = ;[f(x)l,

for all |x| < 8, by Theorem 2.1. Hence, 0 is a strongly regular point of f. Since f is contin-
uous, thus the subset £71(0) is closed and therefore the distance function dist(-,f~1(0)) is
Lipschitz around O (see [8, p. 11]). Hence, O is a regular point of f.
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3 Hoffman’s estimate for the distance to the set of solutions to a system of
linear inequalities

Theorem 3.1 (Hoffman, 1952, [9, 10]) Letx},i=1,2,...,k be a finite family of linear forms

on X*. Set

Ce:= {x € X such that <xf,x) <0,i= 1,2,...,/(}. (3.1)
Then, there exists k > 0 such that

dist(x, C<) < k[PW)],, (3.2)
where ®(x) := max{{x},x),i=1,2,...,k} and [P (x)], := max(P(x),0).

Hoffman’s result is considered as the starting point of the theory of error bounds, theory
that has been extended over the years to different contexts. We refer to [3, 11-13] and the
references therein for the discussion of the fundamental role played by Hoffman bounds
and more generally by error bounds in mathematical programming. As described, for ex-
ample, in [14], they are used, for instance, in convergence properties of algorithms, in sen-
sitivity analysis, in designing solution methods for nonconvex quadratic problems. When
C:i={xeX:Ax) =0, {},x) <0,i=1,2,...,k} wherex] € X*,i=1,2,...,k, are some given

functionals and A : X — Y is a linear (continuous) mapping, we have the following result.

Theorem 3.2 (Ioffe, 1979, [15]) There exists some k > 0 such that
k
dist(x, C) <k <||A(x)|| T Z[(x?‘,x)L), (3.3)
i=1
forallx e X.

Now let G:=KerA N (ﬂf:1 Kerx}). Then, Theorem 3.2 yields the following result.

Corollary 3.1 There exists some k' > 0 such that
k
dist(x, G) < K’(HA(x) ” + Z!(xf,x)‘), (3.4)
i=1

forallx e X.

In this section, we apply Theorem 2.1 and establish similar estimates. We prove that
there exists k > 0 such that

k
e, C) < £ (um - zux;:xm),
i=1

for all x € X, where L : X — X is a linear mapping with Ker L = G. Our results also allow

us to evaluate the constant . The details are as follows.
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Proposition 3.1 Let A: X — Y be a linear mapping and xf € X*,i=1,2,...,k be given.
Suppose that L : X — X is a linear mapping such that KerL = G. Then

k
dist(x, G) < %(”L(x)“ + Z[(x}",x)L), (3.5)

i=1

where y is a positive real number given by

y = inf{ ||L(v)“ + Z[(x;“, v)]+ v e X, dist(v,G) = 1}. (3.6)

i=1

Proof Let us consider the finite-dimensional quotient space M := %, and denote by [x] the
equivalence class containing x in M, that is, [x] := x + G. We note ||[x]|| := inf{|lx + y| : y €
G}. Denote by S v the unit sphere of M (i.e., the elements of M of norm one). Obviously,

Sy = {xeX:inf{||x+y|| :ye(G} :1} = {xeX:dist(x,G}:l}. (3.7)

Consider the continuous linear mapping L : M — X defined as L([x]) := L(x) for all [x] €
M. Also for each 1 < i < k define ([x;]*, [*]) := (], %) for all [x] € M. Obviously, each [x;]*
belongs to G (the orthogonal complement of G), and hence belongs to the dual of M
(which is isometrically isomorphic to G+ [16]). Set

C:= {[x] eM :Z([x]) = 0,<[x,»]*, [x]) <0,i= 1,2,...,/(}.
We have KerL = KerL = G and therefore C = {[0]}. Now define the mapping f : M — R
as
3 k
S() = L) |+ 3 [{xad )],

i=1

We show that the conditions of Theorem 2.1 for f at [x] = [0] are all satisfied. For all [v] €

S, one has
k
Jim LI 7y 3 (gt )

i=1
Hence, f is homogeneously continuous at [0] on S, by Corollary 2.1. We also have

k n

SN0 = 12N + [l )], = [2m)] + D[ v)],-

i=1 i=1

The continuity of f implies that the mapping f|s ,, (the restriction of f to S () attains its
minimum at some [vy] € Saq. Then, [vo] ¢ C (note that C = {[0]}) and therefore

k

IZ(twol) | + D [([%:1*, [wol)], >o.

i=1
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It follows that inff,)es , , f;/ ([0)([v]) > 0. Using (3.7), we obtain

[v}iEnSfMﬂ([O])([v]) = inf{ L[| + Z[(xf,v)L :v e X, dist(v, G) = 1} =y.

i=1

Thus y > 0. Now let 0 < « < y. Theorem 2.1 implies that there exists some § > 0 such that

o= o0 o9 < 2 (Vo + 0 )

i=1

for all [x] € BA4([0],8). Since f is sublinear,

ol = 2 (JED -+l . )

i=1

for all [x] € M. It follows that

k
dist(x, G) < %(HL(?C) ” + Z[(x:‘,x)L) (3.8)

i=1
For all x € X. Letting k — y in (3.8), we obtain the desired result. O

Remark 3.1 The existence of the linear mapping L : X — X discussed in Proposition 3.1 is
straightforward. Indeed, G is a closed subspace of X and X is separable, thus there exists
a (continuous) linear mapping L : X — X with KerL = G (see [17]). Of course, one can
easily define L directly (without using [17]). To see this, suppose that dimX = # and let
{e1,..., e} be alinearly independent basis for the vector space G. By linear algebra, we can
extend {ey,...,e;} to get a linearly independent basis for X (since G is a subspace of X).
Let us denote this basis by {ey,...,ej,€5.1,...,e,}. Now for every x :=xie1 + - -+ + x,e, € X,

define the mapping L : X — X as

L(x) :=(0,0,...,0,%),1,...,%4).
———
j n-j

One can easily check that L is well-defined, linear, and Ker L = G.
Corollary 3.2 Let A : X — X be a linear mapping. Then

ILA@)II

d. t ’K A < )
ist(x, Kerd) < inf{JA(W)| : v € X, dist(v, Ker 4) = 1}

forallx e X.

Proof Let X =Y, and ¥} =0 for all 1 <i <k. Then, G = KerA. Letting L := A in Proposi-
tion 3.1 yields the result. O
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Corollary 3.3 Let A: X — Y and L : X — X be linear mappings with KerL = G and x} €
X*,i=1,2,...,k, be some given functionals. Then

||L(x)||
inf{||ILw)|| + Y1, [ I+ :v e X, dist(v,G) =1}’

dist(x, G) <

for every x € C< (see (3.1) above).

Proof Proposition 3.1 implies that
st = 2 (1269] + Ll )
i=1
where
n
y = inf{ HL(v)H + Z[(x;‘, v)L :v e X, dist(v,G) = 1}.
i=1

Now let x € C. Thus (x},x) <0 for every 1 <i < k. Hence [{x},x)], =0 forevery 1 <i <
k. Then, the above inequality yields

. IIL( )l
dist(x, G
1500 G) = T+ S Lo, s v € X, dist(v, §) = 1)
for every x € C<. This completes the proof. O

Finally, let us make a comparison between the two estimations (3.5) in Proposition 3.1
and (3.4) in Corollary 3.1 described above. First, note that an application of Corollary 3.1
(or a direct application of Theorem 3.2) with L (described in Proposition 3.1) in place of
A and no inequalities immediately produces the following estimate:

dist(x,

(3.10)

for all x € X, where «y is a constant. On the other hand, doing the same replacements in
Proposition 3.1 (i.e., applying Proposition 3.1 with L in place of A and L in place of itself
without the inequalities) yields

dist(x, G) < 1 |L(x) (3.11)
Yo

where

Vo i= inf{ ||L(v)H ;v e X, dist(v,G) = 1} > 0.
The question is: which of the above estimates (3.10) and (3.11) is better? To answer this
question, we need to know the relationship between the coefficients «y and y; stated above.

As long as the value of the constant kg in (3.10) is not known, we can'’t say which of the
estimates (3.10) and (3.11) produces a better result. We can just say that the estimate (3.11)
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technically is better, since it also allows us to estimate the unknown constant kg in (3.10).
Indeed, k¢ < V—lo

Another question which may arise is: with the simple estimate (3.11) in hand, what is the
necessity of using the estimate (3.5) in Proposition 3.1 (regarding the inequalities)? To an-
swer this question, let’s take a closer look at the estimate (3.5). Indeed, by Proposition 3.1,

we have
1 k
dist(x, G) < ; ||L(x)H + Z[(xf,x)L , (3.12)
i=1
where

y :=inf{ [L()]| + Z[(x;", \))]+ (v e X, dist(v,G) =1} >0.

i=1

We observe that, on the one hand, |L(x)|| < ||L(x)| + Zle [(x}, )], and, on the other hand,
% < % As a result, we cannot generally compare the right-hand sides of the estimates
(3.11) and (3.12) to determine which is better. Corollary 3.3 says that when x € C., it
would be better to use (3.12).
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