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1 Introduction

The concept of generalized metric spaces, which is a generalization of metric spaces, was
first defined by Branciari (see [1]) in 2000. The generalization is via the fact that the triangle
inequality is replaced by the rectangular inequality d(x, y) < d(x, u) + d(u, v) + d(v,y) for all
pairwise distinct points x, y, u, v of X. Afterwards, many authors studied and extended
the existence of old fixed point results in such spaces (see [1-18]). In this paper, we are
to generalize well-known related fixed points theorems. For this, we recall some basic

definitions and conclusions.

Definition 1.1 ([1]) Let X be a nonempty setand d : X x X — [0, +00) be a mapping such
that for all x,y € X and for all distinct points #,v € X each of them different from x and y
satisfying the following conditions:

(d1) d(x,y) = 0if and only if x = y;

(d2) d(x,y) = d(y,x);

(ds) d(x,y) < d(x,u) + d(u,v) + d(v,y) (the rectangular inequality).

Then (X, d) is called a Branciari type generalized metric space.

Every metric space is a Branciari type generalized metric space, but the converse is not
true (see [2]).
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Definition 1.2 ([1]) Let (X, d) be a Branciari type generalized metric space and {x,} be a
sequence in X and x € X. We call that

(i) {x,} is convergent to x if and only if d(x,,x) — 0 as n — oo (denoted by x,, — x).

(ii) {x,} is a Cauchy sequence if and only if for each € > 0 there exists a natural number
N such that d(x,,x,,) < € for all m,n > N.

(iii) X is complete if and only if every Cauchy sequence is convergent in X.

In 2012, Lakzian and Samet [4] obtained a fixed point theorem of the generalized metric
spaces.

Theorem 1.1 ([4]) Let (X,d) be a Hausdor{f and complete generalized metric space, and
let T : X — X be a self-mapping satisfying

Y (d(Tx, Ty)) < ¥ (d(x,9)) - ¢(d(x,)) (1.1)

forallx,y € X, where (i) ¥ : [0, +00) — [0, +00) is a continuous and monotone nondecreas-
ing function with ¥ (t) = 0 if and only if t = 0; (ii) ¢ : [0,+00) — [0, +00) is a continuous
Sfunction with ¢(t) = 0 ifand only ift = 0. Then T has a unique fixed point.

In 2013, Liu and Chai [8] gave a generalization of Theorem 1.1.

Theorem 1.2 ([5]) Let (X,d) be a Hausdor{f and complete generalized metric space, and
let T : X — X be a self-mapping satisfying

Y (d(Tx, Ty)) < ¥ (a1d(x,y) + azd(x, Tx) + azd(y, Ty))
= 0(a1d(x,y) + ard(x, Tx) + azd(y, Ty))

(1.2)

for all x,y € X, where (i) ¥ : [0,400) — [0,+00) is a continuous and monotone nonde-
creasing function with Y (t) = 0 if and only if t = 0; (ii) 0 : [0,+00) — [0, +00) satisfies
lim;_,,6(¢) > 0 for r > 0 and lim,_,, 6(t) = 0 if and only if r = 0; (iii) a; > 0(i = 1,2,3) with
ay +ay +as <1. Then T has a unique fixed point.

It is worth mentioning that ¥ : [0, +00) — [0, +00) is both continuous and monotone
nondecreasing function, but we cannot obtain that 1 < £, if V(1) < ¥(£). In fact, the
erroneous conclusion has been widely applied in proofs of the above theorems. This paper
is to provide the correct results related to the above theorems and to weaken the conditions
of theorems.

2 The main results
In this section, we denote by W the set of functions ¥ : [0, +00) — [0, +00) satisfying the
following conditions:

(a1) ¥ is monotone nondecreasing;

(a3) lim,_, . ¥ (£) > 0 for r > 0 and lim;_, o+ ¥ (£) = 0;

(as) ¥(t) =0ifand onlyif£ = 0.

We denote by ® the set of functions ¢ : [0, +00) — [0, +00) satisfying the following con-
ditions:

(b1) lim,_, . info(£) > O for each r > 0;
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(bs) @(t) — 0 implies that ¢ — 0;
(b3) p(t) =0ifand onlyift = 0.

Theorem 2.1 Let (X,d) be a Branciari type complete generalized metric space, and let
T : X — X be a self-mapping satisfying

w(d(Tx, Ty)) <y (ald(x,y) + axd(x, Tx) + asd(y, Ty))
—¢(ard(x,y) + ard(x, Tx) + asd(y, Ty))

(2.1)

forallx,y € X, where y e W, p € ®anda; > 0(i=1,2,3) witha, +as+as <1. Then T has

a unique fixed point.

Proof In order to prove our conclusion, we divide the proof into the following steps.
Step 1. If there exists a fixed point of T, the fixed point is unique.
Suppose that there exist two fixed points p, g with Tp = p # q = Tg, it means that
d(p,q) #0. Taking x = p and y = q in (2.1), we have

v (d(p,q)) = ¥ (d(Ip, Tg))
< Y (ad(p,q) + ard(p, Tp) + azd(q, Tq))
- ¢(a1d(p, @) + axd(p, Tp) + azd(q, Tg))
=Y (a1dp, ) - ¢(ad(p,q))-

If a; = 0, then ¥(d(p, q)) = 0, i.e., d(p,q) = 0, which contradicts d(p,q) # 0. If a; > 0, we
deduce from (2.2) that

w(d(prq)) < w(ﬂld(prq)) = 1#(61(19: Q))

is a contradiction and p = g. Hence the fixed point is unique.

Step 2. T has the fixed point in X.

Let xy € X and construct a sequence {x,} in X by x,,,; = Tx, for all n > 0.

Case 1. T has a periodic point.

Case 1-1. If x,,,; = x,, for some #n, then x,, is a fixed point of T

For the rest, we assume that d(x,,,1,x,) # 0 for all n.

Case 1-2. If x,,,5 = x,, for some #n, then Tx, is a fixed point of T. Suppose it is not true,
then Tx, # T?x,, i.e., d(Tx,, T*x,) > 0, which implies that ¢(d(Tx,, T?x,)) > 0. By (2.1), we
have

U (d (% %41))
(1% Tx))
< VY (ar1d X1, %) + A28 (Kna2s %ni1) + A3 (X X11)) 23)
— (a1d(Xpi1,%n) + A2Ani20 K1) + A3 (X, Xp11))
= (@1 + a2 + a3)dCon ) — (@1 + a2 + a3)d (@ 5ne))

<Y (A x%n1)) — ¢ ((a1 + az + a3)d (@, %ni1)),
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i.e, p((ay +ay+as)d(x,, x,41)) = 0. If Zil a; #0,we get that d(x,, x,,,1) = 0, a contradiction.
If Z?:l a; = 0, we get from (2.3) that ¥ (d(x,, ¥441)) = 0, i.e., d(x, %4.1) = 0 is a contradiction
to the assumption, and so T¥, is a fixed point of T

Case 1-3. If there are two natural numbers 1, n such that x,, = x,, with m — n > 2 and
x; # x; for all n < i #j < m, we claim that 7', is a fixed point of 7. Suppose that it

does not hold, then

Ty, L T My, & d(T’”_”_lx,,, Tm_”x,,) >0 &  dxu_1,%m) >0,
it implies that

@ (d(T" " %, T" %)) > 0.
Again using (2.1), we get

1ﬁ(d(xmﬂ:xm))
= lﬂ(d( Txm’ Txm—l))
(2.4)
< VY (ar1d X %m-1) + A2dKpna1, %) + A3AK—1, %))

— (ar1d K Xn-1) + A2 K1, %) + A3A X1, Xm)).
If Xy Xm-1) < dXpni1, %m), then

Ip(('i(xrwrl:»’cm))
<V ((a1 +ay + az)dXp.1,%m))
- (ar1dKpms Xn-1) + A2A K1 Xm) + A3A X1, X)) (2.5)

<y (d(xm+lvxm))

— @(@1dm Xm-1) + A2 (i1, %) + A3 X1, %m)),
ie,
@(a1d@m, Xno) + A2d (K1, Xm) + A3 (K1, %)) = 0,
that is,
(a1 + a3)d(xm, Xm-1) + a2d (%1, %m) = 0,

which implies that a; = a; = a3 = 0. From (2.4), we obtain that ¥ (d(x,.41,%,)) = 0 &

d(X,41, %) = 0, which is a contradiction and so d(x,,,.1, %) < d(X,,,, X,,—1). Then we have

w(d(xml:xn))
= 1ﬁ(afl(~7cm+1:xm))
= I»[/(d(Txmr Txm—l))

= w(ﬂld(xm’xm—l) + aZd(xm)xm+1) + ﬂBd(xm—l:xm))

Page 4 of 13
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— @(ar1dEm, Xpm-1) + A2d (K Xms1) + A3d (X1, %)) (2.6)
< 1/f((al +as + ag)d(xm_l,xm))

— @(ar1dEm, Xm-1) + Ard (X K1) + A3A X1, %))
< Y (dXm> Xm-1))

- (p(ald(xm,xm_l) + A2d Xy K1) + agd(xm_l,xm)),

then a1d(x,,, %-1) + aod Xy Xms1) + azd(Xp_1,%,,) > 0. Otherwise, a; = a, = az = 0, we
obtain a contradiction. Therefore, (2.6) turns into

1// (d(xwrl’ xn))
<y (d(xm’ xm—l))

- w(ald(xm,xm—l) + aZd(xm;merl) + a3d(xm—1)xm))

(2.7)
< I//(d(xmr xm—l))
S W(d(xm—l,xn))
a contradiction. Hence, the conclusion holds.
Case 2. T has no periodic point, i.e., x,, # x, for all m # n.
Step 2-1. Show that lim,,, o d(x,41,%,) = 0. Taking x = x,,, ¥y = x,,_1 in (2.1), we have
W(d(xnﬂxxn))
= w(d(Txm Txn—l))
(2.8)
< Y (ar1d®n, Xn1) + a2 (X K1) + A3 (%0-1, %))
- w(dld(xn;xn—l) + ﬂZd(xm xn+1) + ﬂSd(xn—l;xn))~
If d(x,, %,-1) < d(X41,%,), then
w(d(xwrl’xn))
= w(d(xm—l’xn)) (29)
- gp(ald(xmxn—l) + aZd(xn: xn+1) + a3d(xn—1¢xn))7
it implies that
go(ald(xm xn—l) + a2d(xm xn+1) + an(xn—l’xn)) = O: (210)

then a; = a, = as. Thus
w(d(xm—l’xn)) =0 d d(xn+1’xn) = O;
a contradiction. Hence

d(xn+lxxn) = d(xnrxn—l) (211)
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for all n. Since ¥ is monotone nondecreasing, then

w(d(xrul:xn)) <y (d(xmxn—l))~
There exist nonnegative numbers r and r* such that

lim d(xn+1:xn) =7, lim W(d(xrﬁl’xn)) =,
n—00 n—>00

If r >0, we get

lim [a1d(%, %,-1) + @2d (K, %11) + A3 (%1, %) ]

i 2.12)
=(a1 +ay +as)r>0,
then
lim inf@(a1d(Xn, %4-1) + a2d (%, %n41) + a3d(%,-1,%,)) > 0.
By (2.8), we have
w(d(xwrl’xn))
< Y (d@n %n-1)) (2.13)

- (p(ﬂld(xmxn—l) + aZd(xn: xn+l) + a3d(xn—1,xn))-

Letting n — oo in (2.13), taking lower limits on each side of the above inequality, we de-
duce that

lim inf @ (a1d(X%, Xu-1) + @2 (%, %1) + A3d(%-1,%4)) <O,

a contradiction, and so lim,,_, o d(x,,.1,%,) = 0.

Step 2-2. Show that lim,,_, oo d(%42,%,) = 0. Again taking x = x,,1, ¥ = x,,_1 in (2.1), then

w(d(erZyxn))
= lﬂ(d( Txp1, Txn—l))
= W(ﬂld(xml,xn—l) + axd(Xp42, Xns1) + aBd(xn—lrxn))
(2.14)
= @(a1d (a1, %n1) + A2 (K2, Xna1) + A3 (X1, %))

< Y (a1dFni1,%0-1) + A2d (51, %) + a3d(Xp-1,%n))

- w(ald(xwrl’xn—l) + a2d (X2, Xns1) + an(xn—l»xn))'

IfZ?:l a; = 0,thena; = 0fori =1,2,3. Thus, ¥ (d(x,.2,%,)) = 0,a contradiction. IfZ?:l a; #

0, we consider the following cases.

Page 6 of 13
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Case 2-2-1. If there exists a infinite subsequence {x,(;} of {x,,} such that d(x,, X,,)-1) <

d(%u(i)+1, %n(i)-1) for all i. Without loss of generality, we have

AWKy Xn(i)—2) < AXn(i)-1, Xn(i)—2)
=< d(xn(i)—bxn(i)—s)
. (2.15)
< d(Xn(i-1) Xn(i-1)-1)

< dFn(i-1)+1> Xn(i-1)-1)

for all i > 1. Again by (2.1), we get

W(d(xn (D)+1> %n(i) 1))
= Y (d(Txn(s), Ton(i-2))
< Y (@1d iy Xn(i-2) + A2AXn(iy+1, %n(i))
+ ﬂgd(xn (8)-1>%n(i) 2)) (ﬂld(xn(i)vxn(i)—Z)
+ ﬂZd(xn(i)ﬂ: xn(i)) + ﬂSd(xn(i)—lrxn(i)—Z))
(2.16)
<V ((a1 + a + az)d(Xn()-1, Xn(i)-2))
- §0(ﬂld(xn(i):xn(i)-2) + A2d (X (i)+1, Xn(i))
+ asd(Xn(i)-1,%n(i)-2))
< Y (d@ni-1, Xn(i)-2)) — © (@1 X3y Xn(i)-2)

+ A2 d(Xn(i)+1, %n(i) + A3A X1, Xn(i)-2))

for all i. IfZl3 1a; =0, then a; = 0 for i = 1,2, 3. Thus, we have ¥ (d(%,()+1,%n()-1)) = 0, i.e,,
A(®n(i)+1,%n(h-1) = 0 is a contradiction. If Zl 14; # 0, then we get from (2.16) and (2.15)

that

Ip(d(xn (i)+1> %n(i) 1))
< Y (d@ni-1, Xn(i)-2)) — @ (@1 X3y Xn(i)-2)
+ Ao d (i1 %n(i)) + A3AXn(i)-1, ¥n(i)2))

<1ﬂ( (xn (H)-1>%n(i) 2)) (2.17)

(d(xn( 1) Xn(i- 1))

(d(xn( 1D)+1>Xn(i-1 1))

It follows from (2.17) and the result of Step 2-1 that

1/!(61(96,, (§)+1>%n(i) 1)) < 1ﬂ(d(xn (§)-1>%n(i) 2))

Page 7 of 13
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as [ — 00, that is,

ll_lglo Y (dEn(iys1, ni-1)) = 0. (2.18)
And we also obtain from (2.17) that

Y (AGn(iye 1, %ni-1)) < ¥ (dFn(i-1)41 Xn(i-1)-1))
which implies that

A Xn(iy+15%n(i)-1) < AXni-1)+1, Xn(i-1)-1)s

so the sequence {d(%,,(;)+1, %n(;)-1)} is monotone decreasing and bounded below, there exists
R > 0 such that

Lim d(X()415%n-1) = R.
11— 00
If R > 0, then
zlir?o Y (dEn(iys1) Xn-1)) > O

contradicts (2.18). Thus d(x,,()+1, %n(:)-1) — 0 as i — oo.
Case 2-2-2. If there exists an infinite subsequence {x,()} of {x,} such that

AXn()15%n(j)-1) < AXu(j)s Xn()-1)5
then d(x,()+1,%n()-1) = 0 as j — 0.
Therefore, in two cases we proved that lim,,_, o, d(x,,12,%,,) = 0.
Step 2-3. Show that {x,} is a Cauchy sequence. Suppose, on the contrary, that there exists
€ > 0 for which we can find subsequences {x,,)} and {x,)} of {x,} such that
AKXy, Xni)) = €
for n(k) > m(k) > k with n(k) is the smallest index, and so we have
AX (i), Xn(k)-1) < €

for all k. Applying the rectangular inequality, we obtain that

€= d(xm(/()¢xn(k))
< dXmi)s Xni)-1) + A Xn(k)-1> Xn()—2) + A Xu()-2 Xn(i))

< € + dXn)-1, Fn()-2) + A(Xn()—2> Xn(k))s

then d (%), %u)) — € as k — oco. Similarly,

AKX i) Xniie)) — A X Xmi)-1) — AXn()—1> Xn(k))
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< dXmi)—1%n(k)-1)

< AXm()-1,%mk)) + AXm(i)s Fnk)) + AXn(k)s Xnik)=1)s

then d(%,,)-1, %u()-1) — € as k — oo. Furthermore, there exists K such that

€ € €
AX (-1, Xn(k)-1) > > AX (i) Xmiio-1) < % A%y Xn(y-1) < 2
for m(k), n(k) > K. Again using (2.1), then

U (dEmiky %n(x))
= Y (d(T¥m(t-1, Tn(h-1))
< Y (@1dEm)-1,%n()-1) + A2 Em(i)> Xm(i)-1)
+ a3d (%) Xn(-1)) — ¢ (@1d Em(t)-1) Fn(io-1)

+ A2 d (X m(k) Xm(k)-1) + A3AXn (i) Xn(io-1))

(2.19)
< ¥ ((ar + a2 + a3)d®m()-1, %n()-1))
= @(a1d (X1 %n(i)-1 + A2AE(i)» Xm(i1)
+ azd (%), Fn(k)-1))
< Y (AEm@-15Xn-1)) — ©(a1dEm(i)-1, Fn)-1)
+ A2 A (X Xm(k)-1) + A3A(Kn()» Xn(i)-1)).-
Taking the lower limit as 7 — oo in the above inequality, (2.19) yields
klingo inf @ (a1dEm)-1, %n(-1) + A2 Xy Xm(i)-1)
+ asd (%n(i» Xn(i-1)) < 0.
On the other hand,
klim [@1dm@)-1 %ni)-1) + B2AEmii)> Xmi)-1)
- (2.20)
+ asd(Xn(s Xnio-1) | = are.
If a; = 0, then we obtain from (2.19) that
Y (A (i) %n(i))
< Y (@1dEm)-1,%n()-1) + A2 S (i) Xm(i)-1)
2.21)

+ a3d (%), Tn()-1))

—0

Page9of 13
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as k — 00, i.e., limg_ o0 Y (d Xy, Xn(i))) = 0, a contradiction. If a; # 0, then (2.20) implies
that

klinc;lo inf @ (a1dEm -1, %n-1) + A2 Em(i) Xm(i)-1)
(2.22)
+ asd(Xn(i» Xn(-1)) > 0,
which is a contradiction. Therefore, {x,} is a Cauchy sequence. Since (X, d) is complete,
there exists g € X such that lim,_, o, x,, = q.
Step 2-4. Let us show that ¢ is a fixed point of 7. Suppose that it is not the case, then g
is not a fixed point of T, i.e., d(gq, 1g) > 0. Since

d(q; Tq) - d(ern) - d(xmerl) =< d(Tq, Txn)

< d(1g,q) + d(q, %) + (%, %p11),
then
Jim d(Tg, %) = d(1,9) > 0.
Thus,
n11>nc}o Y (d(Tg,%441)) > 0.
By (2.1), we get

W(d(Tqrerl))
=y (d(Tg, Tx,))

<V (ard(q,x,) + ard(q, Tq) + asd(X,.1, %))

(2.23)
- p(a1d(q,x,) + axd(q, Tq) + azd(x,.1, %))
If a; = 0, then (2.23) yields
Y (d(Tg,%n01)) < ¥ (a1d(q, %4) + azd(®ni1,%0)) = O (2.24)
as n — 00, i.e., lim,_, o ¥ (d(I1g,x,.1)) = 0, a contradiction. If a; # 0, then we have
nll)ngo infgo(ald(q, xn) + axd(q, 1q) + agd(xml,x,,)) > 0.
And we get from (2.23) that

v (d(Tg, %ns1))
S ¢ (61161(% xn) + d(% TQ) + ﬂSd(anrl:xn)) (225)

- (a1d(q, %) + a2d(q, Tq) + azd (X1, %))

Page 10 of 13
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Since

lim [a1d(g, %) + d(g, Tq) + asd(xna1,%,)] = d(Tg, @),

then
lim v (a1d(q,x,) + d(g, Tq) + a3d(xne1,%0)) = lim Y (d(Tg, %.1))-
Taking lower limits as n — oo on either side of inequality (2.25), then
nlLrQO infg(a1d(q, %) + a»d(q, Tq) + azd(x,.1,%,)) = 0,
which is a contradiction, and hence g = 1g. O

Remark 2.1 If a1 =1, ay = a3 = 0 and ¥, ¢ are all continuous in Theorem 2.1, then we
obtain Theorem 2.1 of [4]. If ¥ is continuous and ¢ has limit in Theorem 2.1, then we
obtain the main results of [8].

Remark 2.2 In the proofs of the main theorems of [4, 19], and [8], there exists a common
problem for monotonicity of function v, which is unreasonable that v (¢;) < ¥ (¢,) implies
that £; < t. It is as follows:

(i) In page 3 of [19], (2.2) implies (2.3).

(ii) In line 5 to line 3 from the bottom of page 903 of [4] and in line 7 to 10 from the top
of page 904 of [4].

(iii) The above problems still exist in the proof of the main theorem in [8].

In addition, the proof process of Theorem 2.1 is different from that of [4, 19], and [8].

As a corollary of Theorem 2.1, taking a; = 1, a; = as = 0, we obtain the following result.

Corollary 2.1 Let (X,d) be a Branciari type complete generalized metric space, and let
T : X — X be a self-mapping satisfying

¥ (d(Tx, Ty)) < ¥ (d(x,y)) — ¢(d(x,)) (2.26)

for all x,y € X, where W and ¢ are defined as in Theorem 2.1. Then T has a unique fixed
point.

Similar results are obtained from Theorem 2.1 putting a; =a3 =0,a, =1ora; =a; =0,
as = 1.

Corollary 2.2 Let (X,d) be a Branciari type complete generalized metric space, and let
T : X — X be a self-mapping satisfying

W(d(Tx, Ty)) <y (d(x, Tx)) - <p(d(x, Tx))

or (2.27)

¥ (d(Tx, Ty)) < ¥ (d(y, T9)) — ¢ (d(y, T)))
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for all x,y € X, where W and ¢ are defined as in Theorem 2.1. Then T has a unique fixed
point.

Further, we obtain the following result which includes Corollary 5 of [7].

Corollary 2.3 Let (X,d) be a Branciari type complete generalized metric space, and let
T : X — X be a self-mapping satisfying

Y (d(Tx, Ty)) < ¥ (max{d(x,y), d(x, Tx), d(y, T7)})
- go(max{d(x,y), d(x, Tx), d(y, Ty) })

(2.28)

forall x,y € X, where W and ¢ are defined as in Theorem 2.1. Then T has a unique fixed
point.

Finally, we introduce a simple example [7] that supports the result of our Theorem 2.1.

Example 2.1 ([7]) Let X = AU B, where A = {%, %, i, %} and B = [1,2]. Define the general-
ized metric on X as follows:

d(y,x), x%y€X,

0, %,y € X withx =y,
by~ 0P FERYEOrE=Ly=g,

0.2, x=%,y=éorx=%,y=%,

0.6, x:%,y:%orx—é,yzéi

lx-yl, x,y€BorxcAyeB

Then (X, d) is a Branciari type generalized metric space, but it is not a metric space. In
fact,

06=d(=,~)>d(3,2)+d(%,3) =05
2 4 2°3 3 4

Let T: X — X be defined by

3 xe(1,2],
Ix=11, xe{i i1},
11
3 *¥= 35

Define ¥ (¢) = t, (t) = £, t € [0,+00). Then T satisfies

W(d(Tx, Ty)) < w(ald(x,y) + ayd(x, Tx) + asd(y, Ty))
- ¢(ard(x,y) + ard(x, Tx) + azd(y, Ty))

for all x,y € X, where a; = 0.4, a; = 0.4, a3 = 0.2 and T has a unique fixed point x = %.
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