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1 Introduction

Since 1994, the split feasibility problem (SFP) [1-3] has received much attention, owing
to its applications in many optimization problems, signal processing and medical image
reconstruction with special progress in intensity-modulated radiation therapy [4—6]. Let
us recall the SFP: to find a point g € B; such that

g€ C suchthat AgeQ, (1.1)

where A : B — B, is a bounded linear operator, C and Q are nonempty closed convex
subsets of two real Hilbert spaces B; and By, respectively.

It is easy to see that problem (1.1) is equivalent to the following fixed point equation:
u=Pc(I-8A*I-Po)A)u, ucC, (1.2)

where A* is the corresponding adjoint operator of A, the stepsize § is a properly chosen
real number, and Pc and Pg are the metric projections from B; and B, onto C and Q, re-
spectively. If § € (0, W), then the CQ algorithm converges to a solution of (1.1), whenever
the solution set is nonempty. However, in order to actualize the CQ algorithm, computing

the operator norm of A is a very complicated work in practice.
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As a prolongation of problem (1.1), the split common fixed point problem (SCFPP) has
been extensively researched in recent years. The SCFPP is an inverse problem, which aims
to find an element in a fixed point set so that the image under a bounded linear operator
belongs to another fixed point set. More specifically, the SCFPP is looking for a g € B;
such that

q € F(U) such that Ag € F(T), (1.3)

where A : By — B, is the bounded linear operator, and U : By — By, T : By —> B, are
the two nonlinear operators. We denote by F(U) and F(T) the sets of fixed points of U
and T, respectively. A denotes the set of solutions of SCFPP, that is,

A={qeF(U):Aq e F(T)}.

In particularly, if T and U are both the identity operator, then the SCFPP is clearly changed
to the SFP.
A typical method for solving the SCFPP is to use the following iterative algorithm:

Uney = U =8A*(I - T)A)u,, n>0. (1.4)

It is shown in [7] that, if the stepsize § € (0, W

then the sequence generated by algorithm (1.4) converges weakly to a solution of the

) and the operators in (1.3) are directed,

SCEPP whenever such a solution exists.

Moudafi [8] introduced an iteration scheme for demicontractive mappings and obtained
a weak convergence theorem for the SCFPP in Hilbert spaces. Since then, many authors
have studied the SCFPP of other mappings in the frameworks of two Hilbert spaces (see,
for instance, [9-13])

In 2015, Tang et al. [14] obtained a weak convergence theorem of the SCFPP for the

asymptotically nonexpansive mapping S in Banach spaces of the following algorithm:

Zn = Uy + SJTLAY (T = DAuy,,
J1 AT ( ) i)
U1 = (1 —ay)zy + @, 5"z,

They showed that the sequence {u,} generated by (1.5) converges weakly toa g € A.

Recently, Tang et al. [15] studied and proved a strong convergence theorem for the
SCFPP (1.3) in infinite dimensional real Hilbert spaces based on the viscosity approxi-
mation, a single-step regularized method working as follows:

Upi1 = Oyt + Boh(uy,) + y,,S(I - &A1 -T)A)u,, n>0, (1.6)

where S and T are firmly nonexpansive mappings for which both 7 — S and I — T are demi-
closed at zero, and & : H — H is an a-contraction mapping with « € (0, 1).

In this article, inspired by the above results, we consider and study the SCEPP for asymp-
totically nonexpansive mappings in the frameworks of two real Banach spaces. That is, we

present an iterative algorithm to approximate a solution of the SCFPP and show some
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strong convergence theorems under appropriate conditions, which also solve some vari-
ational inequalities. Therefore, we extend the main results of Tang et al. [14] and Hong
et al. [16] from Hilbert spaces to Banach spaces and from firmly nonexpensive mappings
to asymptotically nonexpansive mappings. In some cases, some other results are also im-
proved (see [8, 15, 17, 18]).

2 Preliminaries
The following are some definitions and lemmas that will be used in the proof of the main
results in the next section.

Throughout this paper, let B be a real Banach space and B* be the dual space of B. The
normalized duality mapping J : B — 25" is defined by

J@) = {f € B*: (. f) = I«llIIf Il Ill = IIf NI}, ¥xeB,

where (.,.) denotes the duality pairing. As is well known (see e.g. [6]), the operator ] is well
defined and J is multiple-valued and nonlinear in general. And J is an identity mapping if
and only if B is a Hilbert space.

A Banach space B is said to be strictly convex if ”Mzi” <1for |u|| =||v] =1 and u # .
The modulus of convexity of B is defined by

8g(e) = inf{l - H %(u +v)

ull, vl =L [lu—v| = 6},

for all 0 < € < 2. B is called uniformly convex, if for all 0 < € < 2 such that §5(0) = 0 and
8g(€) > 0.
Let pg : [0,+00) —> [0, +00) be the modulus of smoothness of B which is defined by

1
pa(s) = sup E(IILHVII +llu=vI) =1 flull =1, vl < st

A Banach space B is called uniformly smooth if "BT(S) — 0 as s — 0. Then a Banach space
B is called g-uniformly smooth, if, for all s > 0, there exists a constant ¢ > 0 such that
pa(s) > ¢s?. It is known that every g-uniformly smooth Banach space is uniformly smooth.

Definition 2.1 Let C be a nonempty closed convex subset of a Banach space B and T :
C — C be a mapping, then
« T is called a contraction if there exists a constant k € (0, 1) satisfying

[Tw)-TW)| <klu-vl, Yu,veC.

« T is called a nonexpansive mapping if the above inequality is also true for k = 1.
«+ T is called a firmly nonexpansive mapping if

| Tu - Tv|? < (Tu - Tv,u - v).

+ T is called an asymptotically nonexpansive mapping, if, for all #,v € C, there exists a
sequence {k,} with lim,_, o k,, = 1 such that

[ T"u— T"v| < kullu = vl
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It is easy to see that every nonexpansive mapping is an asymptotically nonexpansive
mapping.

Definition 2.2 Let C be a nonempty closed convex subset of a real Banach space B, map-

ping U : C — B s said to be uniformly regular if

lim sup||U"*'u - Uul| = 0.

n— 00 ueC

Lemma 2.1 ([19]) If B is a 2-uniformly smooth Banach space with the best smoothness
constant t > 0, we have the relation

lloe +vI1% < Nl + 2¢v, Ju) + 2 12v].

Lemma 2.2 ([20]) Let {w,} and {z,} be bounded sequences in a Banach space B and
{a,)} be a sequence in [0,1] with 0 < liminf,, o, < limsup,_, . o, < 1. Suppose that
Wie1 = (1 — o)Wy + a2, for all n > 0 and limsup,,_,  ([|zpe1 = Zall = [Wae1 — wall) < 0.

Then lim,, o ||z, — Wy || = 0.

Lemma 2.3 ([21]) Let C be a nonempty bounded and closed convex subset of a reflexive
smooth Banach space B and ] be a weakly sequential continuous normal duality mapping
T : C — C be an asymptotical nonexpansive mapping. Then I — T is demiclosed at zero,
i.e., if u, — u weakly and u, — Tu,, — 0 strongly, then u € F(T).

Lemma 2.4 ([22]) Assume {p,} is a sequence of nonnegative real numbers such that
pn+1 =< (1 - on)pn + Enr n= 0¢

where {0,} is a sequence in (0,1) and {§,} is a real sequence such that

o0
(1) limo,=0 and Zo,,:oo;

n—00
n=0

[o¢]
(2) limsups—nfo or Z|§n|<oo.

n—oo Op el

Then lim,,_, o, p,, = 0.

3 Main results

Theorem 3.1 Let By be a real strictly convex and 2-uniformly smooth Banach space with
1
7
normal duality mapping J, By be a real smooth Banach space. Suppose that h: By —> By is

the best smoothness constant t satisfying 0 < t < —= and a weakly sequential continuous
a contraction mapping with contractive coefficient k € (0,1) and A : By — By is a bounded
linear operator and A* is the adjoint of A. Let T : By —> B, be a nonexpansive mapping and
U : By — By be an asymptotically nonexpansive mapping with asymptotical coefficient
sequence {k,} and F(U) # (). Assume that the SCFPP (1.3) has a nonempty solution set A
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and U is uniformly regular in A. Let {u,} be a sequence generated by

U € Bl,
Vo =ty — 8] 5 A, (I - T)Auy, 3.1)

Upsl = Qylhy + Vnh(un) + 5, U"v,,
where {a,}, {yn}, {¢0) C (0, 1), satisfying the following conditions:

@) ap+yu+li=1, 0 <liminfo, <limsupa, < 1;
n—00 n—00

o0
(@) lim y, =0, Zynzoo, NYn=ky,—1, O<n<l-k;
H— 00 s

1-21
(iii) se|0, — |
Y

Then the sequence {u,} generated by (3.1) converges strongly to a point q = PaAh(q) € A,
which also solves the variational inequality:

(I-n)q,jlg-w)) <0, VYweA.

Proof Since Pah is a contraction on By, there exists an unique element g € B; such that
q = Pah(q) by the Banach contraction principle. So there is a g € A. Now, we split the
proof into five steps.

Step 1 First we show that the sequence {u,} is bounded. For any given g € A, it follows
from (3.1), condition (iii) and Lemma 2.1 that

Vs = qll? = | (s — @) + T3 A%, (T = DAw, |

< 8%||J51 A%, (T - DAu, ||2 +28(ttn — q, A, (T — DAu,)
+ 28 |lu - g

< SIAIP|(T - DAw,|* + 26, - g1
+28(Au, — Aq,J,(T — I)Au,)

= S AP |(T = DAw,|” + 26w — qlI> = 28||(T = DAw,|)?
+28(TAu, — Aq,Jg,(T — 1) Au,)

< (21412 = 20) | (T = DAw,||* + 2821, — g
+8(ITAu, - Aqll? + |(T = DAw,||)

< 28%||uy — qlI* + (S*IAN* - 8) | (T - DAu, ||2 + 8[| Au, - Aqll®

< (282 + 81AIP) llew — ql1> = 5(1 = SIIAN?) | (T - DAuy, ||2

< llun —qll*.

Because 0 < k < 1, by (3.1), (3.2) and condition (ii), we have

lttns1 = qll = ||tnthn + Vh () + £V, — q|

Page 5 of 12
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= llotn(ttn — q) + Yu(h(an) — B(q) + yu(h(q@) — q) + Ea(U"vi — q)

< ayllie — gl + kyulltn = qll + v | 1) — | + Knlollva = qll

< (@t + kyn + knl) |t — gl + vu | 1(q) | (33)
(1= (a1 = &) = Zulk = 1)) 1t = gl + v | (@) - q|

< (1= (yu@ =) =0y)) lttw — qll + v | 1(@) - 4|

h(qg) —
= (1= a0 = k= )t — gl + a1~k — ) D=
1-k-n
12(q) — 4l
< - - 7 .
_max{Hun qll, .
By induction, we readily obtain
I(q) — 4l
||un+1—LI||Smax{”uo_q”,#'

This implies that {u,} is bounded, and so are {v,}, {h(u,)}, {U"v,}.
Step 2 We show that lim,,_, o || 24,41 — 4] = 0 and lim,,_, ¢ ||V,.+1 — vu|| = 0. To see this,
we set z,, = W, Vu > 0. We have

2 2 Up2 — Opr1Upnyel Upel — AUy
n+l —4Zn = -
1-au 1-a,

yrl+1h(un+l) + §n+lun+lvn+1 Vnh(un) + CnUnVn

1-au 1-ay

yn+1h(un+l) + (1 —Quy1 — Vn+1)un+lvn+l _ ynh(un) + (1 — 0y — )/n)U"Vn
1-aun 1-a,

- [h(un+1>—h(un>]+( YotV )h(un)

1 — Oyt 1 — Oyt 1 —Qy
Vn+l Vn Vn+1 1
- -— U"v,+|1- umvy, -U"mv
<l_an+l 1—0[,,) " ( l_an+l>( m n)

1-aun -1 1-oy

+ (1 _ VYn+l )(unHVm-l _ un+lvn) + <1 _ Vn+l )(unuvn _ unvn).

= I 1) - hu)] + (1"71 - L) () = U"v,)

1- (o277 1- Uyl
This implies that
kyni Vn+l Y
||Zn+1 _Zn” = " ”un+1 - un” + — ”h(un) - Unvn ||
—Opye1 1 — Oyt 1_an

(3.4)

1
+ sup|| urty - L[”v” +kye1|1- Yo 1Vis1 = Vaull.
veA l-«

n+l

By Lemma 2.1 and condition (iii), we can get

1k 1k 2
1Vns1 = Vn||2 = ” (Uni1 — Un) — (8]]31114 /B, (I -T)Aupy1 — 8]31114 /B, - T)AM,,) ”

< S AIP|( = TAttyer — (I = T)Auy |* + 28 t1 — 1)1

Page 6 of 12
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= 28{Att1 = Athy, T3, (I = T)Athy1 T, (I = T)Ansy)
= NAIP| U - T) Aty = (= T)Auy | + 262411 — 4y
— 28I = T) Aty — (I - TAuw, |
+28(TAuns1 — TAtty, J3,(I = T)Attyy —Jp, (I - T)Auy,) (3.5)
< (S2AN2 = 20) | (1 = T)Awtr — (I = T)Awy |* + 26411 — 1,
+8(I TAttpr — TAuy 1> + | (I = T)Attyr — (I = T)Au, ||2)
< (2AN2 = 8) | = T)Attyo1 = (I = T) Ay | + 281001 =
+ SIANP 41 — 14>
= (287 + S AI) Nttnr = ttal® = 8(1 = SIAI) | (I = T)(Attyer — Ansy)|*
< llttner — sl

Thus, we have ||y,11 =¥, || < %41 —%,||. Then, from (3.4), (3.5) and condition (if), it follows
that

Kyni Yuel
||Zn+1 _Zn” = (1 al + kn+1 (1 - 1n7+ ||un+1 - un”

— Oyt —Ops1

+ ‘ Vil Vi ||h(u,,) -U"v, H + sup” Uty - U”v”
-y 1-ay veA

_ kyn+1 + kn+1§n+l

letns1 — vl
1-au

Vn+1 Vn o i
+‘1—Oln+1 l—an‘”h(u") UV”“+§2£)||U v UV”

1-k=n)y,
=< (1_ w)”utﬂl_un”

1- (07785}

+ Vn+1 Vn
l-ay1 1-oy

||h(u,,) -Uu'v, H + sup” Uty - U"v“.
veA

Therefore, by condition (ii), we have
limsup(||zn+1 = Zyll = llttns1 = un”) <0.
n—0oQ
It follows form Lemma 2.2 and condition (i) that
lim ||z, — u,| =0.
n— 00
Note that z,, = “=222 it is easy to see that
—an
lim 41 — uy| = 0. (3.6)
n— 00

Clearly, from (3.5) we obtain

lim [|v,41 —vull = 0.
n—00

Page 7 of 12
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Step 3 We prove that ||u, — Uu,|| — 0, as n — co. We have

ltter = UV | = | UVt + Yihi(ot) = 0",y = yuld" v,
= |l (1t = U™,) + v (B(t) = U™,) |

<oty — upall + oty Hunﬂ -Uu'v, ” + Vn ”h(un) -Uu'v, ”

We can get
i1 = v = T2 ity =l + 2 ) = 27,

By (3.6) and condition (if), we have
Tim [0 = U, | = 0. (3.7)

By (3.2) and condition (iii), we obtain

Netoes = 1% = |[ctnttn + yuhi(aan) + £ U"v, g
< &l — gl + va|BG) = q|)* + | UV - g
< allitn = ql* + ya | et) = || + Ck2 NV - gl
< agllttn — qI1% + v iet) — g
+ Ck2[(282 + AN et — q> = 5(1 — SIAI2) (T - DAw, |*]
< (ot + Gak2) 1t — @17 + v | 2t) — q|°
~ £k25(1 = B1IAIP) | TAu, — Au, |

By the last inequality and condition (i) we can get

(ot + ;nkﬁ - Dllu, - q||2 + Vull(u,) - q||2

TAu, - Auy|* <
I TAu,, — Au,|* < £,k28(1 - 8]|A|1%)

(2t =gl + ltns1 _q”)”un+1 — |
£uk28(1 - 8[IA]12)

_ (@alky = 1) = )l = qII” + yull () - qII?
B Cak28(1 - 8] A]%)

wn = qll + 181 — gD letyi1 — 1]
snk28(1 - 8|1A1?)

By condition (ii) and applying Step 2, we have
lim || TAu, — Au,| = 0. (3.8)

Considering the bounded sequence {u,}, it must have a convergent subsequence {u,, }.

There exists a subsequence {u,, } of {u,,} such that u,, — w € B;. Without loss of gener-
]

ality, we assume that %,, — w as k — oc. Therefore, Au,, — Aw as k — oo and

lim || TAw,, — Au, || = 0.
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Since v, = u, — 8]131114*]1.32 (I = T)Aty, ||ty — vl = ||5]§11A*]132 (I — T)Au,|, we can get
lim |z, — v,] = 0. (3.9)
n— 00

Moreover, we have

||un - Unun” = ”un _un+1” + ||un+1 - unVnH + ||Unvn - Unun“

< lthns1 — tnll + ||Mn+1 -U"v, H + Ky llvi = .
In view of Step 2 and (3.7), (3.9), we obtain
Tim [, — U"uy | = 0. (3.10)
Furthermore, we have

Nt — Ut || = | th = ths1 + s = U™ sy + U ttyq = U 0, U 1y — Uy |
< Moter = tull + [ ttgir = U st | + [ U it = U™
+ | Uy, - Uy |
< Nt = th | + || ttns1 = U i | + Kot b — | + ko | U 00— 11

= (1 + kn+1)||un+1 = Uyl + ||un+l - Un+1un+l || +ky || Unun — Uy ||
By (3.6) and (3.10), we can get
lim ||u, — Uu,| = 0. (3.11)
n— 00

Step 4 Since B is a reflexive Banach space and {u,} is bounded, there exists a subse-

quence u,, — w € By as n — 00. And

Tim (7 - h)q,j(q — ) = limsup((I - 1)q, /(g — un)).

n—00

By Step 3, we know Au,, —~ Aw. Because B; and B; are reflexive smooth Banach spaces, it
follows from Step 3 and Lemma 2.3, that Aw € F(T). That is, w € A.
On the other hand, since g € A satisfies

((I_h)q’](q_W»SO; VWG Ar
and because J is a weakly sequential continuous duality mapping, we obtain

limsup(( - h)q,j(q — un)) = Jim (- m)q,j(q - un))
"o o (3.12)

= (I - h)q,j(qg-w)) <O0.
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Step 5 Finally, we prove that {u,} converges strongly to g € A. We have

b1 = qU* = (st + yuht() + LUV = @, j (1 — @)
= oty — G, j(Uns1 — Q) + Vulh (i) = @, j(thnr — )
+ Ea(U" V= q,j (i1 — q))
< ou(ttn = G, j(tnir = @) + Vulh(Wtn) = 1(Q), j(Uni1 — )
+ Yull(@) = @, j (1 — @) + S UV = G, (U1 — 9)
< anllun = qlllltwnsr — qll + kyullun — qlllluna - qll
+ Vulh(@) = @, j (W1 = @) + Knullvi = gl 11 = g

< (o + kyn + k)l n — gl 1441 — qll + )/n(h(CI) = q,j(Uns1 — 61))

_ Wt kv + kulp oy + kyy + knCy

< T = g ¢ T e — g
+ )/n(h(q) - q:j(un+1 - q))
This implies that
oy +k]/n +kn§n oy +k]/n +kn§n
(1 - f) (e 6I||2 =< fllun — q||2

+ vulh(q) = 4, j(thni1 — q))-
That is,

oy + kyy + K&y

2 2
l#n1 —qll” < lleen — 4l

T2 (o + kyn + kn{n)

2Yy
h - ;‘ n+l =
+2—(an+kyn+kn§n)< @ - q.j(tnir - )
2 (1 —k—1) (3.13)
Ynll =K—1 2
1- -
= ( 2 — (o +k)’n +knCn))”u 1l
2¥n

"k Ky 1O B =)

Let

__ 2p(-k=mn) £, - 2¥n
2_(an+k)’n+kn§n), ! 2_(an+kyn+kn§n)

oy <h(4) ~ qj(tns1 —61))

By conditions (i) and (if), we know that

. 2y,(1 -k -n)
lim 0,=0 and o, =
=00 2 —(an + kyu + knn

) > ya(l—k—mn).
Because ) oo ¥u = 00, ) oo 0 = 00. In addition, by (3.12) we have

0.

lim sup S_,, = limsup (h(q) - q,j(un1 — q)) -

n—oo Oy n—> 00 1_k_77 -
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Thus, applying Lemma 2.4 and (3.13), we conclude that
lim ||u, —q]| =0.
n—00
This completes the proof. d

Remark 3.1 We know that each firmly nonexpansive mapping is a nonexpansive mapping
and every nonexpansive mapping is an asymptotically nonexpansive mapping. In this pa-
per, we research the SCFPP for asymptotically nonexpansive mappings in 2-uniformly
Banach space. So there are five features to explain in detail:

1 If ¥, = 0 in Theorem 3.1, then {u,} converges strongly to a fixed point of U. It is the
main result of Tang et al. [14].

2 Since Hilbert space, LP(1 < p < 2) space, etc. are 2-uniformly convex spaces, if U is a
firmly nonexpansive mapping and B;, B; are Hilbert spaces in Theorem 3.1, then we
obtain the main results of Tang et al. [15].

3 If g(un) = ¢, U is a firmly nonexpansive mapping and By, B, are Hilbert spaces in the
iterative sequence {u,} in Theorem 3.1, then we obtain the main results of Hong et al.
[16].

4 If U is a nonexpansive mapping and B is a Hilbert space in Theorem 3.1, then we
obtain the main results of Tang et al. [17].

5 It is well known that a firmly nonexpansive mapping includes resolvents and
projection operators. Let C, D be nonempty closed convex subsets of By, B,
respectively. When U"” = Pc, T = Pg, then (3.1) can also solve the split feasibility
problem. That is, our Theorem 3.1 generalizes and improves the main results of
Deepho ] and Kuman P [18].
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