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1 Introduction
An inertial-type algorithm was first introduced and studied by Polyak [35], as a method of
speeding up the convergence of the sequence of an algorithm. This algorithm is a two step
iterative procedure in which the successive iterates are obtained by using two previous
iterates. Numerical experiments have shown that an algorithm with an inertial extrapo-
lation term converges faster than an algorithm without it. Thus, one can see an increas-
ing interest in the class of inertial-type algorithms (see, for example, the following papers
[12, 26, 44] and the references therein).

Let X be a real normed space with dual space X*. Let T : X — 2X", be a set-valued
operator with domain D(T) := {p € X : Tp # 0}, range R(T) := UpeD(T){Tp} and graph
G(T) :={(p,p*) : p* € Tp}. Then T is called monotone if

p-ap -q")=0, Vp*elpq ey (1.1)

T is said to be maximal monotone if G(T) is not properly contained in the graph of any
other monotone operator. Monotone maps were first introduced by Minty [29] to aid in
the abstract study of electrical networks and later studied by Browder [4] in the setting
of partial differential equations. Later, Ka¢urovskii [19], Minty [30], Zarantonello [48] and
many other authors studied this class of operators in Hilbert spaces. Interest in monotone
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operators stems mainly from their various applications (see e.g., the following monographs
[2, 5, 17] and the references therein).

A fundamental problem of interest in the study of monotone operators in Banach spaces
is the following:

Find pe€X suchthat 0e Tp. (1.2)

For the prove of existence of solutions of (1.2) see, for example, Browder [3], and Martin
[27]. Many problems in applications can be transformed into the form of the inclusion
(1.2). For example, problems arising from convex minimization, variational inequality,
Hammerstein equations, and evolution equations can be transformed into the form of
the inclusion (1.2) (see, e.g., Chidume et al. [8, 14], Rockafellar [37]).

Iterative methods for approximating solutions of the inclusion (1.2) have been studied
extensively by various authors in Hilbert spaces and in more general Banach spaces. One
of the classical methods for approximating solution(s) of (1.2) in Hilbert spaces is the cel-
ebrated proximal point algorithm (PPA) introduced by Martinet [28] and studied exten-
sively by Rockafellar [37] and a host of other authors. Concerning the iterative approxi-
mation of solution(s) of (1.2) in more general Banach space, see, e.g., [6, 11, 14, 20, 32].

Let S: X — X be a map and let p € X, p be called an asymptotic fixed point of S if X
contains a sequence {p,} which converges weakly to p and lim,_, ||p, — Spu|l = 0. We
denote the set of asymptotic fixed points of S by E(S). The map S is said to be relatively
nonexpansive if E(S) = E(S) Z @ and ¥ (p,Sq) < ¥ (p,q), for all p € F(S) and g € X, where
F(S)={p € X:Sp = p} and  is the Lyapunov function (see, e.g., Alber [1]).

One of the motivations for the study of relatively nonexpansive self or nonself mappings
in Banach spaces is the fact that they are an extension of nonexpansive mappings with
nonempty fixed point sets in Hilbert spaces. In 2018, Chidume et al. [12] introduced and
studied an inertial-type algorithm in a uniformly convex and uniformly smooth real Ba-
nach space. They proved the following theorem.

Theorem 1.1 Let B be a uniformly convex and uniformly smooth real Banach space. Let
T;:B— B,i=1,2,3,... be a countable family of relatively nonexpansive maps such that
Ny E(T;) # 9. Suppose {n;} C (0,1) and {B;} C (0,1) are sequences such that y ;- n; = 1
and T : B— Bis defined by Tp = J (") ni(Bp + (1 - B:)JT;p)) for each p € B. Let {x,} be
generated by the following algorithm:

Co =B,

Wy = X + 0y (%6 — Xp-1),

Yu =T (1= B)wy + BT Tw), (1.3)
Cr1={z€ Cy: ¥ (z,0x) < ¥ (z,wi)},

Xn+l = HC,H.le;

n >0, where a, € [0,1), B € (0,1). Then {x,} converges strongly to p = ITrir)%o.

Several iterative algorithms for approximating fixed points of self maps satisfying certain
contractive conditions and zeros of monotone and monotone type operators has recently
been studied extensively by various authors; see e.g., [24, 33, 34, 39-42]. In 2009, Inoue et
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al. [18] introduced and studied a hybrid algorithm in a uniformly convex and uniformly

smooth Banach space. They proved the following theorem.

Theorem 1.2 Let B be a uniformly convex and uniformly smooth Banach space and let
C be a nonempty closed and convex subset of B. Let A : B — 25" be a maximal monotone
operator satisfying D(A) C C and let J, = (J + rA)™Y] forall r > 0. Let S : C — C be a rela-
tively nonexpansive mapping such that F(S) N A™10 # (. Let {x,} be a sequence generated
byxo=x€Cand

Uy 2]_1(/3”]?6” + (1 - ﬁn)]S]rnxn)r
Cn = {Z eC: I//(Zx un) < W(Z,xn)}:
Qn = {Z eC: (xn -z, Jx0 _]xn> > O}’

X+l = HCnﬁany

(1.4)

forall n e NU {0}, where ] is the duality mapping on B, {8,} C [0,1], and {r,} C [a, c0) for

some a > 0. Ifliminf,_, (1 - B,) > 0, then {x,} converges strongly to ITggyn4-10%0.

In 2009, Klin et al. [21] extended the results of Inoue et al. [18]. They proved the follow-

ing theorem.

Theorem 1.3 Let B be a uniformly convex and uniformly smooth Banach space and let
C be a nonempty closed and convex subset of B. Let A : B — 25" be a maximal monotone
operator satisfying D(A) C C and let J, = (J + rA)™Y] forall r > 0. Let S and T be relatively
nonexpansive mappings from C into itself such that 2 = F(S)NF(T) N A0 # . Let {x,}
be a sequence generated by x, € C and

Uy =]_l(an]xn + (1 - an)]Tzn)’
Zy :]_l(lgn]xn +(1- ,Bn)]S]rnxn),
Cn = {Z € C : 1//(2) un) < 1P(Z;xn)}; (15)

n = {Z eC: (xn _Z’]xO _]xn> > O};

Xn1 = Hc,no,%0

foralln e NU{0}, where ] is the duality mapping on B, {a,}, {B,.} C [0,1], and {r,} C [a, c0)
for some a > 0. If liminf,_, (1 — &) > 0 and liminf,_, (1 — B,) > 0, then {x,} converges

strongly to I1oxy.

Motivated by the results of Chidume et al. [12] and Klin et al. [21], in this paper we
introduce and study an inertial iterative algorithm in a uniformly convex and uniformly
smooth real Banach space and prove a strong convergence theorem for approximating a
common element in the set of zeros of a maximal monotone operator and the sets of fixed
points of countable family of relatively nonexpansive mappings. Furthermore, we give ap-
plications of our theorem to convex optimization and /-fixed point. Finally, we present
numerical examples to demonstrate the effect of the inertial term on the convergence of

the sequence of our algorithm.



Chidume et al. Fixed Point Theory and Applications (2020) 2020:12 Page 4 of 17

2 Preliminaries
The following definitions and lemmas will be needed in the sequel.

Definition 2.1 Let X be a real normed space. The normalized duality map J from X to
2" is defined by Jp := {p* € X*: (p,p*) = |Ip|* = |p*|> Vp € X}, where (-,-) denotes the
value of p* at p and X* is the dual space of X. It is well known that if X is smooth then J
is single-valued and if X is uniformly smooth, then J is uniformly continuous on bounded
subsets of X.

Definition 2.2 Let B be a smooth real Banach space; the Lyapunov functional ¢ : Bx B —
R is defined by

v (p,y) = pll*> -2 Jy) + Iyl (2.1)

The mapping y was introduced by Alber [1]. Since its introduction, one can notice an
increasing interest in the functional see e.g., [7, 10, 38, 43, 45, 46, 49]. Observe that, in a
real Hilbert space H, Eq. (2.1) reduces to ¥ (p,y) = ||p — y|I?, ¥p,y € H. Furthermore, the
following properties of ¥ can be verified easily from its definition:

®1) (ipll - llgl)* = ¥ (p.9) < (lpll + llq1)?,

(P2) ¥(p,q) =¥ (p,2) + V(2,9 + 20 -2 Jz-Jq),

(P3) ¥(p.q) < lplllp - Jqll + llg - plll4qll,
forall p,q,z € B.

Definition 2.3 Let B be a strictly convex, smooth and reflexive real Banach space and let C
be a nonempty, closed and convex subset of B. The map I1¢ : B— C defined by 7 := IT¢(£)
such that ¥ (%) = infyec ¥ (9, ) is called the generalized projection of ¢ onto C. Observe
that in a real Hilbert space, the generalized projection I1¢c and the metric projection P¢
are equivalent.

Lemma 2.4 (Rockafellar, [36]) Let B be a smooth, strictly convex and reflexive real Banach
spaceand A : B— 25" be a monotone mapping. Then A is maximal if and only if R(J +rA) =
B*,Vr>0.

Lemma 2.5 (Alber, [1]) Let C be a nonempty closed and convex subset of a smooth, strictly
convex and reflexive real Banach space B. Then:

(1) givent e Bandy e C,t=Ict ifand only if £ —y,Jt —JE) > 0, forall y € C,

() v(,0+¥(Et) <¥(yt), forallt e B,yeC.

Lemma 2.6 (Nilsrakoo and Saejung, [31]) Let B be a smooth Banach space. Then
V(] [BIE+ A= B)y]) < BY(u,0) + (1 - B)Y (), VB €[0,1],u,t,y€B.

Remark 1 Let B be a smooth, strictly convex and reflexive real Banach space, let C be a
nonempty closed and convex subset of B and let A : B — 25" be a monotone operator
satisfying

DA)cccyt (ﬂ R( + rA)). (2.2)

>0
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Then we can define the resolvent J, : C — D(A) of A by
Jit= {y eDA):Jte(y+ rAy)}, VteC.

It is well known that /¢ is single-valued. For r > 0, the Yosida approximation 4, : C — B*
is defined by A,t = (Jt — JJ,t)/r for all t € C.

Lemma 2.7 (Kohsaka and Takahashi, [22]) Let B be a smooth, strictly convex and reflexive
real Banach space, let C be a nonempty closed convex subset of B and let A : B — 25" be
a monotone operator satisfying (2.2). Let r > 0 and let ], and A, be the resolvent and the
Yosida approximation of A, respectively. Then the following hold:
Q) v Jt) + UL t) <y(u,t),Vte C, uc A™10;
(i) (Jyt,Ast) € A, Nt € C, where (t,t*) € A denotes the value of t* at t (t* € At).
(iii) F(J,) = A~t0.

Lemma 2.8 (Xu, [47]) Let B be a uniformly convex Banach space and let r > 0. Then there
exists a strictly increasing, continuous, and convex function g : [0,00) — [0,00) such that
2(0)=0and

|zt + 1= o)y|* < <lell® + A= D)yl - (1 - )g(lie - 1),
forallt,y € B,(0) and t € [0,1].

Lemma 2.9 (Kamimura and Takahashi, [20]) Let B be a uniformly convex and smooth real
Banach space, and let {x,} and {y,} be two sequences of B. If either {x,} or {y,} is bounded
and Y (x,,y,) — 0, then ||x,, — y,|| — 0.

Lemma 2.10 (Kohsaka and Takahash, [23]) Let C be a closed convex subset of a uniformly
smooth and uniformly convex Banach space B and let (S;)?°,, S;: C — B, for each i > 1, be
a family of relatively nonexpansive maps such that (-, F(S;) # V. Let (n;)%°, C (0,1) and
()%, C (0,1) be sequences such that y ;- n; = 1. Consider the map T : C — B defined
by

Tt=J! (Z ni (Mift +(1- ,ul-)]Sit)> foreachteC. (2.3)

i=1

Then T is relatively nonexpansive and F(T) = ﬂlofl F(S)).

3 Main result

Theorem 3.1 Let B be a uniformly convex and uniformly smooth real Banach space. Let A :
B — 28" be a maximal monotone operatorandlet], = (J +rA)~Y], forallr >0.LetS: B — B
and T : B— B be relatively nonexpansive mappings such that 2 = F(S)NF(T)NA™10 #¢.



Chidume et al. Fixed Point Theory and Applications (2020) 2020:12

Define inductively the sequence {x,} by: x9,x1 € B

Co=B,

Wy = X + 0y (% — X4-1),

2, =] (1 = B)Wn + BIST, Wn),

un =JHA = Y)Wy + y]Tz,),
Cu1={z € Cy: ¥ (zu,) < Y(z,wy)},

Xn+l = HCn+1x0:

foralln e NU {0}, {a,,} C [0,1), B,y €(0,1) and {r,} C [a,00), for some a > 0. Then {x,}
converges strongly to ITgxy.

Proof We divide the proof into four steps.
Step 1. We show that {x,,} is well defined and £2 C C,;, Vi > 0. Observe that by definition,
Cy41 is closed and convex, Vi > 0. We now show that 2 C C,. Let y, = J,,w,, and u € £2.

Using Lemma 2.6, the fact that S is relatively nonexpansive and Lemma 2.7(i), we obtain

Y (16, 20) = ¥ (16,7 (1 = B)IWy + BISyn))
<@ =B (u,wy) + By (u, Syn)
< (L= B (u, wn) + BYr (1, y) (3.2)
=1 =B (w, wn) + BY (], Wn)
<@ =B (u,wy) + By (1w, wy)
= Y (u, wy). (3.3)

Similarly, using Lemma 2.6, the fact that T is relatively nonexpansive and inequality (3.3),
we have

W (s, th) = Y (16,7 (L = ¥ )W + ¥J T2n))
<A =y)¥(u,wa) + y ¥ (u, Tz,)
<A - w,) + vy (u,z,)

S A=) (u,wy) + y¥(u,wy) = ¥ (u, wy), (3.4)
which implies u € C,,;. So, by induction, £2 C C,, Vn > 0. Thus, {x,} is well defined.
Step 2. We show that {x,}, {w,}, {z.}, {1} are bounded and {x,} is Cauchy. We observe
that x,, = I1¢, %0 and C,.1 C Cy,, Yu > 0. So, by Lemma 2.5(2)
Y (%, %0) < ¥ (Xns1,%0)-

Thus, {¥(x,,%0)} is nondecreasing. Furthermore, we have

W(xn:xo) = 1p(ITCnxO’xO) =< I//(M:xO) - I//(M:xn) < !ﬁ(u,xo),

Page 6 of 17
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which implies that {¥(x,,%0)} is bounded and by (P1), {x,} is also bounded. Since
{1 (x4, %0)} is nondecreasing, {1 (x,, x0)} is convergent. Furthermore, {x,} bounded implies
{w,} is bounded which also imply that {z,} and {u,} are bounded (by using inequalities
(3.3) and (3.4), respectively and (P1)).

Next we show that {x,} is Cauchy. Using Lemma 2.5(2)

Y (Ems %) = Y (X, T, %0) < W (oms %0) = Y (%0, %0) — 0, as n,m — oo.
Hence, {x,} is Cauchy and this implies that ||x,,; —x,| — 0, as n — oco.
Step 3. We show the following:
o limy o0 [1%0 = wyll = 0, limy,— o0 [l — sl = 0,
o 1m0 (120 = T2ll = 0, limyu.cc [y = Syall = .
Using the definition of w,, we have

”xn - Wn” = ||an(xn _xn—l) || = ”xn —Xn-1 ” — 0, asn— oo.

Now, using the fact that {w,} is bounded, we have ¥ (x,, w,) — 0, as n — o0. Since x,,,1 €
C,, it follows that

0= w(xwrl: un) = w(xrul, Wn) — 0.

Thus, lim, e ¥ (%,41,4,) = 0, which implies that lim,_ o ||%,:1 — #,] = 0. Hence,

lim,, o [|%, — U]l = 0. By the uniform continuity of / on bounded sets, we have
lim ”]xVHl _]xn” = lim ”]anrl _]un” = lim ”]xn _]un” =0.
n— o0 n— 00 n—00

Observe that

[1Pene1 = Junll = ||]xn+1 - (1 - y)]Wn -y]Tz, H
= ”(1 = V) Jxns1 = W) + ¥ Jxni —]TZ,,)”
= ”y(]an —JTz,) = (1= y)(wy _]xn+1)H

>y ”]xn+l _]Tzn” - (1 - V)||]Wn _]xn+l ”r (35)
which implies
1
%ns1 =T Tzall < ;(n/xml —Jun|l + (L= Y)Wy = Jnar ).

Thus, 1im,,_, o0 [|/%ne1 — JT24|| = 0. By the uniform continuity of /™! on bounded sets, we

have lim,,_,  ||%441 — 12| = 0. Furthermore,

Wn = Tzull < 1Wn = Xnsrl + 1¥ne1 = Tznll - = 1im [lwy — Tz, = 0.

Page 7 of 17
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Next we show that lim,, o |2, — T2, = lim,— o |4 — Syxll = 0. Using Lemma 2.8 we have

Y (,z0) = ¥ (1,77 (1= B)wu + BISYn))
= 2e)1? = 2{1t, (1 = B)W + BISya) + | (L = BYwo + BTy
< lluell* = 2{u, (1 = B)Iw) = 20, BISyn) + (1 = B)will® + BIISyull®
- B(1L=B)g(IUwn = ISyall)
= (1= B)Y (u, wn) + BY (u, Sy) = B(L = B)g (T —JSyull)
<Y, wy) - B(L =B (IIw, —ISyull)-

This implies that
B =B (1w = ISyall) < v (s, wy) = ¥ (s, 2,). (3.6)

Let {l|w,; — Syu, I} be an arbitrary subsequence of {||w, — Sy,||}. Since {w,,} is bounded,

there exists a subsequence {w,,_} of {w,, } such that
7

lim ¥ (u, Wnk,) =limsup ¥ (u, wy,, ) = a.
J= 0 k— 00

Using (P2), (P3) and the fact that T is relatively nonexpansive, we obtain

Y (u, Wnkj) =¥ (u, Tznkj) + w(Tanj» Wnk,.) +2(u - Tznki,/Tznk, _]Wnkl,>
<¥(u, anj) N L2 M T2, = Wi ||+ 1 T2y, = Wi Wl

+ 20l = T 1Tz~ I I (3.7)
Since lim,,_, o ||W,, — Tz,|| = 0 and hence lim,,_, » ||Jx, — JTZ,|| = 0 we obtain
a= lim ¥ (u,w,, ) <liminfy (u, z,, ).
J—>o0 ] Jj—> o0 ]
We also have from inequality (3.3)
limsup ¥ (14, 2., ) < limsup ¥ (, wy, ) = a,
j—>00 / Jj—> o0 /
and hence

lim (&, wy, ) = lim ¥ (4,2, ) = a.
j—o00 ] j—> 00 J

Thus, it follows from inequality (3.6) that lim;_, . g(|| ]w,,k/ —JSyu, 1) = 0. By the properties
7
of g, we have lim;_, ||]wy,k/ —]Synkj | = 0. By the uniform continuity of /~! on bounded

sets, we obtain lim;, « [|W,,. — Sy, || = 0. Hence, lim,,_,  [[w, — Sy.ll = 0. So, we have
J V)
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limy,, o [|JWy, — JSyu|| = 0. Observe that

Wzn = Jwull = || (1 = BYw + BISyn — Jw||
= BIJSYn — Wyl
< Sy, = Jw,l.

This implies that lim,,_, » ||Jz, — Jw,|| = 0, and hence lim,_, o, ||w;, — 2, || = 0. Furthermore,

from inequality (3.2), we have
(005 = (1= ) = ). 3.8
Using y, = Jj, wy and Lemma 2.7(i), we have
O W) = sy W) = 0020 =0 ) = 10,0 = 0,9,
Thus, using inequality (3.8), we have

w(ymwn) =< 'S/f(u: Wn) - W(M:yn)
<l wy) %(w(u,zn) (1= BV w)

- %(w(u, W) = ¥ (1,2)

_ %(nwnnz Nzl = 206w — Je)

< %(|||wn|| — el (Il + Nzl + 20l 1)
< %(nwn — 2wl + izl + 20l o T2 ).

This implies that lim,,—, oo ¥ (¥, ;) = 0. It follows from Lemma 2.9 that

lim ||y, — wyl|l = 0. (3.9)

n—0oQ
Observe that

lzn — Tzull < llzy — Wyll + W, — Tz4ll and

Iy = Syull < Nlyn = wall + llwn = Syull,
imply

lim ||z, — Tz, || = lim ||y, — Syall = 0.

Step 4. Finally, we show that {x,} converges strongly to a point in £2. Since {w,} is
bounded, there exists a subsequence {w,, } of {w,} such that w,, — p. Furthermore, since
lim, o0 Wy — yull = 0 and lim,,_, o |[W,, — 24| = 0, we have y,, — p and z,, — p. Moreover,
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since S and T are relatively nonexpansive, we have p € E(S) NE(T) = E(S) N F(T). Next,
we show that p € A710. By the uniform continuity of / on bounded sets, it follows from
inequality (3.9) that

lim ||Jwy, = Jy| = 0.
n—0oQ
Since r, > a, we have lim,,_, oo i l/wy, — Jyu|l = 0. Therefore,
. . 1
lim |4y, wy| = lim — |Jx, = Jyu| = 0.
n—o0 n—>00 1,
Using the fact that A is monotone and Lemma 2.7 (ii), we have
(v — Y V" —A,nwn) >0, Vn=>0.

This implies that limg—co (v = Y, vV* = Ay, W) = (v = p,v*) = 0. Thus, p € A~10, since A
is maximal monotone. Therefore, p € £2. From Step 3, there exists {x,, } a subsequence of
{%n}, such that x,, — p, as k — 0o. We now show that p = [Tox. Set g = I1ox,. Using the
fact that x,, = I, %o and 2 C C,,, Yn > 0, we have ¥ (x,,%0) < ¥(¢,%o). Using the fact that

the norm is weakly lower semi-continuous, we obtain

¥ (px0) = IpI1* = 2(p, Jx0) + IIxo*

= Timinf((le I = 200, J20) + %0117

<liminf v (x,,,,%0) < limsup ¥ (x,,%0) < ¥ (g, xo). (3.10)
k—00 k—00
But
(g, %0) < ¥ (z,%0), Vze L. (3.11)

Thus, ¥ (p,x0) = ¥(g,%0). By uniqueness of [Tpxo, p = g. Next, we show that x,, — p, as
k — oo. Using inequalities (3.10) and (3.11), we obtain ¥ (x,,,xo) — ¥ (p, o), as k — oo.
Thus, ||%,, | = llpll, as k — oo. By the Kadec—Klee property of B, we conclude that x,, — p

as k — oo. Therefore, x,, — IToxo. This completes the proof. d

Theorem 3.2 Let B be a uniformly convex and uniformly smooth real Banach space. Let A :
B — 28" be a maximal monotone operatorandlet], = (J+rA)], forallr >0.Let T : B— B
be a relatively nonexpansive and let {S;}°, be a countable family of relatively nonexpansive
maps such that (2, F(S;) #9 , where S; : B— B, Vi. Let {£;}2°, C (0,1) and {t;}2°, C (0,1)
be sequences such that y ) ¢ = 1. Assume 2 = (2, F(S:)) N F(T) N A0 # @. Define in-
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ductively the sequence {x,} by: x9,x1 € B

Co=B,

Wi = X + 0y (% — X-1),

2y =N = B)Wn + BIS], W),

un =] N (A= Y)Wy + y]Tzy),
Cui1={z € Cy: ¥ (zu,) < Y(z,wy)},

Xnil = Hcmxo,

(3.12)

Jor all n € NU {0}, where St = J' (3, ¢i(tiJt + (1 — 1;)JS;t)) for each t € B, {a,,} C [0,1),
B,y €(0,1) and {r,} C [a,c0), for some a > 0. Then {x,} converges strongly to IToxy.

Proof By Lemma 2.10, § is relatively nonexpansive and F(S) = (2, F(S;). The conclusion
follows from Theorem 3.1. O

4 Applications

4.1 Application to a convex optimization problem

Let X be a normed space and let f : X — (—00, 00] be a convex, proper and lower semi-
continuous function. The subdifferential of f is defined by

() ={t" eX*:f() - f(&) = [y - t,t*), ¥y e X}.

Observe that 0 € df () if and only if # is a minimizer of f. Furthermore, it is well known
that the subdifferential of f, 9f is maximal monotone (see, e.g., Rockafellar [37]). Set A = 9f
in Theorem 3.2.

4.2 Application to J-fixed point

The notion of J-fixed point (which has also been called semi-fixed point, Zegeye [49], du-
ality fixed point, Liu [25]) has been defined and studied by Chidume and Idu [11], for maps
from a space, say X, to its dual space X*.

Definition 4.1 Let 7: X — 2% be any map. A point u € X is called a J-fixed point of T if
Ju € Tu, where J : X — X* is the single-valued normalized duality map on X.

Consider, for example, the evolution inclusion

d
d—L; +Au>0, (4.1)

where A : B— 28" is monotone. At equilibrium, we have
0€Au, (4.2)
and the solutions of Eq. (4.2) correspond to equilibrium states of (4.1). Define T': B — 28"

by T :=] — A. Then u is a /-fixed point of T if and only if  is a solution of (4.2). Con-
sequently, approximating solutions of (4.2) is equivalent to approximating /-fixed points
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of maps T : X — 2% defined by T := J — A. This connection is now generating con-
siderable research interest in the study of /-fixed points (see, e.g., Chidume and Idu
[11], Chidume and Monday [13], Chidume et al. [15, 16], and the references contained
in them). This notion turns out to be very useful and applicable in approximating so-
lutions of Eq. (4.2). For example, Chidume and Idu [11], introduced the concept of J-
pseudocontractive maps and proved a strong convergence theorem for approximating /-
fixed points of a J-pseudocontractive map. As an application of their theorem, they proved
a strong convergence theorem for approximating a zero of a maximal monotone opera-
tor.

Recently, Chidume et al. [9] introduced the concept of relatively J-nonexpansive maps
in a uniformly smooth and uniformly convex real Banach spaces. They gave the following
definitions.

Definition 4.2 Let T : B — B* be a map. A point x* € B is called an asymptotic J-fixed
point of T if there exists a sequence {x,} C B such that x, — x* and ||Jx, — Tx,|| — O, as
n — oo. We shall denote the set of asymptotic /-fixed points of T by ?](T).

Definition 4.3 A map T : B— B* is said to be relatively J-nonexpansive if
(i) £(T)=F/(T)#%,
(i) ¥ (p,J ' Tx) < ¥ (p,x), Vx € B, p € F;(T); where F)(T) = {x € B: Tx = Jx}.

Chidume et al. [9] used these new definitions in approximating a common J-fixed point
of a countable family of relatively /-nonexpansive mappings in a uniformly convex and uni-
formly smooth real Banach space. We now use these definitions to prove a similar result.
The following remark is key in the proof of the theorem below.

Remark 2 Observe that in the definition above, a mapping T is relatively /-nonexpansive
ifand only if /7! T is relatively nonexpansive in the usual sense. Furthermore, x* € F)(T) <
x* e FJ7'T).

Theorem 4.4 Let B be a uniformly convex and uniformly smooth real Banach space. Let
A : B — 28 be a maximal monotone operator and let J, = (J + rA)™Y, for all r > 0. Let
T : B — B* be a relatively nonexpansive and let {S;};°, be a countable family of rela-
tively nonexpansive maps such that (o) F(S;) # ¥, where S; : B— B*,Vi. Let {¢;}2°, C (0,1)
and {7;}3°, C (0,1) be sequences such that Y ;- ; = 1. Assume 2 = (2, F(S:)) N F(T) N
A710 # 0. Define inductively the sequence {x,} by: xo,x1 € B

Co=B,

Wy = Xy + (% — %p0-1),

2y =] (1 = B)Wn + BS), Wn),

un =] HA = Y)Wy + v Tzy),
Cu1={z€ Cy:Y(z,un) <Yz, W)},

Xne1 = Ic,, %0,

(4.3)

Sor all n € NU {0}, where Sx = J72() ") &i(tix + (1 — 1;)JS;x)) for each t € B, {a,,} C [0,1),
B,y €(0,1) and {r,} C [a,00), for some a > 0. Then {x,} converges strongly to I1opxy.
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Proof By Remark 2, J71 T is relatively nonexpansive and J71S; is relatively nonexpansive
for each i. The conclusion follows from Theorem 3.2. O

5 Numerical illustrations

In this section, we give some examples to illustrate the effect of the inertial term in the fast
convergence of the sequence of our algorithm. For simplicity, we consider an example in
R and choose A such that the resolvent can be easily computed.

Example 1 In Theorems 1.3 and 3.1, set B=Cj = R,
1
Ax = g, Tx = sinx, Sx = E(x—sinx).

Clearly, A is maximal monotone and, T’ and S are relatively nonexpansive. Furthermore,

£2 = {0}. We choose o, = 8, = %, Ty = 2”;1, B = %, y = % as the parameters. Obviously,
these parameters satisfy the hypothesis of Theorems 1.3 and 3.1. We choose x¢ = 1 = 0.5
and use a tolerance of 10~'# and set maximum number of iteration to be 2000 (see Tables 1

and 2 and Figs. 1 and 2).

Table 1 Table of values choosing xg =x; =0.5

n Algorithm (1.5) Algorithm (3.1)
[Xn+11 [Xn+11
1 0.5 0.5
3 0.2113 04167
10 01717 0.0374
16 0.1664 0.006
30 01623 2668 x e
60  0.1599 4667 x e
85 0.1591 7703 x e 1
100 0.1589 Successful
200 0.1579 Successful
500 0.1572 Successful
1000 0.1568 Successful
1500 0.1566 Successful
2000 0.1565 Successful

Table 2 Table of values choosing xp = -2, x; =3

n Algorithm (1.5) Algorithm (3.1)
[Xn411 [Xn41]
1 2 3
3 0.8431 2
10 0.6663 0.0532
16 0.6365 0.0086
30 06089 3522 x e™®
60 05872 6.160 x ¢!
85 0.5782 1016 x e
100 0.5743 Successful
200 0.5595 Successful
500 0.5427 Successful
1000 0.5313 Successful
1500 0.5251 Successful

2000 0.5207 Successful
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0.51 —— Algorithm 3.1
------ Algorithm 1.5
0.4
_ 0.3
<
x
0.2 1
0.1
0.0 T T T
40 60 80
n
Figure 1 Graph of the first 85 iterates of Algorithms (1.5) and (3.1) choosing xp = x; =0.5

—— Algorithm 3.1
------ Algorithm 1.5

40 60 80
n

Figure 2 Graph of the first 85 iterates of Algorithms (1.5) and (3.1) choosing xo = -2, x; =3

Next, we give an example to show that Algorithm (3.12) is implementable.

Example 2 In Theorem 3.2, set Cp =R

Ax = x, Tx =

X
) Six:_
3

Clearly, A is maximal monotone, T is relatively nonexpansive and S; is relatively nonexpan-

sive for each i. Furthermore, 2 = (X, F(S:)) N F(T) N A0 = {0}. We choose {; = 7; = %,

i>1,and o, = B, = 4:%, Ty = 2”;1, B = %, y = i as the parameters. Clearly, these pa-

rameters satisfy the hypothesis of Theorem 3.2. Observe that Sx = J7}(}_) ni(uix +
(1 —pu)Six)) = %. We choose xy = 1, x; = 2.5 and use a tolerance of 107!* and set

the maximum number of iterations to be 2000 (see Table 3 and Fig. 3).

Conclusion. From the numerical experiments above, we observe that indeed incorporat-
ing the inertial term in our algorithm speeds up the convergence of the sequence generated

by our algorithm to the desired solution.
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Table 3 Table of values choosing xg =1, x1 =2.5

n Algorithm (3.12)
[Xn41]
1 25
2 1
3 0.0598
4 0.0598
5 0.0465
10 0.0044
20 1425 x e™
30 5549 x ¢78
40 818 x e
50 2408 x e 13
55 3521 xe®
2.51 —— Algorithm 3.12
2.0
1.51
=
x
1.01
0.5
0.0+ T T T T T T
0 10 20 30 40 50 60
n
Figure 3 Graph of the first 55 iterates of Algorithm (3.12) choosing xo = 1, x; = 2.5
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