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1 Introduction

Muu and Oettli [40] introduced the equilibrium problem (shortly, EP) as a generalization
of many problems in nonlinear analysis, which include variational inequalities, convex
minimization, saddle point problems, fixed point problems, and Nash-equilibrium prob-
lems; see, e.g., [13,40]. The EP also has a great impact on the development of many mathe-
matical models arising from several branches of pure and applied sciences such as physics,
economics, finance, image reconstruction, ecology, transportation, network elasticity and
optimization. Given a nonempty, closed, and convex subset C of a real Hilbert space H
and a bifunction f : C x C — R such that f(x,x) = 0 for all x € C. The EP in the sense of
Muu and Oettli [40] (see also Blum and Oettli [13]) is defined as finding a point x* € C
such that

f(x%y) =0, VyeC. (1.1)
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We denote the set of solutions of the EP by EP(f). Due to its importance and applications,
many authors have extensively studied several iterative methods for approximating the
solutions of the ED, see for example [11, 12, 18, 22, 23, 29-31, 41, 47].

Recently, researchers have considered solving EP (1.1) with pseudomonotone bifunc-
tion f. This is because many application problems are modeled with pseudomonotone
bifunction. More so, it is important to study the approximation of common solutions of
the EP and fixed point problem (i.e., find x € C such that x € EP N F(T), where F(T) =
{x € H : x = Tx}) because of some mathematical models whose constraints are expressed
as fixed point and equilibrium problems. Such models can be found in many practical
problems such as signal processing, network resource allocation, image recovery, etc.; see
for instance [26, 27, 36, 37].

Tada and Takahashi [46] first proposed the following hybrid method for approximating
a common solution of EP with monotone bifunction and fixed points of a nonexpansive

mapping T in Hilbert spaces:

% €Co=Qo=C,

z, € C  such that f(z,,w) + i(w—zn,zn —-x,) >0,VweC,

Wy = X, + (1 - ,) Tz, 12)
Co={veC:llw,—v| < llx.—vI},

Qu={ve C:{xo—x,v—2x,) <0},

Xn41 = Pc,n,%o-

It should be noted that the implementation of Algorithm (1.2) required solving a strongly

monotone regularized equilibrium problem for point z,:

1
Find z, € C such that f(z,, w) + )L—(w—zn,zn -x,)>0, VweC. (1.3)

n

Such method does not hold if the bifunction is relaxed to pseudomonotone, which makes
the iterative method difficult for solving pseudomonotone EP (1.1). In 2008, Quoc et al.
[43] introduced a new process called extragradient method (EM) by extending the work of
Korpelevich [33] and Antipin [7] to the case of pseudomonotone EP. In particular, Quoc
et al. [43] algorithm is given as in Algorithm 1.1.

Later in 2013, Anh [1] introduced the following iterative scheme for approximating

a common solution of pseudomonotone EP and a fixed point of nonexpansive map-

Algorithm 1.1: Extragradient method
Step 0: Choose xy € C, A, >0 and set n = 0.
Step 1: Compute y, = arg min{A,f(x,,z) + %llxn —z|?*:zeC}.
If x, = y,, then STOP. Else:
Step 2: Compute #,,1 = argmin{A,f (y,,2) + 3 %, — 2|* : z € C}.

Setm=n+1 and go to Step 1.
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ping T

% €Coi=Q=C,

¥ = argmin{A,f (x,,2) + 3 |, — zl|>: 2 € C},

tn = argmin{A,f (y, 2) + 2|, — 21> : z € C},

Zn = ok, + (1 — ) Ty, (1.4)
Co={uecC:llzy—ull <lx.—ull},

Qu={ueC: (xo —xn,u —x,) <0},

Xn41 = Pc,n,%o-

It is evident that in Algorithm 1.1 and (1.4), one needs to solve two strongly con-
vex optimization problems in the feasible set C in each iteration of the algorithm.
This task can be very difficult if the set C is not a simple set, i.e., explicit. Hence,
there is need for an improvement on the extragradient method. Following Censor et
al. [14, 15], Hieu [22] introduced a Halpern-type subgradient extragradient method
(shortly, HSEM) which involves a half-space in the second minimization problem as in
Algorithm 1.2.

Note that the half-space T}, is explicit, and thus the HSEM has a competitive advantage
over the extragradient method in numerical computations. Also, it should be noted that
the convergence of the HSEM depends on the Lipschitz constants ¢; and ¢, which are not
easy to be determined. In an attempt to provide an alternative method which does not
require prior knowledge of the Lipschitz constants ¢; and ¢;, Yang and Liu [48] proposed
the following modified HSEM with a nonincreasing stepsize and proved a strong conver-
gence theorem for finding a common solution of pseudomonotone EP and a fixed point
of a quasi-nonexpansive mapping S in real Hilbert spaces (Algorithm 1.3).

For more examples of extragradient and subgradient methods for finding a common
element in the set of solutions of equilibrium and fixed point problems, see for instance
[1-6, 20, 28, 32] and the references therein.

Algorithm 1.2: Halpern-type subgradient extragradient method
Step 0: Choose xy € H, A, >0, and {«,,} C (0,1) such that

1 1 >
) 0<h,<minf —,—1, (i) lima,=0, (i) Y o, =+00.
2C1 262 n—00 )

Step 1: Solve the two strongly convex optimization problems:
. 1 2
yu = argming A,.f(x,,2) + §||xn -z||*:ze Cy,
. 1 2
z, = argming A, f (v, 2) + §||xn -z||F:z€e Tyy,

where T), = {ve H: (%, — AuyWy) — Y, V — ¥u) < 0} and wy, € 0of (, ¥11)-
Step 2: Compute x,,41 = @yx0 + (1 — @y)z,. Set n:=n+ 1 and go to Step 1.
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Algorithm 1.3: Modified Halpern-type subgradient extragradient method
Step 0: Take Ao >0,x9 € H, u € (0,1).
Step 1: Given the current iterate x,,, compute

) 1
In = argmm{)mf(xmy) + E ll¢: —J/||2:y € C}
Step 2: Choose wy, € dyf (%4, ) such that x,, — A,w,, — ¥, € Nc(y,,), compute
. 1 2
Zy = argmin )“rzf()’my) + E”x}’l _y” VS Ty

where T, ={z € H : {(x, — AyWy, — ¥, v — y) < 0}.
Step 3: Compute t, = a,%0 + (1 — )2y, Xys1 = Buzn + (1 — B,)St, and

lln syl lznynl®) 5 o
Zf(xnvzn)—f(xnr}’n)_f(ymzn) ron

Aps1 = if f (%5 20) — f (% V) = f W 24) > 0,

A, otherwise.

min{

Set n:=n + 1 and return to Step 1.

Motivated by the work of Hieu [22] and Yang and Liu [48], in this paper, we introduce
a new self-adaptive inertial subgradient extragradient method which does not depend on
the Lipschitz constants ¢; and ¢; for finding solutions of pseudomonotone EP and a com-
mon fixed point of a countable family of demicontractive mappings in real Hilbert spaces.
The inertial extrapolation step in our algorithm is regarded as a means of improving the
speed of convergence of the algorithm (see for instance [8, 9, 17, 29, 31, 34, 39] on inertial-
type algorithms). Our method also consists of the viscosity approximation method (see
[38]) which is a generalization of the Halpern-type algorithm. We prove a strong conver-
gence theorem for the sequence generated by our method under some mild conditions
and without prior knowledge of the Lipschitz constants. It is noted in [10] that strong
convergence method is more desirable than weak convergence one because it translates
the physically tangible property that the energy ||x, —x'||? of the error between the iterate
x, and a solution x" eventually become small. More importance of strong convergence
was also underlined in Giiler [21].

The paper is organized as follows. In Sect. 2, we recall some basic definitions and pre-
liminary results which are necessary for our proof. Section 3 deals with proposing and
analyzing the convergence of our iterative method for solving the EP and finding a fixed
point of demicontractive mappings in real Hilbert spaces. Finally, in Sect. 4, we present
some numerical examples to illustrate the performance of the proposed algorithms in
comparison with related algorithms in the literature. Throughout this paper, we denote
the strong (resp. weak) convergence of a sequence {x,} € H to a point p € H by x, > p
(resp. x, — p). We also denote the index set A = N\{0} = {1,2,...}.

2 Preliminaries
In this section, we present some basic notions and results that are needed in the sequel.
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Definition 2.1 Recall that the bifunction f : C x C — R is said to be
(i) n-strongly monotone on C if there exists a constant 1 > 0 such that

fu,v) +fv,u) < -nllu-v|*> YuveC;
(ii) monotone on C if

fw,v)+fv,u) <0, VYu,veC;
(iii) pseudomonotone on C if

fu,v)=0 = fru)<0, VYuveC

(iv) satisfying a Lipschitz-like condition if there exist constants ¢; > 0 and ¢; > 0 such
that

fw,v)+fv,w) = f(u,w) —c1|lu - vIP=cllv-wl|* Vu,v,weC. (2.1)

We note that(i) = (ii) = (iii) but the converse implications do not hold (see, e.g., [44]).

Throughout this paper, we assume that the following assumptions hold on f:

(A1) f is pseudomonotone on C and f(u,u) = 0 Vu € C;

(A2) f(-,v) is continuous on C for every v € C;

(A3) f(u,-) is convex, lower semicontinuous, and subdifferentiable on C for every u € C;
(A4) f satisfies a Lipschitz-like condition.

For each u € C, the subgradient of the convex function f (i, -) at u is denoted by 9,/ (u, u),

ie.,

Oof (u,u) = {weH:f(u,v) > f(u,u) + (w,v—u),Vve C}

={weH:f(u,v) > (w,v—u),VveC}.

The metric projection Pc : H — C at a point x € H is the necessary unique vector Pcx in
C such that

||Pc(x) —x|| = min{ ly—x|:ye C}.
The metric projection satisfies the following identities (see, e.g., [45]):
(i) (x—y,Pcx—Pcy) > ||Pcx — Pcy|? for every x,y € H;
(ii) forxk e Handz€ C, z=Pcx <
x-—2zz-y9)>0, VyeCGC; (2.2)

(iii) forx e Handye C,

ly=Pc@)|? + |2 - Pe@)|” < llx—yII*. (2.3)

Page 5 of 22
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The mapping ¢ : H — H is called a contraction if ||¢(x) — ¢ (»)| < a|lx —y|| for & € [0,1)
and x,y € H. It is easy to check that P¢ is an example of a contraction mapping on C.
A subset D of H is called proximal if, for each x € H, there exists y € D such that

=yl = d(x, D).

In what follows, P(H) denotes the family of all nonempty proximal bounded subsets of H
and CB(H) denotes the family of nonempty, closed bounded subsets of H. The Hausdorff
metric on CB(H) is defined as

H(A,B) := max{supd(x,B), supd(y,A)}

x€A yeB

for all A,B € CB(H). A point ¥ € H is called a fixed point of a multivalued mapping S :
H — 2H if x € Sx. We say that S satisfies the endpoint condition if Sx = {x} for all x € F(S).

We recall some basic definitions of multivalued mappings.

Definition 2.2 A multivalued mapping S : H — CB(H) is said to be
(1) nonexpansive if

H(Su,Sv) < lu—-vl|, Yu,veH;
(2) quasi-nonexpansive if F(S) # @ and
H(Su,Sp) < lu-pl, VYueH,peF(©S)
(3) k-demicontractive for 0 < k < 1 if F(S) # ¥, and
H(Su,Sp)? < ||lu—pl> + kd(u,Su)*>, YueH,p e F(S).

Note that the class of k-demicontractive mappings includes the class of nonexpansive
and quasi-nonexpansive mappings. Let S : H — P(H) be a multivalued mapping. We de-
fined the best approximation operator of S as follows:

Pg(x) := {y eSx:|lx—y| = d(x,Sx)}.
It is easy to show that F(S) = F(Ps) and Ps satisfies the endpoint condition. More so, I — S is
said to be demiclosed at zero if for any sequence {x,} C H such thatx, — x and x,, —u,, —
0, for u, € Sx,, then x € F(S).

The following identities hold in any Hilbert space:

I+ 312 < %l + 20,5 +5),  Vxy e H, (24)

and

2+ g1 = lcl® + 206, 9) + lIyl*,  Va,y € H. (2.5)
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Lemma 2.3 ([16]) Let H be a real Hilbert space, x; € H (1 <i < n) and {«o;} C (0,1) with
Yol ai=1.Then

n

2 n
2 2
=E agllx|l” - E a;o | — o |” (2.6)
i1

ij=1,i#j

n
E QX
i=1

Lemma 2.4 ([19]) Let C be a convex subset of a real Hilbert space H and ¢ : C — R be
a convex and subdifferentiable function on C. Then x* is a solution to the convex prob-
lem: minimize{y(x) : x € C} if and only if 0 € dp(x*) + Nc(x*), where d¢p(x*) denotes the
subdifferential of ¢ and Nc(x*) is the normal cone of C at x*.

Lemma 2.5 ([35]) Let {o,} and {3,,} be sequences of nonnegative real numbers such that
Upy1 = (1 - ‘Sn)an + ,Bn + Vus n= 1;

where {8,} is a sequence in (0,1) and {B,} is a real sequence. Assume that ) -, Yu < 00.
Then the following results hold:

(i) If Bu < 8,M for some M > 0, then {a,} is a bounded sequence.

(ii) If > 0208y = 00 and limsup,,_, -, 52 <0, then lim, oty = 0.

Lemma 2.6 ([36]) Let {a,} be a sequence of real numbers such that there exists a nonde-
creasing subsequence {a,;} of {a,}. Then there exists a nondecreasing sequence {m;} C N
such that my — oo and the following properties are satisfied for all (sufficiently large num-
ber k e N): ayy < a1 and ay < a1, My = max{j < k:a; < aj,.}.

3 Main results
In this section, we present our iterative algorithm and its analysis.

In what follows, let C be a nonempty closed convex subset of a real Hilbert space H,
f:C x C— R be a bifunction satisfying (A1)—(A4). For i € N, let S; : H — CB(H) be «;-
demicontractive mappings such that I — S; are demiclosed at zero and S;(x*) = {x*} for all
x* € F(S;). Let ¢ be a fixed contraction on H with coefficient 7 € (0,1). Suppose that the
solution set

Sol = EP(f) N (") E(S) #9.

i=1

The following conditions are assumed to be satisfied by the control parameters of our
algorithm.

(C1) 6 €[0,1), A1 >0;

(C2) {8,} C (0,1) such that Y >, 8, = 0o and lim,_, o 8, = 0;

(C3) {e,} C[0,00) such that €, = 0(8,), i.e,, lim,_, E—Z =0;

(C4) {Bui}3 C (0,1) such that Y B = 1;

(C5) liminf,_, oo (Bno — £)Bni > 0, and k = max{x;} foralli € N.
Next, we present our algorithm (Algorithm 3.1).

Remark 3.2 1t is obvious that T}, is a half-space and C C T}, (see [22] for more details).
Note that (3.1) can be implemented easily since the value of |x, — x,,_1| is known prior
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Algorithm 3.1: Self-adaptive inertial subgradient extragradient method

Step 0: Given A1 >0, u € (0,1), @ > 3. Choose initial iterates xp,x; € C and set n = 1.
Step 1: Given the current iterates x,_; and x,,, choose «,, such that 0 < «,, < &,,, where

I’Illn{ n+a— 1’ Hxn—exn 1\|} if ”xn _xn—IH #0’ (31)

otherwise.

o, =
" n-1
n+a-1’

Next, compute

Wy =Xy + an(xn - xn—l):

1 ) (3.2)
Y = argmln{)\,(f Wi, y) + = ||w,, y||“:y € C}.
If r(wy) = yu — wy = 0, set wy, = z, and go to Step 3. Else, do Step 2.
Step 2: Choose n, € df (W, ¥,,) such that w,, — A,n, — ¥, € Nc(y,). Compute
. 1 9
2z, = argming A,f (v, ) + §||wn -y :yeT,y, (3.3)
where
To={veH: (Wy—=Aully =Y,V =) <0}
Step 3: Calculate
Kn+l = 8n¢(xn) +(1-6,) (ﬂn,ozn + Z,Bn,iun,i>’ (3.4)
i=1
where v,; € S;(z,) and
Hwn—anI2+IIzn—ynH
min
)‘Vl*'l = lff(wmzn) —f(men) _f(yn: Zn) #0; (35)

An, oOtherwise.

Set n <—n+ 1 and go to Step 1.

to choosing «,. Also, we deduced from (3.1) that lim,,_, o ‘;‘—Z l%; — %,-1]] = 0. More so, if
Wy =y, and w, € S;(w,) for all i € N, we arrived at common solutions of the equilibrium
and fixed point problems.

We begin by proving the following necessary results.

Lemma 3.3 The sequence {A,} generated by (3.5) is monotonically nonincreasing and

lim A,, > min #,kl .
n—00 2max{cy, c3}

Page 8 of 22
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Proof Clearly, A, is nonincreasing. On the other hand, it follows from Assumption (A4)
that

/‘L(”Wn_ynnz"' ”Zn_yn”Z) < M(lan—yn||2+ ”Zn_ynllz) > n
2[f(Wn20) =f Wi, Y) = f O 2)] — 2[c1lwn =yl + c2llyn — 241121 — max{er, c2}

So, the sequence {A,} is nonincreasing and has a lower bound of max{’z . This implies
1,c2}

that there exists lim,,_, oo A, = A > min{m,kl}. a

Lemma 3.4 For each v € Sol and n > 1, we have
lzn = VI < 1Wn = VI = (0= @I W = yull® = (1 = )1y = 2. (3.6)
Proof By the definition of z, and Lemma 2.4, we get
0€d, <Mf(yn,y) + %len —yll2>(zn) + N, (2)-
Thus, there exist g, € dyf (¥4, 2,) and & € N, (2,,) such that
AnGu + 2y — Wy + € =0, (3.7)
Since & € N7, (z,), then (§,y —z,,) <0 for all y € T),. This together with (3.7) implies that
MGy = 2n) = Wn = 2n, Y = 2n) VY € Ty (3.8)

Since v € Sol, then v € EP(f) and v € (2, F(S;). Note that EP(f) C C C T),, we derive from
(3.8) that

Andns V= 2n) = (Wi = Zns V = Zn). (3.9)
By the fact that g, € 351 (¥4, z4), we get

SO V) =fOnrzn) = (Gns v = 2zn).
This together with (3.9) implies that

Mi(F V) =f Ons20)) = (W — 2y vV — 23). (3.10)

Since v € EP(f), then f(v,y,) > 0. From the pseudo-monotonicity of f, we get f(y,,v) <O0.
Hence from (3.10), we get

=20 0f Vs 20) < 2{Wy — 2, V — 249). (3.11)
Since z,, € T, then

((WVI = MnTln) = V> Zn _yn> <0.
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Thus
(Wi = YnsZn = Yn) < An(1ns Zn = In)-

From the fact that 1, € dyf (wy,y,) and the definition of subdifferential, we get
FWwy) =f W y) = sy = yu) Yy € H,

hence
Mn(F Wi 20) = Wins I)) = Mn(Mis Zn = V) = (Wi = Vs 2 = V).

Combining (3.11) and (3.13), we get

2hn (f(Wm Za) = Wi, Y1) = f Oy Zn)) > 2{Wy = Y Zn = Yn) + 2{Wy — Zp, V = Zp)

2 2 2
= [1Wn = Yull” + 190 = 2ull” = [Wn — 24l

2 2 2
—Wn =VI" + (Wi = za 1" + |20 = VII"

Hence

2 2 2 2
2w = vI" < [IWn = vI" = 1Wn = ull” = lyn = 2ull

+ 2)\;«1 (f(wnr Zn) _f(Wn,yn) _f(yn: Zn))~
Using the definition of A, in the above inequality, we get

2 2 2 2
2o = vI" < [IWn = vI" = 1wy = ull” = Y0 = 2ull

+ )"Zﬂ)";’ul (f(wmzn) _f(w””y") _f(yn’zn))‘

n+l

2
I

2 2
< AW =VII" = 1w = yull” = 1y = 2all

+

Y . M(”Wn _yn||2 + |12y —anIZ)'
n+l

Observe that lim,,_, oo f}:’—fl = . Hence, we obtain from (3.14)
Iz, — V”2 <|w, - V||2 - (1 - w)llwy _yn||2 -(1- /'L)Hyn _Zn”z-

Lemma 3.5 The sequence {x,} generated by Algorithm 3.1 is bounded.

Proof Put u, = Buoz, + Zle Bu,ivni and let v € Sol. Then from Lemma 2.3 we have

2

n
ﬁn,Ozn + Z ﬁn,ivn,i -V

i=1

2
lletn —vII® =

n n
2 2 : 2 2 : 2
=< ﬁn,O”zn - V” + ﬂn,i”vn,i - V” - ,Brl,Oﬂn,i”Zn - Vn,i”

i=1 i=1

(3.12)

(3.13)

(3.14)

Page 10 of 22
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n n
2 2 2
< Buollzw=VII* + D BuiH*(Sizns Sv) = Y BuoBuillzn — vl
i=1 i=1
n

2 2 2
< Buollza =vIZ + > Bui(llzu = vI* + killzn — viuil)

i=1

n
2
= BuoBuillzu = vl

i=1

n
= llza = vI> =D (Buo = K)Buillzn = vaill, (3.15)

i=1

and by condition (C5), we get
it = vI* < llzw = vII%.
Therefore

[%ner = VIl = || Sup () + (1 = 8, )14 — v |
= [|8u(pGen) = v) + (1= 8,) (s — V)|
< 8| pn) = v|| + (1 = 8,) Il — v
= 8ul| () — B(V) + d(v) —v[ + (1 = 8,) |2, — V|
< 8utllxn — VIl + 8, | @) = v + (1= 8,) Wy — |
= 8y Tllxn = vl + 8ul|p() = || + (1 = 8,) || + et = 1) = V|
< 8ut 1o = VIl + 8| @) = V]| + (1= 8,) [l = VIl + 12 = 21 1]
= (1-(1=1)8,) %, — v

|:||¢(V)_V|| O5;4(1_8r1)||7‘:n_xn—1||i|
+ .
1- 8,(1-1)

+(1-1)8,

Let M = max{w sup,,= (

1-t ?

1-8,
1-7

)§2 1%, — %,-111}. Then we have
It = vl < (1= (1 =1)8,) 1 = VIl + (1= 7)8,M.

Hence, by induction and Lemma 2.5(i), we have that {||x, — v||} is bounded. This implies
that {x,} is bounded, and consequently {y,}, {z,}, and {S;z,} are bounded. (]

The following lemma will be used in proving the strong convergence of our Algo-
rithm 3.1.

Lemma 3.6 Let {x,} be the sequence generated by Algorithm 3.1. Then

A+l = (1 - Qn)ﬂn + enbn + Cy» (316)
28,(1— Va1 — 52 M(1-5,)?
where a,, = (%, — V||2, 6, = ln_(anrr)’ b, = (o) {’_x:ul V>’ Cy = 1_(;an %, — V||2 + %”xn _

%Xu-1l, and v € Sol for some M > 0.

Page 11 of 22
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Proof From (3.1), we get

2 2
lwy —vlI” = ”xn + 0ty (% — Xp1) — V”
T R T 2,9 _ a
< en = vII" + o 160 = X1 17 + 200 1% = V1% — %51
2
=[xy = VII” + ot ll®n — X1 | (Olonn = X1l + 2%, - V”)

2
=< ”xn - V” + anM”xn —Xn-1 ”r (317)
where M = sup,.. (@ |l%, — %11 + 2||%, — v||). More so,

sr = V12 = [8up(@n) + (1 = 8, — v
< (=82 lttn = VII* + 28u(p (%) — v, %ns1 — V)
< (1=8)" W = vI1* + 28, ]| (%) = d W) | 12601 = VI
+28,((V) = Vs X1 — V)
< (1=8,)"[lotn = VII® + cnM |2, — -1 1] + 28,7 1% = V]| 26001 = VIl
+28,(¢(v) = v, X1 — V)
< (1= 82110 = VII* + w60 = xn_1[1] + 807 (10 = VI* + lmer = vII?)

+ 28,,((;5(1/) —V, Xyl — V).

Thus

1-28,+68,T 52
2 n n 2 2
lns1 = vII” < (7 % = VI + —— %, = V|

1-6,1 1-6,7
@M1 =3, ||
%y — X
1— 3,47,' n n-1
28
+ 1— (;nf(¢(V) —V; X+l — V)
28,(1-1) ) 52
— 1= 7 _ n _ 2
( e L
a,M(1-36,)? | |
% — X
1 3;,,7,' n n-1
28
+ = ;nf (¢>(V) — VX1 — v). (3.18)
Thus, we obtained the desired result. O

Next, we prove our strong convergence theorem.

Theorem 3.7 The sequence {x,} generated by Algorithm 3.1 converges strongly to x, where

X = Pg,(%) is the unique solution of the variational inequality

(I-h)x,z-%)>0, VzeSol (3.19)
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Proof Let v € Sol and put I}, = ||x, — v||>. We divide the proof into two cases.
Case 1: Suppose that there exists N € N such that {I},} is monotonically decreasing for
all > N. This implies that lim,,_, o, I, exists, and since {x,} is bounded, we have

I,-TI,,1—0, asn— oo.
From (3.15), we have
”xn+1 - V||2 =< (1 - 8;1)””;1 - V||2 + 28n<¢(xn) —VyXn41 — V>
B n
<-4, ||zn—v||2—Z(ﬁn,o—x)ﬁnmn—vn,l-nz}

i=1

+28,(p (%) =V, %1 — V)

<@=8)| Iwu=vI* =Y (Buo— k)Buillzn - vn,l»nz}

i=1

+ 25n<¢(xn) —VsXn41 — V)

B n
< (=8| s = VI + Ml = 201 = D (Buo =) Buillzn - vn,,'nz}

i=1

+28,( (%) — Vs X1 — V).

This implies that
n

(1-64) Z(,Bn,o - K),Bn,inzn - vn,i||2 <(1-8,)lx - V”2 — %01 — V||2

i=1

+ anM”xn —Xn-1 || + 28n(¢(xn) —VsXns1 — V)-

Since 8, — 0 and o, ||x, — x,_1|| — O, then
n
. 2
lim E (lgn,O - K),Bn,i”Zn = Vill”
n— 00 1
i

Using condition (C5), we obtain
lim ||z, — vyl = 0. (3.20)
Similarly, from Lemma 3.5, we get

%1 = VI < (1= 8)llstn — VII* + 28,(d (%) — v, X1 — V)
< (1= 80)llzn = VII* + 28,(p(xn) — v X1 — V)
< (1 =8)[llwn = vI* = (L= wlIwn = yall> = (L = w)llyn — 2al*]
+ 28, (%) =V, X1 — V)

< (L= 8)[1%n = VI* + ctuM 2 — 21| = (1 = 1) Wy = yu?
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= (=) lyn _Zn||2]

+ 28n(¢(xn) —ViXnel — V>¢
that is,

(1-68,)(1- /'L)[”Wn _yn”z + lyn _Zn||2] <@ -=8)lxn - V||2 +ayMllxy — x|

+ 25n<¢(xn) —VsXns1 — V)~
This implies that
Tim (1= )Wy =yl + s = 2411%] = 0.

Since u € (0, 1), thus we have

lim |w,—y,[l=0 and lim |y, -2z, =0, (3.21)
n—00 n—oo

hence
lim ||z, — w,| = 0. (3.22)
n—0oQ

Clearly, from (3.1)

oy
16 = Wil = anllxy — X1l = 3_ Iy — x4-111.8, — O, (3.23)
n
n
ltn = 2ull < Buollzw = Zull + D Buillvi = 2all = 0, (3.24)
i=1
and
”xn+l - un” = an ||¢(xn) —Up || + (1 - 8)”1471 - un” — 0. (325)

Therefore from (3.22)—(3.25), we obtain
lim ||%,+1 — 5] = 0. (3.26)
n— o0

Since {x,} is bounded, there exists a subsequence {x,, } of {x,} such that x,, — z€ H and
lirrlrlsolip<f(v) —V, Xy — v) = kli)ngo(f(v) —V, Xy — v) = (f(v) —-V,z— v).

By (2.2), we have
lim sup(f(v) -V, Xy — v) = (f(v) -V, z— v) <o0. (3.27)

n—0oQ

Combining (3.27) and (3.26), it is easy to see that

lim sup(f(v) —V, Xyl — v) <0. (3.28)

n—0o0
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Since C is closed and convex, then z € C. From (3.21) and (3.23), we get y,, — z and
Wy, — z and by the definition of subdifferential of f and (3.12), we have

Ay (f(Wnk’y) _f(Wnk:ynk)) > Wi =Yy = V) Yy € C.

Passing to the limit in the last inequality as kK — oo and using assumptions (A1) and (A3)
with the fact that limg_.o, Ay, = A > 0, we get f(z,y) > 0 for all y € C. Hence, z € EP(f).
Furthermore, from (3.22) and (3.23), we have z,, — z. Since S; are demiclosed at zero for
i=1,2,...,m, it follows from (3.20) that z € F(S;) for i = 1,2,...,m. Therefore z € Sol =
EP(f) N (N5 E(S)).

Using Lemma 2.5(ii), Lemma 3.6, and (3.28), we arrive at |x,, — v|| — 0. This implies that
{x,} converges strongly to v.

Case 2: Suppose that {I,} is not monotonically decreasing, that is, there is a subsequence
{F,,}.} of {I,} such that F,,/. < F,,}.H for all j € N. Then, by Lemma 2.6, we can define an

integer sequence {t(n)} for all n > ny by
t(n) =max{k <n: I} < It}

Moreover, {t(n)} is a nondecreasing sequence such that t(n) — 0o as n — oo and Iy, <
I (my+1 for all m > ng. From (3.6) and (3.15), we can show that

nliﬁngo ||ZT(}1) - Vr(n),i” =0, n]LrI;o ”yr(n) — We(n) =0 and nliﬁn;o ”yf(n) — Zz(n) | =0.

By a similar argument as in Case 1, we can also show that

lim sup(f(v) =V, X (m)+1 — V) <o0.
n—0o0

Also from Lemma 3.6, we get

0<Fr(n)+1_Fn
28,(1-1) 82
< (1 - —) ) = VI + 2 [ty — V]I
1- ‘Sr(n)f 1- SI(H)T
(M1 = 87())*
+ W”xr(m _xr(n)—ln
T(n
26
+ ﬁ@’(") —ViXr(n)+1 — V) = 1% () = V||2~
—Ot(n

Hence, we have

2(1-1) b e yM(1 = 8:(m))*
4”961'(71) _V||2 =< i”xr(;’l) _V”2 + u”xt(n) _xt(n)—IH
1-6;mt 1-6; T ST(H)(l - 51(,,)'6)
+ #«b(l’) =V, Xr(n)+1 — V>
1- SI(V,)‘L'

— 0.



Jolaoso and Aphane Fixed Point Theory and Applications (2020) 2020:9 Page 16 of 22

This implies that lim,,_, o I%(x)+1 = 0. Thus, we have
0<r,=< maX{Fr(n): Fr(n)+1} < Fr(n)+1 — 0.

Therefore ||x, — v|| — 0, and thus x,, — 0. This completes the proof. 0

Remark 3.8 We highlight our contributions as follows:

(i) Itis easy to see thatif ¢(x,) = u for any arbitrary u € H, Algorithm 3.1 reduces to a
modified Halpern-type inertial extragradient method and the result is still valid.
This improves the results of Hieu [22] as well as Yang and Liu [48].

(ii) In [25], the authors presented a weak convergence theorem for approximating
solution of pseudomonotone EP provided the stepsize satisfies certain mild
condition which requires prior estimate of the Lipschitz-like constants ¢; and c;. In
this paper, we proved a strong convergence result without prior estimate of the
Lipschitz-like constants. This is very important since there is no best estimate for
the Lipschitz-like constant.

(iii) Also our result extends the results of [23, 24, 42] to self-adaptive inertial

subgradient extragradient method with viscosity approximation method.

4 Numerical examples

In this section, we give some numerical examples to support our main result. All the op-
timization subproblems are effectively solved by the function quadprog in Matlab. The
computations are carried out using MATLAB program on a Lenovo X250, Intel (R) Core
i7 vPro with RAM 8.00 GB. We show the numerical behavior of the sequences generated
by Algorithm 3.1 and also compare the performance with Algorithm 1.2 of Hieu [22] and
Algorithm 1.3 of Yang and Liu [48].

Example 4.1 We consider the Nash—Cournot equilibrium model in [42] with the bifunc-
tion f : RN — RN — R defined by

Sy = (Px+Qy+q,y—x),

where ¢ € RN and P, Q are two matrices of order N such that Q is symmetric positive
semidefinite and Q- P is negative semidefinite. In this case, the bifunction f satisfies (A1)—
(A4) and has ¢; = ¢ = @, see [42], Lemma 6.2. The vector g is generated randomly
and uniformly with its entries being in [-2,2] and the two matrices P, Q are generated
randomly such that their properties are satisfied. For each i € N/, we define the multivalued

mapping S; : RN — 28" by

(2, —(1+i)x], %<0,

[—(1 + i)x, ——(Hzﬂ)x], x>0.

Si=

It is easy to show that S; is a «;-demicontractive mapping with «; = 4;’2432@ € (0,1) and
1

F(S;) = {0} for each i € M. Let A1 = 0.07, u = 0.7, &« = 3, p(x) = %, €, = (m})w "= G
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and for each n € NV, i > 1, let {8,,;} be defined by

0 ifn<i
n noo1 e
1_m2k=12_k lfl’l—l,

ifm>i.

1
2i+1 (ﬁ)

It is easy to verify that conditions (C1)—(C5) are satisfied. We implement the experiments
for various values of N and m as follows:
Casel: N=50and m =5,
Case II: N =100 and m = 20,
Case III: N =200 and m = 50,
Case IV: N =500 and m = 100.
For Algorithm 1.2, we take A, = 0.07, a,, = -5, while for Algorithm 1.3, we take A; = 0.07,
u =0.7,and Sx = 3, which is quasi-nonexpansive. We use [|x,:1 — x| < 10~* as a stopping
criterion for the numerical computation. Figures 1-3 describe the behavior of ||x,,1 — x,||
against the number of iterations for Example 4.1. Also, we showed the CPU time taken
and the number of iterations for each algorithm in Table 1.

Example 4.2 Let H; = Hy = £3(R) be the linear spaces whose elements are all 2-summable
sequences {x; ]‘;"1 of scalars in R, that is,

oo

. 2
LH(R) == {x = (x1,%2,...,%,...),x € Rand E x| < 00
j=1
‘ ‘ ‘ ;Algorithn‘\ 3.1 ‘
—=—Algorithm 1.2 0 \
10° \ —Algorithm 1.3 10 NS
= = & B
X ol
10 2 T 10 2
=4 <
x X
10 10
0 2 4 6 8 10 12
Iteration number (n) Iteration number (n)
——Algorithm 3.1 ——Algorithm 3.1
0 ——Algorithm 1.2 ——Algorithm 1.2
10 - Algorithm 1.3 - Algorithm 1.3
fc
'+ 102
=
x
10 e
10°®
0 2 4 6 8 10 12 0 5 10 15 20
Iteration number (n) Iteration number (n)
Figure 1 Example 4.1, top left: Case |; top right: Case Il; bottom left: Case Ill; bottom right: Case IV
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——Algorithm 3.1
——Algorithm 1.2
——Algorithm 1.3|

10°4

;c 10-2

HXn+1

10

——Algorithm 3.1
——Algorithm 1.2
——Algorithm 1.3|

106 . . . . . 106 . . . . [
0 20 40 60 80 100 120 0 20 40 60 80 100 120
Iteration number (n) Iteration number (n)
——Algorithm 3.1 ——Algorithm 3.1
10° ——Algorithm 1.2[] 100 ——Algorithm 1.2
——Algorithm 1.3 ——Algorithm 1.3

0 20 40 60 80 100 120
Iteration number (n)

20 40 60 80 100 120
Iteration number (n)

Figure 2 Example 4.1, top left: Case |; top right: Case II; bottom left: Case ll; bottom right: Case IV

with the inner product (-,
and ||x| = (Z;fl |xj|2)%, where x = {x;)%, y
bifunction f : C x C — R by

f(x»y) = (3_

llll) (x,y —x) V€ C.

Yily x €y — Rand || - || : €, — R defined by (x,y) := Zlofl xiyj

=l Let C={x e H: x|l <1} Define the

Following [44], it is easy to show that f is a pseudomonotone bifunction which is not
monotone and f satisfies the Lipschitz-like condition with constant ¢; = ¢, = 3. Also, f
satisfies assumptions (A2) and (A3). For i € N/, we define S; : C — CB(¢,(R)) by

Six = [O, 5£:| forallie N,xeC. (4.1)
i

It can easily be seen that S; is 0-demicontractive for all i € A" and F(S;) = {0}. Also Sol = {0}.
We define ¢ : Ez — {5 by ¢(x) = § where x = (x1,%,...,%;,...), x; € R, and take A; = 0.01,
u=0.5,34, 10(n+1 7 €n = 82 and {ﬁn,} is as defined in Example 4.1. For Algorithm 1.2, we
take A, =0.01, o, = 10(n+1) and for Algorithm 1.3, we take A; = 0.01 and p = 0.5. We test
the algorithms for the following initial values as follows:
Casel: x9=(1,1,0,...,0,...), % =(1,0,1,,...,0,...),
CaseII: x9 =(1,0,0,...,0,...),x =(0,1,1,,...,0,...),
Case IIL: %9 =(1,0,1,...,0,...),x =(1,1,0,,...,0,...),
CaseIV: x9 =(1,1,0,...,0,...),x1 = (1,0,0,,...,0,...).
We use the following stopping criterion ||x,,; — %,| < 10~ for the numerical computa-
tion and plots the graphs |x,,1 — x,|| against the number of iterations in each case. The

numerical results can be seen in Table 2 and Fig. 2.
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107" — = 10° -
A ——Algorithm 3.1 ——Algorithm 3.1
\\ =~Algorithm 1.2 '\ = Algorithm 1.2
X ——Algorithm 1.3| \ ——Algorithm 1.3
102F A\ A\
|\
P A P \
7107 e -y L
== \ L N [N
= NS S — = ( e Sy
\ T \ hias SO
10 N e \ e
) ¥
10 10
0 5 10 15 20 0 10 20 30 40
Iteration number (n) Iteration number (n)
10° - 107" : -
——Algorithm 3.1 % ——Algorithm 3.1
R = Algorithm 1.2 \ = Algorithm 1.2
——Algorithm 1.3 \ ——Algorithm 1.3]
A ¢ 102 \\ .
W\
= = Y
= = AN
X X 3 ANy
z A ¥ =
x -l = e
= . - NP .
i X & TR
T 10 \ e
\ e s
\
10 ‘ 108 !
0 5 10 15 20 25 30 0 5 10 15

Iteration number (n)

Iteration number (n)

Figure 3 Example 4.1, top left: Case |; top right: Case II; bottom left: Case Ill; bottom right: Case IV

Table 1 Computational result for Example 4.1

Algorithm 3.1 Algorithm 1.2 Algorithm 1.3
Case | No of Iter. 6 11 9
CPU time (sec) 0.1168 0.9190 0.4081
Caselll No of Iter. 6 12 10
CPU time (sec) 0.1450 1.3035 0.5058
Case lll No of Iter. 6 12 10
CPU time (sec) 0.1638 2.0598 0.8749
Case IV No of Iter. 6 20 10
CPU time (sec) 0.6649 24610 13722
Table 2 Computational result for Example 4.2
Algorithm 3.1 Algorithm 1.2 Algorithm 1.3
Case | No of Iter. 46 110 74
CPU time (sec) 1.4865 42478 2.6944
Case ll No of Iter. 47 117 80
CPU time (sec) 33320 9.2959 53514
Case lll No of Iter. 48 120 95
CPU time (sec) 1.9400 8.0103 6.5045
Case IV No of Iter. 48 109 87
CPU time (sec) 25874 8.1565 5.8446

Example 4.3 In this example, we take H = L,([0,1]) with the inner product (x,y) =
fol x(t)y(¢) dt and the norm ||x| = (fo1 x2(t)dt)? for all %,y € Ly([0,1]). The set C is de-
fined by C= {x € H : fol(t2 + 1)x(t) dt < 1} and the function f : C x C — R is given by
fx,9) = (Ax,y — x) where Ax(t) = max{0,x(¢)}, t € [0,1] for all x € H. We defined the
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Table 3 Computational result for Example 4.3

Algorithm 3.1 Algorithm 1.2 Algorithm 1.3

Casel No of Iter. 6 20 10

CPU time (sec) 0.7455 3.5810 1.6607
Case ll No of Iter. 7 40 20

CPU time (sec) 1.2266 56197 2.9003
Case lll No of Iter. 7 30 15

CPU time (sec) 1.2266 55738 2.6539
Case IV No of Iter. 6 18 9

CPU time (sec) 0.7662 42516 1.5359

mapping S; : H — 2 by S;(x) = {(—%)x} for each i € \V. It is not difficult to show that

S; is demicontractive with «; = ﬁ, F(S;) = {0} and (I - S;) is demiclosed at 0. We take

o(x) = ’%, w=005x=025¢€,=—15,68,= n—il, and {B,,} is as defined in Example 4.1.

(n+1)2”

We test Algorithms 3.1, 1.2, and 1.3 for the following initial values:
CaseI: xo =t*>+1andx; =sin(2¢),

CaseIl: xg = %(2” and x; = Sins(gt)’
. _ exp(5¢) _ exp(2t)
Case IIl: xg = =g~ and &1 = =,

Case IV: xg = cos(2¢t) and x; = exp(—3¢£2).
We use ||x,;1 —%,|| < 10~* as a stopping criterion for the numerical computation and plot
the graphs of ||x,.1 — x| against the number of iterations in each case. The numerical

results can be seen in Table 3 and Fig. 3.

5 Conclusion

The paper presents a self-adaptive inertial subgradient extragradient method for finding a
solution of pseudomonotone equilibrium problem and a common fixed point of a count-
able family of «-demicontractive mappings in Hilbert spaces. The algorithm consists of
an inertial extrapolation step and a viscosity approximation method, while the stepsize is
defined by a nonincreasing monotone stepsize rule. A strong convergence result is proved
without prior estimate of the Lipschitz-like constants of the pseudomonotone bifunction.
Finally, some numerical examples were given to show the efficiency and accuracy of the
method with respect to related methods in the literature. The result in this paper improves
and extends the corresponding results of [1-6, 22, 24, 25, 32, 42, 48].
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