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1 Introduction and preliminaries

There is a large number of generalizations of Banach contraction principle via using dif-
ferent forms of contractive conditions in various generalized metric spaces. Some of such
generalizations are obtained via contractive conditions expressed by rational terms (see,
e.g,[7,9,17,19]).

Ran and Reurings initiated the studying of fixed point results on partially ordered sets in
[14]. Further, many researchers have focused on different contractive conditions in com-
plete metric spaces endowed with a partial order. For more details, we refer the reader to
(11, 12].

Parvaneh introduced in [13] the concept of extended b-metric spaces as follows.

Definition 1.1 ([13]) Let & be a (nonempty) set. Afunctiond: & x & — R is a p-metric
if there exists a strictly increasing continuous function £2 : [0, 0c0) — [0, 00) with 271(¢) <
t < 2(t)and 271(0) = 0 = £2(0) such that, forall ¢, n, € &, the following conditions hold:
(d) d(g,m=0iff ¢ =,
(o) d(g,m)=dn,¢),
(d3) d(¢,0) < 2(d(g,n) +d(n,)).
In this case, the pair (Z, 2) is called a p-metric space or an extended b-metric space.
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A b-metric [2] is a p-metric with £2(¢) = st for some fixed s > 1, while a metric is a p-
metric when $2(¢) = £. We have the following proposition.

Proposition 1.2 ([13]) Let (Z,d) be a metric space, and let g(g“, n) = &E(d(¢,n)), where & :
[0,00) — [0,00) is a strictly increasing continuous function with t < £(t) and 0 = £(0). In
this case, d is a p-metric with 2(t) = £(¢).

The above proposition provides several examples of p-metric spaces.

Example 1.3 Let (Z,d) be a metric space, and let 3(;, 1) = e4&M sec1(e¥&M), Then disa
p-metric with £2(£) = e’ sec™!(e?).

In [16], Sedghi et al. introduced the notion of an S-metric space as follows.

Definition 1.4 ([16]) Let & be a nonempty setand S: & x & x & — R* be a function
satisfying the following properties:
(S1) S(¢,n,w)=0iff ¢ =n =w;
(S2) S(¢,n,w) <S8(¢,¢,a)+ S, n,a) + S(w,w,a) forall ¢,n,w,a € E (rectangle
inequality).
Then the function S is called an S-metric on Z and the pair (Z,S) is called an S-metric
space.

Example 1.5 ([16]) Let Rbe the realline. Then S(¢,n,®) = ¢ —n|+|¢ —w|forall¢,n,w € R
is an S-metric on R. This S-metric on R is called the usual S-metric on R.

Souayaha and Mlaiki in [18], motivated by the concepts of b-metric and S-metric, in-
troduced the concept of S,-metric spaces, and then they presented some basic properties
of such spaces.

The following is the definition of modified S-metric spaces, which is a proper general-
ization of the notions of S-metric spaces and Sj,-metric spaces.

Definition 1.6 Let & be a nonempty set and 2 : [0, 00) — [0, 00) be a strictly increasing
continuous function such that ¢ < £2(¢) for all £ > 0 and £2(0) = 0. Suppose that a mapping
S: & x & x & — R satisfies:
(S1) S(¢,n,w)=0iff ¢ =y = o,
(S2) §(§, n,w) < Q[g(g“, Z,a) + §(n, na) + S(w,w,a)] for all ¢,n,w,o € B (rectangle in-
equality).
Then S is called an Sp-metric and the pair (&,3) is called an Sp-metric space.

Remark 1.7 In an S,-metric space, we have S(¢,¢,m) < 2[8(m,n,¢)] forall ¢,y € &. In-
deed, putting (¢, ¢, 1, ¢) instead of (¢, n, w, @) in (S2) and using (S1), we obtain the previous
inequality.

Each S-metric space is an S,-metric space with £2(t) = f and every S,-metric space with
parameter s > 1 is an S,-metric space with £2(¢) = st.

Proposition 1.8 Let (Z,S) be an Sy-metric space with coefficient s > 1, and let S(¢,m ) =
£(S(¢,n, w)), where & : [0,00) — [0,00) is a strictly increasing continuous function with
t <E&(t) forallt>0and £(0) = 0. Then Sisan S,-metric with §2(t) = £(st).
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Proof Forall ¢,n,w,a€ &,

S(¢,m,0) = (S, n,0)) <E(sS(¢,¢,a) +5S(n,n,a) + sS(w, , @)
<E(5(S(6,¢,a)) +55(S(n,m, @) + 58 (S(w, , @)))
= “g‘(sg(g“, ¢,a) +sS(n,n,a) + sS(w, o, a))

=82 (5({, ¢,a) +S(n,n,a) + S(w,w, a)).
So, Sisan Sp-metric with £2(¢) = £(st). O
The above proposition provides several examples of S,-metric spaces.

Example 1.9 Let (&, S) be an Sj,-metric space with coefficient s > 1. Then:
1. S(2,n,w) = 561 sec™!(e5€19) s an S,-metric with 2(t) = e sec™}(¢*).
2. E({, n,w) = [S(¢,n,w) + 1] sec™ ([S(¢, n, w) + 1]) is an S,-metric with
2(t) = [st + 1] sec™ ([st + 1]).
S(¢,n, w) = eSEn) @an=1(eSEne) _ 1) is an Sp-metric with £2(¢) = € tan™ (e* - 1).
E({, n,w) = S(¢,n,w)cosh(S(¢, n, w)) is an S,-metric with §2(£) = st cosh(st).
E({, n,) = eSE In(1 + $(¢,n,w)) is an Sp-metric with £2(£) = e In(1 + sz).
3’({, n,w) = S8(¢,n, ) +1n(1 + S(¢, n, w)) is an S,-metric with §2(f) = st + In(1 + st).
In all the given examples 1-6, it can be checked by routine calculation that the respec-

S

tive function & satisfies all the requirements given in Proposition 1.8, i.e., it is continuous,
strictly increasing, £(0) = 0, and £(¢) > ¢ for £ > 0.

Definition 1.10 Let & be an S,-metric space. A sequence {,} in & is said to be:
(1) Sp-Cauchy if, for each € > 0, there exists a positive integer #o such that, for all
1,1 > 10, S(Cms Er En) < €.
(2) Sp-convergent to a point ¢ € Z if, for each ¢ > 0, there exists a positive integer ng
such that, for all # > ny, §(§n, In)<e.
(3) An S,-metric space & is called S,-complete if every S,-Cauchy sequence is
Sp-convergent in &.

In general, an S,-metric mapping S(¢,n,w) with a nontrivial function £2 need not be
jointly continuous in all its variables (see [10]). Thus, in some proofs we will need the
following simple lemma about the S,-convergent sequences.

Lemma 1.11 Let (E,E) be an S,-metric space.
1. Suppose that {¢,} and {n,} are S,-convergent to ¢ and n, respectively. Then we have

Q1L 1[S(e,n, - -
R I m DI S0 o) < lim sup S 1 1)
n—o0

2 n— 00

< 2[22[S&,n.]]-

In particular, if ¢ = n, then we have lim,,_, E({n, N> M) = 0.
2. Suppose that {¢,} is Sp-convergent to ¢ and w € E is arbitrary. Then we have

“1re,
L@ 0N i3 w0 ) < limsupS(enw,0) < 2[20.0)].

2 n— 00
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Proof 1. Using the rectangle inequality in the S,-metric space, it is easy to see that

S, n,m) < 2[S(,¢,¢u) +25(n, 1, ¢4)]
= ‘Q[g(f’ $,8n) +282 [2§(ﬂ, 0, 0n) + g(nm Ens é-n)]]

and

g(é‘rn My 1) < 82 [g(gm {n )+ Zg(nrn M ;)]
= Q[E(gn’ {n§) +282 [2§(77m UI)) +§(77: ¢ C)]]

Taking the lower limit as # — oo in the first inequality and the upper limit as #» — oo in
the second inequality, we obtain the desired result.

2. Using the rectangle inequality, we see that
Sz, 0,0) < R[S(5,£,24) + 28,0, 84)]

and

St w,0) < 2[5 &n ¢) + 28(w, 0, 0)]. O

Let B denote the class of all real functions g : [0,00) — [0, 1) satisfying the condition
B(t,) = 1 impliesthat ¢, — 0, aswn— oco.

In order to generalize the Banach contraction principle, Geraghty proved in 1973 the fol-
lowing result.

Theorem 1.12 ([5]) Let (£,d) be a complete metric space, and let f : & — E be a self-
map. Suppose that there exists p € B such that

d(ft.fn) < B(d(,n)d(¢,n)

holds forall ¢,n € E. Then f has a unique fixed point w € E and for each ¢ € E the Picard
sequence {f"¢} converges to w.

In 2010, Amini-Harandi and Emami [1] characterized the result of Geraghty in the set-
ting of a partially ordered complete metric space. In [4], some fixed point theorems for
mappings satisfying Geraghty-type contractive conditions were proved in various gener-
alized metric spaces. Also, Zabihi and Razani [19] and Shahkoohi and Razani [17] obtained
some fixed point results for rational Geraghty contractions in b-metric spaces.

Motivated by [9], in this paper we present some fixed point theorems for various con-
tractive mappings in tripled partially ordered modified S-metric spaces. Our results ex-
tend some existing results in the literature. Examples are provided to show the usefulness
of the results. In the last section, an application is given to a first-order boundary value
problem for differential equations.
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2 Main results

2.1 Fixed point results using Geraghty contractions

Let (& ,§) be an S,-metric space with function £2, and let ‘B, denote the class of all func-
tions B : [0,00) — [0, 271(1)) satisfying the following condition:

limsup B(¢,) = 27'(1) implies that £, — 0, asun— oo.
Example 2.1
(1) Let & =R and 3:(;’, n,w) = elé~M*m=el _ 1 forall ¢,n,w € R, with £2(¢) = €/ — 1. Then,
by B(¢) = (In2)e™* for ¢ > 0 and B(0) € [0,1n2), a function B belonging to B, is given.
(2) Another example of a function in B, may be given by B(t) = W(1)e™* for ¢ > 0 and
B(0) € [0, W(1)), where S(Z,1,®) = (I — 1] + | — w|)els 11! for all 7,5, w € R.
Here, W is the Lambert W-function (see, e.g., [3]).

Definition 2.2 Let (5, <,3) be an ordered Sy-metric space. A mapping f : & — Z is
called an S,-Geraghty contraction if there exists 8 € B, such that

22(28(f . fu.fw)) < B(M(E, 1, @))M(E,n,0) (2.1)

for all mutually comparable elements ¢,7n,w € &, where

-17¢ =
AL

M@ o) - max{i(g, o)

An ordered S,-metric space (&, 5,?) is said to have the s.l.c. property if, whenever {¢,}
is an increasing sequence in & such that {, - u € &, onehas {, <uforallm e N.

Theorem 2.3 Let (5, <,S) be an ordered Sy-complete S,-metric space. Let f : £ — E be
an increasing mapping with respect to < such that there exists an element ¢y € & with
So = f¢o. Suppose that f is an S,-Geraghty contraction. If
(D) f is continuous, or
() (&,=<,3) has the s.l.c. property,
then f has a fixed point. Moreover, the set of fixed points of f is well ordered if and only if f
has one and only one fixed point.

Proof Put ¢, = f"¢o. Since ¢y < ¢; and f is increasing, we obtain by induction that the
sequence {¢,} is increasing w.r.t. <. We will show that lim,,_,oofg(g“n, Cni1r Cns1) = 0. With-
out loss of generality, we may assume that ¢, # ¢, for all n € N. Since ¢, and ¢,,; are
comparable, then by (2.1) we have

3’(é‘m ;n+1y §n+1) = E(f(n—bf{mf;n) = ,B(M(é‘n—lx Cn: Cn))M(En—l: gn: gn)’ (2'2)
where

M(gn—l! é-m é-n)

~ 1 ~
= maX{S(gn—l:é-m é-n)’ E-Q_l[g(é'n—bfgn—l;f;-n)]:S(gmen:fgn)}
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~ 1 ~
- max{s(;nl, Cns En)s 59‘1 [S@n1s 6 &ne1) ], S S cm)}

g(gn—b Cn—lv gn) + §(§n+1» §n+1: ;n)
2

= max{’g(;n—li Snr n)s r§(§H»§n+l»§n+l)}
= max{g(gn—l» Sy gn)rg:(é_m Cnr1s §n+1)}«
If max{g(zn—l: {n: {n),g:(gm §n+1) §n+1)} = S;(Cn, Cn+1) §n+1)r then from (22) we have

3l(é‘m §n+1) §n+1) = ﬂ(M(Cn—l, ;ru ;n))g(gm §n+lr Cn+1)
< Q_l(l)g(é‘m §n+1, §n+1)

= 'g(gm §n+1; §n+1)»

which is a contradiction.
Hence, maX{S({n—l: é-m é-n)’ S({m {n+11 §n+1)} = S(é‘n—lr é-nr é-n) SO: fI‘OI’I‘l (22):

S Snrts Ene1) < B(M (Gt G 60)) St S ) < St L Sn)- (2.3)

That is, {§(§n,§n+1,§n+1)} is a decreasing sequence. Then there exists » > 0 such that
lim,,_, o g((m Cus1> Cur1) = r- We will prove that r = 0. Suppose, on the contrary, that r > 0.
Then, letting n — o0, from (2.3) we have

r< lim B(M(Gu1, 4w ))r < 27 (D),

which implies that 271(1) < 1 < lim,,_, co BIM(u-1, &n» &) < 271(1). Now, as B € B,
we conclude that M(g,-1, ¢, &n) — 0, which yields that 7 = 0, a contradiction. Hence, the
assumption that r > 0 is false. That is,

nli)ngog(;m Cnils §n+1) = nll)n(;log(gnr S Cn+l) =0. (24')

Now, we prove that the sequence {{,} is an S,-Cauchy sequence. Suppose the contrary,
i.e., there exists & > 0 for which we can find two subsequences {{,,,} and {¢,,} of {{,} such
that #; is the smallest index for which

ni > mi > i and g(;mir C}’lir gn,') Z E. (2.5)
This means that
g(fmi’ Cni-15 Cni—1) < €. (2.6)

From the rectangular inequality, we get

S(mgs Emiars )
< R[SEm S Gni-1) + S ts Emgsts Engr) + S s o Ep-1) ]
< 2[S@oms Cmps Eni1) + 2[25Cm;s1s Eomgots Eom) + SCnm1s Gt Eomy)|
+ S(npr i Sng1)]-
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Taking the upper limit as i — oo and by (2.4), we get

lim sup§(§mi, Smy+1 Sny) < .Q(s + .Q(e)).

i— 00

From the rectangular inequality, we get

&= g(gm/’ Cny» gni) = Q[g(gml! Cmy» gm,~+1) +§(§ni: Cni» é-mi+1) +§(§ni: Cni» é-mi+1)]'

Taking the upper limit as i — oo and by (2.4), we get
1, ) ~
—2 (8) = llmSUPS(Cmi+1: {ni:é‘n,’)-
2 i—00

From the definition of M(¢, n, w) and the above limits,

lim sup M(&pm;s Cnp—15 Eny—1)

i—00

~ 1 ~
=lim supmaX{S(Cm,», é‘ni—l; gni—l)r 59_1 [S(é‘mi:fg‘mi:fé‘ni—l)],

i—o00

g(;ni—lrf;‘ni—l'fgni_l)}

~ 1
=lim supmax{S((ml., gni—l; gni—l); 59_1 [g(é-mi, g-miﬂy gn,')],

§(§n,’—lr§n,"é—n,’)}

< 2(e).

Now, since the sequence {¢,} is increasing, we can apply (2.1) and the above inequalities
to get

2(e) = 92<2- %9-1(5))

<? [lim Sup 28(Lm;+1, Lns» Cn,.)]

i—o00
=< hm sup ﬂ (M(é‘m,) (n,-—lr Cn,v—l)) hm SupM(Cm,-r Cn,'—lr Cn,'—l)
= 9(8) ' hm sup 13 (M(é-m,v ;ni—lr Cn,'—l));
which implies that £27(1) < 1 < limy—00 BAM (S $ni-15$ni-1)) < $271(1). Now, as B € By
we conclude that M(&,,;, £n,—15 $n;—1) = 0, which yields that E(Cmi, ni—1,Cn—1) = 0. Conse-
quently,

g(;mif ;Vl,') ;n,) = 2 [g(gmi’ gmp gﬂ[fl) + 2§(§n,‘7 {ni’ gnl‘—l)] - 0’

a contradiction with (2.5). Therefore, {£,} is an S,-Cauchy sequence. S,-completeness of
E yields that {{,} S,-converges to a point u € .
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We will prove that u is a fixed point of f. First, let f be continuous. Then we have
y=lim ¢,y = lim f¢, = fu.
n—00 n— 00

Now, let (II) hold. Using the assumption on &, we have that ¢, < u for all n € N. Now,
by Lemma 1.11,

2? < 02? [2 lim sup§(§n+1,fu,fu)]

n—00

[2 27 [S(u, fu, fu)] ]
2

<limsup B (M(g“,,, u, u)) lim sup M(&,,, u, u),

n—00 n— 00

where
Tim M(g,u, ) = lim max{S(&, , 1), S(Cny Cnar, fit), S, fu, fu) } = S(u, fu, fur).

Therefore, we deduce that S(u, fu,fu) =0, so u = fu.
Finally, suppose that the set of fixed points of f is well ordered. Assume on the contrary,
that # and v are two fixed points of f such that u # v. Then, by (2.1), we have

S, v,v) = S(fu, fu, fv) < B(M(u,v,v))M(u,v,v) = B(S(u, v,v))S(u, v, v)
< 27')S(w, v,v)
because M(u,v,v) = S(u, v, v). So, we get S(u,v,v) < 271(1)S(u, v, v), a contradiction. Hence,
u = v, and f has a unique fixed point. Conversely, if f has a unique fixed point, then the set

of fixed points of f is trivially well ordered. O

2.2 Fixed point results via comparison functions
Let ¥ be the family of all nondecreasing functions v : [0, 00) — [0, 00) such that

lim ¥"() = 0
n—00
for all £ > 0. It is easy to see that the following holds.

Lemma 2.4 (see, e.g., [15]) If ¥ € ¥, then the following are satisfied:
(a) Y(@) <tforallt>0;

(b) ¥(0) =0.

Definition 2.5 Let (£, <,3) be an ordered Sp-metric space. A mapping f : & — Z is
called an S,-v/-contraction if there exists ¥ € ¥ such that

2*(25(ft.fr.fo)) < ¥ (ME,1,0) (2.7)

for all mutually comparable elements ¢,n,w € &, where

M(¢,n,w) = maX{§(c, n,0), %9‘1[E(C,fC,fn)],E(n»fn,fw)}-
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Theorem 2.6 Let (5, <,S) be an ordered Sy-complete S,-metric space. Let f : & — & be
an increasing mapping with respect to < such that there exists an element ¢y € E with
So < f&o. Suppose that f is an S,-\-contractive mapping. If

(D) f is continuous, or

(D) (&,=<,3) has the s.l.c. property,
then f has a fixed point. Moreover, the set of fixed points of f is well ordered if and only if f
has one and only one fixed point.

Proof Put ¢, =f"&o.
Step 1. We will show that lim,,%oog({,,, Zni1s Cnv1) = 0. We assume that ¢, # ¢, for all
n € N (otherwise there is nothing to prove). As in the proof of Theorem 2.3, we have that

the sequence {¢,} is increasing. Hence, by (2.7) we have

g(;m ;n+1r §n+1) = E(fé‘n—hfé‘mf;n) f Q(zg(f(gn—l:fgmfé‘n))
= 1lf(M(§n71,Can)) = WG(gn—l)gn)gn))
<§(§n—17 Ens Cn) (2.8)

because

M({n—l: é-m §n+l) = max{g(gy,_l, {n: {n);g(é_m é-n-v-lr §n+l)}:

and it is easy to see that max{S(Zu-1,&m u) S Curts Ens1)} = SCuts G &) So, from
(2.8) we conclude that {S(&y, Cns1, $ue1)} is decreasing. Then there exists » > 0 such that

lim,,_, 5 E(;n, Cus1> Cusa) = 1. It is easy to verify that
r= lim g((n—lv{m{n) =0.
n— 00

Step 2. Similarly as in the proof of Theorem 2.3, if {¢,} were not an S,-Cauchy sequence,
then there would exist ¢ > 0 for which we can find two subsequences {¢,,;} and {¢,,} of {¢,}
such that (2.5) and (2.6) hold. Then we would have

lim SupM({mi: grzi—b {n,'—l) = 9(8)

i—o00

Now, from (2.7) and the mentioned inequalities, we have

2(g) = 92<2. %Q"la)

< .Qzl:lim sup(2§(§mi+1» Cnps an))]

i—00

= hm sup W(M(gmlx gni—l» gni—l)) < Q(&‘),
11— 00
which is a contradiction. Hence, {¢,} is a S,-Cauchy sequence and S,-completeness of ¢
yields that {¢,} S,-converges to a point € &
Step 3. u is a fixed point of f. This step is proved as in the proof of Theorem 2.3 with

some elementary changes. O

Page 9 of 20
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If in the above theorem we take v (¢) = sinh¢ and §(§, n,w) = sinh(S,(Z, n, )), then we
have the following corollary in the framework of S, metric spaces.

Corollary 2.7 Let (£, =,S)) be an ordered S,-complete S,-metric space with coefficient
s>1.Letf: 5 — E be an increasing mapping with respect to < such that there exists an
element ¢y € 8 with &y < f{o. Suppose that

sinh(s - sinh(s - 2sinh(S,(f¢,/n,fw)))) < sinh(M(¢,n, ®))

for all mutually comparable elements ¢,n,w € &, where

. S ) ) .
M(¢,n, ) = maX{smh(Sb(C, n,0)), W sinh(S,(n,/n.f®)) }
If
(D) f is continuous, or
(I) (&, =,Sp) enjoys the s.l.c. property,
then f has a fixed point.

2.3 Fixed point results related to JS-contractions
Jleli et al. [8] introduced the class ®y consisting of all functions 6 : (0, 00) — (1, 00) satis-
fying the following conditions:

(01) 6 is nondecreasing;

(62) for each sequence {¢,} < (0,00), lim,_,~ 6(t,) = 1 if and only if lim,,_, o £, = 0;

03) there exist r € (0,1) and £ € (0, 0] such that lim,_, o+ 00-1 _ o,
( t

(64) 6 is continuous.
They proved the following result.

4|

Theorem 2.8 ([8, Corollary 2.1]) Let (&,d) be a complete metric space,and let T : & —
be a given mapping. Suppose that there exist 0 € &g and k € (0,1) such that

= k
tnel, dIxT)#0 =  0(d(Tx, Tn)) <6(d(¢,n) .
Then T has a unique fixed point.

From now on, we denote by © the set of all functions 0 : [0, 00) — [1, 00) satisfying the
following conditions:
1. 6 is a continuous strictly increasing function;

0,. for each sequence {z,} € (0,00), lim,_,~ 6(t,) = 1 if and only if lim,,_, « ¢, = 0.

Remark 2.9 ([6]) ltis clear that f(¢) = e’ does not belong to @y, but it belongs to ®. Other
examples are f(t) = cosht, f(£) = 2250 £(1) = 1+ 1In(1 + £), f(£) = 2+21“<1”),f(t) = ¢, and

1+cosht’ 2+In(1+t)
ot
Ft) = 12{ _forallt>0.
+et€

Definition 2.10 Let (5, <,5) be an ordered Sp-metric space. A mapping f : & — & is
called an S, rational-/S-contraction if

k

0(2[25(f¢.f1.fo)]) < 6(M(g,n,0))



Mustafa et al. Fixed Point Theory and Applications (2019) 2019:16 Page 11 of 20

for all mutually comparable elements ¢,7n,w € {, where § € ©, k € [0,1) and

S, &, fO)S,m.f1) S, n.f)S(w, w,fw) }

M(¢,m, @) = max{ S(5,n, ), —= 3 145 S
(&, n, o) maX{ (& m ) 1+5, 1) + 5@, w,0) 1480, fo,fo) +S0,¢,C)

Theorem 2.11 Let (5, <,S) be an ordered Sp-complete S,-metric space. Let f : & — &
be an increasing mapping with respect to < such that there exists an element {y € E with
So = flo. Suppose that f is an S,-rational JS-contractive mapping. If
(D) f is continuous, or
(I (z, j,g) enjoys the s.l.c. property,
then f has a fixed point. Moreover, the set of fixed points of f is well ordered if and only if f
has one and only one fixed point.

Proof Put ¢, =f"&.
Step 1. We will show that lim,,_, o, E({ 1w Cnrlr Cnr1) = 0. Without loss of generality, we may
assume that ¢, # {41 for all n € N. Since ¢,_1 < ¢, for each #n € N, then by (2.9) we have

9(§(§n, Cnsls §n+1)) =< 9(9 [23:({", $n+1s §n+1)]) = 9(§(f§n—1;f§mffn))
= 6)(}\/I(é‘n—lr Cns gn))k = 9@(;;1—1, Sns é‘n))k (2-10)

because

861, G2 01)S (o L )
1+ S(é'n—lv g‘m g‘n) + S(gn—li é‘m Zn)

S e €03 L f ) }
1+ S(gmfé-mfgn) + S(gm {n—lr é'n—l)

E(}:n—lr Cn—l: ;n)g(ﬁm Cn: §n+1)
1+ S(Cn—lv g‘m Cn) + S(Cn—lj Zrn Zn)

~§(§M:€M:§n+l):§({£: Cn: §n+1) }
1+ S(;m §n+1: §n+1) + S(fn» {n—l: g-n—l)

= maX{E(Cn_l, Cns é-n):g((m Cns §n+1)}'

M(En-1,8n Cn) = max{g(g}’l—l’ s Sn)s

= max{g(gn—ly {n’ {H)’

From (2.10) we deduce that

0 (5@ Lners Eur1)) < 0 (SGs T 1))

Therefore,

1 <0(5(n &ut Gur1)) <0 BCnrs & &) < -+ <080 01, 01))" . (2.11)

Taking the limit as # — 0o in (2.11), we have
Tim 6(S(G Gurns Guin) = 1,
and since 6 € ®, we obtain lim,,_, o, §(§,,, Cn+1rCns1) = 0. Therefore, we have

y}i)nc}o §(§n+l; Cm {Vl) =0.
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Step 2. Similarly as in the proof of Theorem 2.3, if {£,,} were not an S,-Cauchy sequence,
then there would exist ¢ > 0 for which we can find two subsequences {¢,,,} and {¢,,} of {¢,}
such that (2.5) and (2.6) hold. Hence,

g(é’mi! é’mir é’ni—l) <é&.

From the rectangular inequality, we get

&= §(§M/’ ;n," Cni) = Q[g(é’ml, é'mi’ é-mi+1) + 2§(§mi+lr gn,: ;n,‘)]'

By taking the upper limit as i — oo, we get

1 . ~
59_1 (8) =< lim Sups(fmﬁl, ;n," é-n,')'

i—00

From the definition of M(¢, n, w) and the above limits,

lim sup M(&ym;s Cni—15 Eny—1) = limsup maX{E(Cm,., Cnp=15 Cni=1)s

E(;m,-: ;miyfé‘m,-)g(zni—l: g‘ﬂifl’f{nifl)
1+ S(gm," gni—lr Cn,v—l) + S(é‘m,’: gni—lr é-n,v—l)
§(§n5—1: {ni—lyffni—l)g(gni—b ;m—l’fé-ni—l) }
1+ S(Cni—lrf{ni—l:fgni—l) + S(é‘n,'—l: (th‘! gml)

<e.

Now, from (2.9) and the above inequalities, we have

0 (.Q [2 . %Q"l(s)iD <Ilim sup@(.Q [2§(§mi+1, Snps {ni)])

. k
= hm Supe (M(é‘m,r é‘n,'—li é-n,'—l))
i—00

<0(e),

which implies that ¢ = 0, a contradiction. So, we conclude that {¢,} is an S,-Cauchy se-
quence. By S,-completeness of Z, it follows that {¢,} S,-converges to a point u € =
Step 3. u is a fixed point of f.
When f is continuous, the proof is straightforward.

Now, let (II) hold. Using the assumption on =, we have ¢, < u. By Lemma 1.11,

9((2 [2~ M]) < limsup9(9[2§(§n+1,§n+1, u)])

2 n— 00

< limsupé (M(;,,, Lo u))k,

n—00

Page 12 of 20
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where

§(c~n, L fcn)AS'(cn;;m £
' 1+ S(Cm Cns ;Vl) + S(é‘m u, u),
S(6n nf &St 1, fr) }
1+ S(u,fur, fur) + S(Eny Sns En)

lim M(&,, &y u) = lim max{g(g“,,,;“,,,u)

n—00

Therefore, we deduce that S(u, Sfu,fu) =0, so u =fu.
Finally, suppose that the set of fixed points of f is well ordered. Assume, on the contrary,
that # and v are two fixed points of f such that u # v. Then, by (2.9), we have

0 [g(u, v,v)] =6 [g(fu,fv,fv)] <0(M(u,v, V))k =0 G(u, v, V))k.

So, we get S(u,v,v) = 0, a contradiction. Hence x = v, and f has a unique fixed point. O

et ~
If in the above theorem we take 6(t) = 126ttet and S(¢,7, ) = €571 — 1, then we have
+e

the following corollary in the framework of S, metric spaces.

Corollary 2.12 Let (2, <,S),) be an ordered Sy-complete Sy-metric space with coefficient
s>1.Letf: 5 — E be an increasing mapping with respect to < such that there exists an
element ¢y € E with ¢y <X f&y. Suppose that

26M(§J],w)eM(l,i7.(u)
1 + eM@nw)eMEne)

) [e&[zgs,,(f;fnfw)_l]_l]ees.[zesb(frfrsz)_u_l
e

<
1+ e[es_[zesh(frzfnfw)J]71]e§_[255b(flfmfw)7]]71 =

for all mutually comparable elements ¢,n,w € &, where

[e5p&8 SO _ 1][eSolmndm) _ 1]

’

- Sp(& ) _
Mg, ) max{e "1+ eSpEnm — 1 4 eSuesfn) — 1

[eSplmnn) _ 1][eSpl@ef@) _ 1]
1 + eSefofo) _ 1 4 Spmt:t) — 1 }

If

(D) f is continuous, or

(I) (&,=,Sp) enjoys the s.l.c. property,
then f has a fixed point.

3 Examples
Example 3.1 Let & = {0, %, %, %} be equipped with the partial order < given as

1 1 1 11 11 11
ﬁ:: (010)1 0)_ ) 07_ ’ 01_ sV SAA PPV A P = F .
2 3 5 22 33 55
Define a metric d on & by

0, if¢=n,
C+n, if¢#m,

ag,m) =
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and let E({, n, ®) = sinh[d(¢, w) + d(n, w)]. It is easy to see that (E,g) is an S,-complete S,,-
metric space. Indeed, in the same way as the usual S-metric is formed in Example 1.5, an
S-metric S(¢,n,w) =d(¢, w) + d(n, w) is formed, and using the function &(¢) = sinh¢, as in
Proposition 1.8, one obtains the S,-metric S.

Define a self-map f by

1LY

We see that f is an increasing mapping w.r.t. < and (&, <,5) enjoys the s.l.c. property.
Also, 0 < f0.

Define 6 : [0,00) — [1,00) by 6(¢) = cosh(¢) and take k = % One can easily check that
f is an S,-rational /S-contractive mapping. Indeed, as a sample, we check some cases as

(S

QU= D=
O Wi

follows:
1. (¢,m,)=(0,0,3). Then

6[2(28(f¢,fn.fw))] = cosh |:sinh2 sinh2<f0 + f%)}

1
= cosh |:sinh 2sinh 2 (0 + g)i|

1\ 12
~ 1451 <1.465~ \3/cosh |:sinh2<0 + 5):|
= Vo(M(z,m)".

2. (¢,n,0) = (0, %, %) Then

0[2(25(/¢.fn.fw))] = cosh [Sinh sinh 2<f 0+f %)}

1
= cosh |:sinh sinh 2 (0 + g)i|

1\ 12
~ 1.087 <1.091 ~ \3/cosh|:sinh<0 + E):|
= Jo (M, n)*.

3. (¢,m@) =(0,0,3). Then

6[2(25(f¢.f1.fo))] = cosh [Sinh sinh 2(f 0+/ %)}

= cosh[sinh sinh2(0 + 0)]

2
=0=<1172x \3/c0sh[sinh2(0 + %>:|
= e, ).
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4. (¢,n,w) = (0, %, %) Then

0[2(28(f¢,fn.fw))] = cosh [sinh2 sinh (fo + f%):|

= cosh[sinh sinh2(0 + 0)]

2
=0<1.0135~ \3/cosh|:sinh<0 + é)]
= o (MG, m)".

The rest of the cases can be checked similarly. Thus, all the conditions of Theorem 2.11
are satisfied and hence f has a fixed point. Indeed, 0 is the fixed point of f.

Example 3.2 Let & = [0,1.5] be equipped with the S,-metric
g(;’ 77»60) = e\{—w|+|n—w| -1
forall ¢,n,w € &, where 2(¢) = ¢ - 1 (the mapping S is obtained from the usual S-metric

(Example 1.5) using the function &(¢) = €’ — 1). Define a relation < on 5 by ¢ < niff n <¢,
amapping f: & — & by

and a function B by B(¢) = % < 0.882 ~ £271(1). For all mutually comparable elements

Z,n,w € E,we have

e ® ®
S fn,fo) = eeTollirol _q _lfe2-ge leige gty

< ebleoldinrol _p < L(leotinol _p)

- -8
1~

==8(¢,n,w).
S (¢ w)

So,
2N 2 1~ (e%K(I,n,w)_l) l(e%g({'mw)—l)
2 [2SSP(f§’f77’fw)] SQ ZLS(C,U,M) =e€ —1532 -1

1~ ~
= ES(C’ 77»60) = ﬂ(M(§7 1, a)))S({, 7, w)
Therefore, it follows from Theorem 2.3 that f has a fixed point (which is u = 0).

Example 3.3 Let & = [0, 3] be equipped with the S,-metric

3’(;7 n,w) = elé—el+in-ol _ 4

Page 15 of 20



Mustafa et al. Fixed Point Theory and Applications (2019) 2019:16

as in the previous example. Define a relation < on & by ¢ < niffn < ¢, amappingf: &
E by

f¢=In(¢ +12),

and a function ¥ by ¥ (¢) = i(e‘ —1). For all mutually comparable elements ¢,n,w € &, by

the mean value theorem, we have

S(f{ f’) f(,()) |1n ¢+12)-In(w+12)|+|In(n+12)-In(w+12)| _ 1

+12 +12
=Gl Bl

§+12 n—ow
0+12 w+12

1 1 —w|+|n-w

< (16—l I —o] ~1) = o (¢ 1)
1~

ZES(CW,w)‘

So,

(C»n.w)_l)

B¢ fn.fo)] < 92<%§(§,n,w)> =

13

et — 1 =y (S(¢,m, ).

Therefore, from Theorem 2.6, f has a fixed point.

Example 3.4 LetS: Z x & x & — R* be defined on & = [0,20] by
3z, 1, w) = e3(E-nl+n-ol+lo=c) _q

forall ¢,n,w € & (the mapping S is obtained from the S-metric

1
S(Cﬂ?,w): §(|§—’7|+|77—0)|+|60—§|)

using the function &(¢) = ¢’ - 1). Then (2,5)isan S,-complete S,-metric space with £2(¢) =

e’ — 1. Define 0 € © by 0(¢) = e ' Let £ be endowed with the standard order <, and let
f:E — & be defined by f¢ = arctan( 5)- It is easy to see that f is an ordered increasing
and continuous self-map on ¢ and 0 < f0. For any mutually comparable ¢,n,w € 5, we

have

S(Fe,fn.fow) = esUeTslfnfolsfofe) _q

1 L n o @ @ L
—e3 (] arctan 35 —arctan 3y |+| arctan 35 —arctan g5 | +| arctan 35 —arctan 35 N _ 1

L

(‘L_ -3z 1+

33 [+]

IA
il
8=
B=
S

e b 1< i(e%(lz—num—w\ﬂw—cn 1)
=32

1~
= 55(€, 7770))

Page 16 of 20
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So,

Q[2§(f§,fn,fa))] = BUeife) _1 < pteSme) _q

Therefore,

& 5Eme)

9(9 [2§(f§,fn,fa))]) _ e.Q[2§(f{,fﬂ,fw)]em2§(f§fnfw)] < eé§({,n,w)

= [eg(g’mw);(c%”’)] \L@ = [9 (§(§’ m w))] % ’

Thus, (2.9) is satisfied with k = % Hence, all the conditions of Theorem 2.11 are satisfied.
We see that 0 is the unique fixed point of f.

4 Application
In this section we present an application of Theorem 2.6. This application is inspired by
[12].

Let & = C(I) be the set of all real continuous functions on I = [0, T]. Obviously, this set
with the p-metric given by

(&) = sinh (max|¢ (&) - n(2))
for all ¢,n € & is a p-complete p-metric space with $2(¢) = sinh¢ (in the sense of [13]).
Then §(§, n,w) = d(¢,w) + d(n, ) is an S,-metric on Z as sinh ¢ is super-additive. (E,g)
can also be equipped with the order given by

=xn iff ¢()<n() foralltel.

Moreover, as in [12], it can be proved that (C(J), j,g) has the s.l.c. property.
Consider the first-order periodic boundary value problem

é‘/(t) :f(t) C(t)):
¢(0) =¢(7),

(4.1)

where t € I and f: I x R — R is a continuous function. A lower solution for (4.1) is a
function o € C(I) such that

o'(£) < f (& a(2)),
a(0) < a(T),

where ¢ € I. Assume that there exists A > 0 such that, for all {,n € Z and ¢ € I, we have

£ (6,£(0) + 22 (6) £ (6, 1(6) - 2n()] < %|¢(t) —n(0). 4.2)
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We will show that the existence of a lower solution for (4.1) provides the existence of a

unique solution of (4.1). Problem (4.1) can be rewritten as

¢'(@) + a5 (0) =f (&, £(0) + 15 () = F(2, £ (1)),
£(0) = ¢(T).

It is well known that this problem is equivalent to the integral equation

T
t(0) = /0 Gl 9E (5, £(5)) ds

where G is the Green’s function given as

= 0<s<t<T
AT _1 7 ==t = ’

G(t,5) = f(s—t)l
St 0=<t=<s<T

Now define an operator H : C(I) — C(I) as

T
He(t) = /0 G(t,8)F(s,¢(s)) ds. (4.3)

It is easy to see that the mapping H is increasing w.r.t. <. Note that if u € C'(J) is a fixed
point of H, then u is a solution of (4.1).

Let ¢,w € E be comparable. Then we have

d(Hx,Hz) = sinh(max|Hx(t) - Hz(t){)

T
= h(rrtlealx G(t s (s,{(s)) ds — /0 G(t, s)F(s,a)(s)) ds )
< sinh(rrtlealx G(t,s) . |F(s, ;“(s)) - F(s,a)(s)) | ds)

< sinh(% max 3 |§(s) —w(s) |> = sinh(% sinh 1 d(¢, a)))

(¢, ).

OO|>—‘

Therefore,

S(Hx, Hy, Hz) = d(Hx, Hz) + d(Hy, Hz) < — (d(; ) +d(n,0)) = “s‘(z;,n,w).

Page 18 of 20
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So,
2% (28(Hx, Hy, Hz)) < QZGE(;, n,a))) = sinh(sinh(%g(g, n,w)))
=¥ (8¢, n,0) < ¥ (M(E,n,0),
where
Mg, = max{c. .0, snh S(6 /1) Sonfufo).

and ¥ (¢) = sinh(sinh(¢/4)). Finally, if there exists a lower solution « of 4.1, the hypotheses
of Theorem 2.6 are satisfied. Therefore, there exists a fixed point ¢ € C{I) of H, which is a

solution of the given boundary value problem.
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