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Abstract

In this paper, we establish a new iteration method, called an InerSP (an inertial
S-iteration process), by combining a modified S-iteration process with the inertial
extrapolation. This strategy is for speeding up the convergence of the algorithm. We
then prove the convergence theorems of a sequence generated by our new method
for finding a common fixed point of nonexpansive mappings in a Banach space. We
also present numerical examples to illustrate that the acceleration of our algorithmis
effective.
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1 Introduction
In the last half century, mathematicians have been studied the approximation methods
for fixed point problems and various iteration schemes for several classes of nonexpansive
mappings to solve some mathematical problems such as convex optimization problems,
convex feasibility problems, and variational inequalities problems. The details of those
studies can be found in [1-12].

In 2008, Mainge [13] studied convergence of the inertial Mann algorithm by combining

the Mann algorithm and the inertial extrapolation:

Wp =Xp + an(xn _xn—l); (1)

Xnl = Wn + ,Bn[S(Wn) - Wn]:

for each n > 1. The study is for speeding up the convergence of the given algorithm. The
author showed that the sequence {x,} converges weakly to a fixed point of the mapping
S under certain assumptions. The author also applied the method to convex feasibility
problems, fixed point problems and monotone inclusions.

Dong et al. [14] introduced a modified inertial Mann algorithm and an inertial CQ-
algorithm by unifying the accelerated Mann algorithm with the inertial extrapolation as
follows: Let T : H — H be a nonexpansive mapping such that Fix(T) # . Choose u €
(0,1), A > 0 and x9,x; € H arbitrarily and set dy := (T (x) — x0)/A. Compute d,,,; and x,,,1
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as follows:
Wy =Xy + 0y (xn - xn—l):

dps1 = %(T(Wn) - Wn) + ﬁndm (2)

Yn=Wp+ )\'d}’l+11

X1 = WYaWn + (L= WY Yns

for each n > 1. Under some conditions they proved that the sequence {x,} generated by
this algorithm converges weakly to a fixed point of T. They also studied an inertial CQ-
algorithm by combining the CQ-algorithm and the inertial extrapolation defined as fol-
lows: Let H be a Hilbert space and T : H — H be a nonexpansive mapping such that
Fix(T) # 9. Let {a,}52 C a1, 0], a1 € (-=00,0], a € [0,00), {Buln2y C [B1,1], B1 € (0,1).
Set x9,%1 € H arbitrarily. Define the iterative sequence {x,} by the following iteration pro-

cess:

Wy =Xy + 0y (xn - xn—l);

Yn = (1 - ﬁn)wn + ,BnTWm

Co={zeH: -zl < lwa -2l ®)

Qu={zeH: (% —2,x, —x0) <0},

Kn+l = PCnﬁQy,xO'
They showed that the sequence {x,} converges in norm to Prix1)(%o). In this study, they
also performed numerical experiments to illustrate that the modified inertial Mann algo-
rithm and inertial CQ-algorithm significantly reduced the running time compared with
some previous methods without the inertial extrapolation. Some studies of the inertial
algorithm can be found in [15-23].

Suparatulatorn et al. [24] introduced a modified S-iteration process defined as follows:
xo € C and

Yn = (1- ﬂn)xn + BuS1%u,
KXn+l = (1 - an)Sl(xn) + anSZ(y;fz);

(4)

n > 0, where C is a nonempty subset of a real Banach space, two sequences {«,} and {8,}
are in the interval (0,1) and S;,S; : C — C are G-nonexpansive mappings. Under some
given conditions, they proved weak and strong convergence theorems of this iteration
process for finding common fixed points of two G-nonexpansive mappings in a uniformly
convex Banach space. They also provided an example from a numerical experiment which
supported the idea that the sequence generated by the modified S-iteration converges
faster than the one generated by an Ishikawa iteration. So, to obtain a faster algorithm
revised from a modified S-iteration process, it should be combined with the inertial ex-
trapolation as well.

Therefore, in this article, we focus on a combination of modified S-iteration process and
the inertial extrapolation to obtain a new method which accelerates the approximation of
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a fixed point of a nonexpansive mapping in a Banach space defined as follows: Let H be
a Banach space and S, S, : 1 — H be nonexpansive mappings such that F = Fix(5;) N
Fix(S;) # @. Define

®p = X + VulXn = %0-1),
Vn = (1= Bu)w, + BuS1(@y), (5)

Xn+l = (1 - an)Sl (a)n) + anSZ(yn):

n > 1, where {y,}, {a,} and {B,} satisfy:
(D1) Y ¥m <00, {yu} C[0,¥],0<y <1, {a}, {Bu} C[8,1-6] for some § € (0,0.5);
(D2) {Si(w,) — w,}is bounded for i = 1, 2;
(D3) {Si(wy) —y} is bounded for any y € F for i = 1, 2.
We prove, under some assumptions, the weak and strong convergence of our new iter-

ation process for finding common fixed points of S; and S,.

2 Preliminaries
In this section we review some definitions and lemmas which will be used in the next
section. We start with the following identity that will be used several times in the paper:

|ax + (1 - a)y|* = allxll + (1 = @) Iyl - (1 - @) 2 - y]1%, ©)
foralla e R, x,y € H.

Definition 2.1 A Banach space X is said to have Opial’s property if whenever a sequence
{x,} in X converges weakly to x, then

liminf ||x, — x| <liminf|x, —y|,
forallye X,y #x.

Definition 2.2 ([25]) Let C be a nonempty closed convex subset of a real uniformly convex
Banach space X. The mappings S; and S, on C are said to satisfy Condition B if there exists
a nondecreasing function f : [0, 00) — [0, 00) with f(0) = 0 and f(r) > O for r > 0 such that,
forallx € C,

max{[x - Si1(®), [x = Sa ()|} = f (d(x, F)),

where we denote F = Fix(S;) N Fix(S;) and Fix(S;) is the set of fixed points of S; for all
i=1,2.

Definition 2.3 ([25]) Let C be a subset of a metric space (X,d). A mapping S: C — C
is semicompact if for a sequence {x,} in C with lim,,_, d(x,,S(x,)) = 0, there exists a
subsequence {x,,} of {x,} such that x,, — p € C.

Lemma 2.4 ([26]) Let X be a uniformly convex Banach space, and «, be a sequence
in [5,1 — 8] for § € (0,1). Suppose that sequences {x,} and {y,} in X are such that
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liminf,_, o [|%,]| < ¢, liminf, o ||yl < ¢ and liminf,_, o |02, + (1 — o)y, = ¢ for some

¢> 0. Then liminf,_, « ||, — ¥ = 0.

In 2002, Berinde [27] compared the rate of convergence between the two iterative meth-

ods by using the following definition.

Definition 2.5 Let {a,} and {b,} be two sequences of positive numbers that converges to

a and b, respectively. Assume there exists

|an _d| _

P b —bl

i. If /=0, then it is said that the sequence {a,} converges to a faster than the sequence
{b,} to b.
ii. If 0 < /< oo, then we say that the sequence {a,} and {b,} have the same rate of

convergence.

Lemma 2.6 ([28]) Let X be a Banach space that has Opial’s property, and let {x,} be a
sequence in X. Let x, y in X be such that lim,,_, » ||x, —x|| and lim,,_,  ||x,, — y|| exist. If{x,,l.}

and {x,, } are subsequences of {x,} that converge to x and y, respectively, then x = y.

Lemma 2.7 ([29]) Let {¥,,}, {6,}, and {o,} be sequences in [0,00) such that V,,,1 < ¥y, +
(Y — Wyo1) + 8y forall n > 1, Z;il 8, < 00 and there exists a real number o with 0 <
ay, <a<1foralln>1. Then the following hold:

Lo D o[ = ¥nals < oo where [t], = max{t,0}.

2. there exists ¥* € [0,00) such that lim,_, o ¥, = ¥*.

Lemma 2.8 ([30]) Let C be a nonempty set of a real Hilbert space H and {x,} a sequence
in ‘H such that the following two conditions hold:

1. foranyx e C,lim,_  |%, — x| exists;

2. every sequential weak cluster point of {x,} is in C.

Then {x,} converges weakly to a point in C.

Lemma 2.9 ([30]) Let C be a nonempty closed convex subset of a real Hilbert space H,
T : C — H a nonexpansive mapping. Let {x,} be a sequence in C and x € H such that
%, — x and Tx, — x, — 0 as n — 00. Then x € Fix(T).

3 Results and discussions
In this section we prove the weak and strong convergence of a sequence generated by the

proposed algorithm for finding a common fixed point of two nonexpansive mappings.

Theorem 3.1 Let X be a uniformly convex Banach space. Let y € F = Fix(81) NFix(S,). Let
{x,,} be a sequence defined by Eq. (5). If (D1), (D2) and (D3) hold, then
1. lim,_  ||%, — ¥ exists.

2. hmnﬁoo ”xn - Sl(xn)” =0= hmnﬁoo ”xn - SZ(xn)”
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Proof
1. By the triangle inequality and the nonexpansiveness of S;, we have
1 =9 = [ (L= Br)eow + BuS1(n) -y
< (1= Bllon =yl + Bul| (S1(en) - 5) |
= (1= Bu)llwn = yll + Bullw, =yl
= [lwn = yll. 7)

So

%01 =71l = [[(1 = @) S1(@n) + @S2 (ya) =y
= ” (1- an)(Sl(a)n) —J’) +ay (SZ(yn) _y) ”
S (1—0[,,)” (Sl(wn)_y) H + 0y ” (S2(yn)_y) ” (8)

Using the nonexpansiveness of S1, S, and (7), we have

%1 =¥l < (1= ) | (S1(@n) = 9) | + ]| (S200) = 9) |
< (1 _an)”wn _y” + an”_yn _y”
<A -a)lw, =yl + axllw, -yl

= lo, =yl 9)

It is not difficult to see that {w, — y} is bounded. Indeed, by the conditions (D2)
and (D3) and the triangle inequality,

”wn —J/|| = ”a)n - Sl(wn) + Sl(a)n) —J’H
< ||S1(@n) = @ | + || S1(@n) -y,
<K, (10)

for some K € [0,00). That is, {w, — y} is bounded. Hence by (9), {x, — y} and
{x, —x,_1} are bounded. By the identity in (6),

lw, _y||2 = ||(1 + V)X = Y) = Va1 —J’)HZ

= (L+ Y% = 917 = Vall®nos = II° + vu(1 + y)llvn — a1 (11)
This implies that

2 2
[%ne1 =217 < llwn =yl

=(1+ Vn)”xn —J’||2 = Vull®n-1 _y||2 +ya(1+ J/n)”xn _xn—1||2' (12)
Denote ¥, := ||x, — y]|%. Then (12) becomes

"I/VH-I =< "I/n + Vn(ll/n - lI/n—l) + 3}1’ (13)

Page 5 of 14
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where 8, = (1 + ¥,)||%, — %,_1]|%. Observe that by (D1),

o0 oo
D 8= vl + vl — x|l
n=1

n=1
<Y w1+ y)2K)
n=1

< 0. (14)

By Lemma 2.7(2), there exists ¥* € [0, 00) such that lim,_, ¥, = ¥*. This means
that lim,,_, o ||, — ¥||? exists and, therefore, lim,,_, o ||, — || exists. This completes
the proof of 1.
2. Setc¢=lim,_ o [|#, — y||. By the nonexpansiveness of S; and S,, we get

[0 = i) || < lltw = o1l + | SiCen) = 7|
< n =yl + Nl =l
=21, -yl (15)

So, if ¢ = 0, then ||, — S;(x,,) || — 0. Now assume that ¢ > 0. Note that
> o ¥n <00 implies lim,,_, « ¥, = 0. It follows from (11)

lim |, - ylI* = lim ((1+ ) 1% = 511 = vl - 5117
H—0oQ n—0o0

+ Vu(1+ V)10 = %1 ”2)

: 2
= lim [lx, -yl
n—00

. (16)

That is, lim,—, o [|@, — ¥|| = c. So, this forces
limsup,_, o I1¥» —yll <limsup,_, o, |, —¥|l = c. Next we will claim that
liminf,_, o |y — ¥|| > c. Since S; and S, are nonexpansive, by (6) we have

et =91 = (L= )| (S1(@n) =) |* + ] (S20) -5)
— O(n(l - O{n) ||Sl(a)n) - S2(y”) ||2

< (1 —an)llwy = yI* + aullyn -yl (17)

Rearranging (17) and by (D1), we have

1
llwn = yII> < llyn = 1% + a_(”wn =917 = %1 = y1I°)

n

1
<lya—yI*+ g(”wn_yllz_ %1 = 1I%). (18)

By (18) and (9), it yields liminf,_, o [, — ¥I|* > ¢® and so liminf, o Iy, — ¥ > c.

Since

¢ <liminf ||ly, — y|| <limsup ||y, -yl <¢,

n—00
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it follows that lim,—« ||y, — ¥|l = ¢.
Since

lim sup||Sl(a),,) —y|| <limsup ||w, —y| <¢,
n— 00 n—oo
limsup||S>(y,) — || <limsup Iy, -yl <c,
n—00 n—0o0
lim ”(1 =B @, —y) + By (Sl(a)n) —J’) ” = lim |ly, -yl =¢
n—00 n—oo
and

,11520”(1 - otn)(Sl(w,,) —y) +ay, (Sz(yn) —y) H = nll)lglo %41 =yl = ¢,

by Lemma 2.4,
lim || S1(w,) — w,|| =0 (19)
n—00

and
lim |$1(wn) = S2(a)] = 0. (20)

However, we know that y, — w, = 8,(S1(w,) — ®,) and w, — x,, = Yu(x, — x,-1)
which yield

0< lim |ly, — wull
n—0oQ
= nll)ngo Bn ”Sl(wn) — Wy ||
< lim [[Si(@,) - o
=0 (21)
and
lim [w, —x,|l = im y,[lx, —x,-1]]
n— 00 n— 00
- 0. (22)
Note that by (D2) and y,, — 0 we have
nlgrolo Hsl(wn) —Xn H = ,,,IEEOHSI(&)H) — Wy H + nll>n:>lo Yl = xn-t |l
-0. (23)

It follows that, by (20), (21), (22), (23) and the nonexpansiveness of S; and S, we

have

0 < lim HSl(x,,) — X, ”

< 1im [$106) = Si(0n)] + lim [51(,) ~%, |
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< lim ||x, — @yl + lim ”Sl(wn) _xn”
n—00 n—00

-0 (24)
and
0 < Ilim HSz(x,,) —x, H
= lim HSZ(xn) _SZ(yn)” + lim HSZO/n) _Sl(wn)” + lim Hsl(wn) —Xn H
n— 00 n— 00 n—0o0
< lim foe, =gl + Tim [ Sa(y) = Si(@) | + Tim [[S1(e,) =2, |
n— 00 n— o0 n—00
< lim |x, - w,|l + lim o, _.yn”
=0. (25)
Therefore, lim,,_, oo [|S1(x,) — %] = 0 = lim,_, o ||S2(x,) — x| as desired. O

Theorem 3.2 Let H be a Banach space having Opial’s property. Suppose that S1,S, : H —
‘H are two nonexpansive mappings with F = Fix(51) N Fix(S,) # 0. Then the sequence {x,}
in (5) converges weakly to a common fixed point of S; and S,.

Proof Let y € F. By Theorem 3.1(1), lim,,_, » ||x, — y|| exists. Hence {x,} is bounded. Let
{#n, } and {%n;} be subsequences of the sequence of {x,} with the two weak limits ¢; and ¢,
respectively. By Theorem 3.1(2), lim,,_, o [[%,, — Si(%,) || = 0 and lim,,_, o ll26; — Si(xn/)” =
0 for i = 1,2. By Lemma (2.9), S;(q1) = ¢1 and S;(q2) = g for i = 1,2. That is, q1,4» € F.
Applying Theorem 3.1(1) again, we have lim,,_, o ||x, — g1 || and lim,,_, o ||, — g2 || exist and
both {x,, } and {x,;} are sequences converging to q; and ¢, respectively. By Lemma (2.6),

1 = q>. Therefore, {x,} converges weakly to a common fixed point in F. d
Under certain conditions, we can deduce the strong convergence theorem as follows.

Theorem 3.3 Let H is a uniformly convex Banach space, Suppose that S1,S, : H — H are
two nonexpansive mappings with F = Fix(S1) N Fix(Sy) # ¥ and satisfy the Condition B.
Then the sequence {x,} in (5) converges strongly to a common fixed point of Sy and S,.

Proof Lety € F. Now by (12), we get

inf{ 511 -9’} < inf{ e, -yIP}
= ;rel;{(l + Y% — y11%} +;I€1£{_Vn”xn—l -yI%}
+inf{ya(1+ y)ln =011}
< inf{lla, — 17} + v inf{llan =517} = i inf{ 1 - 1)
+ V(L4 ¥ 16 = 0 |
= inf{ e, = 917} + v inf o, -1} = inf{ s 517}

+ V(L + Vi) 1% = %1 1% (26)
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Denote ¥, := infyer{||lx, — yI|*}. Then (26) becomes
len+1 S "I/n + Vn(an - an—l) + 871: (27)

where 8, = y,(1 = yu)|l%, — %,-1]|>. Observe that by (D1)
oo

[e¢]
D 8= vl + vl — x|l
n=1

n=1

Ya(1+ p)( )(2K)?

.Mg

(28)

8

By Lemma 2.7(2), there exists ¥* € [0, 00) such that lim,_, o ¥, = ¥*.
That is, lim,,—. 0 infyep{[l%, — y11?} exists. Therefore, lim,,_, 5 infyer{|lx, — yll} exists. Since
S; and S, satisfy Condition B, by Theorem 3.1(2) it implies that

lim f(mf{ o, — y||}> =

n—00

and, thus,

lim 1nf{||xn yl}=o0.

n—00 yeF

So, we can find a subsequence {2} of {x,} and a sequence {xf} C F satisfying [ —x;‘ Il <
%. Next we will show that {x/}isa Cauchy sequence. Let € > 0. Since lim,,_, o, infyep {[|%, —
ylI} = 0, there is N € N such that infycr{|lx, — y[|} < ¢ for all » > N. For all m,n > N, we
have

% = %]l < 1%m = Y1l + 1% = ¥l

for all y € F. Thus,

G\l‘"\
0\|’T\

o =l < i0F{ s =1+ I =1} = inf{ I 511} + inf{ e, =511} <

for all m,n > N. Also, there is jo € N such that 5o < 5. Choose M = max{N,o}. Then, for
all j > k > M, we have

I35 =5t = 5 | o =t =] < 5 4 S =

€ €
-_— + [—
3 3
Therefore, {x}} is a Cauchy sequence and so there exists g € H such that x converges to 4.
Since F is closed, g € F. As a result, we see that xy; converges to g. Since limy,—, o [, — g
exists by Theorem 3.1(1), the conclusion follows. O

Theorem 3.4 Let H is a uniformly convex Banach space, Suppose that S,,S, : H — H are
two nonexpansive mappings with F = Fix(S1) N Fix(S,) # ¥ and one of S; is semicompact.
Then the sequence {x,} in (5) converges strongly to a common fixed point of S1 and S,.

Page 9 of 14
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Proof From Theorem 3.1, {x,} is bounded and lim,_, « ||x, — S1(x,,)|| = 0 = lim;,, o ||%, —
Sa(x,)|. By the semicompactness of one of S;, there exists g € H and a subsequence {x,,].}
of {x,} such that x,, - q as j — co. Then

lg=Si@| < llig—xull + |24, = SiCx)]|| + || Si ) = Si(@) |
< llg — %Il + ||xn,. —Si(xy,/)|| + 1% — 4l

— 0 asj— oo. (29)

Thus, g € F. As in the proof of Theorem 3.3, lim,,_, o infyer{llx, — ||} exists. We observe
that infyep{”xnj =y} < llxy; — qll > 0 as j — oo, hence lim,,_, o infyer{|lx, — yll} = 0. It
follows, as in the proof of Theorem 3.3, that {x,} converges strongly to a common fixed
point of S; and S,. This completes the proof. d

4 Numerical illustrations

We next demonstrate the efficiency of the InerSP iteration and compare it with the MSP
iteration defined in [24] by giving some numerical examples. We use program MATLAB
R2017a running on Core i7 setup processor installed with 8.00 GB of RAM using Win-
dows 7. First, we apply our method to solve the following convex feasibility problem (see
(31]).

Problem 1 ([31]) For any nonempty closed convex set C; C RN foreachi=0,1,...,m,
if C:=(|C;#0, findx"€C.
i=1

Define a mapping 7 : RN — R¥ by

1 m
T::P0<Z;Pi>,

where P; = P¢;,i=0,1,2,...,m is the metric projection onto C;. Note that P; is nonexpan-
sive for all i = 1,2,...,m, so this implies that the mapping T is also nonexpansive. More-
over, it is straightforward to check that

Fix(T) = Fix(Po) N (" Fix(P;) = Co N (") Fix(P;) = C.
i=1 i=1

We use the inertial S-iteration process (InerSP) and the modified S-iteration process
095, n<1010,

(MSP) to solve Problem 1. For InerSP, set S; =S, =T,y =0.98,5 =0.1, y,, = { : L s 1000,
n+1)
and B, = a,, = 0.65 + —L—, where # denotes the number of iterations. For MSP, the con-

(VH—I)O‘ZS ’
trol parameters are defined the same as InerSP except y and y,, which are not parameters

in MSP. In the experiment, we set m = 30 and C;, i =0, 1,...,m as a closed ball with center
¢; € RN and radius ; > 0. Thus, for each i, P; can be computed as

" .
G+ o —c) iffle -l >

Pi(x) :=
’ x if lle; — x| <rin
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Table 1 Convergence comparison of MSP and InerSP for the given function in Problem 1

n MSP iteration Error ||z5 ]| oo InerSP iteration Error [|xs |l oo
0 1 1
1 0.146860263 0.146905257
2 0.144519281 0.169202619
3 0.142508272 0.224124309
4 0.140748768 0.240030476
271 0.058053817 0.010021818
272 0.057968808 0.010009268
273 0.057884185 0.009996786
12,664 0.010000328
12,665 0.009999947
CPU times (sec) 25.023275 0.660640

Choose r;:=1foralli=0,1,...,m,¢y:=0, ¢c; =[1,0,...,0], and ¢; = [-1,0,...,0]. For 3 <
i <m,c; € (-1//N,1/4/N) are randomly chosen. From the choice of ¢, ¢; and ry, 1y, we
have Fix(T) = {0}. We select initial points x¢ = rand(N, 10) and x; = xg + rafggz)fol where
N = 30. Since Fix(T) = {0}, we can consider the error as

1% |l oo = max{ |xn(

|%a(2)],

}<e=001,

and take it to be the stopping criterion. In Table 1, # denotes the number of iterations, {x,}
and {z,} denote the sequence of approximated fixed points generated by InerSP and MSP,
respectively. The results are shown in Table 1.

The results are listed in Table 1, which illustrate that the errors for both the MSP iter-
ation and the InerSP iteration reduce, which means that the approximated solutions for

both methods converge to the fixed point 0. In addition, from Table 1 and Fig. 1, we can

1% lloo

s = 0 so the InerSP iteration behaves better than

see that ||x,]lc0 < l1Zxllco and lim,,_,
the MSP and the sequence {x,} converges faster than {z,}. Moreover, the running CPU
time for finding the fixed point using InerSP is much less than MSP.

In the next example, we perform a numerical experiment to find a common fixed point
of two nonexpansive mappings.

Problem 2 Define S,S, : R? — R? by

S1(x,y) = <% 1+ g)

and

So(x,y) = (x,3 - %)

It is easy to check that both S; and S, are nonexpansive on IR2. In this problem, for InerSP
<1010
we set y =0.98,5 =0.1, y, = {025 n>11(§)10 ,and B, = a,, = 0.65 + W For MSP we set
(n+1)

Yn=0, By =0a, =0.65 + 1)025 We note that x* = (1,2) is the commom fixed point of S;
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Figure 1 Error comparison between MSP and InerSP

Table 2 Convergence comparison of MSP and InerSP for the given function in Problem 2

[teration MSP z, = (Z1p, 22n) InerSP x, = (x15,Xon) Error ||, = xoll2

n Zin Zon Xin Xon MSP InerSP
1 721 -5 721 -5 720.0340 720.0340
2 3934 3.3825 4235113 53.0044 3924024 4255787
3 2328733 1.8392 206.7190 -5.6175 231.8733 205.8600
4 140.6855 20138 92.2796 3.9063 139.6856 91.2944

13 2.6602 2 1.0007 2 1.0177 0.0007

14 20177 2 0.6239

29 1.0007 2 0.0007

CPU times (sec) 0.010388 0.001049

and S,. Set xy = (500, 1000) and x; = (721, -5) as the initial values. Let {z,} and {x,} be se-
quences generated by MSP and InerSP, respectively, where z,, = (214, z2,) and x,, = (%1, %25,)
arein R2. Moreover, we take err = ||x,, —x*||, to be the error of the iterative algorithm where
Il - l|2 is the Euclidean norm. The results are shown in Table 2.

From Table 2, we see that both {z,} and {x,} converge to fixed point x* = (1,2). If we
iterate until the error is less than 0.001 the MSP converges to fixed point in 29 iterations

and InerSP converges in 13 iterations. From Table 2 and Fig. 2, it can be observed that
[l =2l
lzn—x*112
faster than {z,}. In addition, the running time to find the common fixed point using InerSP

[l — x| < ||z, — ™| for all n > 2 and lim,,_, o0 =0 so the sequence {x,} converges
is 10 times less than MSP. As illustrated in the two examples, we can perceive that the
InerSP iteration has a better behavior than the MSP iteration.

5 Conclusions
In this work, we introduce a new iteration method, namely InerSP, by combining a modi-
fied S-iteration (MSP) with the inertial extrapolation. We also analyze the behavior of our
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Figure 2 Error comparison between MSP and InerSP

InerSP method. Although the number of steps of the iteration process of the InerSP is
higher than MSP, the numerical examples show that sequences generated by InerSP itera-
tion converge to fixed points more rapidly than MSP iteration when using the number of

iterations and CPU running times as measures.
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