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Abstract
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1 Introduction and preliminaries
Geraghty in [10] introduced an interesting class of auxiliary functions to refine the Banach
contraction mapping principle. Let F be the function 8 : [0, 00) — [0, 1) which satisfies the

condition
lim B(t,)=1 implies lim £, =0.
By using F, Geraghty [10] proved the following theorem.

Theorem 1.1 ([10]) Let (X,d) be a complete metric space and T : X — X be an operator.
Suppose that there exists 8 € F satisfying the condition

B(t,) — 1 implies t,— 0.
If T satisfies the following inequality

d(Tx, Ty) < ﬁ(d(x,y))d(x,y) forany x,y € X, (1)
then T has a unique fixed point.

We now present definitions, lemmas, remarks, and examples that we will use.

Definition 1.2 ([4]) Let f : X — X and o : X x X — [0,+00). We say that f is an «-
admissible mapping if o(x,y) > 1 implies a(fx,fy) > 1 for all x,y € X.
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Definition 1.3 ([12]) Let ¥ denote all functions v : [0, 00) — [0, 00) satisfying:
(i) ¢ is strictly increasing and continuous,

(i) ¥ (#) =0ifand onlyift=0.

Definition 1.4 ([5]) An ultra altering distance function is a continuous, nondecreasing
mapping ¢ : [0,00) — [0, 00) such that ¢(£) > 0 for £ > 0.

Remark 1.5 We let ® denote the class of the ultra altering distance functions.

Definition 1.6 ([5]) A mapping F : [0,00)> — R is called a C-class function if it is contin-
uous and satisfies the following axioms:

1. F(s,t) <s;

2. F(s,t) = s implies that either s=0 or £ = 0 for all s, £ € [0, 00).

We denote the C-class functions by C.

Example 1.7 ([5]) The following functions are elements of C:
1. F(s,t)=s—t.

E(s, )—ms,0<m<1

F(s,t) = M,, r € (0,00).

F(s,t) =sB(s), B :[0,00) — (0,1) and is continuous.

F(s,t)=s—(3h)e

F(s,t) = /In(1 + s7).

o bk W

Definition 1.8 ([18], [22, Definition 1.1]) A partial metric on a nonempty set X is a func-
tion p: X x X — R* such that, for all x,y,z € X:

(p1) px,x) =p(,y) =p(x,y) <= x=y,

(p2) p(x,x) < p(x,7),

(p3) plx,y) = p(y, %),

(p4) p(x,y) < p(x,2) + plz,y) — p(2,2).
A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial metric
on X.

For more details and examples see [14-16].

Definition 1.9 ([7]) Let X be a nonempty set. A function u : X x X — R* is called an
m-metric if the following conditions are satisfied:
(m1) pulx,x) = 1@,y =nxy) <= x=y,
(m2) My < M(x»y)
(m3) ulxy) = pn@,%),
(md) (1(x,9) 1) < (1(x,2) = mi2) + (W(29) = m12y),
where

My 1= min{:u'(x’x)’ M()’:)’)}

Then the pair (X, ) is called an M-metric space. The following notation is useful in the
sequel:

Mxy = max{u(x,x), M()’:y)}
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Remark 1.10 ([7]) For every x,y € X,
1L 0< My +myy = u(x,x) + 1(,);
2. 0= My —myy =|pulx,x) = n(,y)l;
3. My — My < (M — M) + (Myy — myy).

2 Topology on M-metric space

It is clear that each M-metric m on X generates a T topology t,, on X. The set
{Bu(x,6):x € X,e>0},
where

B, (x,¢€) = {y € X (X, y) < Myy + 8},
for all x € X and ¢ > 0, forms the base of 7,,,.

Definition 2.1 ([7]) Let (X, 1) be an M-metric space. Then:

1. A sequence {x,} in an M-metric space (X, m) converges to a point x € X if
lim (p (%, %) — M4,) = 0. (2)
n—00

2. A sequence {x,} in an M-metric space (X, m) is called an m-Cauchy sequence if

hm (M(xn; xm) - mxn,xm) and hm (Mx,,,xm - mxn,xm) (3)
n,m—00 n,m— 00

exist (and are finite).
3. An M-metric space (X, m) is said to be complete if every m-Cauchy sequence {x,}
in X converges, with respect to 7,,, to a point x € X such that

( lim (p0(x,%) — my,,.) =0 and  lim (My,, x — 15, x) = 0).
n— 00 n— o0

Lemma 2.2 ([7]) Assume that x, — x and y, — y as n — oo in an M-metric space (X, m).
Then

lim (1Y) — Mg, ) = (%)) = Mgy

n—00

Lemma 2.3 ([7]) Assume that x,, — x as n — o0 in an M-metric space (X, m). Then
nlingo(ﬂ(xnty) - mxn,y) = //«(x)y) — Myy
forally e X.

Lemma 2.4 ([7]) Assume that x, — x and x,, — y as n — oo in an M-metric space (X, m).
Then p(x,y) = myy. Further if j1(x,x) = 1(y,y), then x = y.
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3 Methods
Many authors studied the class of & — ¥ contractive type mappings and obtained fixed
point results for this new class of mappings in metric spaces. Their results contain several
well-known fixed point theorems including the Banach contraction principle.

The goal of this article is to introduce the class of F(y, ¢)-contractions and investi-
gate the existence and uniqueness of fixed points for «-admissible mappings on M-metric

spaces.

4 Discussion and main results
We start this section with the following main theorem.

Theorem 4.1 Let (X, i) be a complete M-metric space and T : X — X be an a-admissible
mapping. Suppose that the following condition is satisfied:

x, Tx)a (v, Ty)

(W (u(Tx, T9)) + 1) < F(¥ (u(x,9), ¢ (1, 9)) +1 (4)

forallx,y e X and 1> 1, where € ¥V, ¢ € ®, and F € C. Suppose that either

(a) T is continuous,

or

(b) if {x,} is a sequence in X such that x,, — x, &(xy, X,41) > 1 for all n, then a(x, Tx) > 1.
If there exists xo € X such that a(xg, Txo) > 1, then T has a fixed point.
Proof Let xy € X be such that a(xy, Txo) > 1. Define a sequence {x,} in X by x, = T"x, =
Tx,_; for all n € N. Since T is an a-admissible mapping and «/(xo, Tx¢) > 1, we deduce
that a(x1,%2) = a(Txo, T?x0) > 1. Continuing this process, we get a(x,,, Tx,) > 1 forall n €
N U {0}. From inequality (4) we have

W (T, T)) + 1< (Y (i (T, Ta) + 1)) o) on T
<F

(w (M(xn—lrxn))r w(ﬂ(xn—bxn))) +1.
Then we have
w(ﬂ(xn,xnﬂ)) = F(lﬁ (M(xn—hxn))r w(ﬂ(xn—l:xn))) = W(M(xnfl,xn)) (5)

We want to prove that p(x,,%,.1) = 0, as 1 — o00. If u(x,y,%,,+1) = 0, for some n € N,
then by (5)

0 < ((ngs1s Fngr2) < F(W (g %ng+1))s @ (1 Fngs %ing41))) < W (1 (Hngs Xmg1))

hence from the properties of functions F, ¥, and ¢ we have (4(%41,%4y+2) = 0 which means
wX,x,,1) =0 forall m > ng, andthus p(x,,x.1) >0 asn— oo.

Now let

(X, %,41) >0 forallmeN.
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Inequality (5) implies that j(x,, %,.1) < (x,_1,%,). It follows that the sequence {1t (%, %,141)}
is decreasing. Thus, there exists m € R, such that

lim (%, %41) = 7.
n—0o0
We want to prove that m = 0. Let m > 0. From (5) we have

lim sup ¥ (1 (%, %01)) < limsup F(¥ (4 (-1, %)), @ (14 (-1, %)) )

n—00 n—00

< limsup ¥ (u(Xu-1,%n))-

n—00

Hence we get

Y (m) < F(y(m), o(m)) < (m),
50

F(y(m), p(m)) = ¢ (m).

Using the properties of functions F, v, and ¢, we obtain that ¥ (m) = 0 or ¢(m) = 0, so
then m = 0, which is a contradiction. Therefore

(X Xni1) > 0 asn— oo. (6)
Now we prove that {x,} is an M-Cauchy sequence in (X, u). We have

lim p(x,, %41) =0,
n— o0

0= My, x,01 = /L(xrnxrﬁl) = lim My xper = 0,
n— 00
and
My = M@, 260), st X)) = Tim (o, 2) = 0.
On the other hand,

My o = min{u(x,,,xn),u(xm,xm)} = lim my, 4, =0,

n,m—00

SO
lim (M. -m =0.
n,m%oo( XnXm xn,xm)
We show

lim (pc(x,,,xm) - mxmxm) =0.

n,m—> 00
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Let
M*(%,9) = u(x,y) — myy,  VYa,y€X.
If lim,, s 00 M* (%, %) # 0, there exist € > 0 and {/} C N such that
M (x5 %) > €.
Suppose that & is the smallest integer which satisfies the above equation such that
M* (X1, %) < €.
Now by (m4) we have
& < M*(xp, %) < M* (g, %5 21) + M (X1, %) < M (3, %1, 21) + €.
Thus
kILIgM*(xzk,xnk) =g,
which means
Jim (e ) = 11y ) = 6
On the other hand,

lim m, =0,

X
koo WMk

so we have
Lim (g, %) = €. (7)
k—o00

Again by (m4) we have
M*(xlkixﬂk) =< M*(xlk!xlk+l) + M*(xlk+1¢xnk+l) + M*(xnk+1)xnk)

and
M*(xlk+1’xnk+1) =< M*(xlk:xlk+1) + M*(xlernk) + M*(xnkﬂyxnk);

and taking the limit as k — +00, together with (6) and (7), we have
lim M(xlk+1:xnk+1) =¢&. (8)
k—o00

Now by (4), (7), and (8) we have

w(ﬂ(xmk+lrxnk+l)) +1 =< (I/f (M(xmk+1,xnk+1)) + l)a(ka,Tka)a(xnk'Txnk)

_ (W (M(Txmkx Txnk) . l))ot(xmk,Txmk)ot(xnk,Txnk)
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(1/f (M(xmernk)): W(M(xmk’xnk))) +1

F
< U (g X)) + 1.

Therefore we get

(U (1 Gomgr %)) 0 (U g %)) )

1p(/'L(xmk+lyxnk+1)) <F
< Y (U X))

Letting k — oo in the above inequality, we get

V() <F(¥(e),0e) < ¥ (o),
s0
F(¥(e), 0(e)) = ¥ (e).
Using the properties of F, ¥, and ¢, we obtain /(¢) = 0 or ¢(¢) = 0, and then ¢ = 0, which

is a contradiction. Therefore {x,} is an M-Cauchy sequence. Now, by the completeness of
X, x, — x for some x € X in the 7,, topology, i.e.,

lim (p(x, %) = M14,) = 0
n— o0
and
lm (M, x) — My, x) = 0.
n— 00
However, limy,_, o My, » = 0, hence lim,,_, o (x4, %) = 0, and by Remark 1.10
n(x,x) =0.
Now suppose (a) holds. Then T is continuous and we have
lim (u(Tx,, Tx) — mry, 12) =0,
n— o0
ie,
lim (/’L(xn+1: Tx) - mx,,+1,Tx) =0,
n— 00
and similar to the above, we have lim,,_, 71, 7» = 0. Hence lim,,_, o it(%,41, Tx) = 0 and
by Remark 1.10, u(T%x, Tx) = 0. On the other hand, x,, — x as # — 0o so by Lemma 2.3, we
get
(pc(x,,, Tx) — mmex) — (,u(x, Tx) — mx,Tx) = u(x, Tx) asn— oo,

but we have

(s T&) — M5, 73) — 0 as n — o0.
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Thus
u(x, Tx) = 0,

therefore pu(x, Tx) = u(Tx, Tx) = u(x,x) = 0 and by (m1) we get
Tx = x.

Next suppose (b) holds. Then «(x, Tx) > 1. Now by (4) we have

W (1T, T)) + 1 < (@ (T, T)) + 1) 1)
< E(¥ (1w ), 0 (e 2))) + 1

that is, ¥ ((Txs, Tx)) < F(Y (11, %)), 9 (1 (%, %)) < ¥ (14 (%0, %)), and so we get
w(Tx,, Tx) - 0 asn— oo.

On the other hand,
0 <mrp, v < W(Txy, Tx) > 0 asn — oo.

Thus Tx, — Tx in the t,, topology.
The proof of Tx = x follows as in (a). O

Theorem 4.2 Let (X, i) be a complete M-metric space and T : X — X be an a-admissible
mapping. Suppose that the following condition is satisfied:

(a(x, TO)a(y, Ty) + 1)‘/’ H(Tx 1)) < 2F W (lep)p () 9)

forallx,y € X, where y € ¥, ¢ € ®, and F € C. Suppose that either
(a) T is continuous,
or
(b) if {xy} is a sequence in X such that x, — x, a(xy, Xy41) > 1 for all n, then a(x, Tx) > 1.
If there exists xo € X such that o(xo, Txo) > 1, then T has a fixed point.

Proof Let xy € X be such that a(xy, Txo) > 1. Define a sequence {x,} in X by x, = T"x, =
Tx,_; for all n € N. Since T is an a-admissible mapping and «(xg, Tx¢) > 1, we deduce
that o (1, %) = a(Txo, T%x0) > 1. Continuing this process, we get a(x,,, Tx,,) > 1 for all n €
N U {0}. From inequality (9) we have

le(l‘(Txn—erxn)) < (a(xnfl) Txnfl)a(xn, Tx,,) + I)W(H(Txn—lvTxn))

< ZF(‘/f(lf-(xn—l:xn))v(ﬁ(ﬂ(xn—lyxn))) .

Then we have

w(ﬂ(xrnxrﬁl)) < F(lﬁ (M(xn—lyxn)))q)(ﬂ(xn—ltxn))) < w(/'b(xn—hxn))- (10)
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Now similar to the proof in Theorem 4.1, we get
(X Xni1) > 0 asn— oo. (11)
Now we prove that {x,} is an M-Cauchy sequence in (X, u). We have

lim p(x,, %41) =0,
n—oQ

0< My xy1 = /'L(xnvxrﬁl) = nlingo My xper = 0,

and
Moy ne1 = min{ﬂ(xmxn)' M(x’“l’x”*l)} = nlin;o et 20) = 0.
On the other hand,
M min{u(xy,,x,,), M(xm,xm)} = n}yjinw My = 0,
)
lim (M, x,, — M, n,) = 0.
71,m—> 00
We show
lim (M(xm xm) - mxn,xm) =0.
n,m—> 00
Let

M*(x,y) := u(x,y) — my,y, Va,yeX.
If limy, ;s 00 M* (%1, %) # 0, there exist & > 0 and {/;} C N such that
M* (%, %0,) > .
Suppose that & is the smallest integer which satisfies the above equation such that
M* (g _1, %) < €.
Again as in the proof in Theorem 4.1, we obtain that
klgrolo WXy r Koy ) = € (12)
and

klirgo /L(xlk+11xnk+1) =¢&. (13)



Monfared et al. Fixed Point Theory and Applications (2018) 2018:22 Page 10 of 17

Now by (9), (12), and (13) we have

2¢(ll(xmk+l:xnk+l)) < (a(‘xmk’ Txmk)a(xnk! Txnk) + l)w(l‘v(xmk+1vxnk+l))

< 2F(‘//(I‘-(xmk Xy ))‘W(M(xmk Xy ) .

Therefore we get

Y (1G5 % 11)) < E(U (10 Gomer X)) )5 @ (1 Fomgr %)) < W (1 Gy %))

Letting k — oo in the above inequality, we get

Y(e) F(¥(e) ole) < vl(e),

SO

F(y(e),0(e)) = ¥ (e).

Using the properties of functions F, ¥, and ¢, we obtain that ¥ (g) = 0, or ¢(¢e) = 0, and
then ¢ = 0, which is a contradiction. Therefore {x,} is an M-Cauchy sequence.
Now, by the completeness of X, x, — x for some x € X in the 7, topology, i.e.,

lim (;L(xn,x) - mxmx) =0

n—00

and

lim (M(xn,x) - mxn,x) =0.

n—00

However, lim,,_, o My, » = 0, hence lim,,_, oo 4(%,,,%) = 0 and by Remark 1.10
w(x,x) =0.

Now suppose (a) holds. Then, as in the proof in Theorem 4.1, we have Tx = x. Next suppose
(b) holds. Then «/(x, Tx) > 1. From (9) we have

2V (u(Ten T6) < (oe(xn, Tx,)o(x, Tx) + l)w(M(Tx"'Tx))

< F W ((@n )0 (1, 0))

= ’

that is, ¥ (1u(Txn, Tx)) < F( (1, %)), 9 (1 (%, %)) < ¥ (1(%, %)), and so we get
w(Tx,, Tx) - 0 asn— oo.

On the other hand,
0 <mrpy, v < u(Txy, Tx) > 0 asn— oo.

Thus Tx, — Tx in the t,, topology.
The proof of Tx = x follows as in (a). O
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Theorem 4.3 Let (X, ) be a complete M-metric space and T : X — X be an a-admissible
mapping. Suppose that the following condition is satisfied:

alx, Tx)a(y, Ty (u(Tx, Ty)) < F(¥ (11(x,9)), ¢ (1(x,)) ) (14)

forallx,y € X, where y € ¥, ¢ € ®, and F € C. Suppose that either
(a) T is continuous,
or
(b) if {x4} is a sequence in X such that x,, — x, a(xy, Xns1) > 1 for all n, then a(x, Tx) > 1.
If there exists xo € X such that o(xo, Txo) > 1, then T has a fixed point.

Proof Let xy € X be such that a(xy, Txo) > 1. Define a sequence {x,} in X by x, = T"x, =
Tx,_; for all n € N. Since T is an a-admissible mapping and «(xo, Tx¢) > 1, we deduce
that o (1, %) = a(Txo, T%x0) > 1. Continuing this process, we get a(x,,, Tx,,) > 1 for all n €
N U {0}. From inequality (14) we have

w(M(Txn—lr Txn)) = Ol(xn—l: Txn—l)a(xm Txn)w(M(Txn—l: Txn))
= F(W (/’L(xn—lyxn))r (p(ﬂ(xn—l’xn)))~

Then we have

¥ (1 s 2n01)) < F (¥ (1 n-1, %)), @ (1401, %)) ) < ¥ (1461, %)) (15)
Now, similar to the proof in Theorem 4.1, we get

(X x001) > 0 asnm— o0. (16)
Now we prove that {x,} is an M-Cauchy sequence in (X, 1). We have

Jim WX, %41) = 0,

0= My, zpy < (W Xpe1) = WM 1y, =0,
and

My = M@, 260), st X)) = Tim (o, 2) = 0.
On the other hand,

My, xpm = min{ﬂ(xmxn)r //L(xm:xm)} = lim My, = 0,

n,m— 00

SO
lim (M, x,, — My,x,) = 0.
H,m—> 00
We show

lim (pc(x,,,xm) - mxmxm) =0.

n,m—> 00
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Let
M*(%,9) = u(x,y) — myy, Va,y€X.

If limy, ;s 00 M* (%1, %) # 0, there exist & > 0 and {/;} C N such that
M* %y, %) > €.

Suppose that & is the smallest integer which satisfies the above equation such that
M*(xy_1,%n,) < €.

Again as in the proof in Theorem 4.1, we obtain that

lim g (X, X ) = € (17)
k— o0

and
lim (g1, %y 1) = €. (18)
k—o00

Now by (14), (17), and (18) we have

w(ﬂ(xmkﬂrxnkﬂ)) = a(xmk: Txmk)a(xnk» Txnk)w(ﬂ(xmkﬂ;xnkﬂ))

< F(Y (1 @ompr %)) @ (1 g %)) ) -
Therefore we get
U (10 mg 15 X 1)) < F (U (10 Gmgr ) )5 @ (1 Koy %)) ) < W (1Ko %, -
Letting k — oo in the above inequality, we get
V() <F(v(e),0e) < ¥ (o),

SO

Using the properties of functions F, ¥, and ¢, we obtain that ¥(¢) = 0, or ¢(¢) = 0, then
¢ =0, which is a contradiction. Therefore {x,} is an M-Cauchy sequence.
Now, by the completeness of X, x, — x for some x € X in the 7,, topology; i.e.,

lim (p(x, %) = M14,4) = 0
n— o0
and

lim (M, x) — My, x) = 0.

n—00
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However, lim,,_, » My, » = 0, hence lim,,_, oo 4(%,1,%) = 0 and by Remark 1.10
wx,x) =0.

Now suppose (a) holds. Then, as in the proofin Theorem 4.1, we have Tx = x. Next suppose
(b) holds. Then «(x, Tx) > 1. From (14) we have

¥ (1( T, Tx)) < (%, Toen)ex (e, T) Y (T, T0))

< F(y (1, %)), (1134, %)) ),
that is, ¥ (1u(Txn, Tx)) < F( (1, %)), 9 (1t (%, %)) < ¥ (1(%, %)), and so we get
u(Tx,, Tx) - 0 asn— oo.
On the other hand,
0 <mrpy, v < u(Txy, Tx) - 0 asn— oo.

Thus Tx, — Tx in the 7,, topology.
The proof of Tx = x follows as in (a). (|

Theorem 4.4 Assume that all of the hypotheses of Theorems 4.1 or 4.2 or 4.3 hold. In
addition, suppose the following condition is satisfied.:

(c) if Tx = x then a(x, Tx) > 1.
Then the fixed point of T is unique.

Proof Suppose that u,v € X are two fixed points of T such that u # v. Then a(u, Tu) > 1
and a(v, Tv) = 1.

For Theorem 4.1, we have
(d(Tu, Tv)) +1)7 @00
Y (dw,v)), ¢(du,v))) +1, .
(d(Tu, Tu)) + 1)< 70T

Ip(d(u, u)),(p(d(u, u))) +1. (20)

v (d(Tu, Tv)) +1<(

<=

F

IA

-gA

1//(d(Tu, Tu)) +1<
<F

—_

For Theorem 4.2, we have

2V WTT) < ((us, Tu)ar (v, Tv) + l)w(“(Tu'Tv))
< 2F(x//(u(u,V)),w(u(u,V)))7 (21)

Q¥ (u(TwTu) < (a(u, Tu)o(u, Tu) + l)w(#(Tu’Tu))

< oF (W () p(u(u,u))) (22)
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For Theorem 4.3, we have

w(//,(Tu, TV)) < (a(u, Tu)a (v, Tv) + l)l/f(u(Tu, Tv))

< F(y (n(,v)), o(n(w,))), (23)
w(//,(Tu, Tu)) < (oz(u, Tu)o(u, Tu) + l)w(u(Tu, Tu))
<F(¥(n(uw,w), o(n(u, u)). (24)

Therefore equations (19), (20), (21), (22), (23), and (24) imply that

F(Iﬂ(ﬂ(% V)))QO(M(M: V))) = W(M(Tu, TV)) = 1#(11(% V))¢
F(y (1w, u), @ (1, w))) = ¥ (1T, Tw)) = o (1 (e, ),
F(lﬂ (/’L(W V))J/’(M(V: V))) = 1/f(lL(TV, TV)) = 1#(#(% V))r

and so from the properties of functions F, ¥, and ¢, we have
:LL(M’ V) = /'L(M¢ u) = /,L(V, V) =0.

Therefore by (m1)

5 Consequences
From Theorems 4.1, 4.2, and 4.3 we obtain the following corollaries as an extension of
several known results in the literature.

If we let ¢(£) = ¥ (¢) = £, we get the following three corollaries.

Corollary 5.1 Let (X, ) be a complete M-metric space and T : X — X be an a-admissible
mapping. Suppose that the following condition is satisfied:

(1(Tx, Ty) + 1))@ T90B) < F(u(x, y)), u(x,9)) + 1 (25)

forallx,ye X and > 1, where y € V¥, ¢ € ®, and F € C. Suppose that either
(a) T is continuous,
or
(b) if {x4} is a sequence in X such that x, — x, a(xy, Xns1) > 1 for all n, then a(x, Tx) > 1.
If there exists xo € X such that o(xo, Txo) > 1, then T has a fixed point.

Corollary 5.2 Let (X, i) be a complete M-metric spaceand T : X — X be an a-admissible
mapping. Suppose that the following condition is satisfied:

( alx, To)a(y, Ty) + I)M(Tva)’) < 9 E(u(xy)) (%)) (26)

forallx,y € X, where y € ¥, ¢ € ®, and F € C. Suppose that either
(@) T is continuous,
or
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(b) if {xy} is a sequence in X such that x,, — x, a(xy, X,41) > 1 for all n, then a(x, Tx) > 1.
If there exists xo € X such that a(xg, Txg) > 1, then T has a fixed point.

Corollary 5.3 Let (X, ) be a complete M-metric space and T : X — X be an a-admissible
mapping. Suppose that the following condition is satisfied:

alx, To)a(y, Ty)u(Tx, Ty) < F(u(x,), n(x,)) (27)

forallx,y € X, where y € ¥, ¢ € ®, and F € C. Suppose that either
(@) T is continuous,
or
(b) if {x4} is a sequence in X such that x,, — x, a(xy, Xns1) > 1 for all n, then a(x, Tx) > 1.
If there exists xy € X such that o(xg, Txo) > 1, then T has a fixed point.

Lemma 5.4 ([7]) Every p-metric and metric is an M-metric.

If welet B € F, o(t) = ¢ (¢) = t and F(s, t) = B(s)s, by Lemma 5.4 we get three results of
Hussein et al. [13] (they are the immediate consequences of our results).

Corollary 5.5 ([13, Theorem 4]) Let (X,d) be a complete metric space and T : X — X be
an a-admissible mapping. Assume that there exists a function p : R* — [0, 1] such that, for
any bounded sequence {t,} of positive reals, B(t,) — 1 implies t, — 0 and

(d(Tx, Ty) + 1) 0D

< B(d(x,9)dx,y) +1 (28)
forall x,y € X where | > 1. Suppose that either
(a) T is continuous,
or
(b) if {x,} is a sequence in X such that x,, — x, &(%y, X,41) > 1 for all n, then a(x, Tx) > 1.
If there exists xo € X such that o(xo, Txo) > 1, then T has a fixed point.

Corollary 5.6 ([13, Theorem 6]) Let (X, d) be a complete metric space and T : X — X be
an a-admissible mapping. Assume that there exists a function p : R* — [0, 1] such that, for
any bounded sequence {t,} of positive reals, B(t,) — 1 implies t, — 0 and

(ax, Te)a(y, Ty) + 1)"D) < gpldende (29)

forall x,y € X. Suppose that either
(@) T is continuous,
or
(b) if{x,} is a sequence in X such that x, — x, a(%y, %441) > 1 for all n, then a(x, Tx) > 1.
If there exists xog € X such that o(xo, Txo) > 1, then T has a fixed point.

Corollary 5.7 ([13, Theorem 8]) Let (X, d) be a complete metric space and T : X — X be
an a-admissible mapping. Assume that there exists a function p : R* — [0, 1] such that, for
any bounded sequence {t,} of positive reals, f(t,) — 1 implies t, — 0 and

(a(x, To)a(y, Ty))d(Tx, Ty) < B(d(x,9))d(x,y) (30)
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forall x,y € X. Suppose that either
(a) T is continuous,
or
(b) if {xy} is a sequence in X such that x,, — x, a(xy, Xy41) > 1 for all n, then a(x, Tx) > 1.
If there exists xo € X such that o(xo, Txo) > 1, then T has a fixed point.

6 Conclusion

Recently, the authors in [17] introduced the class of @-1 contractive type mappings and
obtained a fixed point result for this new class of mappings in the set-up of metric spaces.
Their result contains several well-known fixed point theorems including the Banach con-
traction principle. Matthews (1994) in [18] established fixed point theorems in partial met-
ric spaces. The authors in [7] introduced M-metric spaces which extend p-metric spaces
and the authors established some new fixed point theorems.

In this paper, we introduce the class of F(/, ¢)-contractions and investigate the existence
and uniqueness of fixed points for «-admissible mappings on M-metric spaces. We also
show that the fixed point results in [13] and Geraghty’s theorem [10] (Theorem 1.1) are
immediate consequences of our results. For further results, we refer the reader to [1-4, 6,
8-12,19-21, 23].
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