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1 Introduction and preliminaries

The Banach contraction principle [1] is one of the most powerful and useful tools in mod-
ern analysis. Over time, this principle has been extended and improved in many ways and
a variety of fixed point theorems have been obtained. In 2003, one of the more notable
generalizations of the Banach contraction principle was introduced via cyclic contraction
by Kirk et al. [2]. Following the publication of [2], many fixed point theorems for cyclic
contractive mappings have been obtained. For more results on cyclic maps, we refer the
reader to [3-9] and the references therein. Here, we present some essential definitions.

Definition 1.1 (see [2]) LetA, Bbe non-empty subsets ofaset X andlet U : AUB — AUB.
U is called a cyclic map, if U(A) € Band U(B) C A.

Throughout this manuscript, we assume that R* = [0,00), N = the set of all positive

integers.

Definition 1.2 (see [10]) Let (X,d) be a complete metric space and let U,V : X — X
be self-mappings. Then U and V are said to be weakly compatible if Ux = Vx implies
UVx =VUx.

Definition 1.3 (see [11]) A function n:R* — R* is called an altering distance function if
the following conditions are satisfied:
1. n(0)=0;
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2. n is monotonically nondecreasing;

3. n is continuous.

We will denote the set of all altering distance functions by A.

The concepts of (v, ¢)-weak contractions, weakly compatible maps and altering dis-
tance functions is interesting, though brief. These concepts were widely used in the con-
struction of existence theorems and many results, a number of applications have been
obtained; see [12—17] for examples.

Below, we provide necessary definitions.

Definition 1.4 (see [6]) Let X be a non-empty set and {d, : @ € (0,1]} a family of the
mapping d, of X x X into R*. Then (X, d,) is called a generating space of a b-quasi-metric
family (abbreviated as Gj,-family), if it satisfies the following conditions, for any x,y,z € X
and s > 1:

(@) dy(x,y) =0ifand only if x = y.

(b) dalx,) = do (3,).

(c) Forany « € (0, 1] there exists 8 € (0, ] such that dy (x,2) < s[dg(x,y) + dg(y, 2)].

(d) Foranywx,y € X,d,(x,y) is non-increasing and left continuous in «.

Definition 1.5 (see [6]) Let X be a non-empty set and {d, : « € (0,1]} a family of the
mapping d, of X x X into R*. Then (X, d,) is called a generating space of b-dislocated
metric family (abbreviated as Gp,-family), if it satisfies the following conditions, for any
x,9,z€ X and s > 1:

(@) dy(x,y) =0implies x = y.

(b) do(x,y) = da(y,%).

(c) Forany « € (0, 1] there exists 8 € (0,«] such that dy (x,2) < s[dg(x,y) + dg(y, 2)].

(d) Foranywx,y € X,dy(x,y) is non-increasing and left continuous in «.

The construction of topological concepts of the above spaces can be found in [6, 18].
Recently, Kumari and Panthi [7] introduced cyclic compatible contractions and established

fixed point theorems in the generating space of a b-quasi-metric family (X, d).

Definition 1.6 (see [7]) Let A, B be non-empty subsets of a Gp,-family (X,d,) and let
U,V :AUB— AU B be cyclic mappings such that U(X) C V(X). Then U,V are said to
be cyclic compatible contraction, if for some x € A, there exists a y € (0, 1) such that

dy (‘Uz”x, Uy) < yde (‘uz”_lx, Vy),
forallme Nand y € B.
In this paper, motivated and inspired by the above definitions, we investigate the weak

cyclic compatible contractions via (Y, ¢)-weak contractions and altering distance func-
tions.

2 Main results

We begin this section by introducing the following definition.
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Definition 2.1 Let A and B be non-empty subsets of a G;-family (X, d,). Suppose U,V :
AUB — AU B are cyclic mappings with U(X) C V(X). Then U, V are called (¥, ¢)-weak

cyclic compatible contractions, if for some x € A

U (do (UM%, Uy)) < ¥ (do (U2, VY)) = 0(do (U %, VY)), 1)

where ¥/, ¢ : [0,00) — [0, 00) are both continuous and monotone nondecreasing functions
with ¢(¢) =¢(t) =0ifand onlyift =0 and n € N,y € B.

We state and prove our main results.

Theorem 2.2 Let A and B be non-empty closed subsets of a complete Gp,-family (X, d,)
and let U,V : AUB — AU B be cyclic mappings with U(X) C V(X) and V(X) closed in X.
Suppose U, V are (¥, p)-weak cyclic compatible contractions, then U and 'V have a point
of coincidence and a unique common fixed point in AN B.

Proof Let xp € X be fixed. As U(X) C V(X), we may choose x; € X such that
‘L(xo = "Vxl.

Hence we can define the sequence {x,} in X by U"xy = Ux, = Vx,,1 = x, for n € NU {0}.
Now consider

V(Ao @ %2041)) = W (o (U %0, Una1))
< Y (do(UP 0, Vitapa1)) — @ (do (U 50, Vitone1))
= ¥ (do (¥2n-1,%2n)) — @ (Ao (K2n-1,%21))
< Y (da(2n-1,%20)).- 2)

This implies that
Ao (%25 X2141) < Ao (X20-1,%20).
Similarly, we have
Ao (X211, %2n42) < Ao (X2, X2011)-
Inductively, we have
Ao (% %p11) < do(Xn-1,%4), VmeN.
Thus the sequence {d,(x,,%,:1)} is non-increasing and hence it is convergent. So, there

exists k > 0 such that lim,,_, oo do (%, X,41) = K.
From (2), we have

w(d(l(xZ}’l’x2n+l)) = W(da(xZn—lrxbt)) - (p(dot(x2n—l: x2n))' (3)
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Now taking the limit as n — 0o, we get

V() < ¥(x) —plk).
This is a contradiction, unless « = 0. Thus

lim dy (%, %ps1) = 0. (4)

n—00

For n,m € N, m > n, consider

da (U"xo, Umxo) = dcx (xn; xm)
=< S[dﬂ (xru xVH-l) + dﬂ (er—l;xm)]

= Sdﬂ (% Xns1) + Szdﬂ (Xne1r Xpe2) + Sgdﬁ (Xe2s Xpa3) + -0 (5)
Letting n,m — 0o, we get

lim do,(‘u”xo, ‘u’”xo) =0.
H,m—> 00
Therefore {U"x,} is a Cauchy sequence. Since (X,d,) is a complete G,;-family, there
exist sequences {U*xy} in A and {U?"lxp} in B such that lim,_ ., U*'xy — u and
lim,,_, oo U129 — u. Since A and B are closed in X, u € A N B. Since V(X) is closed in X,

there exists z in X such that Vz = u. Now we shall prove that Uz = u. Consider

Y (do (U %0, Uz) ) < ¥ (do (U %0, V2)) = @(do (U 20, VZ))
¥

IA

(do (U %0, V2)). (6)
By taking the limit as n — 0o, we get ¥ (d, (#, Uz)) = 0. Thus d, (4, Uz) = 0. Then Uz = u.
Hence Uz = Vz = u. So u is a coincidence point of U and V. From weak compatibility, we
get

Uu = Vu. 7)
Now we prove that Vu = u = Uu. We assume u # Uu, then

1 2n
w(da(u, Uu, )) = nlerolo Y (da (‘u X0, ‘Uu))

< lim (¥ (dq (‘uz”_lxo, Vu)) - ¢(da (‘u2”-1x0, Vu)))

n—00

=y (da(u, Vu) - (p(da(u, "Vu))
<V (do(u, Un)). (8)

That is a contradiction. Therefore

u=Uu. 9)
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From (7) and (9), we have Uu = Vu = u. Therefore u is a common fixed point of U and V.
To prove uniqueness, suppose v is another fixed point of U and V such that u # v, then

¥ (do(u,v)) < nlin;o(lﬁ (do (U0, UV)))

< lim (lp (da (‘uZ"*lxo, Vv)) - w(da (u”*lxo, Vv)))

n—00

= W (da(ur V)) - (p(da(u’ V))
< 1//(da(u, v)). (10)

This is a contradiction. Hence u = v. This completes our proof. O

Remark 2.3 We will obtain special cases of Theorem 2.2, if we
1. replace a Gp,-family (X, d,,) by a G,-family, according to Definition 1.4 above, by
putting s = 1;
2. replace a Gpg-family (X, d,) by a bg-metric space, and taking d instead of d;
3. replace a Gpg-family (X, d,) by a complete dislocated metric space, by taking d
instead of d, and letting s = 1.

For more details of G,-family, b;-metric space and a complete dislocated metric space, we
refer the reader to [6].

Example 2.4 Let A = B= X = [0,1]. Define b, : X x X — R* by by(x,y) = (x + ). Then
(X, by) is a by-metric space with s = 2, but not a dislocated metric space. Define

Ux=0, ifo<x<l1

and

0, ifo0<x<l

Vx = i
3 ify<x<l

Clearly U(X) C V(X). Define ¥ (¢) = 2¢ and ¢(¢) = ¢.
Fix any x € [0, 1], we have

Ux=Wx=---=Ux=0, Vn
For any y € [0, 1],

0, if0<y<i,
Vy = . =V<a
g;

ifi<y<1

Consider
Case (i). If0<y< %, Vy =0, we get

W(bd(uz”_lx, "Vy)) - go(bd(‘uz"_lx, 'Vy)) = w(bd(O, ())) - w(bd((), 0))
= 0= (ba(U"x, Wy)).
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Case (ii). If% <y<1,Uy=0,Vy=z, weget

1
3

¥ (ba(Ux, Uy)) = ¥ (4(0,0)) =0

and

U (ba(U 1, V7)) — g (ba (U213, V) = w(
o

From both cases, we obtain

Y (ba(UPx, Uy)) < ¥ (ba(UP %, VY)) = @(ba(U 5, Vy)).

Thus U, V are (¥, p)-weak cyclic compatible contractions. All the conditions of Theorem
2.2 hold true, and U and V have a unique common fixed point. Here u = 0 is the unique

common fixed point of U and V.

Example 2.5 Let A =B =X =[0,20]. Defined : X x X — R* by d(x,y) =x +y. Then (X, d)

is a complete dislocated metric space.

Define
0, ifxe{0}U(3,20],
Ux =
2, if0<x<3,
and
0, ifx=0,

Vx=3x+10, ifO<x<3,
x—2, if3<x<20.

Clearly, U(X) C V(X). Define ¥ (¢) = 2t and ¢(¢) = ¢.
Fix any x € (3,20], we have

Ux=Ux=---=U'%x=0, Vn
For any y € [0,20].

0, ify=0,
Vy=4y+10, ifO<y<3,
y-2, if3<y<20.
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Consider
Case (i). Ify =0, Uy = 0, Vy = 0, we have

¥ (d(U*"x, Uy)) = ¥ (d(0,0)) =0
and

w(d(‘uzn-lx, 'Vy)) - (p(d(‘uz”_lx, 'Vy)) = lp(d(O, 0)) - go(d(O, 0))
=0.

Hence
Y (AW W) = v (d (U Vy)) - p(d(U 5, ).
Case (ii). If 0 < y < 3, Uy = 2 and Vy = y + 10. Then we have
Y (d(U"'x, Uy)) = ¥ (d(2,2)) =¥ (4) =8

and

w(d(?ﬁ”-lx, Vy)) - (p(d(‘ub’_lx, 'Vy)) = I/f(d(Z,y + 10)) - (p(d(Z,y + 10))
=Yy +12) — ey +12)
=2(y+12) - (y+12) =y + 12.

Therefore, for 0 <y <3,
Y (U, Up) < ¥ (d(U 5, V)) — o (d(U 5 V).
Case (iii). If 3 < y < 20, Uy = 0 and Vy = y — 1. Then we have
¥ (d(U*"x, Uy)) = ¥ (d(0,0)) =0
and

Y (d(UP ', Vy)) — o(d(Ux, Vy)) = ¥ (d(0,y - 2)) — ¢(d(0,y - 2))
=Y -2)-ey-2)
=2(y-2)—(y-2)=y—-2.

Hence

U (d(Ux, Uy)) < Y (d(U 15, V) - (A (U5, Vy)).

Therefore, from all cases, we have

Y (d(UYx, Uy)) < ¥ (d(U %, Vy)) - o(d(U 5, Vy)).



Kumari et al. Fixed Point Theory and Applications (2018) 2018:13 Page 8 of 15

Thus U, V are (Y, p)-weak cyclic compatible contractions. All the conditions of Theo-
rem 2.2 hold true, and U and V have a unique common fixed point. Here u = 0 is the
unique common fixed point of U and V.

If we take V = U and 'V = I in Definition 1.6 and Definition 2.1, we obtain the following
definition.

Definition 2.6 Let U be a cyclic mapping; then
(1) U is called a cyclic idle contraction < do(U?"x, Uy) < yde (U Lx, Uy);
(2) U is called a (¥, p)-weak cyclic idle contraction
& Y(de (UM%, Uy)) < ¥ (do (U x, Uy)) — @(do (U, Uy));
(3) WU is called a (¥, p)-weak cyclic orbital contraction
& YA (UZx, Uy)) < Y (de (U 12,9)) - 9(de(UZ11,9)),
where ¥/, ¢ : [0,00) — [0, 00) are both continuous and monotone nondecreasing functions
with ¥(¢) = ¢(t) =0 ifand only if £ = 0.

Theorem 2.7 Let A and B be non-empty closed subsets of a complete Gpy-family (X, d,)
and let U :AUB— AU B be a (y-¢)-weak cyclic idle contraction. Assume that U(X) is
closed in X. Then U has a unique fixed point in AN B.

Proof Take U =V in Theorem 2.2. d

Theorem 2.8 Let A and B be non-empty closed subsets of a complete Gp,-family (X, dy)
and let U:AUB— AU B be a (y-¢)-weak cyclic orbital contraction. Assume that U(X)
is closed in X. Then U has a unique fixed point in A N B.

Proof Take V =1 in Theorem 2.2. g

Next we will state and prove a fixed point theorem via altering distance functions. We
introduce the following definition.

Definition 2.9 Let A and B be non-empty closed subsets of the generating space of a
b-quasi-metric family (X,d,). Suppose U,V : AU B — A U B are cyclic mappings such
that U(X) C V(X). Then U, V are said to be A-cyclic compatible contractions, if for some
x € A, there exists y € (0, 1) such that

n(do (U"x, Uy)) < yn(de(U™ %, VY)), (11)
forallme N,ye Band n € A.

Theorem 2.10 Let A and B be non-empty closed subsets of the generating space of a com-
plete b-quasi-metric family (X, dy). Let U,V : AUB — A U B be cyclic mappings such that
UX) C V(X). Suppose

1. U, V are A-cyclic compatible contractions,

2. U, 'V are weakly compatible,

3. V(X) is a closed subset of X.
Then U and 'V have a point of coincidence in A N B. Moreover, U and 'V have a unique
common fixed point in A N B.
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Proof Take x = xy € A. Since U(X) C V(X), we may choose x; € X such that Uxy = Vx;.
Hence we can define the sequence {x,} in X by U"x¢ = Ux, = Vx,41 = 2,41 forn e NU
{0}. Then {x,,} € A and {x;,_1} € B. Thus we have

n (dot (me x2n+l)) =7 (dot (veru vx2n+l))
1(do (Upn-1, Uz))
1 (do (U %0, Unzn-1))

< yn(da (U %0, Vitzu1))

yn (dot (x2n: x2n—1))

Y 0(de (201, %21))- (12)

Similarly,

n (dot (x2n+17 x2n+2)) =7 (dot ('vx2n+lr vx2n+2))
n (dot (uxan ux2n+1 ))
n (da (‘ll2"+1xo, sz,,))

IA

¥ 0(de (Ux0, Vii2n))

yn (dat (U, xZn))

yn (dot (x2n+1: xZn))

= Y 0(do (20, ¥2n11)).- (13)
In general, we have
(Ao %141)) < Y1 (-1, %))
Inductively, for each # € N, we get
1 (do (K %ns1)) < ¥ 10(de (0, %1)).

Since 0 < y < 1, letting n — 00, we get lim,,_, o (dy (%4, X441)) = 0. From the definition of

altering distance functions, we get

lim (da(x,,,xml)) =0. (14)

n—00

Therefore
lim (dy (Ve Vana1)) =0,
n— o0

or

lim (da(‘l,(x,,_l, ‘L(x,,)) =0.

n—00
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Now we claim that {x,} is a Cauchy sequence. According to the definition of generating

space of a b-quasi-metric family (X, d,), and for n,m € N, m > n, we have

Ao Xy Xpn) < S[dﬂ (s Xa1) + dﬂ(xwrl:xm)]
= Sd,B (X Xna1) + Sdﬁ (Xe1s %)

< sdg (X, Xps1) + A (Xna1s Xns2) + S A (Kpa2, Xnaz) + - . (15)

Letting n, m — 00, and from (14), we have lim,, ;,_, oo do (%1, %) = 0 for all & € (0, 1]. There-
fore {x,} is a Cauchy sequence in X. Since X is complete, there exist sequences {V*"x,} in
A and {V?""1x,} in B such that both sequences converge to some  in X. Since A and B
are closed in X, w € ANB.

Since V(X) is closed in X, there exists z in X such that

Vz=w. (16)
Consider
1(do (U0, Uz)) < y1(do (U™ x0, V2)).

Letting # — 00, we get lim,,_, o, 7(dy (U*"x0, Uz)) = 0. From the definition of altering dis-
tance functions, we get

lim do (U>x, Uz) = 0.

n—00

This implies
dy(w,Uz) =0.
Therefore
w=Uz. (17)

From (16) and (17), it follows that Uz = Vz = w. Thus w is a point of coincidence of U
and V. By weak compatibility, we get Vo = Uw. Now we prove Vo = w. Suppose Vo # ,
then consider

1(de(Vo,w)) = lim n(de (Uw, U %))

n—00

= lim n(do (U*" %, Uw))

n—00

<y lim n(da(‘l,l2”’2x0, Va)))

n—00

= J/T)(da (o, 'Va)))
< 1(da(@, Vo)), (18)
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which is a contradiction. Hence Vw = w. Therefore Uw = Vw = w. To prove uniqueness,
suppose that w; and w, are two common fixed points of U and V. Assume that w; # ;.
Then Uw; = Vi = w; and Uwy = Vw, = ws.

Consider

n(da (a)l; a)Z)) = nll>rgo n (da (uznilxo, ‘Uwz))
<y lim n(d, (‘Uz”_zxo, Va,))

= Vn(doz(wl’ va))

S n(da(wl’ wZ))y (19)
which is a contradiction. Hence w; = @, and our proof is finished. O

Remark 2.11 We will obtain special cases of Theorem 2.10 above, if we
1. replace Gp,-family (X, d) by G,-family, according to Definition 1.4, by putting s = 1;
2. replace Gy,-family (X, d,) by b-metric space and taking d,, = d;
3. replace Gy,-family (X,d,) by complete metric space and taking d, =d and s = 1.

Example 2.12 Let A = B= X =[0,1]. Define d : X x X — R* by d(x,y) = (x — y). This is
a b-metric space with s = 2, not the usual metric space, since d(0,1) £ d(0, %) + d(%, 1).
Define

Ux=0, if0<x=<1

and

ye 10 ifo<x<s,
X =
i ifl<x<i1
57 2 =" ="

Clearly U(X) C V(X). Define n(t) = £2. For any x € [0, 1], we have
Ux=Ux=---Ux=0, foralln.
For any y € [0, 1], we have

0, ifo<y<l,
vy: 1 a1l ’

Case (i). If0<y< %, Uy = 0, we have

n(d(U*x, Uy)) = n(d(0,0))
=0= yn(d(‘uzmlx, Vy)).

Case (ii). If % <y <1,Uy=0, wehave

n(d(U>x, Uy)) = n(d(0,0)) =0
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and

So
n(d(U>x, Uy)) < yn(d(U'x,Vy)), for0O<y<Ll
Therefore, from both cases, we get
n(d(U>x, Uy)) < yn(d(U> 'x,Vy)), for0O<y <l

Thus U, V are A-cyclic compatible contractions. All the conditions of Theorem 2.10 hold
true and U, V have a unique common fixed point. Here w = 0 is the unique common fixed
point of U and V.

Example 2.13 Let A=B=X=[0,1]. Defined: X x X — R* by d(x,y) = |x — y|. So (X, d)
is a complete metric space. Define

Ux=0, if0<x<l1
and

0, ifo<x<i,
Vx = ) .
9’ lfifxfl.

Clearly U(X) C V(X). Define n(t) = £.
For any x € [0, 1], we have

Ux=Ux=---=U"x=0, foralln.
For any y € [0, 1],

0, if0<y<?i,
vy: 1 il ’

Consider
Case (i). If0<y< %, Uy =0, Vy =0. Then we have

n(d(Ux, Uy)) = n(d(0,0))
=0= yn(d(‘uznflx, 'Vy)).

Case (ii). If % <y<1,Uy=0,Vy= %. Then we have

n(d(U>x, Uy)) = n(d(0,0)) =0
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and

Hence, from both cases we conclude that n(d(U**x, Uy)) < yn(d(U>*"'x, Vy)), for all 0 <
y < 1.Thus U, V are A-cyclic compatible contractions. All the conditions of Theorem 2.10

hold true. Here w = 0 is the unique common fixed point of U and V.
In view of Definition 2.6, we introduce the following definition.

Definition 2.14 Let U be a cyclic mapping, then
(1) U is called A-cyclic idle contraction. < n(dy,(Ux, Uy)) < yn(d, (U 1x, Uy)).
(2) U is called A-cyclic orbital contraction. <> n(de(U?x, Uy)) < ¥ n(de(U>x,y)).

Theorem 2.15 Let A and B be non-empty closed subsets of the generating space of a com-
plete b-quasi-metric family (X, d,,). Suppose U : AUB — AU B is a A-cyclic idle contrac-
tion, then U has a unique fixed point in A N B.

Proof Take U =V in Theorem 2.10. O

Theorem 2.16 Let A and B be non-empty closed subsets of the generating space of a com-
plete b-quasi-metric family (X, d,). Suppose U : AUB — A U B is a A-cyclic orbital con-
traction, then U has a unique fixed point in A N B.

Proof Take V =1 in Theorem 2.10. g

3 Discussion

In this manuscript, we establish fixed point theorems in generating space of a G;-family
(X,dy), and a b-quasi-metric family (X,d,). One can see that Theorem 2.2 and Theo-
rem 2.10 are generalizations of Theorem 2.2 obtained in [7] in the setting of a complete
Gpg-family (X,d,), and a complete b-quasi-metric family (X,d,), respectively. Besides,
we introduce other definition of weak cyclic contractions (see Definition 2.6), and obtain
fixed point theorems for those contractions (Theorems 2.7 and 2.8). After Theorem 2.10,
we also introduce other definition of A-cyclic contractions (Def. 2.14) and obtain fixed
point theorems (Theorems 2.15 and 2.16). Our main results extend and improve some
well-known results in the existing literature. However, in recent remarkable work of Lau
and Zhang in [19, 20], the authors studied fixed point properties of semigroups of non-
expansive mappings, nonlinear mappings and amenability. In relation to Theorem 2.2 and

Theorem 2.10, we pose the following open problem at the end.

Problem Can Theorem 2.2 and Theorem 2.10 be generalized to a family or a commuting

or amenable semigroup of maps?
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4 Conclusions

In this manuscript, we introduce a new class of generalized (y/, ¢)-weak cyclic compat-
ible contractions (Definition 2.1) and prove a coincidence point and a unique common
fixed point theorem for these new contractions in a complete G,;-family (X,d,). We
also introduce a new class of A-cyclic compatible contractions via altering distance func-
tions(Definition 2.9), and prove an existence theorem for this new class of generalized
contractions in the generating space of a b-quasi-metric family (X, d,,). Our results extend
and improve the results obtained in [7] and some well-known results in the literature. We
provide examples to illustrate and support our results and we also pose a problem at the
end.
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