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Abstract

In this paper, we study the existence of solutions for systems of random semilinear
impulsive differential equations. The existence results are established by means of a
new version of Perov’s, a nonlinear alternative of Leray-Schauder’s fixed point
principles combined with a technique based on vector-valued metrics and
convergent to zero matrices. Also, we give a random abstract formulation to
Sadovskii's fixed point theorem in a vector-valued Banach space. Examples illustrating
the results are included.
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1 Introduction

Many evolution processes are characterized by the fact that at certain moments of time,
they experience change of state abruptly in a form of shocks, harvesting, natural disasters,
etc. These phenomena involve short term perturbations from continuous and smooth dy-
namics, whose duration is negligible in comparison with the duration of entire evolution.
This has been the main reason for the development of a new branch of the theory of ordi-
nary differential equations called impulsive differential equations. The theory of impulsive
differential equations has also attracted much attention in recent years (see [1-8] and the
references therein).

Unfortunately, in most cases the available data for the description and evaluation of
parameters of a dynamic system are inaccurate, imprecise, or confusing. In other words,
evaluation of parameters of a dynamical system is not without uncertainties. Differential
equations with random coefficients are used as models in many different applications. This
is due to a combination of uncertainties, complexities, and ignorance on our part which
inevitably cloud our mathematical modeling process (e.g., Kampé de Feriet [9], Becus [10]
and their references). This interest is due to the fact that there are many applications of
this theory to various applied fields such as control theory, statistics, biological sciences,
and others. For a discussion of such applications, one may consult the books [11-15] and
the papers [16—21], and the references therein.
© The Author(s) 2017. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


http://dx.doi.org/10.1186/s13663-017-0622-z
http://crossmark.crossref.org/dialog/?doi=10.1186/s13663-017-0622-z&domain=pdf
mailto:juanjose.nieto.roig@usc.es

Baliki et al. Fixed Point Theory and Applications (2017) 2017:27 Page 2 of 29

In this paper we consider the following system of impulsive differential equations with

the random effects (random parameters):

X (t, w) = A1(w)x(t, w) + fi(t, x(t, 0), y(t, w), ), t€]=][0,b],
Yt ) = Ar(w)y(t, ) + fo(6x(8 ), y(t, w), @), £€]=(0,b],
x(ty, w) —x(t;, ) :fk(x(t,;, ), y(t, ), k=1,2,...,m, L)
Y(th o) - y(ty, ©) = Lx(tg, 0), )6, ), k=1,2,...,m,

2(w,0)=p1(w), we,

¥(,0) =p(w), weg,

where f;: ] x X x X x Q — X are given functions, I, Iy € C(X x X,X), k=1,2,...,m,
O0=ty<t <+ <ty <ty =Db, ¢1, vy are two random maps, X is a separable Banach space
and 4;: Q x X — X, i =1,2, are random operators.

The main goal of this paper is to apply some new random fixed point theorem to a system
of impulsive random differential equations. Also we give a random version of Sadovskii’s
fixed point theorem in a separable vector-valued Banach space.

The paper is organized as follows. In Section 2, we introduce all the background material
needed such as generalized metric spaces, some random fixed point theorems, and Cy-
semigroup. In Section 3, by some new random versions of Perov’s and Leray-Schauder’s
fixed point theorems in a vector Banach space, we prove some existence and compactness
results for problem (1.1). In Section 4, by using the measure of noncompactness, we prove
some random versions of Sadovskii’s fixed point theorems in a vector separable Banach
space. Finally, in Section 5, an example is given to demonstrate the applicability of our

result.

2 Preliminary
In this section, we recall from the literature some notations, definitions, and auxiliary re-

sults which will be used throughout this paper.

2.1 Vector metric space

Ifx,y e R”, withx = (xy,...,%,) and y = (y1,...,¥,), then by x < y we mean x; <y; forall i =
1,...,n. Also we set |x| = (|x1],..., |%4|), max(x,y) = (max(x1,y),..., max(x,,y,)) and R” =
{xeR":x;>0}.If ce R, thenx <cmeans x; <cforeachi=1,...,n.

Definition 2.1 Let X be a nonempty set. By a generalized metric space on X, we mean a
map d: X x X — R” with the following properties:
(i) d(u,v) =0 forall u,ve X;ifd(u,v)=0,thenu=v;
(ii) d(u,v) =d(v,u) for all u,v € X;
(iii) d(u,v) <d(u,w) +d(w,v) for all u,v,w € X.

We call the pair (X, d) a generalized metric space with

dl (x’ )’)
d(x,y) =
du(x,y)
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Notice that d is a generalized metric space(or a vector-valued metric space) on X if and
onlyifd;,i=1,...,n, are metrics on X.
Forr=(ry,...,r,) € R”, we will denote by

B(xg,7) = {x € X :d(xg,x) < r} = {x € X :di(xg,x) <riyi= 1,...,n}
the open ball centered in xy with radius r and
B(xo, 1) = {x € X :d(wo,%) <r} = {x € X : di(x0,%) < rii=1,...,n}

the closed ball centered in xy with radius r. We mention that for a generalized metric space,
the notions of open subset, closed set, convergence, Cauchy sequence, and completeness

are similar to those in the usual metric spaces.

Definition 2.2 A square matrix of real numbers is said to be convergent to zero if and
only if its spectral radius p(M) is strictly less than 1. In other words, this means that all the
eigenvalues of M are in the open unit disc, i.e., || < 1, for every A € C with det(M — A1) = 0,
where I denotes the unit matrix of M,,,,,(R).

Lemma 2.1 [22] Let M € M ;x,(R,). Then the following assertions are equivalent:
(i) M is convergent towards zero;
(i) M* — 0 as k — oo;

(iii) The matrix (I — M) is nonsingular and
I-M)'=T+M+M*+- + M+
(iv) The matrix (I — M) is nonsingular and (I — M)~ has nonnegative elements.

Remark 2.1 Some examples of matrix convergent to zero are as follows:
1. Any matrix M = (}, ;), wherea,b € R, anda + b <1.
2. Any matrix M = (Z Z), wherea,b e R, anda+b<1.
3. Any matrix M = (g f), where a,b,c € R, and maxa,c< 1.

For other examples and considerations on matrices which converge to zero, see Precup
[23], Rus [24], and Turinici [25].

2.2 Random variable and some selection theorems
In this section, we introduce notations, definitions, and preliminary facts from multival-
ued analysis and random variable which are used throughout this paper. Let (X,d) be a
metric space or a generalized metric space and Y be a subset of X. We denote:

e« PX)={Y CX:Y #0}and

o Pp(X) ={Y € P(X) : Y has the property ‘p’}, where p could be: ¢/ = closed, b =

bounded, cp = compact, etc.

Thus

o Py(X)={Y € P(X):Y closed},

o Pp(X) ={Y € P(X) : Y bounded},
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o Po(X)={Y € P(X) : Y convex}, where X is a Banach space,

o Pp(X) ={Y € P(X): Y compact}.

Let (€2, X) be a measurable space and F : © — P(X) be a multivalued mapping, F is called
measurable if F*(Q) = {w € Q: F(w) C Q} for every Q € P.(X); equivalently, for every U
open set of X, the set F7(Q) = {w € Q: F(w) N U # @} is measurable.

If X is a metric space, we shall use B(X) to denote the Borel o -algebra on X. The ¥ ® B(X)
denotes the smallest o -algebra on € x X which contains all the sets A x S, where Q € &
and S € B(X). Let F: X — P(Y) be a multivalued map. A single-valued map f: X — Y is
said to be a selection of G, and we write (f C F) whenever f(x) € F(x) for every x € X.

Definition 2.3 Recall that a mapping F : 2 x X — X is said to be a random operator if,
for any x € X, f(-,x) is measurable.

Definition 2.4 A random fixed point of f is a measurable function y: 2 — X such that
y() =f(w,y(@)) forallwe Q.

Equivalently, a measurable selection for the multivalued map Fix F,, : @ — P(X) is defined
by

Fix F,,(x) = {x eX:x =f(a),x)}.

Theorem 2.1 ([26]) Let (2, X), Y be a separable metric space and F : Q — Py(Y) be mea-
surable multivalued. Then F has a measurable selection.

As a consequence of Kuratowski-Ryll-Nardzewski and Aumann’s selection theorems, we

can conclude the following results.

Theorem 2.2 ([27]) Let (2, %), Y be a separable generalized metric space and F : Q —
P.(Y) be measurable multivalued. Then F has a measurable selection.

Theorem 2.3 ([28]) Let X be a separable metric space, Y be a metric space,f : Q x X — X
be a Carathéodory function, and U be an open subset of Y. Then the multivalued map
F:Q — P(X) defined by

F(w) = {a) eQ:f(w,x) e LI}
is measurable. In particular, if f is real-valued, then
F(w)={weQ:f(wx)>1}, Fo)={oeQ:flwx)<r}
are measurable.

Next, we present some random fixed point theorem in a separable vector Banach space.

Theorem 2.4 ([27]) Let (2, F, ) be a probability space, X be a real separable gen-
eralized Banach space and F : Q x X — X be a continuous random operator, and let
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M(w) € Myx,(R,) be a random variable matrix such that M(w) converges to 0 a.s. and
d(F(w,xl),F(a), xz)) < M(w)d(x1,x2) foreach x1,x%, € X,w € Q.

Then there exists any random variable x : Q@ — X which is the unique random fixed point

of F.

Theorem 2.5 ([27]) Let (2, F) be a measurable space, X be a real separable general-
ized Banach space and F : Q x X — X be a continuous random operator, and let M(w) €
Muxn(R,) be a random variable matrix such that, for every w € 2, the matrix M(w) con-

verges to 0 and
d(F(a),xl),F(a), xz)) < M(w)d(x1,x2) foreach x1,x%, € X,w € Q.

Then there exists any random variable x : Q@ — X which is the unique random fixed point
of F.

Theorem 2.6 ([27]) Let X be a separable generalized Banach space,andlet F: Q x X — X
be a completely continuous random operator. Then either of the following holds:
(i) The random equation F(w,x) = x has a random solution, i.e., there is a measurable
function x : Q@ — X such that F(w,x(w)) = x(w) for all € 2, or
(i) Theset M ={x:Q — X is measurable|Mw)F (w,x) = x} is unbounded for some
measurable A : Q — X with 0 < AMw) <1 on Q.

Definition 2.5 A function f: [0,5] x R x € — R is called random Carathéodory if the
following conditions are satisfied:

(i) The map (t,w) —> f(¢, %, w) is jointly measurable for all x € R,

(i) The map x —> f(t,x, w) is continuous for all ¢ € [0,5] and w € Q.

Lemma 2.2 ([27]) Let X be a separable generalized metric space and G : Q x X — X be
a mapping such that G(-,x) is measurable for all x € X and G(w,-) is continuous for all

w € Q2. Then the map (w,x) — G(w,x) is jointly measurable.

Proposition 2.1 ([29]) Let X be a separable Banach space, and D be a dense linear
subspace of X. Let L : Q x D — X be a closed linear random operator such that, for
each w € Q,L(w) is one to one and onto. Then the operator S : Q x X — X defined by
S(w)x = LN w)x is random.

2.3 Cp-semigroups

In all this section, B(X) refers to the Banach space of linear bounded operators from X to
X with the norm

IAllzex) = sup{|A(y)

Syl =1}

Definition 2.6 A one-parameter family {S(¢),t > 0} C B(X) is said to be of class Cj if it
satisfies the conditions:
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(i) S(0) =1 ({ is the identity operator on X).
(ii) S(t+s)=S(¢) o S(s) for t,s > 0 (the semigroup property).
(iii) The map x —> S(f)x is strongly continuous for each x € E, i.e.,

tlin&S(t)x =x forallxe X.

A semigroup of bounded linear operators T'(¢) is uniformly continuous if
}E‘%”S(t) _I“B(X) =0.

Theorem 2.7 ([30]) Let {S(£),t > 0} be a Cy-semigroup of bounded linear operators, then
there exist constants o € R and K > 0 such that

”S(t) ”B(X) <Ke** fort>0.

Definition 2.7 Let S(¢) be a semigroup of class Cy defined on X. The infinitesimal gener-
ator A of S(¢) is the linear operator defined by

A) = lim SU* =%

Lim P for x € D(A),

where D(A) = {x € X|limj,_,¢ T(hl)f_" exists in X}.

Theorem 2.8 ([30]) Let S(t) be a Cy-semigroup, and let A be its infinitesimal generator.
Then, for x € D(A), S(t)x € D(A) and

d
77 SOx = AS(Ox = S(1)Ax.

More details on evolution systems and their properties could be found in the books of
Engel and Nagel [31], Pazy [30], and Vrabie [32].

3 Main results
In this section, we establish the existence, uniqueness, and compactness of solutions set
of a random system of impulsive differential equations (1.1).

3.1 Existence of solution
Let Jk = (tx, txs1], k = 0, ..., m, and let yi be the restriction of a function y to Ji. In order to
define mild solutions for problem (1.1), consider the space

PC = {}’1 [0,6] > X,yx € C(Jx, X),k =0,...,m, such that

y(¢) and y(¢;) exist and satisfy y(t;) = y(t) for k=1,...,m}.
Endowed with the norm

llpe = max{yelloc, k = 0,...,m},

PC is a Banach space.
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Definition 3.1 A functionx,y: Q — PC([0, 5], X) is called a random mild solution of (1.1)
if

x(t, w) = S1(w, )1 () + fot Si(w, t = s)fi(s, x(s, w), y(s, w), ) ds
+ D 0eter S(@s t = ) Ik (x(th, ), (i, @), £ €[0,5],
Y(t, ) = Sy(w, t)pa(w) + fot Sa(w, t = 8)fa(s,%(s, @), (s, @), w) ds
+ D oetper S, t = ) [k (x(ty, ), y(tr, @), t € [0, D],

(3.1)

where {S1(w, £)}1>0, {S2(®, )}i>0 are random Cy-semigroups of bounded linear operators

on X with infinitesimal generators A;, A,, respectively.

Theorem 3.1 Letfi,f;:] x X x X x Q — X be two Carathéodory functions. Assume that

the following conditions hold:
(H1) There exist p1,pa,p3, pa: @ — LY[0,b],R,) random variables such that

lfl(t,xxyx C()) _ﬁ(t”i”_)‘;) w)|

<pi(w,t)|x =% + pa(w, )|y =Y, xy%yeX, te],weR
and

V‘Z(t;xryr C()) _,fz(t,;;j;; (l))|

<ps(@,Olx =%+ pal@, Oy =y, x%pXyeX,te],weQ.
(H2) There exist random variables Ki,Ky :  —> (0, +00) such that

||S1(a), t) || <K (),

||Sg(a), t)|| <Ky(w) foreachw € Q.

If M(w) converges to 0, then problem (1.1) has a unique random solution.

Proof We are going to study problem (1.1) in the intervals [0,4], (4, %], .., (tm b,
respectively. The proof will be given in three steps and then continued by induc-
tion.

Step 1. We consider the following problem:

x'(t, ) = Ap(@)x(t, w) + (L, x(L, ), y(t, w), ), te€[0,4],
¥ (t, w) = Ax(w)y(t, ) + fo(t, x(t, 0), y(t, w), ), t€][0,8], (3.2)
x(0,w) = ¢1(w), weL, '

¥(0,0) = pa(w), e Q.

Consider the operator N : C([0, 1], X) x C([0,1],X) x Q — C([0,4],X) x C([0, 1], X),

®9) > (N{(@,%,9), Ny (,%,)),
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where

N} (x(t, ), (8, ), ) = Si(@, D1 (@)

+ / Si(w, t —s)fi (S,x(s, ), y(s, a)),w) ds, tel0,t]
0
and

N21 (x(t; U))!y(tr w), w) =S (o, t)(/)l(w)

+ fth(a),t -s)fs (S,x(s, ), ¥(s, a)),w) ds, tel0,4].
0

First we show that Nj is a random operator on C([0, ], X) x C([0, ], X).
Since f; and f; are Carathéodory functions, then w — f(¢£, %, y, ) and  —> fo(¢, %, y, w)

are measurable maps in view of Lemma 2.2. By the Crandall-Liggett formula, we have
¢ -n
Si(w,t) = lim (I— —A,-(a))) x, i=1,2.
n—00 n

From Proposition 2.1, we know that o — (I — ﬁAi(w))’”x are measurable operators,
thus w — Si(w,t) are measurable. Using the continuity properties of the semigroups
Si(w;+), S2(w, -), we get

o — Si(w,t)¢(w) and (s,0) = Sj(w,t - 3s)f; (s,x(s, ), ¥(s, w), a))

are measurable. Further, the integral is a limit of a finite sum of measurable functions;

therefore, the maps
w+—> N} (x(8, ), y(t, ), ), o> N, (%(t ), y(t, ), )

are measurable. As a result, N is a random operator on C([0, #1], X) x C([0, ], X) x € into
C([0,4],X) x C([0, ], X).
We show that Nj satisfies all the conditions of Theorem 2.4 on C([0, £;], X) x C([0, t;], X).
Let (x,y), (%) € C([0,1],X) x C([0, ], X), then

N} (%(t, ), y(t, ), @) = N} (%(£, ),5(t, ), 0)|

Si(w, )1 (w) + / Si(w, t - s)fi (s,x(s, ), y(s, w), w) ds
0

- Si(w, )1 () — / Si(w, £ = 8)fi (s,%(s, @), ¥(s, ), w) ds
0

< / [S1(@, = 9) | |[fi (s, %(s, %), y(s, ), ) = fi (5,%(s, @), (s, ), @) | ds
0

<Ki(w) </ pi(@, 1) |x(s, w) = X(s, w)|ds+/ P2 (,8)|y(s, 0) —El'(s,a))|ds).
0 0
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Thus

INA @y, 0) - NG5, 0)|, < ) 1<1( )

ly =7,

where

4
lxlle= sup eSO, phw)= Y piltw) T>Ki(w)+ K()

tel0,4] i=1

Similarly, we obtain

Kz w) ~ <2(CU)

llx =%l +

N2 (%, ) = No (7,5, 00) |, < Iy = l)-

Hence
dO (Nl (x:y: w)7 Nl (355, (,L))) =< M()(Ll))d() ((x:y)x (’55)’_)7))’

where

w70

Ki(»)
Mo (o) = Kzr(w) I( :
T T

Itis clear that the radius spectral p(M(w)) =

and

=~
|2
S

-
>
S

K@) 1. By Lemma2.1, Mo (o) converges

to zero. From Theorem 2.5 there exists a unique random solution of problem (3.2). We
denote by (x1(t, ®), y1(¢, w)) the mild solution of (3.2).
Step 2. We consider the problem

x'(t, w) :Ai(w)x(t, o) +filt,x(t, w),y(t, w),w) teE(t,t],
Y (8, w) = AS(0)y(t, ) + (8 %(8 0),y(t, 0),w) £ € (t,5],
x(tf, w) = %1, w) + L (x1(4, ), y1 (8, ),
W&, ) = y1(t, ) + L (% (01, ), 31 (11, ).

(3.3)

Let

Ci([t, 01, X) = {y € C((t1, 121, X) : y(&]) exists}.

Consider the operator N : C,([t1, 5], X) x Ci([1,6),X) x @ — Cu([t1, 5], X) x
C*([tl,tz],X),

(®9) — (N3 (@,%,9), N3 (@,%,9)),
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where

Ny (%, 0) = Si(w, x1 (0, 1) + I (%1(11, ), y (11, @)

+ /tSl(w,t -9)fi (s,x(s,w),y(s, a)),a)) ds te(t,t]

5]
and
sz(x,y, w) = Syw, Oy (t,w) + 1y (xl(tl; w);)’l(tlra)))

+ /tSz(a),t—s)fg(s,x(s, w),y(s,w),w)ds te(t,b)].

N is a random operator on C,([#1,£],X) x Ci([t1, 2], X). Now we show that N, satisfies
all the conditions of Theorem 2.4 on C,([t1, 2], X) x Ci([#1, 2], X).
Let (xry)) (%)3//) € C*([tlr t2]1X) X C*([tlr tZ]rX), then

[N ((s @), 3, @), @) = N3 (7, ), 3, ), 0)|
<13 [ (o, nts,0) - 3.0 ds
+i(o) | ' pale D]yl 0) s, 0)| ds.
Then
[ N2 (x(, @), 3, @), @) = N3 (@, %, ), 5, ), o) |

< Ki(w) Ki(w)
T T

ok

|E _36”** + ||)/ —7”**,

where

4
. pte)=) pilt), T>K(o)+K)

i=1

L
||x||*: sup e—l'ftlp(s,w)d5|x(t)

te[0,4]

Similarly, we have

K: ~ K
<Gy, g, B

N3t 00,50, 0) - N3 05 ), ), = =2 :

Y =Vl

Therefore

dp (N2 (x,y, a)),N2 (%,57, a))) < M(a))d1 ((x,y), (35,37)),

where

o= 3l
)= (nx—yn )



Baliki et al. Fixed Point Theory and Applications (2017) 2017:27

and

Page 11 of 29

T T

Ki(w) )
T
Ky(w) |*

From Theorem 2.5 there exists a unique random solution of problem (3.3), we denote it

bY (xZ(tr w)7y2 (t7 w))
Step 3. We continue this process until we arrive at the random variable w — (x,,41(-, ),

Ym (- w)) as a solution of the problem

X (t, w) = Al(w)x(t, ) + /(L x(t, w), y(t, ®), ®)  t € (t,b),
Y (t,0) = Ay ()y(t, 0) +fot, %, ), y(t, @), ) t € (tw, ], 3.4)
2(t}yr ) = 21(Ens ©) + Lo (o @), Yo (s ), '
y(f:,,, w) = ym(trm ) + jm (Xm (Ems a)):ym(tm) w)).
Then a random solution of problem (1.1) is defined by
(x1(t, @), y1 (¢, @), ift € [0,41],
(x(t, a)),y(t, w)) _ (xZ(t’ 60),}/2(73, L())), ifte (tl;tZ];
(xm+l(t¢ w)»_ym+l(tr (,())), ifte (trm b] O

3.2 Existence and compactness results

In this subsection, we prove the existence and compactness of a solution set of problem

(1.1). For this we assume that the Cy-semigroup S;(-,£), Sz2(-,£), £ > 0 is compact.

Now, we consider the following set of hypotheses in what follows:

(H3)
(H4)

(He)

The functions f; and f, are random Carathéodory on [0,5] x X x X x Q.
There exist bounded measurable functions yy, y» : @ — L'([0,5],R,) and
nondecreasing continuous functions v, ¥, : R, — (0, 00) such that

it %y, 0)| <t w)yn(lx] +1yl) ae te(0,b]
and
[atx,y,0)| < y(bw)y(lxl +|y) aetel0,b]

forallw e Qand x,y € X.
There exist constants o; > 0 and A; > 1 for i € {1,2} such that

HSi(t, ) H < 1%t forallw e Q.

There exist constants cx, ¢x > 0 with k =1,...,n and continuous functions ¢y,
Ek :R, — R, such that

|Ic(x,9)| < cxgpuc(Ix] + 1y1)  forallx,y € X,

‘Tk(x,y)| < Ek$k(|x| + |y|) forallx,y € X.

The following result is known as the Gronwall-Bihari theorem.
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Lemma 3.1 ([33]) Letu,g: [a,b] — R be positive real continuous functions. Assume that
there exist ¢ > 0 and a continuous nondecreasing function ¢ : R, — (0, +00) such that

u(t) <c+ ftg(s)q)(u(s)) ds, Yte].

Then

u(t) §H_1</t§(s)ds>, Vte]

provided that

+00 dy b_
— ds.
o [

Here, H™! refers to the inverse of the function H(u) = [ Ay

. ¢(y)foru > c.

Now, we give our existence and compactness results for problem (1.1).

Theorem 3.2 Assume that (H3)-(H6) are satisfied and

b oo
‘/OF(s,a))ds</; % forallw e Q,

where

¢ = 11"’ |p1(w) | +126"2" | @2 (@)], V=vy1+vy2 and T =y +y.
Then problem (1.1) has a random solution defined on [0, b].

Proof Consider the operator T : C([0,b],X) x C([0,b],X) x Q@ — C([0,b],X) x
C([0,b],X),

x,9) —> (Ti(®,%,9), To(w,%,9)),  (x,y) € PC x PC,

where

T, (x(t, ), y(t, a)),a)) = Si(w, t)g1(w) + /o Si(w, t—s) l(s,x(s, ), (s, a)),a)) ds

+ Y Si(w,t— ) (%t ), y(t, 0)), € [0,5]

O<ty<t

and

Ty (w,%(t, ), y(t, ©)) = Sa(w, )@ (@) + / Sa(w, t = s)fa(s,%(s, ), y(s, ), w) dis
0

+ ) Salw,t — )k (6t ), Ytk 0)), £ €[0,b].

O<ty<t
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Clearly fixed points of the operator T are random mild solutions of problem (1.1). For
w € 2 fixed, consider T, : PC x PC — PC x PC by

T, (%(t, ), y(t, 0)) = (T1(%(t, ), y(t, ), w), Ta (x(t, ), §(t, ), ), (x,9) € PC x PC.
We shall show that T satisfies assumptions of Theorem 2.6. We split the proofinto several

steps. First we show that T, is completely continuous.
Step 1. T maps bounded sets into bounded sets in PC x PC.

0)]=()

B, x B, = [(x,y) e PC x PC:
where

)1

Let (x,y) € B, x By, then for each ¢ € [0, b],

’ T, (x(t, ), ¥(t, w), a)) | = |S1(w, )1 (w) + / Si(w, t —s)fi (s,x(s, ), ¥(s, w), a)) ds
0

+ ) Si,t -t (x(t, w):y(tk»w))‘

O<ty<t

t
< e |g1 ()| +Ale“1b/ Ifs (s, (s, ), (s, @), ) | ds
0

+ At ch¢k(‘x(t,a))| + |yt )|)

k=1

t
< re )| + )Lle"‘lb/ n(s, w)t/f1(|x(s, a))| + |y(s,a))|) ds
0

m
b
+e> " e (1%l + l1yllpc)-

k=1

Then

| Ty (x(t, ), y(t, ), w) | < l1€a1b<|§0l(w)‘ + Y1)z, + ch¢k(,0)) ==l <o0.

k=1
Similarly, for T3, we have
| T2, 3, @) | < hae®?” <|€02(w)‘ +¥(o)lyall, + Zﬁkak(p)) =1 <00,
k=1

Step 2. T,, maps bounded sets into equicontinuous sets of PC x PC. Let B, x B, be a
bounded set in PC x PC as in Step 1 is an equicontinuous set of PC x PC. Let 11, 75 € [0, b]
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such that 0 < 7y < 7, < b, and (x,y) € (B, B,). Then

(1) = I (12)| < [Si(w, T1)¢1(w) - Si(w, T2)e1 ()|
+ / 1 ||Sl(a), 71 —5)—Si(w, 72 —5) H i (s, (s, ), y(s, ), ) ds
0

+ Z [S1(e, 71 = tie) = S1(w, T2 — 8 ||| T (e, (e, 1), Y, 1)) |

O<tr<m1

_/ ’ HSl(a), Ty —S) || [fl(s,x(s, ), ¥(s, a)),a)) | ds

= Y |Su@, 72 - )| | i (e ths ), y(tis @) .

T <t} <T2

Then

(1) = ()] < ||Si(w, 72 — 1) = I|||S1 (@, 1)1 ()

+ /0 1 [81(w, 72 = 1) = D) ||| S1(w, 71 = 8) | |fi (5, (s, ), y(s, @), @) | s
+ / i ||51 (w, 70 —5) || [fl (s, %(s, ), y(s, ), ®) | ds

+ Z [S1(w, 72 = 71) = D) ||| Su(s 71 = 8 || [T (%81, @), y(t1s )|

(2372351

£ [1Su@, 7 = 8| [Tk (5(te ), y (11, )

TI<Ik<T2

’

where
h(v) = Ty(o,x(@, ), y(@, 7)), i=1,2.
By (H5), we get

(1) = ()| < Me™?||Si(@, 72— 1)

7
+ 2Py (p + @) | Si(w, 12— ) - || / (s, ) ds
0

)
+ Alealbwl(p + q)/ yi(s,w) ds
7

+ Ae? Z ckd(p + 6])”51(60, T —T1) —1”

O<tr<my

+ Y abp+ @S+ - ).

T1<Ik<T2

Since {S1(w, £)}>0 is uniformly continuous, then ||S; (/) —I|| — 0as# — 0*. Thus the right-
hand side tends to zero as t; — 7. This proves equicontinuity for the case where t # t;,

i=1,...,m.
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Now we prove equicontinuity at ¢ = £;. Let & > O such that {tx : k # i} N [t; - &, ¢+ &] # 0.
For 0 < & < &, we get

| (6) - (6 - €)| < |Si(, t)e1 (@) — Si(w, £ — €)p1 ()]

+ 1//1(p+q)/0 i||51(a), ti—s) = Si(o,t; — & —9)||1i(s, 0) ds

i-1

+ ZHSI(wrti —t) = Si(w, t; — & — &) | pic(p + q)

k=1

L
+Y(p + 0])/ [S1(@, 8 — & = 5) || 11(s, ) ds.
ti—e

The right-hand side tends to zero as ¢ — 0. Next we prove equicontinuity at ¢ = £/. Fix
& >0 such that {t; : k Zi} N [t; — &, 1 + &) # 0. For 0 < & < &, we have

(i + &) = (&) < |Si(o, 8 + )1 (@) - Si(@, t)p1 ()]
+ wl(p+q)/(; i||Sl(a),t,' +e —s)—Sl(a),t,'—s)Hyl(s,w)ds

+ Z ”Sl(a):ti+8_tk)_Sl(w,ti_tk)||ck¢k(p+q)

O<tp<ty

+Y1(p+q) /.‘t““ [S1(@, £ = 5)| 11 (s, ) ds

+ Z Ck ||Sl(w, ti+&—ty) ||¢k(p +q).

ti<ti<ti+e

The right-hand side tends to zero as # —> 0. By a similar way we can prove the equicon-
tinuity for T5(B, B,).

Step 3. Now we will prove that T,,(B, x B,)(t) for t € [0, b] is relatively compact in PC.
ForO<e<tandte[0,b],let

T.(x,y,0) = (Tf (%, 9, w), Ts (x,, a))),
where

Ts (a), x(t, w), y(t, a)))
= Si(w, hpr (@) + f i = sV 5:3(5,0), 505, 0),0) s
0

+ Y Siot - )@, 5t ), Ytk @)

O<ty<t—e
= Si(w, )g1() + S1(w, &) / ) Si(w, t—s—e)f (s,x(s, ), ¥(s, a)),a)) ds
0

+ Sl(w: 8) Z Sl (a)’ t— tk)lk(x(tk! w)’)’(tk: w))

O<ty<t—e
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and
T3 (0, (8, ), y(t, @)
=S (o, t)ga (o) + Sz(w,e)/ - Sot-s- e)fa(s,%(s, @), y(s, ), ) ds
0

+Si(w,8) Y Sylw,t— t)Ik(x(t, ), ¥tk ).

O<ty<t—e

The compactness of the semigroup {S;(w,t)};»0 for i = 1,2 implies that the set T;(B, x

B,)(¢) is precompact. Moreover,
| T} (w0, %(t, @), (8, ) = T1 (0, (8, w), y(t, w)) |

Sl(a),s)/t Si(w, £ —s—&)fi (s, x(s, ), y(s, ), w) ds

+Su@,8) D Silw,t— )k (%t ), Ytk )

t-e<ty<t

<y / yilw, ) (s, )| + |y(@,9)]) ds

—&

+Aettb Z ck¢k(|x(s,a))| + |y(s, w)\)

t-e<ty<t

t
<M Y(p +q) / Vi(w,s)ds + e Y~ adi(p+q).
t—¢e

t-e<ti<t

The right-hand term tends to 0 uniformly in ¢ as ¢ — 0.This implies that the set T7 (B,)(t)
is relatively compact for ¢ € [0, b].

By a similar way as above, we prove that T (B, x B,)(t) is also relatively compact. This
implies that T, (B, x B,)(¢) is relatively compact.

Step 4. Now we show that the operator T is continuous.

Let (x,,x,) be a sequence such that (x,,y,) — (x,y) in PC x PC as n — oo. By (H4),
(H5) we obtain

|T1 (%n(t, ), yu(t, @), @) — Ty (x(¢, ), y(8, ), w)|
< Aleo‘lb/ (5, %n(, ), yu(s, @), ) = fi (5,5(5, ), ¥(s5, ), )| s
0

+ 20 I, %n(th, ), Yt ) = I (5(ta @), Y (8 ) .

O<ty<t

Hence
” Tl (xn(" w)’yn('r w)’w) - Tl (x(: w)ry('r w)’w) ”PC

b
< klealb/o [fl(s,x,,(s, @), Yu($, @), ®) —fi (5, %(s, ), ¥(s, ), ) ‘ ds

+ 20 [T (w0t @), Yt ) = I (5(ta @), Y (8 ) |.
k=1
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Since f is a Carathéodory function, by the Lebesgue dominated convergence theorem and
the continuity of I, we get

|| T1(% Yr @) — T1 (%, y, @) ”PC — 0 asun— oo.
Similarly
|| Ty Xy Yrr @) — To(x, 9, @) ”pc — 0 asn—> 00.

Thus T is continuous.
Step 5. Now, we show that the set

M= {(x,y) € PC x PC: (x,y) = M) T (x,9), M(w) € (0, 1)}

is bounded for some measurable function A : 2 — R.
Let (x,y) € M, then for each ¢ € [0, 1],

x(t, ) = M) T1 (x¥(t, 0), y(t, 0), @), y(t,0) = Mw) T2 (x(t, ), y(t, 0), 0)
such that
Ty (1(6,0), 306, @), ) = $1(, D (@) + /0 10— 5V (5505, ) (5,0, ) ds
and
T (x(6, ), 9(6,0), ) = Sa(0, Ole) + /0 S0t = s (5,206 ), (5,0, ) ds.
For some 0 < A(w) <1, we have
|x(t, )| = | M) T (w,%(2, w), y(t, )|
< |A(w)|(|sl(w, D) + /0 810~ 5] f (5,5 ), 0, w>,w)|ds)
< 1o + 116 [ (snin((sts)] + s ds
Thus
|5(t, )| < 11" |1 (@)] + 2y e /ot yi(s, )y (|x(s, )| + [y(s, w)|) ds.

Similarly

y(t, )| < 22e™2?| @y ()] + Ape™?” /0 (s o) (|x(s, )| + [y(s, 0)|) ds.

By the two above inequalities, we get

|x(t, a))| + |y(t, a))| <c+ Ale‘“b/() I'(s, w)1ﬁ(|x(s, a))| + |y(s, a))|) ds.
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Applying the Bihari lemma, we obtain

|x(t, a))| + |y(t, a))| <H?! (/ I'(s,w) ds) for each t € [0, b], (3.5)
where
“ du
HO= | e

Finally from (3.5) there exists a constant ¢ > 0 such that
lxllpc <o and |yllpc <o.

This shows that M is bounded. Thus by Theorem 2.6 the operator T has at least one fixed
point which is a random mild solution of problem (1.1). d

4 Random Sadovskii’s fixed point theorem type
In this section, we present the random Sadovskii’s fixed point theorem in a vector Banach

space. First, we give definitions and properties for a measure of noncompactness.

Definition 4.1 Let X be a generalized Banach space and (A4, <) be a partially ordered set.
Amap 8:PX) > Ax Ax...x Ais called a generalized measure of noncompactness
(m.n.c.) on X if

B(coC) = B(C) for every C € P(X),
C € P(X), where

B1(C)
B(C):= :
B4(C)

Definition 4.2 A measure of noncompactness f is called
(@) Monotone if Cy, C; € P(X), Co C C; implies B(Cp) < B(C).
(b) Nonsingular if B({a} U C) = B(C) for every a € X, C € P(X).
(c) Invariant with respect to the union with compact sets if (K U C) = B(C) for every
relatively compact set K C X, and C € P(X).
(d) Realif A =R, and B(C) < oo foreveryi=1,...,n and every bounded C.
(e) Semi-additive if B(Cy U C1) = max(B8(Cy), B(C1)) for every Cy, C € P(X).
(f) Lower-additive if 8 is real and B(Co + C1) < B(Cop) + B(C1) for every Cy, C; € P(X).
(g) Regular if the condition B(C) = 0 is equivalent to the relative compactness of C.
A typical example of an MNC is the Hausdorff measure of noncompactness x defined, for
all C C X, by

x(C):= inf{e € R” : there exists n € N such that C has finite e—net}.
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Definition 4.3 Let X, Y be two generalized normed spaces and F : X — P(Y) be a multi-
valued map. F is called an M-contraction (with respect to 8) if there exists M € M,,,(R;)
converging to zero such that, for every D € P(X), we have

B(F(D)) < MB(D).
The next result is concerned with B-condensing or M-contractivity.
Theorem 4.1 ([34]) Let V C X be a bounded closed convex subset and N : V — V be a

generalized B-condensing continuous mapping, where p is a nonsingular measure of non-
compactness defined on the subsets of X. Then the set

Fix(N) = {x eV:x =N(x)}
is nonempty.
As a consequence of Theorem 4.1, we present versions of Schaefer’s fixed point theorem
and the nonlinear alternative Leray-Schauder-type theorem for 8-condensing operators

in a generalized Banach space.

Theorem 4.2 ([34]) Let E be a generalized Banach space and N : E — E be a continuous

and B-condensing operator. Moreover, assume that the set
A= {x € E:x = AN(x) for some A € (0,1)}
is bounded. Then N has a fixed point.
Now Theorems 4.2, 4.1 establish the results.
Theorem 4.3 Let (2, F) be a measurable space, C be a closed, convex, bounded subset of

a separable vector Banach space, and F : Q@ x C — C be a continuous condensing random
operator. Then F has at least one random fixed point.

Proof Let w € Q. Consider F,, : C — C defined by F,(x) = F(w,x). By Theorem 4.2, there
exists x(w) € C such that

x(w) = F(w, x(w)).
Define 7 : C — P,4(C) by
T(w) = {x eX:x= F(a),x)}.
Since F is a Carathéodory function, then the function ¥ : Q@ x C — R’ defined by

YU(w,x) = d(x,F(a),x))
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is also a Carathéodory operator. From Theorem 2.3, the set multivalued map G, is mea-
surable, so

S =

Gplw) = {x € Q:x -~ F(w,x) € B(0,¢,)}, =] peN

Moreover,

T =[G, weq.
n=1

From Theorem 2.1, there exists a measurable selection x :  — C of 7 which is a random
fixed point of F. d

We can also prove the following result.

Theorem 4.4 Let X be a separable generalized Banach space, and let F: Q2 x X — X bea
condensing continuous random operator. Then either of the following holds:
(i) The random equation F(w,x) = x has a random solution, i.e., there is a measurable
Sfunction x : Q@ — X such that F(w,x(w)) = x(w) for all w € 2, or
(ii) The set

M= {x : Q — X is measurable|M(w)F(w, x) = x}
is unbounded for some measurable function A : Q@ — X with 0 < Mw) <1 on Q.

Lemma 4.1 ([35], Theorem 5.1.1) Let E be a Banach space and N: L'([a,b],E) —
C(la, b], E) be an abstract operator satisfying the following conditions:

(S1) N is &-Lipschitz: there exists £ > 0 such that, for every f,g € L*([a, b, E),

b
|Nf(t) —Ng(t)| < “;‘/ [f(s) —g(s)| ds forallt e [a,b].

(S2) N is weakly-strongly sequentially continuous on compact subsets: for any compact
K C E and any sequence {f,,}°°, C L ([a,b],E) such that {f,(£)}32, C K for ae. t €
la, D), the weak convergence f, — fo implies the strong convergence N(f,) — N(fy) as
n—> +00.

Then, for every semi-compact sequence {f,}°2; C L'([0, b], E), the image sequence N({f,}°2;)
is relatively compact in C([a, b), E).

Corollary 4.1 Let N : L'([0,b],E) — C([0, b), E) be defined by

N(f)(t) = /0 St~ )f(s)ds, tel0,b],

where (8(2))e>0 is a Co-semigroup, then N satisfies S; and S,.
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Lemma 4.2 ([35], Theorem 5.2.2) Let an operator N: L'([a,b),E) — C([a,b],E) satisfy
conditions ($1)-(Ss) together with

(S3) There exists n € L'([a, b]) such that, for every integrably bounded sequence {f,}2,, we
have

x({6®)7) <n@®) forae telab),

where x is the Hausdorff MNC.

Then

b
X({N(fn)(t)}:il)§2§/ n(s)ds forallt e a,b],

where & is the constant in (Sy).

Now we give our main existence result for problem (1.1) without the compactness of a

Co-semigroup, and there exists M > 0 such that
||S(t) || <M forallte[0,Db].

We will need to introduce the following hypothesis which is assumed thereafter:
(H7) There exists p; : Q@ — L}([0,b], R,) random variable such that, for every bounded
D,D inX,

x(f(&:D,D,)) < Bi(t, ) x(D) + pit ) (D).

Theorem 4.5 Under the conditions of Theorem 3.2 and (H7), problem (1.1) has at least
one random mild solution.

Proof We are going to study problem (1.1) respectively in the intervals [0,4], (¢, %],
.., (tm, b]. The proof will be given in three steps and then continued by induction.

Step 1. 1t is clear that all the random mild solutions of problem (3.2) are fixed points of
the operator Nj defined in Theorem 3.1. For applied Theorem 4.2, first we prove that Nj is
a Bo1-condensing operator for a suitable MNC. Given a bounded subset D C C([0, #], X),

let mod¢(D) the modulus of quasi-equicontinuity of the set of functions D denote

mod¢ (D) = limsup max |x(r1) - x(rz)f.
=0 yep lr2-11|<8

It is well known (see, e.g., Example 2.1.2 in [35]) that mod¢(D) defines an MNC in
C([0, 1], X), which satisfies all of the properties in Definition 4.2 except regularity. Given

the Hausdorff MNC y, let 7, be the real MNC defined on bounded subsets on C([0, £;], X)
by

71(D) = sup €¥ fép(s,w)dsx (D(t))’ p()w) =P1('¢w) +p2(')w)'

te[0,t]
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Finally, define the following MNC on bounded subsets of D x D, C C([0,4],X) X
C([O; tl]!X) by

pi(D)
D D* = )
Boa(D x D,) (ﬁl (D*))

D)= max

D), modc(D)),
DEA(C([O,tﬂ,X))(yl( ), modc( ))

where A(C([0,%],X) x C([0,#],X)) is the collection of all denumerable subsets of
D x D,. Then the MNC B is monotone, regular, and nonsingular (see Example 2.1.4 in
[35]). This measure is also used in [3, 36] in the discussion of semi-linear evolution dif-
ferential inclusions. To show that Nj is By ;-condensing, let B=D x D C C([0,#],X) x
C([0,#],X) be a bounded set in C([0,#],X) x C([0, #],X) such that

Boa(B) < Bo(N(B)). (4.1)

We will show that B is relatively compact. Let {(x,,¥,) : # € N} C B, and let N} = L} + LY,
i=1,2, where L : C([0,4],X) — C([0,#], X) is defined by

L} (X(t, a));y(tr w)) = S(t)xo (w)’ Lé (x(t) a));y(t; w)) = S(t)yo(a)),

L, : C([0,1],X) — C([0,#],X) is defined by

L (x(t, ), y(t, ) = /OtS(t -s)f; (s,x(s, w), y(s, w)) ds, tel0,t],i=1,2.

From assumption (H7), it holds that for a.e. £ € [0, #;],

x(l(s,U{x,q(t,w)}, U{yn(t,a»},w)

< X6 (950} D500} )
<pils o) x({xuls, @)}, )
+71(s,0) x ({yuls, )}, )
< P15, ) PO g e (5,00, )

+7 s, w)e2Mrf05ﬁ1(r,a)) dr g=2Mx Jo PL(ro) er ({yn(s¢ a))}nEN)

<pi(t, 0)e" Jgp(r'w)dr%({xn(s' o)} ,en)

4 e2MT Jop(rw) drﬁl (s, a))71 ({yn (s, w)}neN)’

Hence

X (ﬁ (s» U{ Gt ), (2, w))},w)

neN

=p (t» w)eZMr fép(r,w) dr71 ({x” (S’ w) }neN)

+p,(s, w)eZMffép(nw>dr71 ({yu(s, @)}, 5)- (4.2)
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Lemmas 4.1 and 4.2 imply that

X (N} (s @), yu (8, ) ]2 )
571({xn}221)2M/ pl(s,w)ds+71({yn}flil)2M/ py(s)ds
0 0

t
< 71(fen)ien)2M / ps, )M Jorre)dr g
0

t
+71({y,,}2°:1)2M/ eZMffol’(”“’)d’p(s,w)ds.
0

Hence

: . 2M_ o 2M_ -
eiszop(S)dSX({Nl (xn(t’ a));yn(tr w))}nzl) = Tyl({xn}nzl) + Tyl({yn n:l)

and

X (L ({xa®)} ool @®}2))) = 0.

Therefore

00 2M _ 2M _
71({N11(xn("w)’yn('rw))}nzl) = T)/l({xn}fil) + Tyl({yn}ﬁil)»

Similarly, we have

. 2M . 2M _ 00
71({N2(xn(’rw)ryn(';w))}nzl) = Tyl({xn}nzl) + Tyl({yn nzl)-

So

V1N ({2 @0) 3 (5 0)12D) | M2 (7 (e 0))2y)
V1No ({5 @),y 0)12))) ) — \ 2 2L\ (G 0)2)) )
From (4.1), we have

<A

(z(N%({xnc,w),ync,w)}:a)))

V1NT ({2 (@), 3, @)}52)))
V1N (2, @),y @)152))) ’

V1N (2 (@), 3, @)}52)))

WM oM

where A = ( o 2 ) Since the spectral radius p(A) = % <1, then

N (ot b1)) =00 7N (fa @b yaCi@)]l)) = 0.
This implies that

7L (fnlt @)t ) }7)) = 0,

71Ny ({2t @), yut )} ) =0 fort € [0,1].
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Now, we show that mod¢(B) = 0, i.e., the set

By = { (N1 (% (t, ), yu (£, @), N ({% (£, ), yu(t, ))) )} -,) s £ € [0, 11]}

is equicontinuous, we proceed as in the proof of Theorem 3.2. It follows that mod¢(B,) = 0,
which implies, by (4.3), that Bo1(B,) = 0. We have proved that B is relatively compact.
Hence N; : C([0, 1], X) x C([0,4],X) — C([0,£],X) x C([0,#],X) is Bo1-condensing. As
in Theorem 3.2, Nj is continuous and, for some random variable A : 2 — (0,1), we have

My ={@x):C([0,4],X) x C([0,4],X) : Mw)Ny(w,%,Y) = (x,9)}

is bounded. As a consequence of Theorem 4.4, we deduce that N has a fixed point (x, )
in C([0, ], X) x C([0,#1], X), which is a solution to problem (1.1) on [0, #;]. Denote this by
(xo,yo)'

Step 2. We consider problem (1.1) on (f;, t]. It is clear that the fixed points of the op-
erator defined in Theorem 3.1 are the solutions of (3.3). Thus we only prove that N; is a
B12-condensing operator. For a bounded subset B x B C C,([t1, 2], X) x Ci([t1, 2], X), let
modc(B) be the modulus of quasi-equicontinuity of the set of functions B, ¥, be the real
MNC defined on a bounded subset on C,([t;, ], X) by

¢
7,(B) = sup e—2MT Iy p(r,w)er (B(t)),

telt k]

and B, the MNC defined on C,([#, ], X) by

B) = Y45 (B), mod¢(B)),

B2(B) BeA(Cfﬁﬁitz]x))(Vz( ), modc¢(B))

where A(C,([t;, T>], X) is the collection of all denumerable subsets of D x D,. So, we define
MNC on bounded sets C,([#1, £,],X) x Ci([t1, 2], X) by

B2(D)
D x D,):= .
AralDx D.) (ﬂz(m)

As in Step 1, we can prove that N, is continuous and S ;-condensing. From Theorem 4.4,
we deduce that Nj has a fixed point (x, y) in C,([#1, 2], X) X C.([t1, £2], X) denoted by (x1, y1).

Step 3. We continue this process taking into account that (x,,, ¥.) := (Xl(z,,,,6] Y| [t,,6]) 1S
a solution of problem (3.4). A random mild solution (x,y) of problem (1.1) is ultimately
defined by

(xo(t, w),y0(t, @), ifte[0,h],
(et - | FEOPNEED), el
X (t, @), ym(t, @), if t € (£, b]. O

5 Examples
In this section we use the abstract results proved in the above section to study the existence
of a mild solution for random impulsive Stokes and hyperbolic differential equations.
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Example 5.1 Let (2, ¥) be a measurable space and G C R3 be a bounded open domain
with the smooth boundary dG. Consider the following system of impulsive stochastic
Stokes-type partial differential inclusions:

u(t, &, w) - P(Au(t, &, w)) = f(t,u(t, &, w),v(t,xw),w), aetel0,bl,§eg,
vi(t, &, ) — P(AV(E §, w)) = g(t, u(t, §, w), v(t, &, w)), ae. te0,b),& €@,
u(tk,é‘,a)) (tkrg a)) ( (tkri: w))

V(L] &, 0) = v(ti, &, ©) = L (vt €, o)), k=1,...,m, (5.1)
Vu=Vv=0, (t,€) € [0,b] x G,

u(t,§,-) =v(t,§,-) =0, (t,£) €[0,b] x 3G,
u(0,§,-) =u(b,§,-), 0,&,-) = v(b,x,-), £eG,

where 7n(x) is the outward normal to D at the point & € 9G. Let
E:{ue(Cfo(G))3:Vu=0inQandn-u:OonaG},

(72 3
and let X = - be the closure of Y in (L*(G))3. It is clear that, endowed with the

standard inner product of the space (L?(G))?, defined by

3
§ un VL L2(G)r
i=1

X is a Hilbert space. Let P : (L2(G))> — E denote the orthogonal projection of (L%(G))3
onto E, where P(A) is the Stokes operator. Let A : D(A) C X — X be defined by

D(A) = (H*(G) N Hy(G))’ N X,
Au=-P(Au), ueD(A).

Lemma 5.1 (Fyjita-Kato, Theorem 7.3.4, [32]) The operator A, defined as above, is the
generator of a compact and analytic Cy-semigroup of contractions in X.

Let us assume that

(K1) f5g:10,b] x G xR xR x Q—R,i=1,2, are Carathéodory functions.
(K2) ¢, : Q — LY([0,b],IR,) are random functions such that

[ft,xmv,0)| < ¢it,0) and |glt,xu,v,0)| < Yiltw), i=12,

for each (¢, %, u,v,w) € [0,b] x G xR xR x Q.

Let

X(t, w)(é) = u(t¢§’w)’ J’(f, w)(é) = V(t,%',a)), te [0¢b])€: € Gr

x(ty, )
1+ [t ) |x

I (x(tr, @) = K , £€Gk=1,...,m
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y(t, )
1+ |y(tg, @)lx

x(o»w)(f) = M(O’Era)) = u(b,é,a)) = x(b1 Cl))(té;'),
J’(O:w)(f) = V(O,E,a}) = V(b¢§7w) =y(b’ w)(§)$ egq,

L (y(tx, - @) = Ki L EeQk=1,...,m,

where Ki, Ky € R, k =1,...,m. Assume that (K;)-(K;) are satisfied. Thus problem (5.1) can
be written in the abstract form

X (t, w) — A1x(t, ) = fi(L, x(L, w), ¥(t, w), ), t€[0,b],

¥V (t, w) — Agy(t, w) = fo (L, (8, ), ¥(t, ), w), t€[0,b],

x(tg, w) = x(ty, ) = I(x(t, ) (5.2)
y(th ) =yt ) = Lyt ), k=1,...,m,

x(0,w) =x0(w),  ¥(0,0) = yo(w),

where A; = A, = A. Since, for each k =1,...,m, we have

X

Ky <|Ky| forallxeX.

X

I(x)| =

< |Kkl, Li(x)| = |Kx
1+|x|x‘x ’ ‘ 1+ |x|x

Then Theorem 3.2 ensures that problem (5.1) possesses at least one solution.

Example 5.2 Consider the following hyperbolic system of impulsive partial differential
equations:

un(t€,0) — Au(t,&,0) = f(6€,u(t, €, 0),v(t,x,0), aetel,feG,
vu(t, &, 0) — AV(t, §,0) = g(t, u(t, &, 0),v(t,§,0), aete],EecgG,
u(ty, &, 0) — ult,§,0) = I(ult§, ), k=1,...,m,
V(L] %, @) — V(e x, @) = IVt &, ), k=1,...,m,
u(0,&,w) =v(0,€,w) =0,

(£,£) €10,b] x 0G,w € &,
u(0,§,w) =uo(§,w), 1:(0,%, @) = u1 (€, w), teGweq,
V(0,&,0) =v(§,0),  v(0,x,0) = 0), EcGuweg,

(5.3)

where G is bounded in R with a sufficiently regular boundary. Let x,y : @ — PC([0, b],
L?*(G,R)) be defined by

x(t,0)¢) =ult,§ o),  yto)=vLE o)
and fi,f> : [0,6] x L*(G,R) x L*(G,R) x Q — L*(G,R) by
filta(t, @), y(t ), ) €) = f (6, €, u(t,§, 0), v(£:§, 0), )
and

fz(t,X(lf, w)ry(tv w): w)(é) = g(t¢ %-7 M(t, %',(1)), V(t) €¢ a)): a))
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Hence problem (5.3) can be rewritten in the following form:
x//(tr Cl)) - Alx(tr a)) :fi(tr x(t’ a))ry(t’ w)r C()), te [07 b]’
¥ (t, w) — Axy(t, ) = fo(t, x(t, ), ¥(t, ), w), ¢ €[0,b],
x(tf, w) —x(t;, w) =fk(x(tk, w)), k=1,...,m, (5.4)
y(t/?,w)—)’(t;:,w) =1k()’(tk»w)), k:L » 1,
x(or C()) = XO((A)), x/(o’ a)) = 7_60 ((,()),
¥(0,0) =yo(w), ¥ (0,) =yo(w),

where A; = A, = A: D(A) = W*(G,R) N Wy*(G,R) C L*(G,R) — R defined as
Au=Au, ueW*(G,R)NW,*(G,R).

We introduce the Hilbert space X = W&’Z(G, R) x L?(G, R) with the inner product

<(ul),<vl>>:/Vu1Vv1d$+/u1u2d5+/vlvzd§.
U V2 G G G

The following linear operator

0 I
A=<A 0), D(A) = D(A) x W,*(G,R),

generates a strongly continuous semigroup (see [30]). So, we can transform problem (5.4)
to a first-order system of random semilinear differential equations in X.

X (t,w) - AX(t,w) = Fi(t, X(t,w), Y (t,w),w), t€
Y'(t,w) - AY (t,w) = B, (t, X (¢, w), Y (t, ), w), ¢t

X(t, 0) = X(t, ) = Re(X (tr, w)), k=1,...,m,
Y(tf,0) - Y&, ) = Re(Y (t, ), k=1
X(0,w) = Xo(w),

Y(0,0) = Yo(w),

(5.5)

where F|,F, : [0,b] x X x X x Q — X is defined as

0
Fl(t,X, Y,a)) = N
l(t;xlyyl; Cl))
0
F2(t1X1Y’a))= )
2(t»x1,y1;0))
X= xl ) Y= N ’
X2 )2

Rk(xm,w)):( ° ) ﬁk(ntk,w)):( 0 )

I (%1 (tx, ) L (tr, 0))

Page 27 of 29
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and

Xo(0,0) = xo(w) , Yo Yo(w)

Xo(w) Yo(w)

Observe that the semigroup generated by A is noncompact. Assume that (K;)-(KC,), (H7)
are satisfied and Iy, I are continuous functions. Then from Theorem 4.5 problem (5.3)
has at least one random mild solution.

6 Conclusions

In this paper, we investigated some problem of an impulsive random differential system
under various assumptions on the right hand-side nonlinearity, and we obtained a num-
ber of new results regarding the existence and uniqueness of mild solutions. The main
assumptions on the nonlinearity are the Carathéodory and the Lipschitz conditions and
some Nagumo-Bernstein-type growth conditions. We have used fixed point theory in vec-
tor metric spaces. Also, we established a random version of Sadovskii’s fixed point theorem
type in a vector Banach space. We hope this paper can provide some contribution to the
questions of existence and compactness of solution sets for random systems of impulsive
first-order differential equations on a bounded domain.
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