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Abstract

The purpose of this work is to introduce and study an iterative method to
approximate solutions of a hierarchical fixed point problem and a variational
inequality problem involving a finite family of nonexpansive mappings on a real
Hilbert space. Further, we prove that the sequence generated by the proposed
iterative method converges to a solution of the hierarchical fixed point problem for a
finite family of nonexpansive mappings which is the unique solution of the variational
inequality problem. The results presented in this paper are the extension and
generalization of some previously known results in this area. An example which
satisfies all the conditions of the iterative method and the convergence result is
given.
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1 Introduction
Throughout this paper, we always assume that V is a real Hilbert space with the inner
product (-,-) and the norm || - ||, respectively. Let a nonlinear mapping S: V — V be a

nonexpansive operator if

ISz —Sv|| < |lu-v|, VYuvel.

A point u € V is said to be a fixed point of S provided Su = u. In this paper, we use F(S) to
denote the fixed point set which is closed and convex, see [1].

Let S: W — V be a nonexpansive mapping, where W is a nonempty closed convex
subset of V. The hierarchical fixed point problem (in short, HFPP) is to find € F(S) such
that

(u—Su,v—u) >0, VveF(S). (1.1)

Many authors solve (1.1) by various methods, see [2—9] and the references therein.
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Yao et al. [2] proposed the following iterative algorithm to solve HFPP (1.1):

Vy=b,Su, + (1 -b,)u,,
(1.2)
Up+1 = PW[ang(Mn) + (1 - ﬂn)SVn]: Vn > 0,

where {a,} and {b,} are sequences in (0,1) and g: W — V is a contraction mapping, and
the sequence {u,} generated by (1.2) converges strongly to z € F(S), which is also a unique

solution of the variational inequality problem (VIP), i.e., to find z € F(S) such that
((I -9z, v— z> >0, VveF(S). (1.3)
After that, Ceng et al. [6] introduced the following algorithm:
Uni1 = Py [anpg(un) + I - ayuF)S(u,)], Vn>0, (1.4)

where F is a Lipschitz continuous and strongly monotone mapping, g is a Lipschitz contin-
uous mapping. Compute an iterative sequence {u,} generated by (1.4) converging strongly
to z € F(S), which is also a unique solution of the following variational inequality problem
(VIP), i.e., to find z € F(S) such that

(pg(z) - uF(z),v—2) >0, VveF(S). (1.5)
By using a T,,-mapping [10], Yao [11] proposed the following iterative method:
Upi1 = anpcg(u,) + buy, + [(1 - b)I - a,,A] T,,, VYn=>0, (1.6)

where ¢ > 0, A is a strongly positive bounded linear operator and g: W — V is a contrac-
tion mapping.

Further, Ceng et al. [12] proposed explicit and implicit iterative schemes for finding a
common solution for the set of fixed points of a nonexpansive mapping. Buong and Duong
[13] studied the explicit iterative algorithm for finding the approximate solution of a VIP

defined over the set of common fixed points of a finite number of nonexpansive mappings:
Upsl = (1 - bg)uk + b,‘:S’éSLf .- -S{(uk, 1.7)

where Sf = (1 - b})ux + biS' for 1 < i < p, {S;}%_, are p-nonexpansive mappings on a real
Hilbert space V, S§ = I — AxuF, and F is an n-strongly monotone and L-Lipschitz contin-
uous mapping.

Very recently, Zhang and Yang [14] studied the more general explicit iterative algorithm

U1 = areg(ug) + (I — pagF)SKSk - -S{‘uk, (1.8)

pop-1°

where g is an «-Lipschitzian, F is an n-strongly monotone and L-Lipschitz continuous

mapping and S¥ = (1 - b})uy + biS' for 1 < i < p. Under some assumptions, compute an
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iterative sequence {u} proposed by the iterative algorithm (1.8) that strongly converges
to the solution of the VIP, i.e., to find z € [, F(S;) such that

p
(uF -yg)z,v—2)=0, Vve[E(S). (1.9)
i=1

Inspired and motivated by the recent research, we develop an iterative algorithm for a
hierarchical fixed point problem of a finite family of nonexpansive mappings on the real
Hilbert space. We generate a strong convergence theorem for the sequence considered by
the generalized method. Numerical examples are also given for the theoretical verification
of the algorithm. The algorithm and results presented in this paper improve and extend
some recent corresponding algorithms and results; see [15, 16] and the references therein.

2 Preliminaries
We recall some concepts and results which are needed in the sequel.

Definition 2.1 Let S: W — V be a mapping which is said to be
(i) monotone if

Su-Sv,u—-v)y>0, VYuveW;
(ii) strongly monotone if there exists a constant & > 0 such that
(Su—-Sv,u—v)>allu-v|* YuveW;
(iii) Lipschitz continuous if there exists a constant k > 0 such that
|Su—Sv| <k|lu-v|, Yu,veW.
If k =1, then S is called nonexpansive.

Definition 2.2 A mappingg: W — Vis said to be o -contraction if there exists a constant
o €(0,1) such that

lgu—gv|| <ollu-v|, Yu,veW.
Lemma 2.1 ([6]) Let F: W — V be an n-strongly monotone and k-Lipschitz continuous
mapping and g : W — V be a t-Lipschitz continuous mapping. Then the mapping uF — pg
is (un — pt)-strongly monotone with condition un > pt >0, i.e.,

((WF - pg)u — (WF — pg)v,u —v) = (un — pO)llu—v||*>, VYu,veW.

Definition 2.3 A mapping T : )V — Vissaid to be an averaged mapping if it can be written
as the average of the identity / and a nonexpansive mapping, i.e.,

T=(01-a)l+as,

where @ € (0,1) and S: V — V is nonexpansive.
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Lemma 2.2 ([17,18]) Ifthe mappings {S; }le are averaged and have a common fixed point,
then

p
[(VE(S:) = F(S1Sy++-S,).

i=1
In particular, if p = 2, we have F(S1) N F(Sy) = F(51S2) = F(S251).

Lemma 2.3 ([19]) Let {«,,} be a sequence of nonnegative real numbers such that
i1 < (L= wy)oty + Ly,

where {w,,} € (0,1) and {t,} is a sequence such that
(i) 205 wn =003
(ii) limsup,, , o ;2 <0 0r 372, [£,] < 00.

Then lim,,_, o, oz, = 0.

Lemma 2.4 ([1]) Let S: W — W be a nonexpansive mapping with F(S) # @. Then the
mapping I — S is demiclosed at 0, that is, if {u,} is a sequence converging weakly to u and
{(I = S)u,} converges strongly to 0, then (I — S)u = 0.

Lemma 2.5 ([20]) Let F: W — V be an n-strongly monotone and k-Lipschitzian mapping.
Let i—;’ >u>0,Q=1-AuF. Then Qis a (1 — \t)-contraction mapping with min{1, %} >A>
0, that is,

Qu-Qvl=A-AD)lu—vl, Yu,veW,

where t =1 - /1 - u(2n - uk?) € (0,1].

Lemma 2.6 LetV be a real Hilbert space. The following inequality holds:
e+ vI® < llul® +2(v,u+v), Vu,vel.

3 Main results
In this section, we establish an iterative method for finding the solution of hierarchical
fixed point problem (1.1).

Let W be a nonempty closed convex subset of a real Hilbert space V, and let {S;}}
be p nonexpansive mappings on W such that & = (_ F(S;) # 0. Let F: W — W be an
n-strongly monotone and k-Lipschitzian mapping and g : W — W be a t-contraction

mapping.
We consider the following hierarchical fixed point problem (in short, HFPP): find u € E
such that
p —
(pg(u) — wF(u),v - u) <0, VveE= mF(Si). (3.1)
i=1

Now we define the following algorithm for finding a solution of HFPP (3.1).
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Algorithm 3.1 Given arbitrarily uy € W, compute sequences {u,,} and {v,} by the iterative
schemes

vy =byu, +(1-0b,)S"S"

n
Sy Sy,

(3.2)

Upi1 = AnPg(Vn) + oV + (L= cu)] — anuF1S)S) -+ S{v,, ¥n>0,

pop-1°

where S =(1-d)I +d.S; and d’, € (0,1) for i =1,2,...,p, let the parameters satisfy i—;’ >

u>0and > >p >0, where v = u(n - #) and {a,}, {b,} and {c,} are sequences in (0,1)

satisfying the following conditions:
(i) limymeoa,=0and Y oo a, =00 and Y ooy |au_1 — ay| < 00.
(ii) {b,} C[o,1)and lim, oo b, =b<1.
(iii) a, + ¢, <1and lim,_ ¢, = 0.
(iv) Y0 fen1 —cnl <ooand Y o2 |d.  —di| <o fori=1,2,...,p.

Lemma 3.1 Let u* € E. Then the sequences {u,} and {v,} defined in Algorithm 3.1 are
bounded.

Proof Let u* € E. So, we have

||v,, —-u* || = ||b,,u,, +(1- bn)SZS;,’_1 - Stu, —u ||

=|@-oy)(siS;

Sy Sttt = 1) + by (1 — u”) I

S(l—bn)”Mn—M*H +anM”_u*”

= [ty — . (3.3)
From (3.2) and (3.3), we have

||u,,+1 —-u* || = ||a,,,og(v,,) +CuVy + [(1 —c)l - anuF]S”S”_l - Stv, —ut ||
p°p

- s pg) - mE()) + (v~ )

+[( = eI = awuF)SyS)_y - - St
- [ =)l —a,uF]SyS, - Siu*|

< aullogtn) - nF(u) | + -]

+ || [(1 —c)l - a,,pLF]S;’SZ_l - STV
— [ =c)l - ayuF1SyS, - Stu* |

= an|| pg(va) = wE () | + a v ="

a,uF a,uF
(1_ n )5; Z_l...sf'v,,_( —1” )5; 1 Siu

l-¢, —Cy

+(1-cp)

a,v

< -0 (1= ) I =+ ogtr) - aF ()|

< Q-] + aup ) - £(u) | + @ o20) - E ()|
< Q=g =] + apprlva -] + s oglu) - nF() |

= (1-av = p0) s =] + (") - P @) |
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ll g (™) — wF(u™)|

(v—p1)

< (L=a,(v = p0) ||ty — u*|| + an(v - p1)

(3.4)

* _ F *
§max{||u,,—u* ’ lpg(u*) — wF(u*)]| }’

V—pT

where the third and fifth inequalities follow from (3.3) and the second inequality follows
from Lemma 2.5.

By induction on # and (3.4), we have

, 1 ||(,og—,uF)u*H} forn=1,2,... and u, € K.
V—1p

||un —u® || < max{ ”u,, —u*

Hence, {u,} is bounded; and consequently, we get {v,}, {Sv.}, {Siutp1}, ISTUn1lls
”SZS{IMVHJ”?' LRE] ”SZ_l e S{lunﬂ“:”SpSZ_l e S{’Mnﬂ“r”SZ:% e S{[_lvn“ + ”SpSZ:% t 'Sf_lvn” +

IISZj SR 7 ||SPS;’j -+ 8"y, || and {g(v,)} are bounded. O

Lemma 3.2 Let {u,} be a sequence generated by Algorithm 3.1. Then
(1) lim,,, oo letns1 — unll = 0.

(i) Ty oo |26 — STy - Sty | = 0.

Proof From the sequence {v,} defined in Algorithm 3.1, we have

”Vn - Vn—l” = anun + (1 - bn)SZS;—l e Siqu”
—byttty (L= by )SEISI ST |

- |a-b)(sS"

n n-1¢n-1 n—-1
Sy 1 Sty =Sy IS S un_l)

— (b, - bn—l)SZ_lszj s S{l_lun_l
+ bn(un - un—l) - (bn—l - bn)un—l ||
< ety = tha || + by = by ||Szilsz:% - -S{"lun,l — Uy ||

+(L=b,)||S.S

S Sty = Sy S S (3.5)

From the definition of S/ it follows that

[S387vn =S58y v | < |S5ST v = S5ST v | + (157 v = S5 |
e O R D e e e
<@ -d)va+diSivy— (1 =dl v, —di S,
+ | (1= d2)Si v + drS2 Sy v,
—(1-d2)Si v —di 1SS v
< |dy, = d [ (I1vall + 1S1vall)

+ {dﬁ - df,_1|(||S{"lv,, || + ||SZS{"IV,,

), (3.6)
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and from (3.6), we have

I5557v, - S5 57187M,|
< [[S58387vi = 38577 v | + [ S5S3 7SI v = S57ISY IS |
< |85V = S37187 v
+ | (1= ) Sy St v, + doS3Sy T ST My,
— (=) S5 ST v = 1 S35 7S v
< V=i (vl + 1Sl + 2 - 2| (1517 + 525702 )
| = (|55t vl + 555751 ). (37)

By induction on p, it follows that

||Sr15n

" n-1con-1 n-1
S S = SIS S |

< [dl =y (1l + 1Sl + 2 = @1 [ (1820 + [S>537 v

woee | —dn (1S5 ST vl + [1SpSpTt - ST ) (3.8)
Similarly,
Hs;}sg_l STy, — s;-ls;j ST |

< |d), = d | (lwall + 1S l1) + |y = iy | (| STt | + [S2S7 " 0])

tldy—d (1S53 S ]| + S8 ST ). (3.9)
From (3.5), (3.8) and (3.9), it follows that

lttnir = il = || @npgWa) + v + [(1 = €a)I = awpuF]SySy_, - - Stv,
— p-1p8(Vn-1) = Cn-1Vi1
0= el gyt FIS IS ST v
= | ano(gvn) = g(vn1)) + anpg(Vu1) = An_108(Va1)

+Cu(Vin — V1) + CuVil — Cuo1Vna

+ ([ = en)] - anuF]S;)S,

n
S STV

— [ =c)l - ayuF]Sy ISy - S v,)
+[A = el - ayuF]Sy Syt Sy v
[ e~ ]SS i |
= | ano(gWn) = g(va1)) + (@n — @n1) pg(Var)
+Cu(Vin = V1) + (€ = Cu1) Vi
+ ([0 = c)l = anpuF(S)S) -

+ ([ = e = anuF] = [A = cp)] - an_luF])S;‘*IS;’j ST

Sty =SS ST )



Husain and Singh Fixed Point Theory and Applications (2017) 2017:25 Page 8 of 16

< aupt (Vi = Vool + |an — anaa| | pg(vad) |

+ CullVi = Vil + I = a1Vl

=)L {2 YISt SIS 5T |

+ (|cn —Cpal| + lay, — a,,_lluF) ||S;*1SZ:} .. .Sf’lvn_l H
< (@upt + c)lVi — Vuarl
+ |y — ana (|| pgWn) || + F||Sy7 Sy - ST v )

#lew = Cat| (1Vact [l + [ S27280E-- Si 7w, )

anV non n n-1 cn— H—
+(1—c,,)(1—l_ncn)|5p5p_1...slvn—sp ISp—i"'Sl W

< (1-au(1 = p1))llthy — iy |
+|an = ana| (|| 0gvus) | + wE | Sy 1Sy - - S v |)
+ |bn - bn—1| ”S;AS;:% e S¥7lun—l —Up-1 ||

+len = Cut | (Ilvaas l + | Sy Spd -+ ST v |)

F(1- c,,)(l - ) |SESey - Sty = SEASi 81 |

+(1-by)|Sss:

pop-1°

< (1-au(l - p7))llttn =t |

St = Sy ST |

+ @ — @ | (|| 0gWnd) | + WE [ Sy Syt -+ Sy vaa )
+1bu = byl [S;7 8,7 S s — |
+len = cuaa | (1Vact || + [ ST S5E -+ S7 v )
+ |y = d | (1Vall + [ Suviell + Mgl + 11 S12a ||}
w1y = dpa | (|S77 vl + 287 vl + 157 ]| + 8287 )
et |dy = (1857 SEvall + 8,8, - ST |
tlSpm S | + [ SpSp5 - ST )
< (1-au(1 - p1))lltty — thya |
+lan = ana|(|| 0gvnn) | + LE [ Sy 1Sy -+ ST v |
S8 S s — una )
+1en = | (1Vact |l + [ S7S57L -+ ST va )
+ |dy = dy | (1l + 1Swvll + et | + 11 S24 )
|y = d o[ (ST v + [ S2877 v | + (| ST at | + [ 287 un )
woen | —dn (1S5 ST vl + [ SpSpT - SE |
ul Y ERER T B DA R )

= (1 —a,(1- p‘L’)) 2ty =t |
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+M(|an _an—ll + |Cn _Cn—1| + |di1 _d;11—1|

),

tldy—diy|+ -+ |dy -

where

M= maX{SUI;(II e + 1E Sy - ST v |
+lsptsit S s — ta |),
Sulg(HSZ‘lSZ:i S |+ ),

sup(l1vaell + 1S1vill + llagull + 1S124,]1)
n>1

sup([|S771va | + [ S277 v | + |17 o] + 52877 e
nz

),

TR B S
O Rl L e a1}
From conditions (i) and (iv) of Algorithm 3.1 and Lemma 2.3, we have
nliglo letps1 = unll = 0. (3.10)

From (3.2), we have

”un - 838 1Sy ” <t — thpaa |l + ”uwrl -S)S,

p°p p pfl"'Siqu””

<t — thpaa |l + ”"lnpg(Vn) + CnVn

+ [(1 —cu)I - a,,/LF]S”S”

n non n
S 1SV =SSy - St

pr-p

<t — ttpall + an ”pg(Vn) - NFSZSZ—I o 'S{IV" ”

+ ¢y, H v, —S's”

% p_1"'5f'Vn”

+ 1S5Sy StV =Sy - Syt

<ty — ttpall + an ||pg(vn) - /’LFSZ Zfl - S{vn ”

+ Cul|vn = SiS

p p—l"'Squn” + Vi — |

< lletn — tns1ll + an ||pg(Vn) - MFS;I Z—l T S{IV" ||

+ ¢y, || v, —Ss”

% p_l"'Squn”

+ ||b,,u,, +(1-0b,)S8S"

p p—l"'sil”"_”"”

< Nt = ol + @ | PG(V) = WESEST, -+ Sty

+ Col| v — SIS

Sy 1 Siva + 1= b) | S, S,

' p_1~~~S{’un—unH.

(3.11)
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From (3.11), we have

bn “S;S;_l e S{lun —Un || = ”Mn - un+1|| +dy H ,Og(Vn) - /’LFSZSZ_l o Siqvn ||

+ ¢y ||v,, - S;S;’_l - STV, ||
Since from (i), (ii), (iii) and (3.10), we have
Tim o, = S3S) - Sjuu]| = 0. 0
Lemma 3.3 Let

Uy = aypg(u,) + c iy, + [(1 —c)l — a,,,uF]S;’SI’J’_l - Sluy. (3.12)

Then u,, converges strongly to u € E as n — 0.

Proof Since {u,} is bounded, we assume that {u,} converges weakly to a point # € W.
From Lemma 2.4, we have &z € E. Now, for € E, we get

ety — ﬁHZ = ”an:og(un) + Cnlhy + [(1 —cu)l - ﬂnﬂF]SZS;_l e 'S{Iun - ’2”2
=< <ﬂn (pg(un) - I'LF(&)) + Cpuy — 1)

+ [(1 —cu)l — a,,pLF] (S”S”

“ p—l"'S{lu"_SnS"_l"'S?Z‘)’un—Zi)

pb-p
= (anp (g(un) - g(@)), un — i)
+ an(pg(it) — WF (i), thy — ) + Cp (thy — Thy thy — T1)

+ [(1 —c,)I - a,,uF](SZSZ?I .

Sty = S,8), - Sty — i)
< aupt iy - l* + anlpg(@) — wF (), u, - it)

+ Calluty = &l1” + [(1 = )] = appeF ||, - i)
< (L= au(uF - p7))llty — it)|* + an{ pg (i) — wF (i), uy — ).

Hence,

Ity B = ) - WF @), - 7). (313)

O

Since u,, — u, from (3.13) we obtain u,, — u.

Theorem 3.1 The sequence {u,} generated by Algorithm 3.1 converges strongly to z € E =
| F(S;), which is also a unique solution of the HFPP

(pg(2) — uF(2),u—-2) <0, Vucek.
Proof Let u; € W be a unique fixed point. Now, we claim that
lim sup(pg(z) — uF(z),z - un) <0,

where z = lim,_, ¢ ;. It follows from Lemma 3.3 that z € E.
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By using Lemma 2.6, we get

lleen — ut”2 = ”anpg(un) + Culty + [(1 —cu)l - “nMF]SZSZ_l e 'S{lun - ut“2
= || an(pgun) — 1WF (4r)) + Cu(otn — 1az)

+ [(1 - cn)l—anuF]S;‘SZ L Stuy

[ =) - anuF]SiSi, - St

< ||cn(u,, —uy) + [(1 —c) — anuF]SZS;’ 1o STu,

- [(1 —cu)l - an/'LF]SZSZ 1° Siqut ” + Qﬂn(pg(un) — WF (ug), uy — ut)

F
(1—;’”” )S”S" Sty

pop-1°

< {Cn”un - Mt” + (1 _Cn)

a”l“F ngn n
_< —1_C )SPSPI Slut

}2
+ 20, 0(g(wn) — g(te), n — ) + 2 0g () = WF (4r), - 147)

2
a,v
g{cn||un—ut||+(1—cn)(1— . )nun—utn}
1-¢,

+2a,pT ||ty = vty = tae || + 2a( 08 () = IWF (he), sty — hy)

2
< {eullstn —uell + (L= cu — @)ty — e}~ + 24007 4y — 1>
+ 2ﬂn(ﬂg(”z) - /'LF(ut)’ Uy — ut)
< (A= anv)” +2a,07) tb — e ||* + 2au{pg(ur) — WF (1y), 4 — ).

From the above we have

An(t)

(pg(ue) = WF (ur), uy — 1) < Sl |,

n

where A,,(¢) = [1 - [(1 — a,v)? + 2a,p7]].

Further,
A,(t
lim sup(pg(ut) — wF(us), us — u,,) < ( )./\/l, (3.14)
n—00 2

where M > 0 is a constant such that M > |lu, — u||?.
Taking the limsup as ¢t — 0 in (3.14), we get

lim sup(pg(z) - uF(z),z - un) <0.
n— 00
Now, we have to show that u#,, — z.

lttnir = 21> = | @npg(va) + v + [ = eI = anpuF1SySy - Sivy — z|?
= <a,,pg(v,,) +CyVy + [(1 —c)I - a,,uF]SpSp 1 STV =2 Uy — z)
a,uF

< <an(pg(vn) — WF(2)) + cu(v —2) + (1 - cn)[<1 - )S;’S;’l - STy

—Cy
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JUF
- <1— e )S;’Szl . ~S{’z},un+1 —z>

= (@u0(g(va) = 8(2)), 1 — 2) + an(pg(2) — WF(2), i1 — 2)

a,uF
+Cp(Vp — 2, Uy — 2) + (1—c,,)<< _ lnMC )5252_1 S,
—tn

a,uF
_ <1_ l”ﬂc )SZ o1 S1Z Uil —z>
—tn

< anpt (Ve — zll 11 — 2ll + anlpg(2) — WF(2), tpi1 - 2)

+Cullvi =zl 1 = 2zll + (1 = € = @) vy = 2|l | i1 — 2]
< (@npt +1 = ay)|[vy — 2l |thn1 — 2|l + an(pg(2) — LF(2), 1 — 2)
< (1= aw(v = p0)) IV = 2ll |1 — 2l + an(pg(2) — LF (2), thpi1 — 2)
< (1= au(v = p)) st = 2ll |1 — 2l + an(pg(2) — WF(2), thys1 — 2)

- (I -au(v-p1))
= 2
+ a,{pg(2) = HF(2), thni — 2).

2 2
(letn = 201% + N1 = 211%)

Further,

1 S0 -2 < |22 g, —ap?

+ay(pg(2) — WF(2), tni1 —2),

2

[1+a,(v-p1)
" (g1 — 2> <

1-a,(v-p1)
—= 2 N, 2P

+ an(pg(2) — WF(2), thns1 — 2),

which implies that

2
Up1 — 2|7 =
|| n+l ” = |:1 N an(v _ p‘L’)

n
+ —
1+a,(v-pT1)

2a,(v - pt)
||I/t,,+1 _Z”2 =< |:1 z

1-au(v - p1)
7]”%

- 1+a,(v-p1)

2
n_Z”

](Pg(z) - ,U/F(Z)’ Upl — Z),

2
]||un_z||

|: 2an(v - IOT)
+
1+a,(v-p1)

Let w, = [%] and

[ 2a,(v-p7)
" |:1+a,,(u—pt)

We have > 7, a, = 00 and lim,,_, « sup{

} { : (0g(2) ~ 1F(2), tnn —Z)}-
V—pT

i|{v _1p.[<pg(z)_MF(Z)tun+l —Z>}.

1
v—pT

Page 12 of 16

(pg(2) — uF(z), uyns1 — z)} < 0. It follows that

> o Wy =00 and lim,,_, « sup fV—’; < 0. Thus, all the conditions of Lemma 2.3 are fulfilled.

Hence, u,, — z.

O
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4 Examples
The following example ensures that all the conditions of Algorithm 3.1 and the conver-
gence result are fulfilled.

Example 4.1 Leta, =+, b, =

3n’

2n-1
3n

and ¢, = % Then

lim a,=—- lim — =0,
n—00 n—oo 1
and
oo oo
1 1
E a, = g E ; =00
n=1 n=1

The sequence {a,} satisfies condition (i) of Algorithm 3.1.
Now we compute

1 1 1/ 1 1 1
ay1—0p=———-—-—=—-|—7>-—|=7—F7—.
PTG  3n 3\n-1 n/) 3nn-1)

So,

0
Z |@n-1 — anl| < 00.
n=1

Similarly, we can show

o0

Z [€u1 = ¢l < 00.

n=1

The sequences {a,}, {b,} and {c,} satisfy conditions (i), (ii) and (iii).
Letd’ = -2 fori=1,2. Then

n+i

[e¢]

> diy - dy| <.

n=1

Hence the sequence {d’} also satisfies condition (iv) of Algorithm 3.1.
Let 51,5, : R — R be defined by

. u
S1(u) = sin 5
and
S =2, VueR,
2
and let the mapping g : R — R be defined by
u
gu) = 5+1, Yu e R.

It is easy to verify that S; and S, are %—nonexpansive and g isa %—contraction mapping.
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Table 1 The values of u, and v,, with the initial values u; =-10and u; =10
u = -10 u = 10
un Vn Un Vn
n=1 —-10.0000 -14.5154 10.0000 14.6347
n=2 —7.0467 —7.0467 7.8560 7.8997
n=3 -2.7768 -2.7268 5.2941 5.2981
n=4 -1.0152 -1.0152 2.0321 2.0431
n=>5 -0.3254 -0.3252 0.8356 0.8436
n==6 -0.0703 -0.0703 0.3587 0.3487
n=7 -0.0458 —-0.0458 0.1662 0.1689
n=8 -0.0492 -0.0429 0.0889 0.0989
n=9 —-0.0399 -0.0399 0.0571 0.0671
n=10 -0.0327 -0.0372 0.0429 0.0429
n=11 -0.0298 —0.0331 0.0357 0.0375
n=12 -0.0297 —-0.0289 0.0315 0.0351
n=13 -0.0146 -0.0279 0.0286 0.0211
n=14 -0.0118 -0.0164 0.0224 0.0200
n=15 -0.0109 -0.0131 0.0207 0.0198
2
u(n)
o v(n) [
_2 - .
_4 L .
c
> -6 .
©
c
®
3(: -8 J
_1 0 L .
_1 2 L .
_14 - .
-16 : :
0 5 10 15 20
n
Figure 1 The convergence of u, and v, with the initial value u; =-10.

Further,

2
E=(")F(S) ={0).

i=1

Suppose that the mapping F : R — R is defined by

F(u)=2u, VYuelR.

Hence, F is 2-strongly monotone and 2-Lipschitzian.

Assume that p = % and pu =

1-/1—-pu(2n - uk?).

1
5

and they satisfy 0 < u <

zn
K

2
1 and 0 < pt < v, where v =
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15
u(n)
v(n)
101 b
>C
©
C
[}
c
=)
5r i
0 1 1 " L L L L
0 2 4 6 8 10 12 14 16 18 20
n
Figure 2 The convergence of u, and v, with the initial value u; = 10.

All codes were written in Matlab, the values of {v,} and {u,} with different # are given
in Table 1.

Remark 4.1 Table 1 and Figures 1 and 2 show that the sequences {v,} and {u,} converge
to 0. Also, {0} € E.

5 Conclusion

We have analyzed an iterative method for finding an approximate solution of hierarchical
fixed point problem (1.1) and variational inequality problem (1.5) involving a finite family
of nonexpansive mappings in a real Hilbert space. This method can be viewed as a mod-
ification and improvement of some existing methods [15, 16] for solving the variational
inequality problem and the hierarchical fixed point problem. Therefore, Algorithm 3.1 is
expected to be widely applicable.
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