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1 Introduction
The concept of a metric space is a very important tool in many scientific fields and partic-
ulary in the fixed point theory.

In recent years, this notion has been generalized in several directions and many no-
tions of a metric-type space was introduced (b-metric, dislocated space, generalized met-
ric space, quasi-metric space, symmetric space, etc.).

In 2015, Jleli and Samet [1] introduced a very interesting concept of a generalized met-
ric space, which covers different well-known metric structures including classical metric
spaces, b-metric spaces, dislocated metric spaces, modular spaces, and so on.

In this paper, we establish and generalize some well-known fixed point results for non-
linear contractions in this new class of generalized metric spaces.

Let us recall that a mapping T on a metric space (X, d) is called a Kannan contraction if
there exists «a € [0, %[ such that

d(Tx, Ty) < ad(x, Tx) + ad(y, Ty)

forallx,y € X.
Using this contraction notion, Kannan [2] proved the following result.

Theorem 1.1 ([2]) Let (X, d) be a complete metric space, A € [0, %[, and T a self-mapping
on X such that

d(Tx, Ty) < A[d(x, Tx) + d(y, Ty) ] 1)

Jorallx,y € X. Then T has a unique fixed point.
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In 1972, Chatterjea [3] obtained a similar result by considering a constant A € [0, %[ and
a mapping 7 : X — X such that

d(Tx, Ty) < A[d(x, Ty) + d(y, Tx) ] (2)

forall x,y € X.

In this paper, we are interested by Kannan, Chatterjea, and Hardy-Rogers contraction
types (see [2—4] and [5]); we establish some results on fixed points in generalized metric
spaces. We also give some examples to show the effectiveness of the obtained results.

Our results generalize and improve many fixed point theorems existing in the literature
in various metric-type spaces.

2 Definitions and preliminaries
Let X be a nonempty set, and let D : X x X — [0, +o0] be a given mapping. For every
x € X, let us define the set

C(D, X, x) = {{xn} C X lim D(x,,2) = o}

Definition 2.1 ([1]) D is called a generalized metric on X if it satisfies the following con-
ditions:

(D) Forevery (x,7) € X x X, we have
D(x,y)=0 = «x=y.

(D,) Forall (x,y) € X x X, we have
D(x,y) = D(y, ).

(D3) There exists a real constant C > 0 such that, for all (x,y) € X x X and {x,,} € C(D, X, x),

we have

D(x,y) < Climsup D(x,, y).

n—00

The pair (X, D) is called a generalized metric space.

Remark 2.2 If the set C(D, X,x) is empty for every x € X, then (X, D) is a generalized
metric space if and only if (D;) and (D) are satisfied.

Definition 2.3 Let (X, D) be a generalized metric space, let {x,} be a sequence in X, and
let x € X. We say that {x,} D-converges to x in X if {x,,} € C(D, X, x).

Remark 2.4 Let {x,} be the sequence defined by x,, = x for all n € N. If it D-converges to
x, then D(x,x) = 0.

Definition 2.5 Let (X, D) be a generalized metric space. A sequence {x,} in X is called a
D-Cauchy sequence if limy,; ,— 0o D(%y, Xpm) = 0.

The space (X, D) is said to be D-complete if every Cauchy sequence in X is D-convergent
to some element in X.
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In the sequel, we use the following definition of a Cauchy sequence.

Definition 2.6 Let (X, D) be a generalized metric space, and let {x,} be a sequence in X.
We say that {x,,} is a D-Cauchy sequence if lim,;; ,—, 0o D(%;;, %,,,) = O.

Proposition 2.7 C(D, X, x) is a nonempty set if and only if D(x,x) = 0.

Proof If C(D, X, x) # ¥, then there exists a sequence {x,} C X such thatlim,,_, o, D(x,,x) = 0.
Using property (Ds), we obtain

D(x,x)< Climsup D(x,, x),

n—00

and thus D(x, x) = 0.
Assume now that D(x,x) = 0. The sequence {x,} C X defined by x, = x for all n € N
converges to x, which ends the proof. d

3 Main results
Proposition 3.1 Let (X, D) be a generalized metric space, and let f : X — X be a mapping
satisfying inequality (1) for some ) € [0, 3). Then any fixed point w € X of f satisfies

D(w,w)<oo = D(w,w)=0.
Proof Let w € X be a fixed point of f such that D(w, ) < co. Using (1), we obtain

D(w,w) = D(fw,fw)
< )L(D(w,fa)) + D(w,fa)))

< 2AD(w, w).
Since 2A € [0,1[, we obtain D(w, w) = 0. O
For every x € X, we define
8(D,f,x) = sup{D(f'x,fx) : i,j € N}

Theorem 3.2 Let (X,D) be a D-complete generalized metric space, and let f be a self-
mapping on X satisfying (1) for some constant A € [0, % [ such that Ch < 1.

If there exists an element xy € X such that §(D,f,x¢) < 00, then the sequence {f"xy} con-
verges to some w € X. Moreover, if D(w,fw) < 0o, then w is a fixed point of f. Moreover, for
each fixed point o' of f in X such that D(', ') < 00, we have w = '.

Proof Letne N (n>1). Forall i,j € N, we have

D(fn”x(),fnJrjX()) < )\[D(fwri—lxo,fwrixo) +D(f¥l+}'71x0’fn+}'xo)]

and then

D(f™ o, f"x0) < 208(D,f>f" " x0),
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which gives

8(D.f.f"x0) < 248(D,f,f" " x0).

Consequently, we obtain

S(D,f,f”xo) < (2)\.)"8(D,f,x())

and

D(f"x0,"%0) < 8(D,f,f"%0) < (21)"8(D, f, o) 3)

for all integer m such that m > n.
Since §(D, f,x0) < 0o and 2A € [0, 1[, we obtain

lim D(f”xo,f”‘xo) =0.

m,n— 00

It follows that {f"x(} is a D-Cauchy sequence, and thus there exists w € X such that

lim D(f"x,w) =0

n—00

and

D(fw,w) < c1i£song(fw, " xo). (4)
By (1) we have

D(f"1x9,fw) < M(D(f"x0,f"%0) + D(w, f)). (5)

By (3) and (5) we obtain

limsup D(fw,f"'%0) < AD(w,fw).

n—00

Using (4), we obtain
D(w,fw) < CAD(w,fw).

Since CA <1 and D(w,fw) < 0o, we deduce that D(w, fw) = 0, which implies that fo = w.
If o' is any fixed point of f such that D(«’, ®") < 00, we obtain
D(a), a)/) = D(fa),fa)/)
< A(D(fw, ) + D(fa)’, a)/))

<A (D(w, o) + D(a)’, a)’))

IA

Oy

which implies that o’ = w. d
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Example 3.3 Let X = [0,1], and let D: X x X — [0, oo[ be the mapping defined by

Dx,y)=x+y ifx#0andy #0,
D(0,x) =D(x,0) = 5 forallx e X.

Conditions (D;) and (D) are trivially satisfied. By Proposition 2.7 we need to verify con-
dition (Ds) only for elements x of X such that D(x, x) = 0, which implies that x = 0.

Let (x,) C X be a sequence such that lim,,_,», D(x,,,0) = 0. For all # € N and y € X, we
have:

x,+y ifx, #0,

z ifx, =0.

D(x,,y) =

Then

N[

<D(x4,%),

which implies that

D(O’J’) =

N R

<limsup D(x,, ).

n—00

It follows that (X, D) is a generalized metric space that is not a standard metric space since
the triangular inequality does not hold: If x,y € X — {0}, then we have D(x,y) = x + y and
D(x,0) + D(0,y) = 52, and thus

D(x,y) > D(x,0) + D(0, y).

Note that (X, D) is D-complete.
Define the mapping T on X by

T(x)= —— forallxeX.
X+ 2

For any x € X, we have:

X X
D(T(x), T(0)) = D(x A 2’(’) T 2(x+2)

and

X X
D(T(x),x) +D(0, T(O)) = D(m,x) +D(0,0) = P +X.

Then

D(T(x), T(O)) < (D(T(x),x) + D(O, T(O))).

Wl
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For x,y € X — {0}, we have

~ X y B X y
D(T(x), T()) _D<x+2’y+2) T 2(x+2) " 2(y+2)

and

X y X Yy
DT ) D 1T :D ? D ’ = ’
( (x)x)+ ()’ (3/)) (x+2x)+ (yy+2> x+2+y+2+x+y

Then
D(T(x), T(y) < %[D(T(x),x) +D(y, T())]-

The hypotheses of Theorem 3.2 are satisfied. Therefore T has a unique fixed point since
D is bounded; note that 7(0) = 0.

Example 3.4 Let X = {a,b,c} and define T on X by T'(a) = a, T(b) = b, and T'(c) = a. There
is no metric for which T is a Kannan contraction on X.
Define D: X x X — [0, +00] by

D(a,a) =D(b,b)=0 and D(b,b)=+00,
D(a,b) = D(b,a) =1,
D(a,c) = D(c,a) =2,
D(b,c) = D(c,b) = 3.

Then (X, D) is a complete generalized metric space, T is a Kannan contraction on (X, D)

for any X € ]0, %[, and we can apply Theorem 3.2.
Theorem 3.2 generalizes well-known results for b-metric and metric spaces.

Corollary 3.5 Let (X,d) be a complete b-metric space with constants > 1, and letf : X —
X a mapping for which there exists A € [0, ﬁ[ such that

d(fx.fy) < A[d(x. fx) + d(y, )]
forallx,y € X. Then f has a unique fixed point.

Proof Let xp € X. For all n € N, we have
d(f"x0, " x0) < A[d(f" %0, /" %0) + d(f" w0,/ "%0) ]
which implies
n n+l A n n-1
d(f xo,f xo) < md(f xo,f xo).
Let k = ﬁ By induction we obtain

d(f”xo,f””xo) < knd(X(),fXO),
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and then

d(fnxOyfme) < sd(f”xo,f”+1x0) bt Sm—nd(fm—lxo,fmxo)
< s(k)"d(x0, fxo) + - - - + 8" (k)" (%0, fxo)

1— (sk)™="

<s()"—— ¢

s
d(x0, fxo) < ——d(x0,fx0)
1-sk

for all n,m € N such that m > n.
This implies that 6(D, f,xy) < oc. Then by Theorem 3.2 we conclude that f has a unique
fixed point. d

Corollary 3.6 (Kannan fixed point theorem [2]) Let (X,d) be a complete metric space,
and let f : X — X a mapping for which there exists A € [0, %[ such that

d(fx, fy) < Md(x,fx) + d(3.fy))
forallx,y € X. Then f has a unique fixed point.

Corollary 3.7 Let (X, d) be a dislocated metric space, and let f : X — X be a mapping for
which there exists A € [0, %[ such that

d(fx,fy) < M d(x,fx) + d(y, /)] (6)
forallx,y € X. Then f has a unique fixed point.
In the following, we need the basic lemma.

Lemma 3.8 ([6]) Let A is a real number such that 0 < ) <1, and let {b,} be a sequence
of positives reals numbers such that lim,_,, b, = 0. Then, for any sequence of positives
numbers {a,} satisfying

ap <Xta,+b, forallneN,

we have lim,,_, »c a,, = 0.

Theorem 3.9 Let (X, D) be a D-complete generalized metric space, X € |0, %[, and let f be
a self-mapping on X such that

D(fx,fy) < A(D(y.fx) + D(x,f9)) (7)

for all x,y € X. If there exists a point xy € X such that §(D,f,xo) < 0o, then the sequence
{f"x0} converges to some w € X. Moreover, if D(xy,fw) < 00, then w is a fixed point of f, and
for any fixed point o' of f such that D(w, ) < 00, we have w = «'.

Proof Let n € N (n > 1). For all integers i,j, we have

D(f™ o, f"x0) < A[D(f" %0, £ %0) + D(f" %0, 0],
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which implies that
D(f" o, f"x0) < 218(D,f>f" " x0).
Hence
8(D.ff"x0) < 248(D,fof" " %0),
and consequently
5(D,f,f"x0) < (22)'8(D,f, x0).
This inequality implies that
D(f"x0,f"x0) < 8(D,f,f"x0) < (21)"8(D,f,x0)
for all integers n, m such that m > n. Since (D, f, %) < oo and 2 € [0, 1), we obtain

lim D(f”xo,fmxo) =0.

It follows that {f"x,} is a D-Cauchy sequence, and thus there exists w € X such that
lim D(f"xo, ) =0.
By (Ds) we have
D(f"x0,w) < Climsup D(f"x0,f"x0) < (21)"C8(D,f,%0) < CS(D,f,%o).
=00
Then
D(f”xo,a)) <oo forallmeN.
By (7) we have
D(f" %0, fw) < A[D(f""x0, ) + D(f"x0,fw)].
Since D(xy,fw) < 0o, we have D(f"xy,fw) < oo for all n € N. By Lemma 3.8 we obtain
nli)noloD(f”xo, w) =0.

It follows that fw = w.
Let o' be any fixed point of X. We have
D(w,) = D(fw,fo')
< k(D(fw, a)’) + D(fa/,a)))
<A(D(w,0') + D(, 0))

<2).D(w, ).
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Since D(w, ') < 00, we obtain D(w, ') = 0, which ends the proof. O

Example 3.10 Let X =[0,1], and let D: X x X — [0, c0] be defined by

D(x,1) =D(1,x) = o0 forall x € [0,1],
D(x,y)=x+y ifx#landy#1

It is easy to see that (X, D) is a D-complete generalized metric space with C = 1.

Consider the function T : [0,1] — [0,1] given by
1.
T(x) = Ex ifx €[0,1],
T1) =1
The function T is a Chatterjea contraction with A = % in (X, D). By Theorem 3.9, T has a
fixed point w € X.

Note that the mapping T has two different fixed points, so we cannot apply the classical
fixed point theorems for Banach, Kannan, and Chatterjea contractions since they give the
uniqueness of the fixed point.

Definition 3.11 Let (X, D) be a generalized metric space. A self-mapping f on X is called

a Hardy-Rogers contraction if there exists nonnegative real constants A; fori=1,2,3,4,5
such that 1 = 1= 4, € [0,1] and

D(fx, fy) < MD(x,y) + 22D(x, fx) + k3D (3, fy) + AaD(y, fx) + AsD(x, ) (8)
forall x,y € X.

Proposition 3.12 Let (X, D) be a generalized metric space, and let f : X — X be a Hardy-
Rogers contraction. Then any fixed point w € X of f satisfies

D(w,w)<oco = D(w,w)=0.
Proof Let w € X be a fixed point of f such that D(w, w) < 0o. We have

D(w, ) = D(fw,fw)
< MD(w,w) + M D(w,fw) + AsD(w,fw) + AaD(w,fw) + AsD(w,fw)

< AD(w,w).
Since A € [0,1[, we have D(w, w) = 0. O

To prove a fixed point result for Hardy-Rogers contraction mappings, we need the fol-

lowing lemma.
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Lemma 3.13 ([6]) Let (a,) be a sequence of nonnegative real numbers, and let (1,) be a
real sequence in [0,1] such that

oo
an = 00.
n=0

If, for a given ¢ > 0, there exists a positive integer ny such that
annn <1 =Xrp)a, + €k, foralln> ny,
then 0 <limsup,_,  a, < €.
Theorem 3.14 Let (X, D) be a D-complete generalized metric space, and let f be a self-
mapping on X satisfying (8).
Assume that Chs + A5 <1 and that there exists a point xo € X such that §(D,f,x,) < 00.
Then the sequence {f"xy} converges to some w € X. If D(xy, fw) < 00, then w is a fixed point

of f. Moreover, if ' € X is another fixed point of f such that D(w, ') < 00 and D(o', &') < 00,

then w = o'
Proof Let n € N (n>1). Forall i,j € N, we have
D(f””xo,f"*/xo) < AS(D,f,fn_le).

We obtain

5(D.fof"x0) < A8(D,f,f" o)
and
6(D,f,fnx0) < )\,HS(D,f,xO),

which leads to

D(fnx()rfmxo) =< 5(Drf,f"xo) =< )\HS(D,f:xO)' (9)
Since §(D, f,x0) < 0o and X € [0,1), we obtain

lim D(f”xo,f”’xo) =0.

m,n— 00

It follows that {f"x¢} is a D-Cauchy sequence, and thus there exists w € X such that

lim D(f"x,w) = 0.

n—00

From (8) we have

D(f”*lxo, w) < AlD(f”xo,a)) + AZD(f”+1xo,f”x0) + )\.3D(fa), (,())

+ aD(w,f" %0) + AsD(f" %0, fw). (10)
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Let
a, = D(f"xo,fw),
by = MD(f"x0, ®) + AaD(f" %0, "x0) + LaD(w, " x0), (11)
K = A3D(fw,w).
By (10) we obtain

an1 < Asa, +b, + K.

Since lim,,_, 5 b, = 0, for every € > 0 such that € > 1_1—15, there exists N, such that
b,<e(l-A5)—K foralln>N,.

Then

Ay = )‘-5“;4 + bn +K < )\.5ﬂn + 8(1 — )\.5).

By Lemma 3.13 we have

0 <limsupa, <e¢ foralle>
n—o0 1

Then

0 <limsupa, < : (12)

n—00 - )\'5 '
By (Ds) we obtain

K
D(fw,w) < ClimsupD(fa),f”*lxo) < Climsupa, <C

)
n— 00 n— 00 1-2As

(13)

and by (11) we have

CirsD(fw, w)

D(fw,w) <
o) = =775,

Since CA3 + A5 < 1, we have % <1. Then D(fw, w) = 0, which implies fw = w.

If ' is any fixed point of f such that D(w, w’) < 00 and D(e', ®’) < 00, then (8) implies

D(a), a)/) = D(fa),fa)/)
< AID(w, @') + }aD(w,fw) + A3D(w, fo') + aD(, fw) + AgD(a),fa)’)

< MD(w,@') + AD(w,w) + A3D(, @) + 14D(0', ) + AsD(w, ).
Then we obtain

(1= 21 = Aa = A5)D(w,0') < MaD(w, ) + A3D(o, o).

Page 11 of 17
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From Proposition 3.12 we have D(w, ) = D(«/, @) = 0, and then D(w, ®’) = 0, which ends
the proof. O

By the symmetry of the generalized metric D the theorem is true if either Ci3 + A5 <1
or Chy + Ay < 1.

4 Fixed point results for T-contractions
Beiranvand, Moradi, Omid, and Pazandeh [7] introduced the notion of a T-contraction
and established a version of the Banach contraction principle.

Let us introduce the following definitions.

Definition 4.1 Let (X, D) be a metric space, and let T be a self-mapping on X. We say
that

(a) T is continuous if
lim D(x,,x)=0 = lim D(T(xn), T(x)) =0
n— 00 n—00

for all x € X;

(b) T is sequentially convergent if for every sequence {x,} such that {T'(x,)} converges,
{x,} converges;

(c) T is subsequentially convergent if for every sequence {x,} such that {T'(x,)}

converges, {x,} has a convergent subsequence.

Definition 4.2 Let (X, D) be a metric space, and let T and f be two self-mappings on X.
We say that
(a) f isa T-Banach contraction if there exists k € ]0,1[ such that

D(Tf (x), Tf (y)) < kD(Tx, Ty)

forallx,y € X;
(b) f isa T-Kannan contraction if there exists k € ]0, %[ such that

D(Tf(x), Tf () < K[D(Tx, Tf (x)) + D(Ty, TF ()]

forallx,y € X;
(c) f is a T-Chatterjea contraction if there exists k € ]0, %[ such that

D(If (x), Tf () = k[D(Tx, Tf () + D(T, If (%)) ]

forallx,y € X;
(d) f is a T-Hardy-Rogers contraction if

D(Tfx, Tfy) < MD(Tx, Ty) + Ao D(Tx, Tfx) + X3 D(Ty, Tfy) + AaD(T¥, Tfx) + As D(Tx, Tfy)

for all x,y € X, where A;, i = 1,2,3,4,5, are nonnegative constants such that
A=Y el
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To show new results for T-contractions on a complete generalized metric space (X, D),
we consider the mapping Dy : X x X — [0, 00] defined by

Dy(x,y) =D(Tx, Ty) forallx,y € X,

where T is continuous, sequentially convergent, and one-to-one.

Proposition 4.3 We have:
1. Forevery sequence x, in X,

limD(x,,x) =0 <= limDr(x,,x)=0;
n n

2. Dr is a generalized metric on X;
3. If(X,D) is complete, then (X, Dr) is complete.

Proof 1. Let {x,} be a sequence such that
lim Dy (x,,x) = 0.
Hn—0oQ

By continuity we have

lim D(Tx,, Tx) = 0.

n— o0
Assume that lim,,_, oo D(T%,,, Tx) = 0. Since T is sequentially convergent, there exists u € X
such that

lim D(x,,u) = 0,

and by the continuity of T we have lim,, D(Tx,, Tu) = 0. It follows that Tu = Tx, and since
T is one-to-one, we have u = x.

2. Let x,y € X be such that Dy(x,y) = 0. Then D(Tx, Ty) = 0. Since T is one-to-one, we
obtain x = y by (D).

The symmetry is obvious. Let now x,y € X, and let {x,} be a sequence that converges to
x in (X, Dr). Then {Tx,} converges to Tx in (X, D), and by (D3) we have

D(Tx, Ty) < Climsup D(Tx,, Ty),

which is equivalent to Dr(x,y) < Climsup, Dr(x,,y). Hence (X, Dr) is a generalized met-
ric space with the same constant C.

3. If limy, 00 D7 (%, %,,) = 0, then lim,, ;00 D(Txy, Txy,) = 0. So {Tx,,} is a Cauchy se-
quence in (X, D), which is complete. It follows that there exists # € X such that

lim D(Tx,,u) = 0.

n—00

Since T is sequentially convergent, there exists x € X such that lim, D(x,, x) = 0, which is
equivalent to lim, D7 (x,,x) = 0. O
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Remark 4.4 If a mapping f is a T-Banach (resp. T-Kannan, T-Chatterjea, T-Hardy-
Rogers) contraction in (X, D), then f is a Banach (resp. Kannan, Chatterjea, Hardy-Rogers)
contraction in (X, Dr) with the same constants.

For every x € X, we define
3r(D,f,x) = sup{D(Tfix, Tfjx) 1i,j€ N}.
From Remark 4.4 and Theorem 3.3 in [1] we can deduce the following corollaries.

Corollary 4.5 Let (X, D) be a complete metric space, and let T ,f : X — X be two mappings
such that T is continuous, one-to-one, and sequentially convergent. Assume that f is a T-
Banach contraction. If there exists xo € X such that 81(D,f,xq) < 00, then {f"x0} converges
to a fixed point w of f. Moreover, if o' is any fixed point of f such that D(Tw, Te') < 00,

then w = w'.

Corollary 4.6 Let (X, D) be a complete generalized metric space, and let T,f : X — X be
two mappings such that T is continuous, one-to-one, and sequentially convergent. Assume
that f is a T-Kannan contraction with constant k > 0 such that Ck < 1. If there exists xy € X
such that 51(D,f,xo) < 00, then {f"x0} converges to some w € X. Moreover, if D(Tx,, Tf ®) <
00, then w is a fixed point of f, and for every fixed point o' of f such that D(Tw, To') < oo,

we have w = w'.

Corollary 4.7 Let (X,D) be a complete generalized metric space, and let T,f : X — X be
two mappings such that T is continuous, one-to-one, sequentially convergent. Assume that
f is a T-Chatterjea contraction and that there exists xy € X such that 7(D,f,xq) < 00.
Then {f"xo} converges to some w € X, and if D(Txy, If w) < 0o, then w is a fixed point of f.
Moreover, if o' € X is another fixed point of f such that D(Tw, Tw') < 00, then o = '.

Corollary 4.8 Let (X,D) be a complete generalized metric space, and let T,f : X — X
be two mappings such that T is continuous, one-to-one, and sequentially convergent. As-
sume that f is a T-Hardy-Rogers contraction with nonnegative constants 7;,i = 1,2,3,4,5,
such that )\ = Zi:g A € [0,1] and Chs + A5 < 1. Assume that there exists xo € X such that
37(D,f,x0) < 00. Then {f"x¢} converges to some w € X. If D(Txy, If w) < 00, then w is a
fixed point of f. Moreover, if o' € X is another fixed point of f such that D(Tw, Tw') < 00
and D(Tw', Tw') < 00, then w = o'.

5 Some remarks on Senapati et al. results

In this section, we discuss some results by Senapati et al. [8] on extensions of Ciric and
Wardowski-type fixed point theorems in generalized metric spaces. The authors intro-
duced the following definition.

Definition 5.1 ([8], Definition 3.3) Let (X, D) be a generalized metric space, and let T be
a self-mapping on X. Then T is said to be a D-admissible mapping if for all x,y € X,

D(x,y)<oo = D(Tx, Ty) < 0.
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They proved the following lemma.

Lemma 5.2 ([8], Lemma 3.4) Let (X, D) be a generalized metric space, and let T be a D-
admissible mapping on X. Then, for every sequence {x,} converging to a point a point w € X,
we have D(w, Tw) < o0.

The proof of this lemma uses the following implication:

D(Tx,, Tw)<oco (Yu=>ng) — limsupD(Tx,, Tw) < cc.

n

Example 5.3 We consider Example 2.3 in [8] and the mapping T : X — X defined by

1 ifx=0,
Tx =

otherwise.

For all x,y € X, we have Tx + Ty < D(Tx, Ty) < Tx + Ty + 1. Then D(Tx, Ty) < oo, which
implies that T is admissible.
For x,, = %, we have lim, D(x,,0) = 0 but limsup,, D(Tx,, T0) = co.

Example 5.4 Let X = [0, +oo[, and let D be defined by
1 1
D(x,0)=D(0,x) =0 and D(x,y)=-+—- forx#0,y+0.
x )y
Let T be the mapping defined by

T0=1,
Tx = % forx #0.

x+1

Then T is admissible. If the sequence (x,,), is defined by x; =1 and x,,,1 = Tx,, foralln > 2,
then we have

limD(x,,0) =0, D(Tx,,T0)=n+1<oo, and limsupD(Tx,, T0) = occ.
n n

The lemma was used to prove Theorems 3.5 and 3.7 of [8], and they deduced the fol-
lowing corollary:

Corollary 5.5 ([8], Corollary 3.8) Let T : X —> X be a D-admissible self-mapping, and let
(X, D) be a complete D-generalized metric space. Suppose the following conditions hold:
(i) forall x,y € X, there exists k €]0,1[ such that

’

D(Tx, Ty) < kmax{D(x, ), D, Tx), Diy, Ty), 2 D)+ DO, I%) }

2

(ii) there exists xg € X such that §(D, T,xg) < 0.
Then (T"(x0)), converges to some w € X, and this w is a fixed point of T. Moreover, if W' is
another fixed point of T with D(w,w') < 00 and D(W',w') < 0o, then w = w'.
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The inequalities

D(x, Tx) < D(x, T), D(x, Ty) + D(y, Tx)
1+ D(x, Tx) 2

< max(D(x, Ty), D(y, Tx))
give the following implications:

T satisfies () = T is a k-quasi-contraction
and

T satisfies rational inequality —> T satisfies (i).

These implications show that in [8], Theorem 3.7 is a consequence of Corollary 3.8.
Finally, in the proof of Theorem 4.2 in [8], the authors use the F-contraction defined as
follows.

Definition 5.6 ([8], Definition 4.1) A self-mapping T defined on X is said to be an F-
contraction if, for all x,y € X,

D(x,y)>0 and D(Tx,Ty) >0 = t+F(D(Tx, Ty)) < F(D(x,y)
for some 7 > 0.

We suspect that that existence of some xy € X such that §(D, T,x,) = ¢ does not give
D(T"xy, T™x4) > O for all integers #, i, j as the proofs of Theorem 4.2 and Corollary 4.3
of [8] blame.

6 Conclusion
In this paper, we gave a generalized version of Kannan, Chatterjea, and Hardy-Rogers con-
traction fixed point theorems and some fixed point results for T-contractions in a gener-
alized metric space.

Our examples show that the results can be applied to prove the existence of fixed points
in generalized metric spaces, whereas its classical counterpart fails to give positive an-

sSwers.
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