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1 Introduction
The study of multivalued mappings plays a vital role in pure and applied mathematics
because of its many applications, for instance, in real and complex analysis. In the litera-
ture, there are many researchers focusing on the study of abstract and practical problems
which involve multivalued mappings. As a matter of fact, amongst the various approaches
to develop this theory, one of the most interesting is based on best proximity point theory.
One can find the existence and convergence of best proximity points in [1-8]. For the
existence of a best proximity point in the setting of partially ordered metric spaces, see [9—
13]. Also, for more results on a best proximity point of multivalued non-self mappings, we
suggest [14—16].

2 Preliminaries

In this section, we give some basic definitions and notions that will be used frequently.
Let X be a nonempty set such that (X, d, <) is a partially ordered metric space. Consider

A and B to be nonempty subsets of the metric space (X, d). We denote by CB(X) the class

of all nonempty closed and bounded subsets of X.

8(A,B) := sup{d(a, b):acAandbe B},
D(A,B) := inf{d(a, b):aecAandbe B},
Ay = {tz € A:d(a,b) = D(A,B) for some b € B},

By = {b € B:d(a,b) = D(A, B) for some a GA}.
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Definition 2.1 Let T : A — 28 be any multivalued mapping. Then an element x € A is
said to be a best proximity point if D(x, Tx) = D(A, B).

Definition 2.2 Given multivalued non-self mappings S: A — 28 and T: A — 25, an el-
ement ag € A is called a common best proximity point of the mappings if they satisfy the
condition that D(ag, Sag) = D(ay, Tag) = D(A, B).

Definition 2.3 ([17]) A function ¢ : [0,00) — [0,00) is said to be an altering distance
function if it satisfies the following conditions:

(i) ¢ is continuous and nondecreasing.

(i) ¥ (#) =0ifand onlyif£=0.

Example 2.4 Define v : [0,00) — [0,00) by ¥(¢) = kt, where k < 1. Then  is an altering
distance function.

Definition 2.5 ([8]) Let (A, B) be a pair of nonempty subsets of a metric space X with
Ao #¥. Then the pair (A4, B) is said to have the P-property if and only if

d(ﬂh bl) = D(A’B)
S d(dl’a2) = d(bbb2)x
d(ﬂz, bZ) = D(A’B)

where a;,a, € Ag and by, b, € By.

The existence of fixed points in partially ordered metric spaces was first established by
Nieto and Rodriguez-Lopez [18]. In this direction, Choudhury and Metiya [19] proved the
existence of a fixed point for multivalued self mappings in partially ordered metric spaces.

In this paper, our main objective is to establish the existence of best proximity points
and common best proximity points of multivalued mappings in partially ordered metric
spaces. Also, our results generalize the corresponding results of [19]. In particular, the
aim of this paper is to initiate the study of common best proximity points of multivalued
mappings in partially ordered metric spaces.

Here we define the notion of proximal relation between two subsets of X.

Definition 2.6 ([16]) Let A and B be two nonempty subsets of a partially ordered met-
ric space (X,d, <) such that Ag # @. Let B; and B, be two nonempty subsets of By. The
proximal relations between B; and B, are denoted and defined as follows:
(i) B1 <q) By if, for every b, € By with d(ay, b1) = D(A, B), there exists b, € By with
d(as, by) = D(A, B) such that a; < a,.
(ii) By <() By if, for every by € By with d(ay, by) = D(A, B), there exists b; € B; with
d(ay,b1) = D(A, B) such that a; < aj.
(iii) Bl <@3) 32 ifBl <@) 32 and Bl <) Bz.

3 Main results
Now, we state our first main result in this section.

Theorem 3.1 Let (X, <X,d) be a partially ordered complete metric space. Let A and B be
nonempty closed subsets of the metric space (X, d) such that Ay # V) and (A, B) satisfies the
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P-property. Let T : A — CB(B) be a multivalued mapping such that the following conditions
are satisfied:
(i) There exist elements ag,ay in Ay and by € Tag such that

d(ai,by) =D(A,B) and ay <ay.
(i) Tay is included in By for all ay € Ao and
8(Ta, Tb) < (M(a, b)) +LN(a,b) forall comparable a,b € A, (1)

where M(a, b) = max{d(a, b), D(a, Ta) — D(A, B), D(b, Tb) — D(A, B),
DlaTbiDb.Ta) _ p(A, B)}, L > 0, N(a, b) = min{D(a, Ta) — D(A, B), D(b, Th) - D(A, B),
D(a, Tb) — D(A, B), D(b, Ta) — D(A, B)} and v : [0,00) — [0, 00) is a nondecreasing
and upper-semicontinuous function with y(t) < t for each t > 0.
(iii) Fora,b € Ao, a < b implies Ta <q)y Tb.
(iv) If{a,} is a nondecreasing sequence in A such that a, — a, then a, < a for all n.
Then there exists an element a in A such that

D(a, Ta) = D(A, B).
Proof By assumption (i), there exist two elements ag,a; in Ag and by € Tay such that
d(a1,bo) = D(A, B) and ay < a;. By assumption (iii), Tao <) Ta, there exists b, € Ta; with

d(ay, b1) = D(A, B) such that a; < a,. In general, for each n € N, there exist a,,1 € Ap and
b, € Ta, such that d(a,.1,b,) = D(A, B). Hence, we obtain

d(ﬂn+1, hn) = D(anﬂ: Tdn) = D(A, B)

forallme Nwithag <a; <ay <---<a,<dpq <. (2)
If there exists ny such that a,, = d,,+1, then D(ay,+1, Ta,,) = D(ay,, 1a,,) = D(A, B). This
means that 4, is a best proximity point of T and hence the proof. Thus, we can suppose
that a,, # a,,,; for all n. Since d(a,.1,b,) = D(A, B) and d(a,, b,_1) = D(A, B) and (4, B) has
the P-property,
d(a,,an) =d(b,_1,b,) forallmeN. (3)
Since a,_1 < a,,
d(an, ans1) = d(by1,by) < 8(Tay, Ta,) < 1/f(jw(dn—h an)) +LN(a,-1,an). (4)
By the triangle inequality of d, we have
M(an—b an)
= max{d(a,,_l, a,),D(a,_1, Ta,_1) — D(A, B), D(a,, Ta,) — D(A, B),

D(ﬂn—ly Tﬂn) + D(ﬂm Tan—l)
2

- D(A,B)}
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= max{d(anh an): d(an—lr brlfl) - D(A,B)’ d(am bn) - D(A:B)r

d(an-1,bn) + d(an, by-1)
2

- D(A,B)}

= max{d(dn—l: an)’ d(ﬂn—lr bn—Z) + d(bn—2: bn—l) - D(A: B): d(ﬂn: bn—l)

d(an—b bn—Z) + d(bn—b bn—l) + d(bn—lx b}’l) + d(am bn—l)
2

+d(by-1,b,) — D(A, B),
- D(A,B)}

= max{d(an_l,an),D(A,B) + d(arl—lyﬂn) - D(A»B):D(A»B) + d(am an+1) - D(ArB)»

D(A,B) + d(“n—l: dn) + d(“n: un+l) + D(A: B) D

5 (A,B)}

= max{d(an—b ﬂn),d(am an+1)}- (5)
Also, we have

N(ay-1,a,) = min{D(a,_1, Ta,1) — D(A, B), D(ay, Ta,)
- D(A, B), D(a,,_,, Ta,) — D(A, B),
D(ay, Tan—1) - D(A, B)}
< min{d(a,_1,b,-1) — D(A, B), d(a, b,) — D(A, B),
d(an-1,bn) — D(A, B),d(ay, bu_1) — D(A, B)}.

Since d(a,, b,_1) = D(A, B), hence N(a,,_1,a,) =0 for all n € N.
Using (5) and the inequality in (4), we get

Ay anr) < Y (max{d(@n 1, @), Al an)}). ©)
Ifd(a,,a,.1) > d(a,_1,a,). From (6) we obtain

Ay, ania) < VY (d(an ann)) < d(an ana),s
which is a contradiction. So, we have

d(an, an1) < d(an-1,an). 7)

Hence, the sequence {d(a,,a,.1)} is monotone nonincreasing and bounded below. Thus,
there exists k > 0 such that

lim d(a,,a,.1) =k > 0. (8)

n—00

Suppose that limy,_, d(dy, ans1) = k > 0. Using (7), inequality (6) becomes

d(am an+l) < 1//(d(an—l: ﬂn))'
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Taking n — oo in the above inequality and using the properties of v, we have

k <limsup ¢ (d(an-1,a,)) < ¥ (k),

n—00

which is a contradiction unless k = 0. Hence,
lim d(a,,a,.1) = 0. 9

n—00

Now, we claim that the sequence {a,} is a Cauchy sequence. Suppose that {a,} is not a
Cauchy sequence. Then there exists € > 0 with subsequences {a,,,} and {a,()} of {a,}
such that n(r) is the smallest index for which n(r) > m(r) > r, d(a.), anr)) = €. This means
that

d(am(r): an(r)—l) <E€. (10)

Now, we have

€< d(dm(r): ﬂn(r))
=< d(ﬂm(r); ﬂn(r)—l) + d(an(r)—l; ﬂn(r))

<€+ d(@npy)-1, Angr))-

Letting r — 0o and using (9), we can conclude that

rll)rgo A(An(r)s An(r) = €. (11)
Again,

A @@y Anr-1) < A@mirys Anir)) + A @n(r)s Bngry-1)
and

A(m(r) Anir) < AAmir)> n()-1) + A(@n(r) Angr)-1)-
Therefore,

|d(@m(r)s Anr)-1) = A @) An(r))| < A(@n(r)s Bnry-1)-
Taking r — oo and using (11) and (9), we get

rlinolo A @n(r)s An(r)-1) = €. (12)

Similarly, we can prove that

lim d(ﬂm(;«)_l, ﬂn(r)) = lim d(ﬂm(r)—lx ﬂn(r)—l) = lim d(am(r)ﬂyﬂn(r))
r—00 r—00 r—00

lim d(am(r): an(r)+1) = €. (13)
r—00
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Since m(r) < n(r), am)-1 < an(r)-1, from (3) and (1), we have

d(am(r)r ﬂn(r)) = S(Tam(r)—lr Tan(r)—l) <y (M(am(r)—l, ﬂn(r)—l)) + LN(“m(r)—l: an(r)—l)r (14)

where

M(am(r)—lr an(r)—l)
=max { d(am(r)—l’ ﬂn(r)—l)) D(“m(r)—l: Tam(r)—l) - D(A: B)’

D(am(r)-1, Tanpy-1) + D(@niry-1, Tam(r)-1)

D(an(r)—lr Tﬂn(r)—l) - D(A, B), )

—-D(A,B) }
< max {d(am(r)—lr an(r)—l)r d(am(r)—l: hm(r)—l) - D(Ax B): d(ﬂn(r)—l: bn(r)—l)

- D(A’B); d

(am(r)—lr bn(r)—l) + d(ﬂn(r)—ly bm(r)—l) - 2D(A: B) }
2

< max { d(am(r)—lﬁ an(r)—l)’ d(am(r)—h am(r)) + d(am(r)’ bm(r)—l) - D(A, B)r
1
d(ﬂn(r)—lr an(r)) + d(an(r): bn(r)—l) - D(A; B)r gd(am(r)—ly ﬂn(r))

+ d(@n(ys buy-1) + A @nr)-15 i) + A @) Diniry—1) — 2D(A,B)) }

Using d(a,1, b,) = D(A, B) in the above inequality, we get

M(am(r)—lr an(r)—l) < max { d(ﬂm(r)—l: ﬂn(r)—l); d(ﬂm(r)—lr ﬂm(r))r d(an(r)—lr ﬂn(r)),

AAn()-15 An() + ABrir)-15 Am(r)) } 15)

2

and

N(@m()-1, Gn(r)-1)
= min{D(@n()-1, Tam()-1) — D(A, B), D(an(p)-1, Tan()-1) — D(A, B),
D(n(r)-1, Tan(r)-1) — D(A, B), D(@n()-1, Tm(-1) — D(A, B) }
< min{d(@m(r)-1, bm-1) — D(A, B), d(@n(r)-1, bu(r)-1) — D(A, B),
A(@m(r)-1, bnr)-1) — D(A, B), d(a@n()-1, bn(r)-1) — D(A, B)}
< min{d(am(,)_l, Am(r)) + A @) bin(r)-1) — D(A, B), d(@n(r)-1, An(r))
+d(ani), bupy-1) — D(A, B), A(@m()-1, @n() + A(@nrys bupy—1) — D(A, B),

A(an(r)-1, Am(r) + A@m(r)» bir—1) — DA, B) }.
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Using d(a,1, b,) = D(A, B) in the above inequality, we get

N(am(r)—h an(r)—l) < min{d(am(r)—lv am(r)): d(ﬂn(r)—l: ﬂn(r)))

d(am(r)—l; dn(r)): d(“n(r)—l: ﬂm(r)) } . (16)
Using (15) and (16) in (14) and taking r — oo, from (9), (11), (12) and (13), we get

€< W(max{e, 0,0, e}) + Lmin{0,0, ¢, €} 17)
=y(e)<e, (18)
which is a contradiction to the property of . Thus, {a,} is a Cauchy sequence in A and
hence it converges to some element a in A. Since d(a,,, a,41) = d(b,_1, by,), the sequence {b, }
in Bis Cauchy and hence it is convergent. Suppose that b, — b. By the relation d(a,.,1, b,,) =
D(A, B), for all n, we conclude that d(a, b) = D(A, B). We now claim that b € Ta.
Since {a,} is an increasing sequence in A and a,, — a, by hypothesis (iv), a, < a, Vn.
D(by, Ta)

< §(Ta,, Ta)
<y <max{d(an,a),D(an, Ta,) — D(A, B),D(a, Ta) — D(A, B),

D(a,, Ta) + D(a, Ta,,)
2

D(A, B) }) + L min{D(ay, Ta,) - D(A, B),

D(a, Ta) — D(A, B), D(ay, Ta) — D(A, B), D(a, Ta,) — D(A, B) }

D(a,, Ta) + d(a, b,)
2

< w(max{d(an, a),d(a,,b,) — D(A, B), D(a, Ta) — D(A, B),
—D(A,B) } +L min{d(an, b,) — D(A,B),D(a, Ta) — D(A, B), D(a,, Ta) — D(A, B),
d(a,b,) - D(A, B)}.

As n — oo in the above inequality, using a,, — a, b, — b, d(a, b) = D(A, B) and since ' is

upper-semicontinuous, we get

Db, Ta) < (max { 0,0, D(a, Ta) - DA, B), 2 T“); DAB) 14 p) })

+ L min{0, D(a, Ta) - D(A, B), D(a, Ta) - D(A, B),0}
=¥/ (D(a, Ta) - D(A, B))
< ¥ (d(a,b) + D(b, Ta) — D(A, B))
=y (D(b, Ta)) < D(b, Ta),
which is a contradiction unless D(b, Ta) = 0.

This implies that b € Ta, and hence D(a, Ta) = D(A, B). That is, a is a best proximity
point of the mapping T d
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Example 3.2 Let X := R? with the order < defined as follows: for (a;,b,), (a2, b,) €
X, (a1, b1) X (ay,by) if and only if a; < ay, b < by, where < is the usual order in R. Then
(X, =,d) becomes a complete partially ordered metric space with respect to a metric
d((a1, 1), (a2, b)) = |ar — az| + |by — by| for each (a1, b1), (a2, b2) € X.

Let A = {(0,0),(0,3),(0,6),(0,9)} and B = {(1,-1),(1,2),(1,5),(1,8)}. Then (A, B) satisfies
the P-property, and D(A, B) = 2. Let T : A — CB(B) be defined as follows:

{(1)8)’ (1:5)} ifa= (07 O)r
{(1,8)} otherwise,

and define ¥ : [0, 00) — [0,00) as Y (t) = %.
It is easy to see that for all comparable a,b € X and L > 0, T satisfies the following:
8(Ta, Tb) < ¥ (max{ d(a,b),D(a, Ta) — D(A,B), D(b, Th) — D(A, B),

D(a, Tb) + D(b, Ta)
2

- D(A,B) }) + Lmin{D(a, Ta) - D(A, B),

D(b, Tb) — D(A, B), D(a, Tb) — D(A, B), D(b, Ta) — D(A,B)}.

Also, it is easy to verify that this T satisfies all the conditions in Theorem 3.1. It is clear
that (0,9) is a best proximity point of T
The following corollary is a particular case of Theorem 3.1 when A = B. Also, it is a

partial generalization of Theorem 2.1 in [19].

Corollary 3.1 Let (X,=<,d) be a partially ordered complete metric space. Let A be a
nonempty closed subset of X and T : A — CB(A) be a multivalued mapping such that the
following conditions are satisfied:
(i) There exist elements ag,a in A and by € Tag such that d(a1, bo) = 0 and
ag < ay = by.
(i) T satisfies

8(Ta, Tb) < ¥ (max{D(u, b), D(a, Ta), D(b, Tb), Dia. 10) ; Db, Ta) })

+ L min{D(a, Ta), D(b, Tb), D(a, Th), D(b, Ta) }

for all comparable a,b € A, where L > 0 and  is an altering distance function.
(iii) Fora,b € Ao, a < b implies Ta <y Tb.
(iv) If{an} is a nondecreasing sequence in A such that a, — a, then a, < a for all n.
Then there exists an element a in A such that D(a, Ta) = 0. That is, a is a fixed point of the
mapping T.

The following corollary is a particular case of Theorem 3.1 when T is a single-valued

self mapping.
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Corollary 3.2 Let (X, =<,d) be a partially ordered complete metric space. Let A be a
nonempty closed subset of X. Let T : A — A be a single-valued mapping such that the fol-

lowing conditions are satisfied:
(i) There exist elements ay and ay in A such that

d(ai,Tag) =0 and ay <a.

(i) T satisfies

d(a, Tb) + d(b, 1a) })
2

8(Ta, Tb) < ¥ (max{d(a, b),d(a, Ta),d(b, Tb),
+L min{d(ﬂ, Ta),d(b, Tb),d(a, Tb),d(b, Ta)}

for all comparable a,b € A, where L > 0, and ) is an altering distance function.
(iii) Fora,be€ A, a < b implies {Ta} <q) {Th}.
(iv) If{a.} is a nondecreasing sequence in A such that a, — a, then a, < a for all n.
Then there exists an element a in A such that d(a, Ta) = 0. That is, a is a fixed point of the
mapping T.

Now, we state our second main result in this section.

Theorem 3.3 Let (X, <,d) be a partially ordered complete metric space. Let A and B be
nonempty closed subsets of the metric space (X,d) such that Ay # ¥ and (A, B) satisfies
the P-property. Let S, T : A — CB(B) be a multivalued mapping such that the following
conditions are satisfied:

(i) Sao,Tao C By forall ag € Ao.

(ii) There exists ag € Ao with d(ay, bo) = D(A, B) for some by € By with {by} <q) Tay.
(iii) Foranya,be Ay with a < b implies Sb <) Ta.
(iv) If{a,} is any sequence in A whose consecutive terms are comparable with a, — a,

then a, < a for all n.

(v) T and S satisfy
8(Ta,Sb) < aM(a,b) + LN(a,b) for all comparable a,b € A, (19)

where M(a, b) = max{d(a, b), D(a, Ta) — D(A, B), D(b, Sb) — D(A, B),
DlashPb10 _ (A, B)}, L > 0 and N(a,b) = min{D(a, Ta) - D(A, B),
D(b, Sh) — D(A, B), D(a, Sb) — D(A, B), D(b, Ta) — D(A, B)}, 0 < & < 1.

Then T and S have a common best proximity point.

Proof By assumption (ii), there exists ag € Ay with d(ao, by) = D(A, B) such that {by} <q)
Tay. For this by € By, there exists by € Tag with d(a1,b1) = D(A, B) such that ay < a;. By
assumption (iii), Sa; <) 1o, which implies Sa; <(2) Tao. So, for this b; € Tay, there exists
by € Say with d(ay, by) = D(A, B) such that ay < a;. Again, by assumption (iii), Sa; <) T2,
which implies Sa; <) Ta,. Therefore, there exists b € Ta, with d(as, bs) = D(A, B) such
that a; < a3. Continuing in this way, we can construct a sequence {a,} such that

(1) for each n, a, € Ay and b,,.,1 € Ta,, and by,,.5 € Say,.1 with d(a,, b,) = D(A, B);

(2) for each n, ay, < as,.1 and asy,0 < Aoyt
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First we claim that any best proximity point of T is a best proximity point of S and con-
versely. Now suppose that p is a best proximity point of T’ but not a best proximity point
of S. Consider

D(p,Sp) < D(p, Tp) + 8(1p, Sp) = D(A, B) + 8(Tp, Sp).
Hence, D(p, Sp) — D(A, B) < §(Tp, Sp). Then, by condition (v),

D(p,Sp) - D(A, B) < §(Tp, Sp)
<« max{d(p,p),D(p, TP) —D(A:B):D(P: Sp) —-D(A,B),

D, Sp) + Dlp, Tp)
2

(A,B)} + Lmin{D(p, Tp) - D(A, B),

D(P»Sp) —D(A:B)»D(P’SP) —D(A;B)»D(P» TP) _D(ArB)}

D(p, Sp) — D(4, B) }

= max{O, 0,D(p, Sp) — D(A, B), 5

+ Lmin{0, D(p, Sp) — D(A, B)}

= a(D(p,Sp) - D(4, B)),

which is a contradiction, unless D(p, Sp) = D(A, B). Hence p is a best proximity point to S.
Using a similar argument, we can prove that any best proximity of S is a best proximity
point of T.

If there exists a positive integer 2N such that asy = aan.1, then asy becomes a com-
mon best proximity point. Similarly, the same conclusion holds if asn, = asnia for
some N. Therefore, we may assume that a, # a,.; for all n > 0. We know that d(a,, b,) =
d(ay+1,bys1) = D(A, B) and so by the P-property, we have d(a,, a,.1) = d(b,, by.1).

Now,

d(an41, G2n42) = A(bops1, bansa) < 8(Tagy, Saznr). (20)

Consider

M(a2nr a2n+1) = max{d(abn ﬂZVHl),D(aZm TﬂZn) - D(Ar B);D(('l2n+l) Sﬂ2n+1) - D(A: B);

D(az, Sasne1) + D(@zni1, Taz,)
2

- D(A,B)}

< maX{d(ﬂzn, 2n41), A2y boni1) — D(A, B), d(asni1, bansa) — D(A, B),

A(A2; bons2) + d(A2p41, b2ni1) _D

5 (A,B)}

= max{d(azn, a2n+1)¢ d(“2m b2n) + d(bZn: b2n+1) - D(Ar B)¢

d(a2n+17 b2n+1) + d(b2n+1) b2n+2) - D(A: B),
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d(azn, bon) + d(b2n1b2n+l); d(bans1, bane2) + D(A, B) —D(A,B)}
d(as,, d ,
= maX{d(abua2n+1)’d(a2n+1;“2n+2)y (ﬂzn aZVHl) +2 (a2n+1 a2n+2)}

= maX{d(aZm a2n+1)r d(“2n+l¢ aZn+2)}
and

N(azn, dane1) = min{D(azn, Tar,) — D(A, B), D@21, Saani1) — D(A, B),
D(azy, Sazns1) — D(A, B), D(azns1, Taz,) — D(A, B)
< min{d(azn, byni1) - D(A, B), d(azus1, bans2) — D(A, B),
d(@n, bansz) — D(A, B), d(azns1, bans1) — D(A, B)}
= min{d(azu, bans1) — D(A, B), d(@11, bans2)
- D(A, B), d(@zn, bynsa) — D(A, B),0} = 0.

Therefore, by inequality (20) and by inequality (19), we get
d(an+l¢ a2n+2) =« max{d(‘hm a2ﬂ+1)’ d(a2n+1¢ a2n+2)}- (21)

Suppose that d(ay,, azu41) < d(du41, dans2) for some positive integer 7. Then from (21) we

have

d(azns1, G2ns2) < 0d(Aons1, ons2) < A(A2ps1, A2ns2),

which is a contradiction. Hence, d(as,,1,@2,42) < d(aay, ary.1) for all m > 0. In a similar
way, we can prove that d(ay,2, daus3) < d(a@zn41,dznsp) for all n > 0. Then {d(a,, a,.1)} is
a monotone decreasing sequence of nonnegative real numbers. Hence there exists k > 0
such that lim,,_, o, d(a,, a,.1) = k. We will now claim that k = 0.

From the above discussion, we have

A(api1, i) < ad(ap, an) foralln=>0.
Taking n — oo in the above inequality, we get
k < ak,
which is a contradiction unless k = 0. Therefore,
lim d(a,,a,.1) = 0.
n—00
Now we will prove that {a,} is a Cauchy sequence. Let m > n. Then

Ad(am, an) < d(ams am-1) + d(@u-1, Am-) + - - - + d(An11, an)

a}’l

< [(x””l a2t a”]d(uo,al) < d(ag,a1) —> 0, asn— oo,

l-«
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which implies that {a,} is a Cauchy sequence in A. From the completeness of X, there
exists a € X such that a, — a as n — oo. Since A is closed, a € A. Also, by assumption
(iv), a, < a for all n. Since d(a,, a,1) = d(b,, by,1), the sequence {b,} becomes Cauchy.
Hence it converges to some b € X. By the relation d(a,, b,) = D(A, B) for all n, we conclude
that d(a, b) = D(A, B). We now claim that b € Ta.

D(T&l, b2n+2)
< 8(Ta, Sazu1)
<a max{d(a, i), D(a, Ta) — D(A, B), D(a2,41, Sas,41) — D(A, B),

D(a,Sasu.) + D(asn., 1a)
2

- D(A,B)} + L min{D(a, Ta) - D(A, B),
D(ﬂ2n+lr Sa2ﬂ+1) - D(A; B): D(a2n+1’ T('Z) - D(Ar B)) D(“: Sa2n+1) - D(A:B)}

<o max{d(a, ﬂ2n+l): D(“: Tﬂ) - D(A: B)r d(“2n+1» b2n+2) - D(Ar B)r

d((L b2n+2) + D(“ZVH—I; Tﬂ) D
2

(A,B)} + Lmin{D(a, Ta) - D(A, B),
d(ﬂZVHl’ b2n+2) - D(AyB)rD(aZVHI’ Td) - D(A’ B)r d((l, b2n+2) - D(ArB)}
<« max{d(a: ﬂZn+1): D(d, Td) - D(Ar B)r d(b2n+lr b2n+2);

d(a, b2n+2) + D(a2n+1: T(l)
2

- D(A,B) } + L min{D(a, Ta) - D(A, B),

d(b2n+lr b2n+2)7D(ﬂ2n+l, Tﬂ) - D(A7 B): d(“: b2n+2) - D(A7 B)}

As n — oo in the above inequality, and using the properties of sequences {a,} and {b,},
we get

d(a,b) + D(a, Ta) D

D(Ta,b) <« max{(), D(a, Ta) — D(A, B), 0, )

(A,B)}

+ Lmin{D(a, Ta) - D(A, B),0, D(a, Ta) - D(A, B), d(a, b) - D(A, B) }

(a,b) + d(a,b) + D(b, Ta)
2

<a max{d(a, b) + D(b, Ta) — D(A, B), d - D(A,B)}

=aD(b, Ta),

which is true only if D(b, Ta) = 0. Hence b € 1a, that is, a is the best proximity point of T

By what we have proved already, 4 is a common best proximity point of T and S. 0

Example 3.4 Let X := R? with the order < defined as follows: for (a;,5,), (a2,b,) €
X, (a1,b1) < (a2, by) if and only if a; < ay, by < by, where < is the usual order in R. Then
(X, <,d) becomes a complete partially ordered metric space with respect to a metric
d((a1, b1), (a2, b)) = |la1 — az| + |by — by| for each (a1, b1), (a2, by) € X.
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Let A = {(0,0),(0,3),(0,6),(0,9)} and B = {(1,-1),(1,2),(1,5),(1,8)}. Then (A4, B) satisfies
the P-property, and D(A,B) =2.Let T: A — CB(B) and S : A — CB(B) be defined as fol-

lows:

{(1)8)’ (1:5)} ifa= (07 O)x
{(1,8)} otherwise,

Ta =

and Sa = {(1,8)} for all a € A respectively. It is easy to see that for all comparable a,b € X,
a=2and L >0, T and S satisfy the following:
8(Ta, Sh) <« max{d(a, b),D(a, Ta) — D(A, B), D(b, Sb) — D(A, B),

D(a, Sb) + D(b, 1a)
2

- D(A,B)} + Lmin{D(a, Ta) - D(A, B),
D(b, Sb) - D(A, B), D(a, Sb) — D(A, B), D(b, Ta) — D(A, B)}.

Also, T and S satisfy all the other conditions in Theorem 3.3. It is easy to check that (0,9)
is a common best proximity point to S and 7.
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