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1 Introduction and preliminaries
In 1974, Ciri¢ [1] introduced the notion of nonunique fixed point and proposed criteria
for certain operators which possess nonunique fixed points. Inspired by this pioneering
work, a number of authors reported nonunique fixed point for the operators that provide
different conditions, see e.g. [1-6].

In 2000, Branciari [7] introduced a new distance function that is obtained by replac-
ing the quadrilateral inequality with the triangle inequality in the axioms of the standard

metric notion. In what follows, we recall the notion of a Branciari metric space.

Definition 1 (see e.g. [8]) Let X be a nonempty set, and let p : X x X — [0, 00) satisfy
the following conditions for all x, y € X and all distinct &, v € X \ {x,y}:

(1) px,y)=0 ifandonlyif x=y (indistancy),

(b2) px,y)=p@y,x) (symmetry), (1.1)

(b3)  p(x,y) < plx,u) + p(u,v) + p(v,y) (quadrilateral inequality).

Then the map p is called a Branciari metric (or rectangular metric, or generalized metric).
The pair (X, p) is called a Branciari metric space and abbreviated as BMS.

In some sources, BMS was called ‘generalized metric space’. On the other hand, in the
literature, the words ‘generalized metric’ space have been used for several different exten-
sions of the notion of metric (see e.g. [7, 9-23]). For this reason, we prefer to use ‘Branciari
metric’ to avoid the confusion.
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From now onward, the set of positive integers and the set of nonnegative integers will
be denoted by N and Ny, respectively. Further, the symbols R, R* and R indicate the real
numbers, positive real numbers and nonnegative real numbers, respectively.

Notice that the concepts of open ball and closed ball are defined on BMS as the cor-
responding notions in the setting of the standard metric space. Hence, there is a proper
topology on BMS (X, p).

Definition 2 (see e.g. [8])

(1) A sequence {x,} in a BMS (X, p) is BMS convergent to a limit x if and only if
o(x,,x) > 0 as n— o0.

(2) A sequence {x,}in a BMS (X, p) is BMS Cauchy if and only if, for every ¢ > 0, there
exists a positive integer N(e) such that p(x,,x,,) < € for all m > m > N(e).

(3) ABMS (X, p) is called complete if every BMS Cauchy sequence in X is BMS
convergent.

(4) A mapping T : (X, p) — (X, p) is continuous if, for any sequence {x,} in X such that
o(x,,x) = 0 as n — oo, we have p(Tx,, Tx) — 0 as n — o0.

On the other hand, the topology of BMS (X, p) brings some difficulties. We state the
following example to illustrate the possible handicaps.

Example 3 (cf. [16, 24]) Let Y = {ﬁ :n € N} and Z = {0,21,27,23}, where z1,25,z3 are
distinct real numbers such that z1,2;,z3 > 2. Set X = Y U Z and consider the function p :
X x X — [0,00) in the following way:

0 ifx=y,
p(x,y)=11 ifx#yand[{x,y} CY or{xy} C Z],
y ifxeY,yeZ

We have p(y,z) = p(z,y) = z whenever y € Y and z € Z; and (X, p) is a complete BMS.
Notice that statements (P1)-(P4) are fulfilled:

1 1

. . 1 .
(p1) Since lim,_, o -7 =0, we have lim,,_, o, p(m, H

) # p(0, é). Thus, the function p is
not continuous;

(p2) Thereisnor > 0suchthat B,(0)NB,(z;) =@ fori=1,2,3,and hence it is not Hausdorft;

(p3) ltis clear that the ball B% (%) = {0, é,zl,zz,z_q,} since there is no r > 0 such that B,(0) C
B% (%), that is, open balls may not be an open set;

(p4) The sequence {ﬁ : n € N} converges to 0,21, 23,23, and hence it is not Cauchy.

Despite a high similarity rate between the definitions of topological notions in BMS and
in standard metric space, there are significant differences between their topologies due
to the diversity between the quadrilateral inequality and the triangle inequality. For being
more clear, we can express the variations as follows:

(pl) Branciari metric is not necessarily continuous (see e.g. Example 3);

(p2) BMS is not necessarily Hausdorff (limit is not necessarily unique) (see e.g. Example 3);
(p3) open ball need not be an open set (see e.g. Example 3);

(p4) a convergent sequence in BMS needs not be Cauchy (see e.g. Example 3);

(p5) the mentioned topologies are incompatible (see e.g. Example 7 in [23]).
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Lemma 4 (see e.g. [15, 16]) Let (X, p) be a BMS, and let {x,} be a Cauchy sequence in
X such that x,, # x, whenever m # n. Then the sequence {x,} can converge to at most one
point.

Later, regarding the well-known b-metric defined by Czerwik [25], the notion of Bran-
ciari metric is refined as b-Branciari metric (see e.g. [26]).

Definition 5 Let X be a nonempty set, and let d : X x X — [0, 00) satisfy the following
conditions for all x,y € X and all distinct u,v € X \ {x,y}:

(b1) d(x,9 =0 ifandonlyif x=y (indistancy),
(b2) d(x,y)=d(y,x) (symmetry), (1.2)

(b3) dx,y) < s[d(x, u) +d(u,v) +d(v, y)] (modified quadrilateral inequality).

Then the map d is called a b-Branciari metric (or rectangular metric, or generalized met-
ric). The pair (X, d) is called a b-Branciari metric space and abbreviated as ‘b-BMS.

Analogously, one can state the topological concepts for b-BMS (see e.g. [26]).

Definition 6

(1) A sequence {x,}ina b-BMS (X, p) is b-BMS convergent to a limit x if and only if
o(x,,x) = 0 as n— o0.

(2) A sequence {x,} in a b-BMS (X, p) is b-BMS Cauchy if and only if, for every ¢ > 0,
there exists a positive integer N(¢) such that p(x,, x,,) < € for all n > m > N(g).

(3) A b-BMS (X, p) is called complete if every b-BMS Cauchy sequence in X is b-BMS
convergent.

(4) A mapping T : (X, p) — (X, p) is continuous if, for any sequence {x,} in X such that
o(x,,x) = 0 as n — oo, we have p(Tx,, Tx) — 0 as n — o0.

As in the discussion on the topology of BMS, the topology of 5-BMS has the same diffi-
culties (p1)-(p5) above. Since these problems arise from the topology of BMS, Example 3
can be adopted for b-BMS to illustrate that the same problems hold for the topology of
b-BMS (see e.g. [26]).

Inspired by the corresponding Lemma 4, we propose the following.

Lemma 7 Let (X,d) be a b-BMS, and let {x,} be a Cauchy sequence in X such that x,, # x,

whenever m # n. Then the sequence {x,} can converge to at most one point.

Proof
Suppose, on the contrary, that {x,} is a Cauchy sequence which converges to both x
and y, where x #y. Thus, for any ¢, there exists N € N such that

d(x,x,) < %, Ad(xp, %) < % and  d(x,,y) < %,

forall m,m > N.
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Now, by using the modified quadrilateral inequality, we get
dx,y) < s[d(x, %) + d (%, %) + AKX, 9)] < €.

Thus, one can get d(x,y) = 0 and hence x = y, a contradiction. Thus, under the axiom, the
given sequence has a unique limit point. 0

Let W be a family of increasing mappings ¥ : [0,00) — [0, 00) satisfying ¥"(t) — 0,
n — oo forany ¢ € [0, 00). In the literature such functions are called comparison functions
(see e.g. [27]). The basic example of such mappings is ¥ (¢) = %, where k € [0,1) and n €
{2,3,...}.

Lemma 8 (see e.g. [27]) Ify € Y, then the following hold:
(i)  is continuous at 0;
(i) () <t foranyteR*.

In this manuscript, we investigate some nonunique fixed point results in the context of

b-BMS. Our results extend and generalize several results in the corresponding literature.

2 Nonunique fixed points on b-BMS
First, we shall give the analog of the crucial topological notions, orbitally continuous and

orbitally complete, in the context of b>-BMS.

Definition 9 (see [1]) Let (X,d) be a b-BMS and T be a self-map of X.

(1) T is called orbitally continuous if

lim T"x =z (2.1)
11— 00

implies
lim TT"x = Tz (2.2)
11— 00

for each x € X.
(2) (X,d) is called orbitally complete if every Cauchy sequence of type {T"x}cn
converges with respect to 7.

A point z is said to be a periodic point of a function T of period m if T"(z) = z, where
T%(x) = x and T"(x) is defined recursively by 7" (x) = T(T™(x)).

2.1 Ciri¢ type nonunique fixed point results
Theorem 10 Let T be an orbitally continuous self-map on the T-orbitally complete b-
BMS (X,d) with s > 1. If there is € ¥ such that

min{d(Tx, Ty), d(x, Tx), d(y, Ty)} - min{d(x, Ty),d(Tx,y)} < ¥ (d(x,y)) (2.3)

orall x,y € X, then, for each xq € X, the sequence {T"x(},en converges to a fixed point of T
y q g p
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Proof For an arbitrary x € X, we shall construct an iterative sequence {x,} as follows:

xo:=x and «x,=7Tx,; forallmeN. (2.4)
We suppose that
x, #%,1 forallmeN. (2.5)

Indeed, if for some #n € N we have the inequality x, = Tx,_; = x,,_1, then the proof is com-
pleted.
By substituting x = x,,_; and y = %, in inequality (2.3), we derive that

min{d(Txn,l, Tx,), d(x,-1, Txp-1), d (%, Tx,,)} - min{d(x,,,l, Tx,), d(Tx,,,l,xn)}

< Y (dGon1, x0)- (2.6)
It implies that
min{d(xy, %41), A %-1) } < Y (d (X1, %)) (2.7)
Since ¥ (£) < t for all £ > 0, the case d(x,, x,,_1) < ¥ (d(x,-1,%,)) is impossible. Thus, we have
A %1) < Y (d (X1, %)) < A1, %) (2.8)
Iteratively, we find that
A Xpi1) < Y (dXn1, %)) < V(A (Hno2s n1)) < -+ < P (dxo,%1)). (2.9)
On account of (2.8), we also observe that the sequence {d(x,,x,1)} is nonincreasing.
Since Y"(t) - 0,n — oo forany ¢ € [0, 00), and ¥ (¢) < ¢, and regarding the Archimedean
property, there exist a real number g € [0,1) and a natural number M such that
vk < qk -t and s- qk <1 foreachn>M. (2.10)
We shall show that the sequence {x,} has no periodic point, that is,

%, %, forall k € Nand for all # € Np. (2.11)

Actually, if x,, = x,,,x for some n € Ny and k € N, we find %41 = Txy, = TXpsk = Xpsks1. Keep-
ing inequality (2.8) in mind, by utilizing (2.3), we derive that
d(xm xn+1) = min{d(Txn—l; Txn)v d(xn—l: Txn—l)y d(xrn Txn)}
= min{d(&-1, T%), d(Tx_1,%) }
= mln{d( Txn+k—1¢ Tx}’H—k)) d(xn+k—17 Txn+k—1)7 d(xny Txn+k)}

- min{d(xn+k—1r Txn+k): d( Txn+k—1: xn+k) }
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<y (d(xn+k—l» xn+k))
= lbk_l (d(xm xn+1)) < A%, Xn11), (2.12)

a contradiction. Consequently, throughout the proof, we suppose that
%, # %, for all distinct n,m € N. (2.13)

Observe that x,,,x # x,,.x for all distinct n, m € N and x4, X € X \ {0, %}
In what follows, we shall prove that the sequence {x,} is Cauchy. By using the modified
quadrilateral inequality together with (2.9) and estimation (2.10), we have

Ay %) < 5[d @ Xmik) + A Xt Knsk) + AXik %) |
< sy (d(xo, 1)) + s (A, %)) + 59" (Al %0)
< sy (d(xo,x¢)) + sq* - A%y %) + sy (d(oxx, x0)). (2.14)

After a routine calculation, we get that

AKXy %) <

I off [¥" (d(x0, 1)) + " (d(ex,%0)) |-

Since ¥"*(t) — 0, n — 00, for any ¢ € [0, 00), the inequality above yields that d(x,,, x,) — 0
as n,m — oo. Hence, the sequence {x,} is Cauchy in b-BMS (X, d).

On account of the T-orbital completeness, we conclude that there is z € X such that
%, — z. Due to the orbital continuity of T, we conclude that x,, — Tz. Hence, by taking
Lemma 7 into account, we find z = Tz, which terminates the proof. O

Corollary11 Let T be an orbitally continuous self-map on the T-orbitally complete b-BMS
(X, d) with s > 1. If there is q € [0,1) such that

min{d(Tx, Ty), d(x, Tx), d(y, Ty)} - min{d(x, Ty), d(Tx,y)} < qd(x,y) (2.15)
forall x,y € X, then for each xy € X the sequence {T"x},cn converges to a fixed point of T.
Proof 1Tt is sufficient to take ¥/ (¢) = gt, where g € [0,1), in Theorem 10. O

Corollary 12 Let T be an orbitally continuous self-map on the T-orbitally complete BMS
(X, d) with s > 1. If there is € V such that

min{d(Tx, Ty), d(x, Tx), d(y, Ty)} - min{d(x, Ty),d(Tx,y)} < lp(d(x,y)) (2.16)
forall x,y € X, then for each xy € X the sequence {T"x},cn converges to a fixed point of T.
Proof 1t is sufficient to take s =1 in Theorem 10. d

Corollary 13 Let T be an orbitally continuous self-map on the T-orbitally complete BMS
(X,d) with s > 1. If there is q € [0,1) such that

min{d(Tx, Ty),d(x, Tx), d(y, Ty)} - min{d(x, Ty),d(Tx,y)} <gqd(x,y) (2.17)
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for all x,y € X, then for each xy € X the sequence {T"xo},cn converges to a fixed point
of T.

Proof 1t is sufficient to take v (¢) = g¢, where g € [0,1), in Corollary 12. O

Example 14 Let X = AUB, where A = {ay,a5,a3,a4} and B = [1,2] with AN B = ¥ and each
a; distinct from a;, whenever i #. Define d : X x X — [0, co) such that d(x, y) = d(y, x) for
allx € X,

1

d(&ll, ﬂB) =1, d(alrﬂZ) = d(ﬂz,ﬂg) = Zt
1

d(ay,a4) = d(ay, as) = d(as,as) = g,

1
d(a,b) = e foralla € A,b € B, and,

d(x,y) = |x—y|*> for any other case.

It is clear that (X, d) forms a complete b-BMS (X, d) with s = 2. Note also that (X, d) is
not metric, b-metric and Branciari metric. Define a mapping 7: X — X as

fla1)=f(ax) =ar and f(as)=f(as)=as and f(b)=a; forallbeB.

It is clear that T satisfies all the conditions of Theorem 10 for any choice of ¥ and T has
two distinct fixed points, namely, a; and as.

2.2 Ciri¢-Joti¢ type nonunique fixed point results [3]
Theorem 15 Let T be an orbitally continuous self-map on the T-orbitally complete b-BMS
(X, d). Suppose that there exist v € V and a > 0 such that

P(x,y) — aQ(x,y) < ¥ (R(x,)) (2.18)
for all distinct x,y € X, where

d(Tx, Ty), d(x,), d(x, Tx), d(y, Ty), “CRD,

d(y, Ty)[1+d(x, Tx)] min{d?(Tx, Ty),d2 (%, Tx),d% (5, Ty)} ?
1+d(x,y) ’ Y (d(xy))
Q(x,y) = min{d(x, Ty),d(y, Tv)},

R(x,y) = max{d(x,y),d(x, Tx)}.

P(x,y) = min

Then, for each xq € X, the sequence {T"xy},en converges to a fixed point of T
Proof As in Theorem 10, by starting from an arbitrary initial value x¢ := x € X, we easily

construct an iterative sequence {x, = Tx,_1 },cn for which adjacent terms are distinct from
each other, that is,

X, #x,_1 forallmeN.
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Letting x = x,,.; and y = Tx,,_; = %, in inequality (2.18), we derive that

P(x-1,%n) — AQ(%4-1,%) < V¥ (R(%4-1,%n)), (2.19)

where

Qy—1,%,) = min{d(xn—l»xnﬂ),d(xn:xn)} =0,

R(xn—l, xn) = max { d(xn—l; xn)r d(xn—ly xn) } = d(xn—l; xn)
and

d
d(xm xn+1), d(xn—ly xn)r d(xn—l; xn); d(xm xn+1); ¢ L+d(Xp—1,%n)
A ,xp41) [1+d(xn-1,500)] min{dz(xn:xnﬂ):dz(xn—lvxn)vdz(xnsxnﬂ)}
L+d(xp-1,%n) ’ Y (d(@n-1.%n))

. 2
=mm{d(x,,, 1), A1, ), L4 Contn)] 1) }

P(x,,_1,%,) = min {

Xp-1,%n) [(1+d (X Xp41)] }

1+d(xp—1,%n) 7 Y (d(x-1,%n))

We examine inequality (2.19) regarding the possible cases in P(x,_1,x,). Notice that the
case P(x,_1,%x,) = d(x,-1,%,) is impossible. Indeed, if it were the case, inequality (2.19)
would turn into

d(xn—l; xn) =< llf (d(xn—b xn)) < d(xn—lr xn)
since ¥ (t) < ¢t for all £ > 0. Thus, we observe that
d(xnr xn+1) S d(xn—ly xn)~

Consequently, inequality (2.19) yields the following three cases. If P(x,_,x,) = d(x,, %,:1)

2(xnvxn+1)

or P(x,_1,%,) = Wd( T then inequality (2.19) turns into
d(xnrxwrl) =< 1ﬁ(d(xn—lnx;'l))~ (220)

If P(x,,_1,%,) = W, then inequality (2.19) becomes

d(xn—l: xn)[l + d(xm xn+1)] = I/f(d(xn—lx xn)) [1 + d(xn—ly xn)]
= 1p(d(xn—bxn)) + ‘/’(d(xn—hxn))d(xn—l,xn)
< d(xn—lyxn) + w(d(xn—lyxn))d(xn—hxn)'

The required simplification implies (2.20). In other words, for any possibilities in P(x;,_1,
xy,), inequality (2.19) yields inequality (2.20). Recursively, we get that

AXps1,%0) < Y (dp, %01)) < dxp, 1) and d(xpi1, %) < ¥ (d(x1,%0))  forall n.

Due to the observation above, we notice that the sequence {d(x,,, x,,1)} is nonincreasing.
As the next step, we shall indicate that the sequence {x,} has no periodic point, that s,

%, %, forall k € Nand for all # € Np. (2.21)
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Indeed, if x,, = x,.,x for some n € Ny and k € N, we find x,,,1 = Tx, = TX,1 = Xpii41. On
account of the observations and estimations above, we have P(x,,_1,x,) = d(x,;, %,.:1). Thus,
by taking inequalities (2.8) and (2.3) into account, we find that

A, %n11) = P(Xp1,%n) — AQXn-1, %) < Y (R(X1, %))
< Y (R(nak-1, %nsk))
< Y (dEnik-1,%n41))
< ¥ (dn x011)) < A, Xn11), (2.22)

a contradiction. As a result, we suppose that
%, # %, for all distinct n,m € N. (2.23)

A verbatim repetition of the related lines in the proof of Theorem 10 completes the
proof. O

Corollary 16 Let T be an orbitally continuous self-map on the T-orbitally complete b-
BMS (X, d). Suppose that there exist q € [0,1) and a > 0 such that

P(x,y) —aQ(x,y) < qR(x,y)

for all distinct x,y € X, where P(x,y), Q(x,y), R(x,y) are defined as in Theorem 15. Then, for
each xo € X, the sequence {T"xo},en converges to a fixed point of T.

Corollary 17 Let T be an orbitally continuous self-map on the T-orbitally complete b-
BMS (X,d). Suppose that there exist q € [0,1) and a > 0 such that

min{d(Tx, Ty),d(x,y), d(x, Tx), d(y, Ty)} —aQ(x,y) < qR(x,y)

for x,y € X, where Q(x,y),R(x,y) are defined as in Theorem 15. Then, for each x¢ € X, the
sequence {T"xo},en converges to a fixed point of T

Corollary 18 Let T be an orbitally continuous self-map on the T-orbitally complete b-
BMS (X, d). Suppose that there exist k,p € [0,1) with k + p <1 and a > 0 such that

min{d(Tx, y),d(x,y), d(x, Tx), d(y, Ty)} —aQ(x,y) < kd(x,y) + pd(x, Tx)

for x,y € X, where Q(x,y),R(x,y) are defined as in Theorem 15. Then, for each xy € X, the
sequence {T"xo} ey converges to a fixed point of T.

Corollary 19 Let T be an orbitally continuous self-map on the T-orbitally complete BMS
(X, d). Suppose that there exist v € V and a > 0 such that

P(xxy) _aQ(x’y) = w(R(x,y))

for all distinct x,y € X, where P(x,y), Q(x,), R(x, y) are defined as in Theorem 15. Then, for
each xo € X, the sequence {T"xo},en converges to a fixed point of T.
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Corollary 20 Let T be an orbitally continuous self-map on the T-orbitally complete BMS
(X, d). Suppose that there exist q € [0,1) and a > 0 such that

P(x»)’) - ﬂQ(xry) = qR(x’y)

for all distinct x,y € X, where P(x,y), Q(x,), R(x, y) are defined as in Theorem 15. Then, for
each xy € X, the sequence {T"xo},cn converges to a fixed point of T.

Corollary 21 Let T be an orbitally continuous self-map on the T-orbitally complete BMS
(X, d). Suppose that there exist q € [0,1) and a > 0 such that

min{d(Tx, Ty), d(x,y), d(x, Tx), d(y, Ty) } - aQ(x,y) < qR(x,7)

for x,y € X, where Q(x,y),R(x,y) are defined as in Theorem 15. Then, for each x, € X, the
sequence {T"xy} ey converges to a fixed point of T.

Corollary 22 Let T be an orbitally continuous self-map on the T-orbitally complete BMS
(X, d). Suppose that there exist k,p € [0,1) with k + p <1 and a > 0 such that

min{d(Tx, Ty),d(x,y),d(x, Tx), d(y, Ty)} —aQ(x,y) < kd(x,y) + pd(x, Tx)

for x,y € X, where Q(x,y),R(x,y) are defined as in Theorem 15. Then, for each xy € X, the
sequence {T"x},en converges to a fixed point of T.

Theorem 23 Let T be an orbitally continuous self-map on the T-orbitally complete b-BMS
(X, d). Suppose that there exist € ¥ and a > 0 such that

K(x,y) —aQ(x,y) < ¥ (S(x,9)) (2.24)
for all distinct x,y € X, where

K(x,y) = min{d(Tx, Ty),d(y, Ty)},
Qx,y) = min{d(x, ),d(y, Tx)},
S(x,y) = max{d(x,y), d(x, Tx), d(y, Ty)}.

Then, for each xy € X, the sequence {T"x},en converges to a fixed point of T

Proof We use the same construction as in Theorem 10 to get an iterative sequence {x, =
Tx,-1}nen, with an arbitrary initial value xj := x € X. Repeating the same arguments in the
proof of Theorem 10, we derive that adjacent terms of the sequence {x,} are distinct, that
is,

x, #x,1 forallmeN.

For x = x,,; and y = x,,, inequality (2.24) infers that

]<(xn—lrxn) - aQ(xn—lvxn) < w(s(xn—l:xn))x (225)
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where

K(x-1,%,) = min{d(Txn—h Txy), d (%, Txn)} = d(Xn, Xus1),
Q(xn—b xn) = min{d(xn—ly Txn)d(xny Txn—l)} = 0;
S(xn—b xn) = min{d(xn—lr xn); d(xn—lr Txn—l)r d(xn; Txn)}

= min{d(xn—lx xn)v d(xny xn+1) }

Since Y/ (t) < t for all £ > 0, the case S(x;,_1,%,) = d(x4, %4.1) is impossible. More precisely, it
is the case, inequality (2.25) turns into

d(xnr xn+1) S 1ﬁd(xrn xn+1) < d(xnr xn+1)’
a contradiction. Hence, inequality (2.25) yields that
d(xmxnﬂ) < wd(xn—lxxn) < d(xn—ljxn) and d(xn:xn+1) S 1pnd(xOn’Cl)

forall m e N.
Hence, we conclude that the sequence {d(x,,x,.1)} is nonincreasing. In what follows we

show that the iterative sequence {x,,} has no periodic point, that is,
%, # xy4k forall k € Nand for all n € Ny. (2.26)

Indeed, if x,, = x,,.x for some n € Ny and k € N, we have x,,,1 = Tx,, = Tx),.x = Xn+k+1. Based
on the observations above, we obtain that K (x,,_1,%,) = d(x,, x,.1). Consequently, inequal-
ities (2.26) and (2.24) imply that

A%y %na1) = K (021, %) — aQ(X1, %) < Y (S(01, %))
< Y (SWnrk-1,%nsk))
< Y (k-1 %n4x))
< V(AW %41)) < A Xy Xi11), (2.27)

which is a contradiction. Hence, we assume that
X, #x,, for all distinct n,m € N. (2.28)

A verbatim repetition of the related lines in the proof of Theorem 10 completes the
proof. O

Corollary 24 Let T be an orbitally continuous self-map on the T-orbitally complete b-
BMS (X, d). Suppose that there exist q € [0,1) and a > 0 such that

K(x,y) —aQ(x,y) < qS(x,y)

for all distinct x,y € X, where K(x,7), Q(x,y), S(x,y) are defined as in Theorem 23. Then, for
each xo € X, the sequence {T"xo},en converges to a fixed point of T.
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Corollary 25 Let T be an orbitally continuous self-map on the T-orbitally complete b-
BMS (X, d). Suppose that there exist k,p,r € [0,1) with k + p + r <1 and a > 0 such that

K(x,y) —aQ(x,y) < kd(x,y) + pd(x, Tx) + rd(x, Tx)

forx,y € X, where K(x,y), Q(x,y) are defined as in Theorem 23. Then, for each x, € X, the
sequence {T"xo},en converges to a fixed point of T

Corollary 26 Let T be an orbitally continuous self-map on the T-orbitally complete BMS
(X, d). Suppose that there exist y € V and a > 0 such that

K(x,y) — aQ(x,y) < ¥ (S(x,))

for all distinct x,y € X, where K(x,7), Q(x, ), S(x,y) are defined as in Theorem 23. Then, for
each xy € X, the sequence {T"xo},cN converges to a fixed point of T.

Corollary 27 Let T be an orbitally continuous self-map on the T-orbitally complete BMS
(X, d). Suppose that there exist q € [0,1) and a > 0 such that

K(x,y) —aQ(x,y) < qRS(x,y)

for all distinct x,y € X, where K(x,7), Q(x,y), S(x,y) are defined as in Theorem 23. Then, for
each xo € X, the sequence {T"xo},cn converges to a fixed point of T.

Corollary 28 Let T be an orbitally continuous self-map on the T-orbitally complete BMS
(X, d). Suppose that there exist k,p,r € [0,1) withk + p +r <1 and a > 0 such that

K(x,y) —aQ(x,y) < kd(x,y) + pd(x, Tx) + rd(y, Ty)

forx,y € X, where K(x,y), Q(x,y) are defined as in Theorem 23. Then, for each x, € X, the
sequence {T"xo},en converges to a fixed point of T

2.3 Achari type nonunique fixed point results [3]
Theorem 29 Let T be an orbitally continuous self-map on the T-orbitally complete b-BMS
(X, d). Suppose that there exists \r € V such that

A(x,y) — Bx,y)
W = W(d(x:y)) (2.29)

forall x,y € X, where

Alx,y) = min{d(Tx, Ty)d(x,y),d(x, Tx)d(y, Ty)},
B(x,y) = min{d(x, Tx)d(x, Ty), d(y, Ty)d(Tx,y)},
C(x,y) = min{d(x, Tx),d(y, Ty)}

with R(x,y) # 0. Then, for each xy € X, the sequence {T"x¢},cn converges to a fixed point

of T.



Karapinar and Agarwal Fixed Point Theory and Applications (2017) 2017:20 Page 13 of 19

Proof By followingline by line the proof of Theorem 10, we construct an iterative sequence
{x, = Tx,_1}nen starting from an arbitrary initial value xo := x € X. Regarding the discus-
sion in the proof of Theorem 10, we know that the terms of the sequence {x, } are distinct,
that is,

x, #x,1 forallmeN.

Employing inequality (2.29), by taking x = x,,_; and y = %, in, we attain that

A(xn—ly xn) - B(xn—lx xn)
C(xn—l; xn)

<y (d(xn—lr xn))¢
where

A(xn—hxn) = min{d(Txn—l, Txn)d(xn—hxn): d(xn—l) Txn—l)d(xn: Txn)}r
B(xy-1,%,) = min{d(xn—lr Txp-1)Ad(Xp-1, Tn), d(Xny T )A(T-1, xn)}y
C(xn—l; xn) = min{d(xn—b Txn—l)r d(xm Txn)}

On account of b-BMS, we simplify the above inequality as follows:

d(xm xn+1)d(xn—1’ xn)

min{d (%1, %), d (X, X11)} =< ¥ (Ao, %2))- (2.30)

Notice that for the case min{d(x,_1,%,), d(*, %141)} = d(%y, X441), inequality (2.30) turns

into
Axn-1,%) < Y (d(@n1, %)) < A1, %),
a contraction (since ¥ (¢) < ¢ for all £ > 0). Accordingly, we conclude that
A %001) < Y (d (X1, %))
Recursively, we get
A, %n11) < Y (A1, 20)) < Y2 (AG6n2y01)) < -+ < Y (Ao, 1)) (2.31)
Due to the definition of comparison function, we have
Jim d(Xn41,%,) = 0.
Furthermore, one can easily show that the sequence {x,} has no periodic point, that is,

x, %, forall k € Nand for all # € Ny. (2.32)

Indeed, if x,, = x,,,« for some n € Ny and k € N, we get x,,,1 = Tx,, = TX,k = Xyiks1- On
account of (2.31), we derive that

d(xn)xnﬂ) = d(xn+k:xn+k+l) = wk(d(xmxnﬂ)) < d(xn)x}’l+l)7 (233)
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a contradiction. Accordingly, we suppose that
X, #x,, for all distinct n,m € N. (2.34)

A verbatim repetition of the related lines in the proof of Theorem 10 completes the
proof. d

Corollary 30 Let T be an orbitally continuous self-map on the T-orbitally complete b-
BMS (X,d). Suppose that there exists € V such that

A(x,y) - B(x,y)

Cay) = ¥ (d(x,) (2.35)

for all x,y € X, where A(x,y), B(x,y), C(x,y) are defined as in Theorem 29. Then, for each
x0 € X, the sequence {T"x},en converges to a fixed point of T.

The following is an immediate consequence of Theorem 29 by letting ¥/ (¢) = g¢, where
q €[0,1).

Corollary 31 Let T be an orbitally continuous self-map on the T-orbitally complete b-
BMS (X, d). Suppose that there exists q € [0,1) such that

A(x,y) — B(x,y)

Cioy) <qd(x,y), (2.36)

for all x,y € X, where A(x,y),B(x,y), C(x,y) are defined as in Theorem 29. Then, for each
x0 € X, the sequence {T"x¢},cn converges to a fixed point of T.

The following is an immediate consequence of Theorem 29 by letting s = 1.

Corollary 32 Let T be an orbitally continuous self-map on the T-orbitally complete BMS
(X, d). Suppose that there exists \ € V such that

A(x,y) - B(x,y)

Cay) S ¥ (d(x,) (2.37)

for all x,y € X, where A(x,y),B(x,5), C(x,y) are defined as in Theorem 29. Then, for each
x0 € X, the sequence {T"x¢},cn converges to a fixed point of T.

The following is an immediate consequence of Corollary 32 by letting ¥ () = gt, where
q €[0,1).

Corollary 33 Let T be an orbitally continuous self-map on the T-orbitally complete BMS
(X, d). Suppose that there exists q € [0,1) such that

A(x,y) — B(x,) _

Cioy) <gqd(x,y) (2.38)

for all x,y € X, where A(x,y), B(x,y), C(x,y) are defined as in Theorem 29. Then, for each
x0 € X, the sequence {T"x},cn converges to a fixed point of T.
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2.4 Pachpatte type nonunique fixed point results [2]
Theorem 34 Let T be an orbitally continuous self-map on the T-orbitally complete b-
BMS (X,d). Suppose that there exists € V such that

m(x,y) — n(x,y) < 1/f(d(x, Tx)d(y, Ty)) (2.39)
forall x,y € X, where

m(x,y) = min{[d(Tx, T)]", d(x, y)d(Tx, ), [d(y, TV]’},
n(x,y) = min{d(x, Tx)d(y, Ty), d(x, Ty)d(y, Tx)}

with R(x,y) # 0. Then, for each xo € X, the sequence {T"x},en converges to a fixed point

of T.

Proof Again by following line by line the proof of Theorem 10, we construct an iterative
sequence {x, = Tx,_1},eny Whose terms are distinct from each other, by starting from an
arbitrary initial value x¢ := x € X.
Utilizing inequality (2.39) for x = x,,_; and y = x,,, we obtain that
m(xn—l;xn) - n(xn—ljxn) = I//(d(xn—l, Txn—l)d(xm Txn)): (240)

where

m(xn—l: xn) = mln{ [d(Txn—ll Txn)]zi d(xn—l’ xn)d(Txn—l: Txn): [d(xm Txn)]z }:

(-1, %) = min{d (X1, T%u_1)d(X, Tn), d (X1, T) A, Ttn-1) ).
By simplifying the inequality above, we find that
(K1, %) < U (A1, %) (X, K1), (2.41)
where
(1, 2,) = min{ [d (o, %1)|* d G, %) A, %01) )
It is clear that the case
(K15 %n) = A (X1, %) A%, Xns1)
is not possible. If it were the case, inequality (2.40) would turn into
AXp1,%0) A% %041) < VY (A1, %)Xy X111)) < A1, %)Xy K1), (2.42)
a contraction (since ¥ (¢) < ¢ for all £ > 0). Consequently, we derive

[d(xn) xn+l)]2 < 1/’ (d(xn—l: xn)d(xm xn+1)) < d(xn—l: xn)d(xm xn+1)¢ (243)
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which yields
d(xnrxn+l) < d(xn—lxxn)- (244)

Regarding the fact that ¢ is nondecreasing, and combining inequalities (2.43) and (2.44),
we obtain that

[d(xn’ xn+l)]2 = llf (d(xn—h xn)d(xn: X+l )) < \lf ([d(xn—b xn)]2)~ (245)
Iteratively, we get that

[dG 20)]” < ¥ ([d1,00)]7) < 2 ([dz ) ]*) < -+ < 9" ([dwo,x0) ).
Hence, we have

lim [d(x,,+1,x,,)]2 =0 <<= lim d(x,.1,x,) =0.

n—0o0 n— 00

The rest of the proof is a verbatim repetition of the related lines in the proof of Theo-
rem 10. 0

If we take v (£) = g¢, then Theorem 34 implies the following result.

Corollary 35 Let T be an orbitally continuous self-map on the T-orbitally complete b-
BMS (X, d). Suppose that there exists q € [0,1) such that

m(x,y) - n(x,y) < qd(x, Tx)d(y, Ty) (2.46)

forallx,y € X, where m(x,y) and n(x,y) are defined as in Theorem 34. Then, for each xy € X,

the sequence {T"xy},en converges to a fixed point of T .

If the statements of Theorem 34 are considered in the setting of BMS instead of b-BMS,

we get the following consequence.

Corollary 36 Let T be an orbitally continuous self-map on the T-orbitally complete BMS
(X, d). Suppose that there exists € V such that

m(x,y) - n(x,y) < ¥ (dx, Tx)d(y, Ty)) (2.47)

forall x,y € X, where m(x,y) and n(x,y) are defined as in Theorem 34. For each x € X, the
sequence {T"x}nen converges to a fixed point of T.

If we take 1/ () = gt in Corollary 36, then the following consequence is obtained imme-

diately.

Corollary 37 Let T be an orbitally continuous self-map on the T-orbitally complete BMS
(X, d). Suppose that there exists q € [0,1) such that

m(x,y) — n(x,y) < qd(x, Tx)d(y, Ty) (2.48)
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forallx,y € X, where m(x,y) and n(x,y) are defined as in Theorem 34. Then, for each xy € X,
the sequence {T"xo},en converges to a fixed point of T .

2.5 Karapinar type nonunique fixed point results [28]

Theorem 38 Let T be an orbitally continuous self-map on the T-orbitally complete b-BMS
(X, d). Suppose that there exist real numbers a1, as, as, s, as and a self-mapping T : X — X
satisfies the conditions

ay —dayp

0=

<1, ap+a, #0, ai+ay+az>0 and 0<az-—as (2.49)
a +ay

ayd(Tx, Ty) + ay [d(x, Tx) + d(y, Ty)] + a3 [d(y, Tx) + d(x, Ty)]

<asd(x,y) + agd(x, sz) (2.50)
hold for all x,y € X. Then T has at least one fixed point.
Proof For arbitrary xy € X, we shall construct a sequence {x,} as follows:
Xpe1:= Ix,, n=0,1,2,... (2.51)
Utilizing the inequality by taking x = x,, and y = x,,,1, we find that

ald(Txm Txm—l) +ads [d(xn; Txn) + d(xn+1’ Txn+l)] +ds [d(xn+1r Txn) + d(xm Txn+1)]

< agd(X,, Xp.1) + asd(x,,, sz,,) (2.52)
for all a1, ay, as, a4, as, which fulfils (2.49). On account of (2.51), statement (2.52) becomes

('lld(xn+1;xn+2) +as [d(xm xn+1) + d(anrlr xn+2)] +d3 [d(xn+1’xn+1) + d(xm xn+2)]

< aad(Xn, Xn41) + asA (X, Xpi2)- (2.53)
By a simple computation, we derive
(@1 + a2)d (X1, Xni2) + (a3 — a5)d (%, Xni2) < (@4 — a2)d (%0, Xn41)- (2.54)
So, the inequality above yields that

d(xn+lrxn+2) = qd(xrnxrﬁl)’ (255)

as—a
ay+ap

where g = . Due to (2.49), we have 0 < g < 1. Regarding (2.55), we recursively obtain
A %n01) < qAdn_1, %) < @ AXp2,%0-1) < -+ < q"d(%0,%1). (2.56)

Thus, the sequence {d(x,,x,,1)} is nonincreasing.
In what follows we shall prove that the sequence {x,} has no periodic point, that is,

%, %, forall k € Nand for all # € Np. (2.57)
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Actually, if x,, = x,,,x for some n € Ny and k € N, we find x,,,1 = Tx,, = Txy4k = Xpsks1- Keep-
ing inequality (2.55) in mind, we derive that

AWKy Xp11) = AKXk Xniks1) < qkd(xn:xnﬂ); (2.58)
which is a contradiction. Consequently, we suppose that
%, # %, for all distinct n,m € N. (2.59)

One can easily discover that x,.x # %« for all distinct n,m € N and %46, Xk € X \

{ Xy X}
There exists a natural number M such that

0<qks<1 for all k > M,

since k € [0,1) and hence lim,,_, . k" = 0.
Asanextstep, we shall indicate that {x, } is a Cauchy sequence. By regarding the modified
quadrilateral inequality, we find

AKXy %) < S[d(xmr Kmak) + AKXk Xnakt) + A(Xiks xn)]

< sq" d(%0, %) + Sq* Aty %) + 5" A (01, %0). (2.60)

By rearranging the term in the inequality above, we attain that

s(@™ +q")
= dt, ). (2.61)

A Xy %) <
Consequently, we derive that (x,),cy is a Cauchy sequence.

The rest of the proof is deduced by following the corresponding lines in the proof of
Theorem 10. O

Corollary 39 Let T be an orbitally continuous self-map on the T-orbitally complete BMS
(X, d). Suppose that there exist real numbers ai, ay, as, s, as and a self-mapping T : X — X
satisfies the conditions

ag — ady

0=
a) + ap

ayd(Tx, Ty) + ay [d(x, Tx) + d(y, Ty)] +as [d(y, Tx) + d(x, Ty)] <agd(x,y) + asd(x, sz)

<1, a;+ay 70, ai+ay+az3>0 and 0<az-—as

hold for all x,y € X. Then T has at least one fixed point.

Proof Take s =1 in the proof of Theorem 38. d
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