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Abstract

In this paper we present several coincidence type results for morphisms (fractions) in
the sense of Gorniewicz and Granas.
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1 Introduction

Morphisms (Vietoris fractions) in the sense of Gorniewicz and Granas were introduced
in 1981 and coincidence spaces were discussed. In this paper, using compact morphisms,
we present a variety of coincidence (and fixed point) results on particular Hausdorft topo-
logical spaces. These spaces include ES(compact), AES(compact), general admissible and
general dominated spaces. Our theory is motivated partly by ideas in [1-4].

Now we present some ideas needed in Section 2. Let H be the Cech homology functor
with compact carriers and coefficients in the field of rational numbers K from the cate-
gory of Hausdorft topological spaces and continuous maps to the category of graded vector
spaces and linear maps of degree zero. Thus H(X) = {H,(X)} (here X is a Hausdorff topo-
logical space) is a graded vector space, H,(X) being the g-dimensional Cech homology
group with compact carriers of X. For a continuous map f : X — X, H(f) is the induced
linear map f, = {fiy} where f,, : H,(X) — Hy(X). A space X is acyclic if X is nonempty,
H,(X) =0 for every g > 1, and Hy(X) ~ K.

Let X, Y and I" be Hausdorff topological spaces. A continuous single valued mapp : I' —
X is called a Vietoris map (written p : I' = X)) if the following two conditions are satisfied:

(i) for each x € X, the set p~1(x) is acyclic,

(i) p is a perfect map, i.e., p is closed and for every x € X the set p~!(x) is nonempty and

compact.

Let D(X, Y) be the set of all pairs X LT % Y where p is a Vietoris map and g is contin-
uous. We will denote every such diagram by (p, q). Given two diagrams (p,q) and (p’,¢’),
where X é I’ 1; Y, we write (p,q) ~ (¢, ¢’) if there are continuous maps f : I' — I'" and
g:I" > Tsuchthatg of =q,p' of =p,qog=q and pog=p'. The equivalence class of
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a diagram (p, q) € D(X,Y) with respect to ~ is denoted by
p=XE&Tr3yv):Xx>vY

or ¢ = [(p,q)] and is called a morphism from X to Y. We let M(X, Y) be the set of all such
morphisms. Note that if (p,q), (p1,q1) € DX, Y) (where X Eriyadx&r 2 Y)
and (p,q) ~ (p1,q1), then it is easy to see (use gog =¢q; and pog = p; where g: I" - I')
that for x € X we have q;(p;* (x)) = g(p~'(x)). Forany ¢ € M(X, Y) aset ¢(x) = gp~'(x) where
¢ = [(p,q)] is called an image of x under the morphism ¢. Let ¢ € M(X,Y) and let (p,q)
be a representative of ¢. We define ¢(X) C Y by ¢(X) = g(p~1(X)). Note ¢(X) does not
depend on the representative of ¢. Now ¢ € M(X,Y) is called compact, provided the set
¢(X) is relatively compact in Y. Note we will identify a map f : X — Y with the morphism
f={x ’é’é X EA Y}: X — Y.Let X C Y. A point x € X is called a fixed point of a morphism
b e M(X,Y) ifx € p(x).
Letp={X&ET Y Y}: X — Y be a morphism. We define the coincidence set

Coin(p,q) = {y € T : p(y) = q()}.

We say ¢ has a coincidence provided the set C(¢) = p(Coin(p, q)) is nonempty (i.e., there
exists x € p(Coin(p, q)), i.e., there exists y € I" with x = p(y) = g(y)). Let (¢’,4) be another
representation of ¢, say ¢ = {X é r’ 1; Y}. Note p(Coin(p, q)) = p'(Coin(p’, g')); to see
this, note that if x € p(Coin(p, q)), then x = p(y) = g(y) for some y € I". Now since (p,q) ~
@, q), with f: T — I'" we have x = g(y) = ¢'(f(y)) and x = p(y) = p'(f()) so f(y) € T'" and
x=q'(fy) =p'(f)),i.e.,x € p'(Coin(p’,q’)). Thus the above definition does not depend on
the choice of a representation (p, g). Also C(¢) # ¢ iff Coin(p, q) # ¥ for any representation
(v, q) of ¢.

Suppose ¢ € M(X,X) (here ¢ = {X Lr 4 X1}) has a coincidence point for (p,q), i.e.,
suppose there exists y € I with p(y) = g(y). Now since p is surjective, there exists w € X
with y € pH(w) (note p(w) = y) and so w € g(p~(w)) = ¢p(w) (note pp~(w) = w and the set
q(p~t(w)) is the image of w under ¢), i.e., ¢ has a fixed point. As a result

py) =q@), yeTl (and let w :p(y)) & we q(lfl(W))‘

Note that if w € g(p~'(w)), then there exists y € p~!(w) with w = g(y) so p(y) € pp~t(w) = w
(i.e., p(y) = w) and so p(y) = g(y). In particular if the morphism ¢ € M(X, X) (here (p,q) is a
representation of ¢) has a fixed point (say w, i.e., w € g(p~'(w))), then there exists y € p~(w)
with g(y) = p(¥), so ¢ has a coincidence point for (p,q). We can apply this argument for
any representation (p,q) of ¢ (recall that if (p1,41) is another representation of ¢, then
(®,9) ~ (p1,q1) and as above q(p~1(w)) = q1(p; (W), so w € q1(p; (W), so there exists y; €
prt(w) with ¢1(y1) = p1(31)), thus Coin(p, q) # ¥ for any representation (p, q) of ¢, i.e., ¢ has
a coincidence.

For a subset K of a topological space X, we denote by Covx(K) the set of all coverings of
K by open sets of X (usually we write Cov(K) = Covx(K)). Given a morphism ¢ € M(X, X)
and « € Cov(X), a point x € X is said to be an «-fixed point of ¢ if there exists a member
U € o such that x € U and ¢(x) N U # . Given a morphism ¢ € M(X, X) (here ¢ = {X L
r2 X}) and o € Cov(X), a point y € I is said to be an a-coincidence point for (p,q) if
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there exists a member U € « with p(y) € U and ¢(y) € U. We say ¢ has an «-coincidence
if ¢ has an «-coincidence point for each representation (p, q) of ¢.

Let X and Y be topological spaces. Given two morphisms ¢ € M(X,Y) and ¥ € M(X,Y)
and o € Cov(Y), ¢ and y are said to be «-close if for any x € X, there exists U, € « with
d(x)NU, # W and Y (x) N U, # ¥. Recall that, given two single valued maps f,g : X — Y and
a € Cov(Y), f and g are said to be «-close if for any x € X there exists U, € « containing
both f(x) and g(x). Given a morphism ¢ € M(X,Y) and a single valued map g: X — Y and
a € Cov(Y), ¢ and g are said to be strongly «-close if for any x € X there exists U, € o with
¢ (x) C U, and g(x) € U,.

Let T be the Tychonoff cube (i.e., Cartesian product of copies of the unit interval). Finally
we recall the following result from the literature; see [3] (see Theorem 7.6 and the proof of
Theorem 5.5) or alternatively see [5] (see Corollary 6.5 and if we take the Hausdorfflocally
convex topological vector space E containing 7' we just need to note that T is a retract of
E [6]).

Theorem 1.1 Let ¢ € M(T, T) be compact. Then ¢ has a coincidence.

2 Coincidence theory

By a space we mean a Hausdorff topological space. Let Q be a class of topological spaces.
A space Y is an extension space for Q (written Y € ES(Q)) if, VX € Q and VK C X closed
in X, any continuous function f; : K — Y extends to a continuous function f : X — Y.

Theorem 2.1 Let X € ES(compact) and ¢ € M(X,X) is compact. Then ¢ has a coinci-
dence.

Proof Let ¢ = {X Lrs X}: X — X. We know [4] that every compact space is home-
omorphic to a closed subset of the Tychonoff cube T, so as a result K = ¢(X) can be
embedded as a closed subset K* of T; let s : K — K* be a homeomorphism. Also let
i:K < X andj:K* < T be inclusions. Now since X € ES(compact) and is™} : K* — X,
is”! extends to a continuous function / : T — X. Let v = js¢h and note (see [3], see (4.2))
Y € M(T, T) is compact. Now Theorem 1.1 guarantees that js¢/ has a coincidence and
therefore (see [3] (Lemma 6.3)) Ajs¢ has a coincidence. Thus there exists a y € I with
hjsq(y) = p(y); note hjs¢p = {X é rKk 3 X} where ' KK ={(z1,22) €' X K: q(z1) = 22},
P(z1,22) = phi(a1, 22), 4(21, 22) = Bjsfa(21,22), f1(21,22) = z1 and f(21, 2) = 2z 50 P21, 22) = p(21)
and §(z1,22) = hjs(z2) = hjsq(z1). Also note hj(z) = is™\(z) for z € K* so hjs(w) = i(w) = w for
w € K. Consequently g(y) = p(y), so ¢ has a coincidence point (for (p,q)). We can apply
the above argument for any representation (p, g) of ¢, so C(¢) # ¥. O

A space Y is an approximate extension space for Q (written Y € AES(Q)) if, Vo € Cov(Y),
VX € Q, VK C X closed in X, and any continuous function f; : K — Y, there exists a con-
tinuous function f : X — Y such that f|x is a-close to fq.

Theorem 2.2 Let X € AES(compact) and ¢ € M(X,X) is compact. Then for any o €
Covx(¢d(X)), ¢ has an a-coincidence.

Proof Let ¢ = {X Er 4 X} :X — X and let @ € Covx(K), where K = ¢(X). Now K can
be embedded as a closed subset K* of T; let s : K — K* be a homeomorphism. Also let
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i:K < X andj:K* < T be inclusions. Now let o’ = « U {X\K} and note «’ is an open
covering of X. Let the continuous map % : T — X be such that /|x» and s are o’-close
(guaranteed since X € AES(compact)). Thus (note o’ = ¢ U{X\K}) hs: K — X and i: K —
X are «-close. Let ¢ = js¢ph and note ¥ € M(T, T) is compact so Theorem 1.1 guarantees
that js¢h has a coincidence. Then from [3] (Lemma 6.3), sjs¢ has a coincidence, i.e., there
exists a y € I" with &jsg(y) = p(y). Now since hs: K — X and i : K — X are «-close there

exists U € a with

hs(q()) eU and i(q(y))eU ie p(y)=hs(qy))elU and q(y) € U.

Thus ¢ has an a-coincidence (for (p, g)). We can apply the above argument for any repre-
sentation (p, q) of ¢. d

Remark 2.3 One can put conditions on the space X and the morphism ¢ so that ¢ has
an «a-coincidence for each o € Covy(¢(X)) would guarantee that ¢ has a coincidence; for
examples we refer the reader to [7] (Lemma 1.2), [3] (Lemma 6.1), [8] (Theorem 1.4 and
Remark 1.6). We say (X, ¢) has the a-coincidence property if ¢, having an «-coincidence
for each o € Covy(¢(X)), guarantees that ¢ has a coincidence. Thus we have: Suppose
X € AES(compact), ¢ € M(X,X) is compact, and (X, ¢) has the a-coincidence property.

Then ¢ has a coincidence.

Next we generalise the above results motivated in part from Schauder projections [4].
Let W be a space. We say W is admissible if, for all compact subsets K of W, all « €
Covw (K), there exists a single valued continuous map g, : K — W such that:

(i) gy andi:K — W are a-close,

(ii) go(K) is contained in a subset C, € W and C, has the coincidence property (i.e.,

any compact 8 € M(C,, C,) has a coincidence).

Theorem 2.4 Let W be admissible and ¢ € M(W, W) is compact.
(i) Then, for any a € Covy (p(W)), ¢ has an a-coincidence.
(ii) If (W, @) has the a-coincidence property, then ¢ has a coincidence.

Proof (i) Let ¢ = {W Lr 4 W}: W — W and let o € Covy (K) where K = ¢(W). Now
there exists a single valued continuous map g, : K — W and C, as described in the defini-
tion of admissible. Let j, : C, < W be the inclusion and note g, ¢j, € M(C,,C,) is com-
pact. Since C, has the coincidence property, there exists y € p~(C,) C ' with g,q(y) =
p(y); note guju = {Co & p(Co) K 5 C,}, where p(Co) KK = {(21,25) € p(Co) X K :
q(z1) = 22}, pla1,22) = phlz,22), 4(z1,22) = guf2(21,22), fi(21,22) = z1 and fo(21,22) = 22 so
P(z1,22) = p(z1) and q(z1,22) = gu(22) = goq(z1). Since g, and i : K — W are a-close, there

exists U € a with

Z(q) el and i(q() el ie p(»y) =g.(q() el and 4y el.

Thus ¢ has an a-coincidence (for (p, g)). We can apply the above argument for any repre-
sentation (p, q) of ¢.
(ii). Immediate from the definition and part (i). O
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Let W be a space. We say W is general admissible if for all compact subsets K of W and
all @ € Covy (K), there exists a ¥, € M(K, W) such that:

(i) ¥ andi: K < W are strongly a-close,

(i) Yo (K) is contained in a subset C, € W and C, has the coincidence property.

In our first result we will phrase it as a fixed point result but immediately after the proof
we will rephrase it as a coincidence result (see Theorem 2.6).

Theorem 2.5 Let W be general admissible and ¢ € M(W, W) is compact.
(i) Then for any o € Covy (dp(W)), ¢ has an a-fixed point.
(i) If (W, ) has the a-fixed point property (i.e., ¢, having an a-fixed point for each

a € Covx(¢(X)), guarantees that ¢ has a fixed point), then ¢ has a coincidence.

Proof (i) Let ¢ = {W Zr 4 W}: W — W and let o € Covy (K) where K = ¢(W). Since
W is general admissible, there exists a v, € M(K, W) (here v, = {K Xy W1, ie.,
(Parqa) is a representation of v, ) and C, as described in the definition of general admis-
sible. Let j, : C, < W be the inclusion and note v, ¢j, € M(C,, C,) is compact (note ¢
is compact and the map x > ¢, (p,}(x)) is upper semicontinuous with nonempty compact
values [2]). Since C, has the coincidence property, ¥,¢ has a coincidence so (see Sec-
tion 1) ¥,¢ has a fixed point, i.e., there exists a w € C, with w € ¥, (¢(w)). Now ¥, =
{Ca EpNCHRT = Cy} where p ™ (Co) BT = {(z1,22) € p™(Co) X T 1 q(1) = pa22)},

p(z1,22) = pfi(z1,22), (21, 22) = qufo(21,22), fi(21,22) = z1 and f(21, 22) = zo. Now [9] (2.1), [2]
(Section 40) guarantee that

weqg((@)"'W) = qa(py (a(p (W))). o)

Thus there exists a y € g(p~(w)) = ¢p(w) with w € q,(p;'(¥)) = ¥ (y). Now since ¥, and
i: K — W are strongly a-close, there exists U € o with

Yo(y) CU and i(y)elU,
and since w € ¥, (y), we have we U and y e U, i.e.,
wel and ¢w)NUFP (sincey €ep(w)andye LI).
Thus ¢ has an a-fixed point (for (p,g)). We can apply the above argument for any repre-

sentation (p, q) of ¢.
(i) From part (i) we know that ¢ has an a-fixed point for any « € Covy (¢(W)). Now

since (W, ¢) has the a-fixed point property, ¢ has a fixed point and, as in Section 1, ¢ has
a coincidence. O

Theorem 2.6 Let W be general admissible and ¢ € M(W, W) is compact.
(i) Then for any o € Covy (dp(W)), ¢ has an a-coincidence.

(i) If (W, @) has the a-coincidence property, then ¢ has a coincidence.

Proof (i) Follow the proofin Theorem 2.5 (i) to obtain (1). Then there exists a y € g(p~' (w))
with w € q,(;}(9)) = ¥ (¥) and since ¥, and i : K < W are strongly a-close, there exists
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U € o with ¥,(y) € U and i(y) € U. Thus w € U and y € U. Also, there exists a € p~(w)
with y = g(a) and note p(a) = w, i.e., y = q(a) and p(a) = w. As a result

pl@)eld and ¢q(a)el,

so ¢ has an a-coincidence (for (p, g)). We can apply the above argument for any represen-

tation (p, q) of ¢.
(ii) Immediate from the definition and part (i). O

Let W be a space and C a space with the coincidence property, (i.e., any compact 0 €
M(C, C) has a coincidence). We say C dominates W if, for every compact subset K of W
and every o € Covy (K), there exist single valued continuous maps s, : W — C, 1y : C —
W with rysy : K — W and i : K — W «a-close.

Theorem 2.7 Let W be a space and C a space with the coincidence property. Suppose

¢ € M(W, W) is compact and C dominates W. Then, for any a € Covy (¢(W)), ¢ has an
a-coincidence.

Proof Let ¢ ={W Lr4 W}: W — W and let o € Covy (K), where K = ¢(W). Since C
dominates W there exist single valued continuous maps s, : W — C, r, : C — W as de-
scribed in the definition. Note s, ¢r, € M(C, C) is compact. Since C has the coincidence
property, s,¢r, has a coincidence and therefore (see [3] (Lemma 6.3)) r,s,¢ has a coin-
cidence. Thus there exists y € I" with r,s,g(y) = p(y); note ryso¢p = {W Lrrk % w}
where I' K K = {(z1,22) € I' x K : q(z1) = z2}, pla1,22) = pfi(z1,22), 4(z1,22) = raSafo(z1,22),
fi(z1,22) = z1 and f2(21,22) = 22, 50 p(z1,22) = p(z1) and G(z1, 22) = 74S4(22) = TaSaq(z1). Since
7uSq : K — W and i: K — W are a-close, there exists U € a with

reSaq(y) €U and i(q) €U ie pu)=ryseq(y) el and ¢(y) € U.

Thus ¢ has an a-coincidence (for (p, g)). We can apply the above argument for any repre-
sentation (p, q) of ¢. g

Let W be a space and C a space with the coincidence property. We say C generally
dominates W if, for every compact subset K of W and every o € Covy (K), there exist
Sq e M(W,C) and R, € M(C, W) with RSy € M(K, W) and i : K — W strongly «-close.

In our first result we will phrase it as a fixed point result but immediately after the proof
we will rephrase it as a coincidence result (see Theorem 2.9).

Theorem 2.8 Let W be a space and C a space with the coincidence property. Suppose
¢ € M(W, W) is compact and C generally dominates W. Then for any a € Covy (¢(W)),
¢ has an a-fixed point.

Proof Let ¢ = {W Lr i W}: W — W and let o € Covy (K), where K = ¢(W). Since C
generally dominates W, there exist S, € M(W, C) and R, € M(C, W) as described in the
definition. Note with S, = {W 2 ki CLR,={C Zr, 2 W} then [3], (4.2), guarantee
we have R,S, = {W 2 I KT, =T 8 W}, where Iy KT, = {(21,22) € Ty x Ty : q1(z1) =
P2(22)}, pa(z1,22) = pihi(z1,22), 4o(21,22) = qaf2(21,22), fi(21,22) = z1 and f2(21,22) = 2. Note
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Se¢R, € M(C, C) is compact (note ¢ is compact and the map x — g1 (p;* (x)) is upper semi-
continuous with nonempty compact values [2]). Since C has the coincidence property,
S«®R, has a coincidence and therefore (see [3] (Lemma 6.3)) R,S,¢ has a coincidence.
From Section 1 note R, S, ¢ has a fixed point, i.e., there exists a w € W with w € R, S, ¢(w).
Next note ReSup = {W & THI3 5 W}, where TRIT; = {(z1,22) € T x T3 : q(z1) = pa(22)},
P(z1,22) = pfiz1,22), 421, 22) = qufa(21,22), fi(21, 22) = 21 and fo(z1,22) = zo. Now it is easy to
note (see [9] (2.1), [2] (Section 40)) that

weq(@)' W) = qu(p5 (alp™ W))). (2)

Thus there exists a y € g(p~' (w)) = ¢(w) with w € ¢, (p;* () = RSy (y). Now since R, S,
and i : K < W are strongly «-close, there exists U € « with

R,S,(y) CU and i(y)el,
and since w € R, S, (y), wehavewe U and y € U, i.e.,
wel and ¢w)NUFP (sinceye¢(w) andy € LI).

Then ¢ has an a-fixed point (for (p, q)). We can apply the above argument for any repre-
sentation (p, q) of ¢. O

Theorem 2.9 Let W be a space and C a space with the coincidence property. Suppose
¢ € M(W, W) is compact and C generally dominates W. Then for any a € Covy (¢(W)),
¢ has an a-coincidence.

Proof Follow the proof in Theorem 2.8 to obtain (2). Then there exists a y € g(p~(w))
with w € q, (p;l(y)) = R,S,(y) and, since R, S, and i : K < W are strongly a-close, there
exists U € « with R,S,(y) € U and i(y) € U. Thus w € U and y € U. Also there exists
a € p~}(w) with y = g(a) and note p(a) = w, i.e., y = q(a) and p(a) = w. As a result p(a) € U
and g(a) € U, so ¢ has an a-coincidence (for (p, g)). We can apply the above argument for
any representation (p, q) of ¢. d

3 Conclusions
In this paper, using new ideas, we present a number of coincidence and «-coincidence
results for compact morphisms (Vietoris fractions) defined on a variety of admissible and

dominating type spaces.
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