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Abstract

Herein, we search for some best proximity point results for a novel class of
non-self-mappings T : A — B called generalized proximal a-B-quasi-contractive. We
illustrate our work by an example. Our results generalize and extend many recent
results appearing in the literature. Several consequences are derived. As applications,
we explore the existence of best proximity points for a metric space endowed with
symmetric binary relation.
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1 Introduction

Consider A and B two nonempty subsets of a metric space (X,d). Let T: A — B be a
non-self-mapping. The best proximity points of T are the points x € A satisfying d(x, Tx) =
d(A, B). Numerous works on best proximity point theory were studied by giving sufficient
conditions assuring the existence and the uniqueness of such points. These theorems are
a normal generalization of the contraction principle to the case of self-mappings. Several
known results were derived. For additional information, see [1-7] and [8].

Recently, Samet et al. [9] introduced a novel class of contractive mappings called «-/-
contractive type mappings. They provided some interesting results to obtain the existence
of fixed points for self-mappings. After that, Jleli et al. in [9] studied the existence and the
uniqueness of best proximity points of non-self-mappings.

The main objective of this paper is to generalize the results of Jleli ez al. [9] by introducing
the proximal «-B-quasi-contractive mappings on metric spaces involving f-comparison
functions.

In fact, we have derived some theorems on best proximity points for a specific class of
proximal generalized «-B-quasi-contractive mappings. The presented results generalize
the theorem of Jleli et al. [9] and many results existing in the literature. Moreover, we
have shown that from our main theorems we are able to deduce various theorems of best
proximity points for the case of metric spaces endowed with symmetric binary relations.
Also, we have deduced some fixed point theorems already existing in the literature.
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The paper is divided into five sections. Section 2 is dedicated to the notation adopted to
provide definitions and evoking a compilation of pertinent results. Best proximity point
theorems with their proofs are stated in Section 3, and we justify our results by a suitable
example. Several consequences are obtained in Section 4. Finally, the existence of best

proximity points and fixed point results are given in Section 5.

2 Preliminaries and definitions
Let (A, B) be a pair of nonempty subsets of a metric space (X, d). We adopt the following
notations:

d(A,B) := inf{d(a, b):acA,be B};
Ap = {a € A : there exists b € B such that d(a, b) = d(A,B)};

By := {b € B: there exists a € A such that d(a, b) = d(A,B)}.

Definition 2.1 ([10]) Let 7: A — B be a mapping. An element x* is said to be a best
proximity point of T if d(x*, Tx*) = d(A, B).

Definition 2.2 ([11]) Let 8 € (0, +00). A B-comparison function is a map ¢ : [0, +00) —
[0, +o0) fulfilling the following properties:
(1) ¢ is nondecreasing;
(2) lim,_ o gog(t) =0 forall £ > 0, where P denotes the nth iterate of g and
pp(t) = (BL);
(3) there exists s € (0, +00) such that Y2, golg’(s) < 00.
The set of all B-comparison functions ¢ satisfying (1)-(3) will be denoted by ®g.

Remark 2.3 Let o, B € (0,+00). If @ < B, then ®g C D,
A useful lemma concerning the comparison functions ® was performed in [11].

Lemma 2.4 ([11]) Let B € (0,+00) and ¢ € ®g. Then
(1) @g is nondecreasing;
(2) @p(t) <tforallt>O0;
(3) Yool ¢p(t) <00 forallt>0.

Definition 2.5 ([7]) Let (A, B) be a pair of nonempty subsets of a metric space (X,d)
such that A is nonempty. Then the pair (A4, B) is said to have the P-property iff d(x1,y;) =
d(x2,y2) = d(A, B) = d(x1,%5) = d(y1,>), where x1,x, € A and y1,y, € B.

Definition 2.6 ([9]) Let T: A — Band o : A x A — [0,+00). We say that T is «-
proximal admissible if a(x1,x) > 1 and d(uy, Tx1) = d(ua, Txy) = d(A, B) = a(ug,up) > 1
for all X1,X0, U1, Uy € A.

Definition 2.7 ([9]) A non-self-mapping T : A — B is said to be a generalized «o-y-
proximal contraction, where o : A X A — [0,+00) and ¥ is a (c)-comparison function
if

a(x,y)d(Tx, Ty) < ¥ (M(x,5)), Vx,y€A,
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where
M(x,y) = max{d(x,y), %[d(x, Tx) + d(y, Ty)] —d(A,B),
%[d(y, Tx) + d(x, Ty)| - d(A,B)}. (2.1)

Definition 2.8 ([9]) A non-self-mapping T : A — B is said to be («,d) regular, where
a:A XA — [0,+,00), if for all (x,y) such that 0 < «(x,y) < 1, there exists uy € Ay such
that

a(x,ug)>1 and oy, ug) >1.

3 Main results and theorems

First, we introduce the following concept.

Definition 3.1 Let (X,d) be a metric space and (A4, B) be a pair of nonempty subsets of X.
Let 8 € (0, +00). A non-self mapping T : A — B is said to be a generalized «-S-proximal
quasi-contractive, where o : A x A — [0, +,00) iff there exist ¢ € ®g and positive num-

bers ay,..., a4 such that
a(x,y)d(Tx, Ty) < o (Mr(x,9)), Vxy €A, (3.1)

where

Mr(x,y) = max{aod(x,y), 1 (d(x, Tx) — d(A, B)),
ws(d(y, Ty) - d(A, B)), s (d(y, Tv) - d(A, B)),
ay(d(x, Ty) - d(A,B)) }.

We propose the following best proximity point theorems.

Theorem 3.2 Let (A, B) be a pair of nonempty closed subsets of a complete metric space
(X, d) such that Ay is nonempty. Let  : A x A —> [0, +,00) and ¢ € &g. Consider a non-
self-mapping T : A — B satisfying the following assertions:
(1) T(Ao) C By and the pair (A, B) satisfies the P-property;
(2) T is a-proximal admissible;
(3) there exist elements xq,x1 € A such that d(x1, Txg) = d(A, B) and a(xg,x1) > 1;
(4) if {x4} a sequence in A such that o(x,,%,11) > 1 and lim,,_, .0 X, = %, € A, then there
exists a subsequence {x,} of {x,,} such that a(x,y), %) > 1 for all k;
(5) there exists B > maxo<k<3{ak, 204} such that T is generalized a-B-proximal
quasi-contractive.
Moreover, suppose that one of the following conditions holds:
* @ is continuous;
o B> max{oy, o}
Then T has a best proximity point x,. € A such that d(x,, Tx,) = d(A, B).
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Theorem 3.3 In addition to the hypotheses of Theorem 3.2, suppose that T is (o, d) regular
and B > max{ay,2a1,a3,a4}. Then T has a unique best proximity point.

To prove the above theorems, we require the following lemma.

Lemma 3.4 Let T : A — B be a non-self-mapping and o : A x A — [0, +, 00), satisfying
the following conditions:

(1) T(Ao) C Bo;

(2) T is a-proximal admissible;

(3) there exist elements xo,x, € A such that d(x1, Txo) = d(A, B) and a(xg,x1) > 1;
then there exists a sequence {x,} C Ag such that d(x,.1, Tx,) = d(A, B) and o(x,, x,,1) > 1.
Such a sequence {x,} is a Cauchy sequence.

Proof Thanks to condition (3), there exist xg,x; € A such that d(x;, Txo) = d(A, B) and
alxg,%1) > 1. As T(Ag) C By, there exists x; € A such that d(x,, Tx1) = d(A,B). As T is a-
proximal admissible and using «(xo,x1) > 1, d(x1, Txo) = d(x2, Tx1) = d(A, B), this implies
that (%1, x0) > 1.

In a similar fashion, by induction, we can build a sequence {x,} C A¢ such that

dxu1, Tx,) =d(A,B) and  a(x,,x,,) >1 foralln e NU{0}. (3.2)

Our next step is to prove that the sequence {x,} is a Cauchy sequence.
Using the P-property, we deduce from (3.2) that

d(xnr xn+l) = d( Txy-1, Txn); VneN. (33)

Since T is generalized - B-proximal quasi-contractive, there exists a function ¢ € ®4 such
that

O((xn—lx xn)d(Txn—l: Txn) < (p(MT(xn—lr xn)); VneN. (34‘)
On the other hand, using (3.2), (3.3) and the triangular inequality, we get

M (o1, %,) = max{aod(®1,%,), 01 (@1, Tnr) - d(A, B)),
oy (A, Ty) — d(A, B)), a3 (d(x,, T 1) — d(A, B)),
a4 (d(xy-1, Txn) — d(A, B)) }
= max{aod(%,_1, %), 01 (d(%,1, T 1) — d(A, B)),
o (A, Txn) — d(A, B)), aa(d(xn-1, Txn) — d(A, B)) }
< max{aod (1, %), 01d(%y1, %), o d (X, X11),
ad (X1, %) + ad(X, K1)}

<B max{d(xn_1,xn), d(xnxxn+1)}'

Hence,

Mr(xp-1,%,) < B max{d(xn—lvxn)) d(xnvxrﬁl)}: (3.5)
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where 8 > maxo<x<3{ok, 204 }. Using inequalities (3.3), (3.4) and (3.5) and taking into con-
sideration the fact that ¢ is nondecreasing, we get that

A(Xns1, %) < </7(f3 max{d(xn—lrxn); d(xnrxnﬂ)}) =¢p (max{d(xn—l:xn)’ d(xn:xn+1)})«

Assume that, for some #n, we have d(x,_1,x,) < d(x,,%,.1). It follows that d(x,,1,%,) <
©p(d(%41,%,)) < d(%41,%,), which is a contradiction.

Therefore, for all n > 0, we have necessary the inequality d(x,_1,%,) > d(x,, x,41). It fol-
lows that

A1, %n) < @p(d(®1,%0)), VmeN. (3.6)
By induction, we obtain that
d(xnﬂrxn) = 90;; (d(xbxo)), VneNU {0} (37)

Using the triangular inequality and the above inequality (3.7), we get

m-1

d(xmxm) = Zd(xerkﬂ)

k=n
m-1

= Z(pg(d(xl,xo)) — 0 asn,m—> +00
k=n

since the series ),

the metric space (X, d). O

ot ®p (d(x1,%0)) converges. Thus, the sequence is a Cauchy sequence in

Proof of Theorem 3.2 The fact that (X,d) is complete and A is closed assures that the
sequence {x,} converges to some element x,. € A.

Using hypothesis (4) of the theorem, there exists a subsequence {x,} of {x,} such that
a(xu, %) > 1 for all k. Since T is generalized «-B-proximal quasi-contractive, then we
have

A(T Fnky» Txs) < 0t (iiy % )A(T Xy, Tx)
< (M1 (xnpy, %)), Yk, (3.8)
where

M (%u(ry, %) = max{atod (e, %), o1 (dXniry Toniry) — d(A, B)),
(2% (d(x*) Tx*) - d(Ar B)): Qas (d(x*: Txn(k)) - d(Ar B)):
o (d (g ) — d(A, B)) ). (3.9)

By the triangular inequality and (3.2), we have

A%y Toy) < AKX Xy 1) + AKXy +15 Tonk)) + A(Topiiy T)
= d(%s, Xn(y+1) + A(A, B) + d(Txug, Tx). (3.10)
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We obtain that
d(Txn(k)r Tx*) = d(x*: Tx*) - d(x*r xn(k)+1) - d(A:B), Vk. (311)
Using (3.8) and (3.11), we get

d(x*y Tx*) - d(x*r xn(k)+1) - d(A’B)

< o(Mr(xup, %)), k. (3.12)
In addition, by the triangular inequality and (3.2) on (3.9), we get

M1 (%n(ry, %) < max{otodFg), %), 014 Xk, Xne) 1),
(%%] (d(x*’ Tx*) - d(A,B)), O‘Sd(x*; xn(k)+1):

a4 (d®n, Txs) — d(A, B)) }. (3.13)
As ¢ is nondecreasing, combining inequalities (3.12) and (3.13), we obtain

d(x*, Tx*) - d(x*rxn(k)ﬂ) - d(AvB)
< <P(max{a0d(xn(/<),x*), ald(xn(k)7 xn(k)+1);
o2 (d(x*; Tx*) - d(Al B))! C(gd(x*, xn(k)+1)y
oy (d(x,,(k), Tx,.) — d(A,B)) }) (3.14)
Assume p = d(x,, Tx.) — d(A,B) > 0.

We consider two separate cases as follows.
If ¢ is continuous, as k — +00, we get

p= w(max{az,m}p)
=(Bp) <p,
which is a contradiction.
If B > max{ay, a4}, we claim also that p = 0. Suppose by contradiction that p > 0.

Letting k — +00 in (3.9), we get M7 (%), %+) — max{ay, s} p. Then there exists & > 0
and N > 0 such that for all # > N, we have

M (%, %) < (maxfon, a4} +€)p and B> max{as, as} +&.

Therefore,

d(x*r Tx*) - d(x*r xn(k)+1) - d(A’B)

< (M7 (%ng» %))

max{as, o) + & )

g(p((max{az,om} +€)p) =‘Pﬁ< B
max{as, o4} + €

5 <p.

Page 6 of 13
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Consequently, by letting k — oo, we get

max{as, s} + &

<P,
B

which is a contradiction as well. Hence, our claim holds. Thus, we prove that x, is a best

proximity point of T, that is,

d(x., Tx,) = d(A, B). (3.15)
d

Proof of Theorem 3.3 For the uniqueness, suppose that x, and y, are two distinct best
proximity points of 7. Let s = d(x,,y.) > 0. Using the P-property, we obtain d(Tx,, Ty,) =
d(x4,yx) = 5. We consider two cases.

If (x4, y+) > 1. Since T is a generalized «-8-proximal quasi-contraction, this gives

d(Tx*: T_)’*) =S

< a4, 74)0 (M7 (%, 74)), (3.16)

where

Mr (%, y.) = max{aod(x., ys), a1 (d(xs, Tx.) - d(A, B)),
2 (d(y., Ty.) — d(A, B)), 3 (d(y., Tx) — d(A, B)),
os(d(x,, Ty.) - d(A, B)))
= max{atod(x, y.), o3 (d(y., Tx.) — d(A, B)),
ay(d(xs, Ty,) - d(A, B))}. (3.17)

Using the triangular inequality in (3.17), we obtain
M7 (x4, y:) < max{oo, o3, 24 }s. (3.18)

Combining (3.16) and (3.18) and using the nondecreasing property of the function ¢, we

conclude that

s<@g(s)<s,

which is a contradiction. So, s = 0 and therefore x, = y,.

If (2, y4) < 1. Since T is («, d) regular, there exists 1o € Ag such that «(x,,up) > 1 and
a(ys, ug) > 1. Since T(Ag) C By, there exists u; € Ag such that d(uy, Tug) = d(A, B).

We have d(x., Tx.) = d(u1, Tug) = d(A, B) and o(x,, 149) > 1.

Using the fact that 7T is «-proximal admissible, we get a(x,, 147) > 1.

One can proceed further in a similar fashion to find {u,} € Ay such that

d(u,1, Tu,) = d(A, B), o(xy,u,) >1, forallne NU{0}. (3.19)
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Using the P-property and (3.19), we have

d(Un,%4) = d(Tu,, Tx,) forallm e NU{0}. (3.20)
As T is generalized o-8-proximal quasi-contractive, then we get

(U1, %4)d(Thy1, Txs) < w(MT(un,x*)) for all » € NU {0}. (3.21)
Using (3.19) and (3.21), we get

(W41, X4)A( U1, %) < go(MT(u,,,x*)) for all » € NU {0}. (3.22)
Therefore, from (3.19), we conclude that

A(ti1,%5) < go(MT(u,,,x*)) for all» € NU {0}. (3.23)
On the other hand, using (3.15), for all € N U {0}, we obtain

M (%) = max{ood(u, %), 001 (d(thy, Tun) — d(A, B)), aa (d(xs, Tx,) — d(A, B)),
a3 (d(xs, Tu,) — d(A, B)), aa(d(uy, Tx.) — d(A, B)) }
= max{ood (s, x,), o1 (A, Tisy) — d(A, B)), o3 (d(x., Tu) — d(A, B)),
oy (d(u,,, Tx,) — d(A,B)) } (3.24)
Using the triangular inequality and (3.20) in the above expression (3.24), and taking into
consideration (3.15), we get
Mry(uy, %) < max{(xod(un,x*),ald(un,x*) +ond(xy, Txy) + oy d(Txy, Tu,) — a1d(A, B),
a3d (s, ni1) + 03 (i1, Tuy) — o3d(A, B),
g d(thy, x.) + cad(x,, Tx,) — aad(A, B) }
= max{@od(uy, x.), 01t %) + 1A (U1, %), A3 (K Ui1), a1, %) }

= ﬂmax{d(un;x*)> d(un+1,x*)}. (3.25)
Since o(u,41,%4) > 1, combining (3.25) and (3.23), we get that
d(unﬂrx*) < ©p (max{d(unrx*)’d(unﬂ;x*)})’ VneNU {O}’ (326)

where 8 > max{ag,2a1, @3, a4}. Assume that, for some #n, we have d(u,, x,) < d(U,41,%+).
We have from (3.26)

d(tps1,%,) < @B (d(uml;x*)) <d(Upi1,%4),

which is a contradiction.
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Therefore, for all n > 0, we have d(u,,1, %) < d(u,, x,). Using (3.26), we have
A1, %) < Qg (d(u,,,x*)) for all n.
By induction, we obtain
d(uy,%,) < @) (d(uo,x.)) foralln e NU{0}.

Hence, by letting n — +00 in the above inequality, we obtain that {u,} converges to x..
Analogously, we can prove that {u,} converges to y.. Using the uniqueness of limit, we
conclude that x, = y,. O

Example Consider the complete Euclidian space X = R? with the metric
d((x1,%2), (Y1, 92)) = |01 —%2| + [y1 —y2|. Let A = {(y,0) : y € [0,1]} and B = {(5,1) : 6 € [0,1]}.

Also, let T : A —> B be defined by T(y,0) = (¥,1). Then it is easy to see that d(4,B) =
1 and Ay = A, By = B. Now, we shall show that T is an o-8-proximal quasi-contractive
mapping with ¢(¢) = 3f,a =1,and f; = 2 and o; = 3% fori=0,1,2,3,4.

Let x,y € A, where x = (y1,0) and y = (), 0).

d(Tx, Ty) = d((%,o), (%o))

LTV
—4)’1 Y2

- id("’y)

3/1
= E (gd(xd’))

max{ %d(x, ) %(d(x, Tx) - d(4, B)),

| w

1
27

=

(d(y, Ty) - d(A, B)),

= ®

" 243

oo

1

1 (40, Tx) —d(A, B)), --= (d(x, Ty) - d(A, B) }
So, T is an «-pB-proximal quasi-contractive mapping with a(x,y) = 1 for all x,y € A and
o(t) = %t, B = % and a; = 3% fori=0,1,2,3,4. Since 8 = % > maxo<k<3{Q, 204}.

It is easy to see that the pair (A, B) satisfies the P-property.

Since a(x,y) = 1 forallx,y € A, then the mapping T is «-admissible. Also the fact that 8 =
3 121 1
1 Zmax{3, 5 g 353}
the uniqueness of the proximity point of T. Therefore, all the conditions of Theorems 3.2

= max{ag, 201, 03, A} = % and T is (o, d) regular since o =1 assures

and 3.3 are satisfied, and so T has a unique proximity point which is x, = (0,0) € A.
d((0,0), T(0,0)) = d((0,0),(0,1)) =1=d(A,B).

4 Consequences
Several consequences of the main theorems are suggested in this section.

Corollary 4.1 ([9]) Let A and B be nonempty closed subsets of a complete metric space
(X, d) such that Ay is nonempty. Let o : A x A — [0,+00) and € V. Suppose that T :
A — B is a non-self-mapping satisfying the following conditions:
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(1) T(Ao) C By, and (A, B) satisfies the P-property;
(2) T is a-proximal admissible;
(3) there exist elements xq and x; such that

d(xlr TxO) = d(A:B)r Ol(x01x1) >1

(4) T is a generalized a-vr proximal contraction;
(5) if {xu} is a sequence in A such that o(x,, %441) > 1 and lim,_, ;o0 X, = X, € A, then
there exists a subsequence {x,} of {x,} such that a(x,,x.) > 1 for all k.
Then there exists an element x,. € Ao such that d(x., Tx,) = d(A, B).

Proof First, we notice that using M(x, y) appearing in (2.1), we have the following inequal-

ity:
M(x,y) SMT(x’y)
= max{d(x,y),d(x, Tx) — d(A, B),
d(y, Ty) — d(A, B), d(y, Tx) — d(A, B),
d(x, Ty) - d(A, B)}.

The existing best proximity point result follows immediately from Theorem 3.2 by taking
Y =¢p € dyand § >2>max{l,1} = 1. O

Corollary 4.2 ([9]) In addition to the hypotheses of Corollary 4.1, suppose that T is («, d)
regular. Then T has a unique best proximity point.

Proof Also it is an immediate consequence of Theorem 3.3 since the assertion g >
max{ag, 2a1, a3, a4} = 2 is satisfied, and therefore ¥ = ¢ € . a

Corollary 4.3 Let A and B be nonempty closed subsets of a complete metric space (X, d)
such that Ao is nonempty. Suppose that T : A —> B is a non-self-mapping satisfying the
following conditions:

(1) T(Ao) C By, and (A, B) satisfies the P-property;

(2) there exists k € (0,1) such that d(Tx, Ty) < kd(x,y) for all x,y € A.
Then there exists a unique element x,, € Ay such that d(x., Tx,) = d(A, B).

Proof This follows immediately from Theorem 3.2 by taking «(x,y) =1 for all x,y € A
and ¢(t) = kt which is continuous, where k € (0,1). Since «a(x,y) =1 for all x,y € A, then
condition (4) of our main Theorem 3.2 occurs. So, there exists a best proximity point for T'.

The fact that «(x, y) =1 for all x, y € A guarantees that T is («, d) regular, which implies,
by Theorem 3.3, that such a best proximity point for 7 is unique. 0

5 Applications
5.1 Best proximity points for metric spaces endowed with symmetric binary
relations
In order to apply our results on best proximity points on a metric space endowed with
symmetric binary relation, we need some preliminaries.
Let (X, d) be a metric space and R be a symmetric binary relation over X.
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Definition 5.1 ([9]) A non-self-mapping T': A — B is a proximal comparative mapping
if Ry and d(uy, Tx) = d(uy, Ty) = d(A, B) for all x, y, u3, uy € A, then uy Ru,.

Definition 5.2 ([12]) A subset A of X is called R-directed if, for every x, y € A, there exists
z € X such that xRz and yRz.

Definition 5.3 ([13]) We say that (X,d,R) is regular if, for a sequence {x,} in X, if we
have x,,Rx,,1 for all n € Ny and lim,,_, o, d(x,,,x) = 0 for some x € X, then there exists a
subsequence {x, )} of {x,} such that x,)Rx for all k € Ny.

Definition 5.4 ([11]) Let X be a nonempty set. A non-self-mapping T : A — B is called
B-quasi-contractive if there exist § > 0 and ¢ € ®g such that

xyeA: xRy =  d(Tx,Ty) < o(Mr(x,)),
where
Mr(x,y) = max{aod(x,y), rd(x, Tx), c2d(y, Ty), asd(x, Ty), asd(y, Tx) },
with o >0 fork=0,...,4.
We have the following best proximity point result.

Corollary 5.5 Let (A, B) be a pair of nonempty closed subsets of a complete metric space
(X, d) such that Ay is nonempty. Let R be a symmetric binary relation over X. Consider a
non-self-mapping T : A —> B satisfying the following assertions:

(1) T(Ao) C By and the pair (A, B) satisfies the P-property;

(2) T is a proximal comparative mapping;

(3) there exist elements xg,x1 € Ag such that d(x1, Txo) = d(A, B) and xqRx1;

(4) if (A,d,R) is regular;

(5) there exists B > maxo<k<3{ak, 204} such that T : A — B is B-quasi-contractive.
Moreover, assume that one of the following conditions holds:

« @ is continuous;

o B> max{ay, s}
Then T has a best proximity point x, € A such that d(x,, Tx,) = d(A, B).

Proof Let us define the mapping a : A x A — [0, +00) by:

1 ifx#y,

0 otherwise.

ax,y) =

In order to apply our Theorem 3.2, we have to prove that T is «-admissible.

Assume that «(x,y) > 1, and d(u1, Tx) = d(u,, Tx) = d(A, B), for some x,y, u1,us € A. By
the definition of o, we get ¥Ry, and d(u, Tx) = d(uy, Tx) = d(A, B). Condition (2) of the
corollary implies u#; Ru,, which gives us o (uy, uy) > 1.

Condition (3) means that d(x;, Txy) = d(A, B) and a(xg,x1) > 1.
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The condition T : A — B is B-quasi-contractive means that T is generalized o-f-
proximal quasi-contractive. Also the condition (A, d, R) is regular implies if {x,} is a se-
quence in A such that a(x,,x,,1) > 1 and lim,,_, ,» x,, = x, € A, then there exists a subse-
quence {x,x } of {x,} such that o(x,x),x.) > 1 for all k.

Now all the hypotheses of Theorem 3.2 are satisfied, which implies the existence of a
proximity point for the non-self-mapping T d

Corollary 5.6 In addition to the hypotheses of Corollary 5.5, suppose that A is R-directed
and B > max{wo, 201, 3,4} Then T has a unique best proximity point.

Proof The fact that A is R-directed implies that the non-self-mapping T: A — Bis («, d)

regular. So, by Theorem 3.3, we deduce the uniqueness of a best proximity point for 7. [J

5.2 Application to fixed point results

Let us recall the following definition.

Definition 5.7 Let A be a nonempty set of a metric space (X, d). A self-mapping T : A — A
is called a generalized «-B-quasi-contractive if there exist two functions @ : A x A —

[0, +00) and ¢ € ®g, where B > 0, such that, for all x,y € A, we have

ol )d(Tx, Ty) < ¢ (Mr(x,),
where

Mr(x,y) = max{aod(x,y), a1d(x, Tx), ad(y, Ty), asd(x, Ty), aad(y, Tx)},
with g >0 for k=0,...,4.

By considering the particular case, A = B in Theorems 3.2 and 3.3, the fixed point results

were deduced as follows.

Corollary 5.8 Let A be a nonempty closed subset of a complete metric space (X,d). Let
T :A — A be an o-B-quasi-contractive mapping, where 8 > maxo<i<s{ai, 204}, satisfying
the following assertions:

(1) T is a-proximal admissible;

(2) there exist elements xgo,x1 € A such that a(xg,x1) > 1;

(3) if{xn} is a sequence in A such that a(x,, x,41) > 1 for all n and lim,_, .o x, = %, € A,

then there exists a subsequence {x,0} of {x,} such that o(x,), %) > 1 for all k.

Moreover, suppose that one of the following conditions holds:

o @ is continuous;

o B> max{ay, s}
Then T has a fixed point.

Corollary 5.9 In addition to the hypotheses of Corollary 5.8, suppose that T is (o, d) reg-

ular and B > max{ag, 201, a3,a4}. Then T has a unique fixed point.
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6 Conclusion

We recall that we have given in this paper some improvements to the best proximity

point theorems previously made by JM, KE and SB in [9] for a-y-proximal contrac-

tive mappings. This improvement was obtained by introducing the proximal «-8-quasi-

contractive mappings on metric spaces involving B-comparison functions. As applica-

tions, we have established not only the existence but the uniqueness of best proximity

point results for the case of non-self-mappings on metric spaces endowed with symmet-

ric binary relations.
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