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Abstract

In this paper, we consider split equality generalized mixed equilibrium problem,
which is more general than many problems such as split feasibility problem, split
equality problem, split equilibrium problem, and so on. We propose a new modified
algorithm to obtain strong and weak convergence theorems for split equality
generalized mixed equilibrium problem for nonexpansive mappings in Hilbert
spaces. Also, we give some applications to other problems. Our results extend some
results in the literature.
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1 Introduction

Let H be a real Hilbert space with inner product (-,-) and norm || - ||, C be a nonempty
closed convex subset of H, and F: C x C — R be a bifunction, where R is the set of all
real numbers. The scalar-valued equilibrium problem is finding a point x € C such that

F(x,9) =0 (1.1)

for ally € C. The equilibrium problem has been extensively studied, beginning with Blum
and Oettli [1]. In 2014, Ahmad and Rahaman [2] introduced the generalized vector equi-
librium problem to find a point x € C such that

F(ax+(1-X)zy) £ -C\{0}

for all 3,z € C and A € (0,1], where F: C x C — 2H is a set-valued mapping such that
F(Ax + (1 — A)z,x) 2 {0}. In the scalar case, the generalized equilibrium problem takes the
form of finding x € C such that

F(hx+(1-1)zy) >0 (1.2)

forall y,z € C and X € (0,1] under the condition F(Ax + (1 — 1)z,x) = 0. If A =1, then prob-
lem (1.2) is reduced to problem (1.1).

© The Author(s) 2016. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


http://dx.doi.org/10.1186/s13663-016-0592-6
http://crossmark.crossref.org/dialog/?doi=10.1186/s13663-016-0592-6&domain=pdf
mailto:ibrahimkarahan@erzurum.edu.tr

Karahan Fixed Point Theory and Applications (2016) 2016:101 Page 2 of 19

Let T : C — C be a continuous mapping, and ¢ : C — R be a mapping. Very recently,
Rahaman et al. [3] considered the generalized mixed equilibrium problem of finding a
point x € C such that

F(Ax+ (1 =N)zy) + (Tx,y — x) + p(y) — p(x) = 0 1.3)

for all y,z € C and A € (0,1]. The set of solutions of problem (1.3) is denoted by
GMEP(F, T, ¢).

Let H;, Hy, and Hs be real Hilbert spaces, and C and Q be nonempty closed and
convex subsets of H; and Hj, respectively. Let F: C x C - Rand G: Q x Q - R
be two bifunctions, T: C — C and S: Q — Q be nonlinear mappings, ¢ : C - R U
{+o0} and ¢ : Q — R U {+00} be proper lower semicontinuous and convex mappings
such that C Ndom¢ # ¥ and Q Ndome # @, and A : Hy — Hs and B : H, — Hj3 be
bounded linear mappings. In 2015, Rahaman et al. [3] introduced the following split
equality generalized mixed equilibrium problem (SEGMEP): find x* € C and y* € Q such
that

F(hx®™ + 1= 2)b,x) + (Ta*,x — 5*) + ¢(x) — p(x*) > 0,

G(roy* + (1-212)e,y) + (9 -y )+ 9(») —9(y*) =0, and (1.4)

Ax* = By*
for all x,b € C, y,c € Q, and A1, 1, € (0,1]. The solution set of problem (1.4) is denoted
by SEGMEP(F, G, T, S, ¢,¢). This problem is a generalization of all the following prob-
lems.

1. If T=S=0and A; = Ay =1, then the split equality generalized mixed equilibrium
problem (SEGMEP) is reduced to the split equality mixed equilibrium problem
(SEMEP) introduced by Ma et al. [4]: find x* € C and y* € Q such that

F(x%x) +p(x) - p(x*) =0, VxeC,
G(y*,y) +o(y) - (p(y*) >0, VyeQ, and (1.5)
Ax* = By*.

2. fT=S=¢p=¢=0,B=1, H, = H3, and A; = A, =1, then problem (1.4) is reduced to
the split equilibrium problem (SE4P) introduced by He [5]: find x* € C such that

F(x*,x) >0, VxeC, and
(L.6)
Ax*=y*€Q solves G(y,y)>0, VyeQ.

3. f T=S=¢=¢=0and A = A, =1, then problem (1.4) is reduced to the split equality
equilibrium problem (SEEP) of finding x* € C and y* € Q such that
F(x*,x) >0, VxeC,
G(y*,y) >0, VyeQ, and 1.7)

Ax™ = By*.
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4. If F=G=T =S =0, then problem (1.4) is reduced to the split equality convex
minimization problem (SECMP) of finding x* € C and y* € Q such that

px) = ¢(x*), VxeC, o =¢(), VyeQ and
Ax™ = By*.

(1.8)

5. If F=G=T=S8=0,B=1,and H, = H3, then problem (1.4) is reduced to the split
convex minimization problem (SCMP) of finding x* € C such that

o) > ¢(x*), VxeC, e =9¢(y*), VyeQ and

(1.9)
Ax* =y* € Q.
6. fF=G=¢=¢=T=5=0, then problem (1.4) is reduced to the split equality
problem (SEP) of finding #* € C and y* € Q such that
Ax* = By*. (1.10)

7. fF=G=¢=¢=T=5=0,B=1,and H, = Hs, then problem (1.4) is reduced to the
split feasibility problem (SFP) of finding * € C such that

Ax* € Q. (L11)

This problem was introduced by Censor and Elfving [6].

Since these kinds of problems are related implicitly or explicitly to many areas, such
as engineering, science optimization, economics, transportation, network and structural
analysis, Nash equilibrium problems in noncooperative games, computer tomograph, ra-
diation therapy treatment planing, physics, inverse problems that arise from phase re-
trievals and in medical image reconstruction, and so on, it is very important in mathe-
matics. So, many authors have proposed some algorithms to solve such problems; see, for
instance, [7-14]. We further give some of them.

In 2015, Ma et al. [4] introduced the following simultaneous iterative algorithm to obtain
weak and strong convergence theorems for (SEMEP):

F(ut, 1) + §(u0) = (t4) + - =, thy = %) = 0,
G V) + @) = (V) + 1V =V, Vi =) 2 0, 112)
Xni1 = Wpthy + (1= ) T, — vuA*(Au, — Bvyy)), ‘

Yn+l = Oplly + (1-an)S(v, + VnB*(AMn - Bv,))

forallu € C,v € Q,wheren >1,and T : H; — H; and S : H, — H, are nonexpansive map-
pings. In the same year, Rahaman et al. [3] gave the following method as a generalization
of algorithm (1.12):

F(auy, + (1= 211)b,u) + ¢(u) — ¢p(uy,)
+ (Tuy, u — uy) + i(u— Up, Uy — Xy) > 0,
G(Aavy + (1= A2)c,v) + 9(v) — @(vy)
+ (Sv,v—v,) + i(v—vn,vn -y =0,
X1 = (1 — o)y — 6,A%(Auy, — Bvy,)) + 00, P(uty — 6, A% (Auty, — Bvy)),
Ynel = (1 -0, (v + 8,B*(Auy, — Bvy)) + 0, Qv + 8,B*(Au,, — Bvy,))

(1.13)
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forall u,b € C,v,c € Q,where n>1,and P: H; — H; and Q : H, — H, are two demicon-
tractive mappings. They also proved that the sequence {(x,,y,)} generated by algorithm
(1.13) converges weakly and strongly to the solution of the split equality generalized mixed
equilibrium problem (1.4) under some suitable conditions.

In this paper, inspired by algorithm (1.13), we introduce a modified algorithm to obtain
weak and strong convergence results for the split equality generalized mixed equilibrium
problem. Also, we give some corollaries and applications for the split equality problem,
the split feasibility problem, the split equality mixed convex differentiable optimization
problem, the split equality convex minimization problem, and the split equality mixed
equilibrium problem. Our results extend some correspoing results of many authors.

2 Preliminaries
Throughout this paper, we use the symbols — and — for the strong and weak conver-
gence, respectively. Now, we recall some definitions, lemmas, and properties, which we
need in the proof of our main theorem.

Let T be a mapping on a Hilbert space H. The set of fixed points of T is denoted by
F(T), that is, F(T) = {x € H : Tx = x}. Let C be a nonempty closed convex subset of H.
A mapping T : C — C it is said to be

(i) a nonexpansive mapping if
ITx =Tyl < lx—yl, ¥xyeC;
(ii) a firmly nonexpansive mapping if
T — Ty|* < (Tx — Ty,x—y), Vx,y€C.

Lemma 1 ([15]) Let C be a nonempty closed convex subset of a uniformly convex Banach
space X, and T : C — C be a nonexpansive mapping with F(T) # 0. Then F(T) is closed
and convex.

Lemma 2 ([16]) Let C be a nonempty closed convex subset of a real Hilbert space H, and T
be a nonexpansive self-mapping on C. If F(T) # 0, then I — T is demiclosed, that is, if {x,}
is a sequence in C weakly converging to some x € C and the sequence {(I — T)x,} strongly
converges to some y, then (I — T)x = y. Here, I is the identity operator of H.

Recall that T is said to be demicompact if every bounded sequence {x,} in C such that
{(I - T)x,} converges strongly contains a strongly convergent subsequence.

To solve a generalized mixed equilibrium problem for a bifunction F: C x C — R and
mappings T:C — C and ¢ : C — R, let us assume that the following conditions are sat-
isfied:

Al. FOx+(1-A)b,x)=0,Vx € C;

A2. F is monotone, that is, for all x,y € C,

F(ax+ 1 =2)b,y) + F(Ay + (1 = 1)b,x) < 0;
A3. T is monotone, that is, for all x,y € C,

(Ix — Ty,x —y) > 0;
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A4.
A5.
A6.
A7.

Vx e C,y+— F(lx + (1 — A)b,y) is convex and lower semicontinuous;

F is hemicontinuous in the first argument;

T is weakly upper semicontinuous;

Forallx € C, A € (0,1], and r > 0, there exist a bounded subset D C Canda € C
such that, forallze C\D and b € C,

—F(ra+ (1 -21)b,z) + (Tz,a—z) + ¢p(a) — p(2) + ’%(a—z,z—x) <0.

Lemma 3 ([3]) Let C be a nonempty closed convex subset of a Hilbert space H,. Suppose
that the bifunction F : C x C — R and the mapping T : C — C satisfy conditions (A1)-(A7).
Let ¢ : C — R U {+o0} be a proper lower semicontinuous and convex mapping such that
CNdom¢ =@. Forr>0, A; € (0,1], and x € H, let]f’T : Hy — C be the resolvent operator
of F and T defined by

JET (%) = {z € C:F(z+1-2)by) + (Tz,y-2)

Then:

+¢(y)—¢)(z)+;(y—z,z—x)zO,Vy,beC}. (2.1)

(i) Foreachx € Hy, JE'T (x) # 0;

(i) JET is single valued;

(iti) JET is firmly nonexpansive, that is,

ET @) = JET )| < UFT 00 = JET0)x—y),  Vay € Hi

(iv) FJET) = GMEP(F, T, ¢), and it is closed and convex.

Let the bifunction G : Q x Q — R and the mapping S: Q — Q satisfy conditions (Al)-
(A7).Let ¢ : C — RU {+00} be a proper lower semicontinuous and convex mapping such
that Q N'domg = @. For s > 0, A, € (0,1], and u € H,, let J& : Hy — Q be the resolvent
operator of G and S defined by

]SG'S(M) = {v €qQ: G(kgv +(1-A)e, w) +{(Sv,w—v)

+g0(w)—<p(v)+%(w—v,v—u)zO,Vw,ceQ}. (2.2)

Then, clearly, /&5 satisfies (i)-(iv) of Lemma 3, and F(J¢°) = GMEP(G, S, ¢).

Lemma 4 (Opial’s lemma [17]) Let H be a real Hilbert space, and {1,,} be a sequence in H

such that there exists a nonempty set W C H satisfying the following conditions:

(i) forevery w e W, lim,_, o ||[tn — 1|l exists;

(i) anmy weak cluster point of the sequence {{1,} belongs to W'.

Then there exists w* € W such that {i,} converges weakly to w*.
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Lemma 5 ([18]) Let H be a real Hilbert space. Then, we have
llae =y = 1%l = 1yl = 2(x = 3,9)
and
Az + (1= 2)y])" = 2wl + (@ = D)yl = 21 - A) 2 - y11°
forall x,y € H and A € [0,1].

3 Main results
Now, we give a new modified iterative algorithm to solve the split equality generalized
mixed equilibrium problem. Moreover, we prove strong and weak convergence theorems
for nonexpansive mappings in Hilbert spaces. Throughout this section, we always assume
that:
Bl. Hi, H, and Hs are real Hilbert spaces, and C € H; and Q € H, are nonempty
closed convex subsets;
B2. F:Cx C— Rand G:Q x Q — R are bifunctions satisfying conditions (Al), (A2),
(A4), (A5), and (A7);
B3. T:C— Cand S: Q x Q — R are mappings satisfying conditions (A3), (A6), and
(A7);
B4. ¢:C— RU{+00} and ¢ : Q — R U {+00} are proper lower semicontinuous and
convex mappings such that CNdom¢ # ¥ and QN domg # ;
B5. Py, Py : Hy — H, and Ps, Py : Hy — H, are nonexpansive mapping;
B6. A:H; — Hj and B: Hy — Hj are bounded linear mappings.
For an arbitrary initial value (x1,71) € C x Q, define the sequence {(x,,7,)} in C x Q
generated by

F(huy + (1= 21)b, u) + ¢p(u) — ¢ (uy)
+ (T, u —uy) + i(u—un,un —x,) >0,
G(Aavy + (1= A2)e,v) + @(v) — (V)
(S V= V) + (V= Vv = 3) 20,
Fne1 = (1= o) Pr(y = 8, A" (Atty — Bvy)) + Pty — 6,A™ (At — Bvy)),
Yns1 = (1= an)P3(vy + 8,B*(Auy, — Bvy)) + @ Pa(vy + 8,B*(Au, — Bvy))

for all 4,b € C and v,c € Q, where n > 1, A1, A, € (0,1], and the sequences {3,}, {c,}, and
{r,} satisfy the following conditions:

C1. {8,} is a positive real sequence such that §, € ( — ¢) for sufficiently small ¢,

2

& Taris
where A4 and Ap are the spectral radii of A*A and B*B, respectively;

C2. {wy,} is a sequence in (0,1) such that, for some ¢, 8 € (0,1),0 < <@, << 1;

C3. {r,} € (0,00) is such that liminf,_, o r,, > 0 and lim,,_, s |Fys1 — 7| = O.

Theorem1 Let Hy, Hy, Hs, F, G, T, S, Py, Py, Ps, Py, ¢, ¢, A, and B satisfy conditions (B1)-
(B6). Let {(x,,yn)} be a sequence generated by (3.1). If F := ﬂ?zl F(P;) N SEGMEP(F, G, P;,
O, 0) # 0, then:



Karahan Fixed Point Theory and Applications (2016) 2016:101 Page 7 of 19

(i) the sequence {(xy,y,)} converges weakly to a solution of problem (1.4);
(ii) ifP;,i=1,2,3,4, are demicompact, then the sequence {(x,,y.)} converges strongly to
a solution of problem (1.4).

Proof (i) Let (x,y) € F. So, x € F(P1) N F(P,) and y € F(P3) N F(Py). It is easy to see from
Lemma 3 that

ety =il = 757 (6n) =I5 T )| < Il — ]l (3.2)

and

1 =yl = TET @) =TETO)|| < My = I (3.3)

Since P;, i =1,2, 3,4, are nonexpansive mappings and

lle = 11> = llll® + 1Iy11* = 2¢p, %)
for all v,y € H, we get from Lemma 5 that

%1 = 2lI* = || (1 = )Py (4, — 8, A% (Ausy, — Bvy))
+ @, Py (4, - 8,A*(Aus, — Bv,,)) — x|
= | @ = o) (P1 (4 — 8, A* (At — Bvy)) — )
+ @y (Py (4 — 8,4 (At — Bv,.)) - 2) ||
< (1 -a,)|up - 8,A*(Au, - Bv,) — x|*
+ |t - 8,A%(Au,, - Bv,) x|
—oty(1 = o) | Py (4 — 8,A*(Ausyy — Bvy,))
— Py (1t — 8,A*(Au,, - Bv)) |
= |t — 8,A%(Aw, - Bv,) — x|*
—oty(1 = o) | Py (4 — 8,A*(Ausyy — Bvy,))
— Py (s — 8, A (A, — Bv,)) |
= llwy =21 + 87| A (Aw, — Bv,)|*
— 28,(A*(Ay — Bv,y), thy — )
—oty(1 = &) | Py (4 — 8,A*(Ausyy — Bvy,))
— Pyt — 8,A*(Au,, - Bv)) |
< Il =21 + 82| A (Aw, - Bv,)|*
— 28,(A*(Ay — Bv,y), thy — )
—oty(1 = &) | Py (4 — 8,A*(Ausyy — Bvy,))

— Py (tty — 8,A*(Au,, — B,)) | (3.4)
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On the other hand, we have

82| A*(Aus, — Bv,) | = 82(Au,, — Bv,, AA*(Aus, — Bv,))

< 2a82||Au, — Bv,|*. (3.5)
So, it follows from (3.4) and (3.5) that

lo6ne1 = %1% < s — %[> + AaSy Aty — Bvy||®
—26,(Au, — Bv,,Au, — Ax)
—o,(1-ay) ||P1 (u,, - 8,A"(Au, — an))

— Py (tty — 8,A*(Au,, — B,)) |- (3.6)
In a similar way, we get

I =31 < lyn =y + A8y || Ats,, — B, >
+26,(Au, — Bv,, Bv, — By)

—o,(1-ay) ||P3 (v,, +68,B*(Au, — Bv,,))

— Py (v, + 8,B* (Au, — Bvy))||”. (3.7)
By adding inequalities (3.6) and (3.7) side by side and using Ax = By, we obtain
[%ne1 =212 + [7na1 = 1>

< 1 =217 + llyn = y1% + 85(ha + Ap) | Aty ~ Bvy||*
— 28, || Aty — Bvy|* — (1 — o) || P1 (- 8,A% (Ats,, — Bv,,))
— Py (= 8,4 (A, — Bv,))||* + | P3 (v, + 8,B*(Au, — Bv,))
— Py (v, + 8,8 (Au, — Bvy)) ||’}

= lltw = %1% + 170 = ¥1? = 8, (2 = 84 (ha + 15)) | Aty — B, |I*
—atu(1 = o) { | P (4 — 8,A* (A, — Bvy,))
— Py (tty — 8, A% (At — Bv,p)) |” + || Ps (v + 8,B*(Aus,, — Bv,.))
— Py(vy + 8,B*(Au, — Bv,)) ||*}. (3.8)

Let &,(x,y) = [|x, — x|12 + ||y, — y||%. Thus, we have from (3.8) that

Eni1(%,) < £(%,9) = 84(2 = 84(ha + 15)) | Aty — B,y ?
- an(]- - Oln){ ”Pl (un - anA*(Aun - an))
=Pyt — 8,4 (A, = Bv,)) |* + || Ps (v + 8,B*(Aws,, — Bv,,))

— Py (v, + 8,B*(Au, — Bv,)) |’} (3.9)
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Since a, € (0,1) and §,, € (&, )‘A%)\B —¢),weget2—38,(,g +Ap) > 0. So, from (3.9) we obtain
§n+1(x:y) < Sn(x,)’)

Therefore, the sequence {£,(x,y)} is nonincreasing and lower bounded by 0. Hence,
lim,,—, 0 &, (%, y) exists. Let lim,_, o &,(x,7) = o(x,7). So condition (i) of Lemma 4 is sat-
isfied with w, = (x4, y4), u* = (x,¥), and W = F. Since the sequence {&,(x,y)} converges to
a finite limit, we have from inequality (3.9) that

lim ||Au, — Bv,| =0, (3.10)
n—00
lim || Py (0 — 8,A* (A, — Bv,)) = Pty — 8,A*(Aus, — Bvy)) | = 0, (3.11)
n—oQ0

and
lim || P5(vy + 8,B*(Auty, — Bvy,)) = Pa(vy + 8,B*(Au, — Bvy)) | = 0. (312)
Hn—0Q

Moreover, since ||x, —x||? < &,(x,y) and ||y, — y]? < &.(x,y), the sequences {x,} and {y,}
are bounded, and limsup,,_, ., [|x, — || and limsup,,_, . [ly. — || exist. Also, it follows from
(3.2) and (3.3) that limsup,,_, . ||, — || and limsup,,_, . ||V, — || exist. Let us assume that
the sequences {x,} and {y,} converge weakly to points x* and y*, respectively. So, by (3.10),
the sequence {u, — §,A*(Au, — Bv,)} converges weakly to x*, and {v, + §,B*(Au, — Bv,)}
converges weakly to y*. By Lemma 5 we get
%1 = %l = %1 = X = 2 + x|
= ”xn+1 _x”2 - ”xn _x”2 - 2<xn+l — Xy Xn — x)

2 2
= ”xn+1 _x” - ”xn _x”

- 2<x,,+1 —x*,x, — x) + Z(xn —x*,x, — x)
Hence, we obtain
lim [|%,.1 —%4] =0 (3.13)
n—00
and, similarly,
lim {|y,41 = yall = 0. (3.14)
n— 00
By Lemma 3, since u,, = J}*" (x,) and w1 = J]'7 (%,41), we have that, for all u € C,
F(klu,, +(1=M1)b, u) + Tty U — Uy,)

b Bl) ~ Blan) + sty ) = 0 (3.15)

n

and

F()‘-lunﬂ + (1 - )‘-l)b> M) + {Tps1, U — Upi1)

(U — U1y Upa1 — Xpi1) = 0. (3.16)

+O(u) — P(upa) +

Tn+1
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Taking u = u, in (3.16) and u = u,,; in (3.15) and adding the resulting inequalities side by
side, we obtain

0 < F(Mutn + (1= A)b, thys1) + F(Mittss + (1= A1)b, 1)

+ (TM,,, Ups1 — un) + <TLI,,+1, Uy — un+1>

1
+ — (un+1 — Uy, Uy _xn) +
n Tnsl

<un — Upsl Upsl — xn+1)'

Using conditions (A2)-(A3), we have

1
0 =< (un — Upsl, Unsl _xn+1) + _<un+1 — Up, Uy _xn)
Tns1 T
Up —Xn Up+l — Xnsl
S\ Uns1 — Up, -
I'n T'nal

I'n
= <un+1 —Upy Uy —Ups1 + Uyl — Xy — _(un+1 _xn+1)>
n+l

= (un+1 —Up, Uy — un+1)

T'n
T\ Unsl — Uy Xyl — Xy + 1- (”n+1 _xn+l)

Tnl
= —||tps1 — Mn||2
T'n
A Upe1 — Uy Xyl — X + [ 1= (#ne1 — Xni1) )»
Tnl
which implies that
2 "n
etns1 — unll”™ < | ttps1 — usll <||xn+1 —Xull +|1- 21241 _xn+1”>'
n+l
Thus, we get
T'n
”un+1 - un” =< ||xn+1 _xn” +[1-— ||un+1 _xn+1”- (317)
n+l
Using (3.13) and (C3), from (3.17) we get
lim || uye1 — uy| = 0. (3.18)
n—00
In a similar way, we get
lim ||v,1 —vull =0. (3.19)
n—00

On the other hand, from (3.6) and (3.7) we get

[%ne1 = %II* < oty — 1% + 8714l Atty, = B, |1*
- 26,(Au, — Bv,,Au, — Ax)
-a,(1-ay,) ”Pl (un - 8,A™(Au, — an))

— Py (uy — 8,A*(Au, — Bvy)) | >

(3.20)
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and

19ne1 = YI1* < v = y11* + 85 hp| Attyy — Bv,||®
+ 26, (Au,, — Bv,, Bv,, — By)
—o,(1-ay) ||P2 (vn +68,B*(Au, — Bv,,))

- P4(Vn +8,B"(Au, — BVVI)) ”2

Using Ax = By and adding inequalities (3.20) and (3.21) side by side, we have

e =21 + lymar = 11
< Moty = xlI + v, =y
= 8,(2 = 8u(ha + 18)) | Aut,, = Bv,,||*
—oty(1 = o) { | P (4 — 8,A* (A, — Bvy,))
— Py (1t — 8,A*(Au, — Bv)) |
+ || P35 (va + 8,B*(Au,, — Bvy))

— Py(vy + 8,B*(Au, — Bv,)) ||*}),

where
ot =1 = |JET Gen) =TT @) |* < (0 = 26, 4 — )
= 2 (s =P + oty —21? = Iy — )
and
v =312 = [7850) =TETO) | < Gn =20V =9

1
= 5{||yn =9I + v =Y = lyw = vall*}.
From (3.22)-(3.24) we conclude that
”xn - unHZ + ”yn - Vn”Z
< o = 201> = [1%s1 = 21 + 1y = Y1 = 1y — 211
= 8,(2 = 8,(ha + A5)) | Atty, — Bv,||*
—aotu(1 = o) { | P (4 — 8,A* (A, — Bvy,))
) (u,, - 8,A™(Au, —an)) ||2
+ ”Pg (v,, +68,B*(Au, — Bv,,))
— Py(vy + 8,B*(Au, — Bv,)) ||*}.

Using (3.10)-(3.14), we have

lim ||x, —u,| =0
n— 00

Page 11 of 19

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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and
lim [y, — vl = 0. (3.27)
n—0oQ

Hence, u, — x* and v, — y*.
Since P;, i =1,2,3,4, are nonexpansive mappings, we obtain
6w — Prvin|l = ety = Xns1 + Xni1 — Prusy ||

< et = Xnaall + [¥ne1 — Prasyl

= Nty — a1 + U1 — X |
+ | (@ = o) Py (s — 8,A* (Ats,, — Bv,y))
+ 0, P (10 — 8,A*(Auty, — Bvy,)) — Pyusy |

< Nty = s | + 81 = X
+ || Py (4 — 84A* (A — Bvyy)) — Pruy ||
+ 0ty | Py (s — 8,A%(Ausy, — Bvy))
= Py (ty — 8,A* (A, — Bvy)) |

< Nwn — tpa | + |tt01 — X1 |
+ 184l | A* | 1 Atty, = By, || + et || P1 (1t — 84 A* (Atsyy — Bviy))

— Py (uy — 8,A*(Au, — Bvy)) |
Using (3.10), (3.11), (3.18), and (3.26), we have
lim ||u, — Pyusy || = O. (3.28)
n— o

Similarly, using the same steps as before for P,, P;, and P,, we get

lim ||u,, — Pou,| =0, lim ||v, —P3v,|| =0, and lim |v, —Pyv,| =0. (3.29)
n— 00 n— 00 n— 00

Since
”xn _Plxn” = ”xn — Uyt Uy _Plun +P1un _Plxn”

< Won = nll + lltn = Pratn || + [l6n — %4l

= 2|y — wnll + |ty — Prug |,
we have from (3.26) and (3.28) that
lim ||x, — Pyx,|| = 0. (3.30)
H—0Q
Similarly, we have

lim ”xn _P2xn” =0, lim ”yn - PSyn” =0, and lim ”yn - P4yn|| =0. (3-31)
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Since the sequences {x,} and {y,} converge weakly to x* and y*, respectively, and (I — P;),
i=1,2,3,4, are demiclosed at zero, it follows from (3.30) and (3.31) that x* € F(P;) N F(P;)
and y* € F(P3)NF(P,). On the other hand, it is well known that every Hilbert space satisfies
Opial’s condition. So, we have that the weakly subsequential limit of {(x,,y,)} is unique.

Now, we show that x* € GMEP(F, T, ¢) and y* € GMEP(G, S, ¢). Since u,, = ]fn’T(x,,), we
have

F(klu,, + (1 -A)b, u) + (Tuy, u —uy) + ¢(u) — d(uy,) + l(z,t — Uy, Uy —%y) >0

n

for all b,u € C and A € (0,1]. From conditions (A2) and (A3) we obtain

¢ (u) — P(un) + %(u = Uy Uy — %) = —F (Mt + (1= 21)b, ) = (Tt — u1,,)

n

> F(Alu + (1 -x)b, u,,) + (Tu, u, — u),
and hence

1
dw) — d(up) + — (U — Uy Uy, — Xy ) = F(klu +(1=A1)b, u,,k) +(Tu, u,, —u).

Py
From (3.26) it is easy to see that u,, — x*. So, we can write lim_, o, M =0, and from
i
the lower semicontinuity of ¢ we get
F(hu+ Q= A)b,x"*) + (Tu,x* — u) + p(x*) — p(u) <0 (3.32)

for all b,u € C. Set u; = tu + (1 — t)x* for ¢t € (0,1] and u € C. Since C is a convex set, we

have u; € C. Hence, from (3.32) we have
F(Mue + (1= 20)b,x*) + (Tup, x* — 1) + ¢(x*) — (1) < 0. (3.33)
Using inequality (3.33), the convexity of ¢, and conditions (A1)-(A4), we get

0 = F(Aute + (1= A)b,ug) + (1= 0)(Tuug, 1y — ) + pusy) — ()
< tF(Mug + (1= M)b,u) + (1= £)F (Ayug + (1 - A1)b,x™)
+tp(u) + (1— 1) (x*) — p(ue) + (1 — £)(Toay, s — x¥)
+ (1= 8)(Tue, x* — uy)
= t{F(Aue + A= 2)b,u) + (1= £)(Tuag, 11 — x*) + () — () }
+ (L= ){F(Mute + (1= 20)b, x*) + (Tug, ™ — 1) + ¢ (x") — plusr) }

< t{F(Mue + (1= )b u) + (1= ) Tug, = x*) + d() — p(r) },
which implies that

F(Mue + (1= A)bu) + (1= ) Tu, u — x*) + p(u) — p(y) > 0
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for all b, u € C. From the definition of u; it is clear that u, — x* as ¢ — 0. Using conditions
(A5) and (A6) and the proper lower semicontinuity of ¢, we obtain

F(klx* + (1 =Xx)b, u) +(1- t)(Tx*, u —x*) +¢(u) - q)(x*) >0

for all b, u € C, which shows that x* € GMEP(F, T, ¢). By using similar steps we have that
y* € GMEP(G, S, ¢).

Since A : H; — Hs and B : Hy, — H3 are bounded linear mappings and {u,} and {v,}
converge weakly to x* and y*, respectively, for arbitrary f € H}, we have

fAuy,) —>f(Ax*)

Similarly,
fBv,) — f(By").
Hence, we get
Au, — Bv, —~ Ax* - By",
which implies that
|Ax* - By*| < liminf [ Au, — B, || = 0,

so that Ax* = By*. So, it follows that (x*,y*) € SEGMEP(F,G, T,S, ¢, ). Therefore,
(x*,9%) € F.

Finally, we conclude that, for each (x*,y*) € F, lim,— oo (|2, — x*|| + ¥4 — ¥*||) exists
and each weak cluster point of the sequence ||(x*,y*)|| belongs to F. Let H = H; x H, with
norm ||(x, y)|| = /%12 + [I¥12, W = F, iy = (%4, ¥4), and o = (x*,y*). From Lemma 4 we see
that there exists (¥,%) € F such that x, — ¥ and y,, — y. Therefore, the sequence {(x;, y,)}
generated by the iterative algorithm (3.1) converges weakly to a solution of problem (1.4)
in F. This completes the proof.

(ii) Now, we prove the strong convergence of the sequence {(x,,y,)} generated by the
iterative algorithm (3.1) under the demicompact condition.

Since P;, i = 1,2,3,4, are demicompact, {x,} and {y,} are bounded sequences, and
limy, s oo [ = Prxall = 0, 1imy, o (1%, = P || = 0, 1My, 06 (|70 —P3yull = 0, and limy,, o [y —
Pyy,| = 0, there exist subsequences {x,, } of {x,,} and {y,, } of {y,,} such that {x,, } and {y,, }
converge strongly to some points #* and v*, respectively. The weak convergence of {x,, }
and {y,, } to x* and y*, respectively, implies that x* = * and y* = v*. It follows from the
demiclosedness of P; that x* € F(P;) N F(P,) and y* € F(P3) N F(P,). Using similar steps to
the previous ones, we get that x* € GMEP(F, T, ¢) and y* € GMEP(G, S, ¢). Thus, we have

|Ax* - By*| = klim A%y = Bym Il = 0,
—00

which implies that Ax* = By*. Hence, (x*,y*) € F. On the other hand, since &,(x,y) =
%, — %1% + llyn — 11 for (x,y) € F, we know that limy_, « &, (x*,7*) = 0. From conjecture
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(i) we see that lim,_, o &,(x*, y*) exists; therefore, lim,_, o &,(x*,¥*) = 0. So, the iterative
scheme (3.1) converges strongly to a solution of problem (1.4). This completes the proof
of conjecture (ii). O

Taking F=G=T =S=¢ = ¢ =0 in Theorem 1, we get the following convergence theo-
rem for the split equality problem (1.10).

Corollary 1 Let Hy, Hy, H3, Py, Py, Ps, Py, A, and B satisfy conditions (Bl), (B5), and (B6).
For an arbitrary initial value (x1,y1) € C x Q, define the sequence {(x,,y,)} in C x Q gen-
erated by

X = (L — o) Py (%, — 8,A%(Axy, — Byn)) + P, — 8, A (Axy, — Byn)):
Yne1 = (1- an)P3(YV1 +68,B*(Ax, _Byn)) + O[npél(y;q +6,B*(Ax, _Byn)):

where n > 1, and the sequences {8,} and {o,} satisfy conditions (C1) and (C2), respectively.
If F:= L, E(P;) N SEP # , then:
(i) The sequence {(xy,y4)} converges weakly to a solution of problem (1.10);
(ii) IfP;,i=1,2,3,4, are demicompact, then the sequence {(x,,y,)} converges strongly to
a solution of problem (1.10).

Taking B = I and H; = Hj in Corollary 1, we obtain the following convergence theorem
for the split feasibility problem (1.11).

Corollary 2 Let Hy, Hy, Py, Py, P3, Py, and A satisfy conditions (B1), (B5), and (B6) with
A: Hy — H,. For an arbitrary initial value (x1,y1) € C X Q, define the sequence {(x,, y,)} in
C x Q generated by

Xn+l = (1 - arz)Pl(xn - (SnA*(Axn _yn)) + OlnPZ(xn - SnA*(Axn _yn));

Yna1 = (1 - an)PB(yn + 8n(Axn _yn)) + arzPlL(yn + Sn(Axn _yn)): n>1,
where {8,,} is a positive real sequence such that §,, € (e, i — &) for sufficiently small ¢, where
A4 denotes the spectral radius of A*A, and {o,} satisfy condition (C2). If F := ﬂ?zl F(P)N
SFP +# (), then:

(i) The sequence {(x,y4)} converges weakly to a solution of problem (1.11);

(i) IfP;,i=1,2,3,4, are demicompact, then the sequence {(x,,y,)} converges strongly to
a solution of problem (1.11).

4 Applications

Let C be a nonempty closed convex subset of a real Hilbert space H, and ¢ : C — C be a
convex and differentiable mapping. It is known that the convex differentiable minimiza-
tion problem is to find * € C such that

min Yx) = 1/f(x ) (4.1)
Also, it is well known that a point x* is a solution of problem (4.1) if and only if

(Vi (x*),y—x%) =0 (4.2)
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for all y € C. Problem (4.2) is called the classical variational inequality problem. If we get
F(x*,y) = (Vi (x*),y—x*), then the equilibrium problem (1.1) and the variational inequality
problem (4.2) have the same solution.

In 2015, Rahaman et al. [3] introduced the split equality mixed convex differentiable
optimization problem of finding x* € C and y* € Q such that

(VW(x*),x—x*) + (T(x*),x—x*) +¢p(x) - qb(x*) >0, VxeC(C,

(Vo ("), y =y ) +(S()y -y )+ () —9(y*) =0, VyeQ, and (4.3)
Ax* = By*,

where ¢ : C — H; and o : Q — H; are convex differentiable mappings. The set of solu-
tions of the split equality mixed convex differentiable optimization problem (4.3) is de-
noted by SEMCDOP(,0,T,S,¢,¢). If T = 0, then this problem is reduced to the split
equality mixed variational inequality problem introduced by Ma et al. [4] in 2015. Also, if
B =1 and H, = Hj3, then problem (4.3) is reduced to the split mixed convex differentiable

optimization problem of finding x* € C such that
(Vl/f(x*),x - x*) + (T(x*),x - x*) + ¢(x) — ¢(x*) >0, VxeC,
and such that Ax* = y* € Q solves

(Vo (y),y =y ) +(SO*).y -7 ) + o) —0(¥*) =0, VyeQ. (4.4)

The solution set of this problem is denoted by SMCDOP(y/,0, T, S, ¢, ).
Since the gradients Vi and Vo are monotone mappings, if F(x*,y) = (Vi (x*),x — x*),
G(x,y*) = (Vo (y*),y —y*), and A; = A, =1, then F and G satisfy condition (B2). So, we can

give the following result.

Theorem 2 Let Hy, Hy, Hs, T, S, ¢, ¢, Py, Py, P3, Py, A, and B satisfy conditions (B1)-
(B6) except (B2). Suppose that the mappings W : C — H, and o : Q — Hj are convex and
differentiable mappings. For an arbitrary initial value (x1,y1) € C x Q, define the sequence
{(xy, yn)} in C x Q generated by

(VY (), 1= ) + P(01) = P(tt) + (Teh, th = ) + o = Uy, Uy = %) > 0,
(Vo ()7 = v+ 9(0) = 9(0) + (% v = vi) + L (0 = vy vy = 3) 20,
Zne1 = (1= o) Pr (e — 84 A (Atty — Bvy)) + Pty — 6,A™ (A — Bvy)),
Ynr1 = (1= o) P3(vy + 8,B*(Auy, — Bvy)) + ayPa(vy + 8,B* (A, — Bvy))

forallu e Candv € Q,wheren > 1, and the sequences {5, }, {a,,}, and {r,} satisfy conditions
(C1)-(C3), respectively. If F := ﬂ?zl F(P;) NSEMCDOP(yr,0,T,S,¢,¢0) # 0, then:
(i) The sequence {(x,,y,)} converges weakly to a solution of problem (4.3);
(i) IfP;,i=1,2,3,4, are demicompact, then the sequence {(x,,y,)} converges strongly to
a solution of problem (4.3).

In Theorem 2, if we take B = I and H, = H3, then we get the following result.
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Corollary 3 Let Hy, Hy, T, S, ¢, ¢, P1, Py, P35, Py, and A satisfy conditions (B1)-(B6) except
(B2) with A : Hy — H,. Suppose that the mappings  : C — Hy and o : Q — H, are con-
vex and differentiable mappings. For an arbitrary initial value (x1,y1) € C x Q, define the
sequence {(x,,y,)} in C x Q generated by

(VY (a), 1= ) + P(01) = P(ut) + (Tth, th = ) + ot = Uy, Uy = %) > 0,
(Vo= 1) + 9) = 9(0) + (v = Vi) + L=y = 3,) 2,
Fne1 = (1= o) Pr (e — 84 A (Atty — Vi) + P (10 — 8,A" (At — V1)),

Vni1 = (L= ) P3 (Vi + 8u(Atty = Vi) + auPa(Vis + 8,(Asty — vy))

for all u € C and v € Q, where n > 1, {§,} is a positive real sequences such that §, €
(e, i — &) for sufficiently small ¢, where \4 denotes the spectral radius of A*A, and the
sequences {o,} and {r,} satisfy conditions (C2) and (C3), respectively. If F := ﬂ?’zl F(P;)N
SMCDOP(y,0,T,S, ¢, ) # 0, then:
(i) The sequence {(xy,y4)} converges weakly to a solution of problem (4.4);
(i) IfP;,i=1,2,3,4, are demicompact, then the sequence {(x,,y,)} converges strongly to
a solution of problem (4.4).

In Theorem 1, if we take F = G = T = S = 0, then we have the following result for the split
equality convex minimization problem (1.8).

Theorem 3 Let Hy, H, Hs, ¢, ¢, P1, Py, P3, Py, A, and B satisfy conditions (Bl), (B4), (B5),
and (B6). For an arbitrary initial value (x1,y1) € C x Q, define the sequence {(x,,y,)} in
C x Q generated by

D) = P(un) + o (s =ty ty — %) > 0,

@) = p(Vn) + 1 (V= Vi, Vu = yu) = 0,

Xns1 = (1= )Py (u, — 8,A%(Auy — Bvy)) + o0y Pa(uy — 8,A%(Au, — Bvy)),
Yns1 = (1= n)P3(vy + 8,B*(Auy, — Bvy)) + @ Pa(vy, + 8,B*(Au, — Bvy))

forallu € Candv € Q,wheren > 1, and the sequences {8,}, {o,}, and {r,} satisfy conditions
(C1)-(C3), respectively. If F := ﬂ?zl F(P;) N SECMP(¢, @) # @, then:
(i) The sequence {(x,,y4)} converges weakly to a solution of problem (1.8);
(i) IfP;,i=1,2,3,4, are demicompact, then the sequence {(x,,y,)} converges strongly to
a solution of problem (1.8).

If we take B =1 and H, = H; in Theorem 3, then we get the following result for the split
convex minimization problem (1.9).

Corollary 4 Let Hy, Hy, Py, Py, P3, Py, ¢, ¢, and A satisfy conditions (Bl), (B4), (B5), and
(B6) with A : Hy — H,. For an arbitrary initial value (x1,y1) € C x Q, define the sequence
{(%n, )} in C x Q generated by

P() = P(un) + - (U =ty ty — %) = 0,

QW) = (Va) + 1 (V =V, vy = yu) = 0,

Xni1 = (1= )Py (uy = 8,A%(Auy = vi)) + o, Po(uy — 8,A™ (A, —vi)),
Yns1 = (1= ) P3(vy + 8,(Atty = Vi) + 2 Pa(vy + 8,(Atty = v))
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forallu € Candv € Q,wheren >1,{8,} is a positive real sequences such that §,, € (¢, ﬁ —g)
for sufficiently small e, where A4 denotes the spectral radius of A*A, and the sequences {a,}
and {r,} satisfy conditions (C2) and (C3), respectively. If F := ﬂil F(P;) NSCMP(¢, @) # @,
then:
(i) The sequence {(x,,y,)} converges weakly to a solution of problem (1.9);
(i) IfP;,i=1,2,3,4, are demicompact, then the sequence {(x,,y,)} converges strongly to
a solution of problem (1.9).

In Theorem 1, if we take 7= S = 0 and A; = X, = 1, then we have the following conver-
gence result for the split equality mixed equilibrium problem (1.5).

Theorem 4 Let Hy, Hy, Hs, F, G, ¢, ¢, P1, Py, P3, Pa, A, and B satisfy conditions (B1)-(B6)
except (B3). For an arbitrary initial value (x1,y1) € C x Q, define the sequence {(x,,y,)} in
C x Q generated by

F(un’ Lt) + ¢(M) - ({b(un) + i (u — Uy, Uy _xn) 2 O:

G(Vrn V) + QD(V) - (P(Vn) + $<V — Vi, Vn _yn) 2 01

Xne1 = (1= )Py (u, — 8,A%(Au, — Bv,)) + a,Po(u, — 8,A* (A, — Bvy)),
Ynel = (1 —0,)P3(vy, + 6,B*(Auy, — Bvy,)) + a,Pa(vy, + 8,8 (Au, — Bvy,))

forallu e Candv € Q,wheren > 1, and the sequences {5, }, {a,,}, and {r,} satisfy conditions
(C1)-(C3), respectively. If F := ﬂ?zl F(P;) N SEMEP(F, G, ¢, ¢) # @, then:
(i) The sequence {(x,,y4)} converges weakly to a solution of problem (1.5);
(i) IfP;,i=1,2,3,4, are demicompact, then the sequence {(x,,y,)} converges strongly to
a solution of problem (1.5).
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