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Abstract

The purpose of this paper is to introduce a new iterative algorithm for finding a
common element of the set of solutions of a system of generalized mixed equilibrium
problems, the set of common fixed points of a finite family of pseudo contraction
mappings, and the set of solutions of the variational inequality for an inverse strongly
monotone mapping in a real Hilbert space. We establish results on the strong
convergence of the sequence by the proposed scheme to a common element of the
above three solution sets. These results extend and improve some corresponding
results in this area. Finally, we give a numerical example which supports our main
theorem.
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1 Introduction

Let ® be a bifunction from K x K into the set of real numbers, R, where K is a nonempty
closed convex subset of a real Hilbert space H. The equilibrium problem is to find a point
x € K such that

Ox,y) >0, Vyek. (1.1)

We denote the set of solutions of (1.1) by EP(®). The equilibrium problem includes
the fixed point problem, the variational inequality problem, the optimization problem,
the saddle point problem, the Nash equilibrium problem and so on, as its special cases
[1,2].

The generalized mixed equilibrium problem is to find a point x € K such that

Ox,y) + (Ax,y —x) + p(y) —p(x) >0, VyeKk, (1.2)

where ¢ is a function on K into R and A is a nonlinear mapping from K to H. The set of

solutions of a generalized mixed equilibrium problem is denoted by GMEP(®, 4, ¢).
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If we consider ® =0 and ¢ = 0 in (1.2), then we have the classical variational inequality

problem which is to find a point x € K such that
(Ax,y—x) >0, VyeK. (1.3)

The solution set of (1.3) is denoted by VI(K, A).
To proceed we need to recall some definitions and concepts.

Definition 1.1 Let K be a nonempty closed convex subset of a real Hilbert space H.
(i) A mapping S: K — K is called nonexpansive if ||Sx — Sy|| < |lx —y||, for all x,y € K.
(i) A mapping T : K — K is called k-strict pseudo contractive mapping, if for all
x,y € K there exists a constant 0 < k <1 such that
2

I Tx - Tyl < llx = ylI> + k| (I = T)x = (I = T)y Vx,y € K, (1.4)

where [ is the identity mapping on K.
(iii) A mapping A :H — H is called monotone if for each x,y € H,

(Ax — Ay,x —y) > 0.

(iv) A mapping A : H — H is called B-inverse strongly monotone if there exists > 0
such that

(Ax — Ay,x —y) > BllAx — Ay||>, Vx,yeH.

(v) The mapping A : K — H is L-Lipschitz continuous if there exists a positive real
number L such that ||[Ax — Ay|| < L|lx—y| forallx,y € H.If 0 < L < 1, then the

mapping A is a contraction with constant L.

Clearly a nonexpansive mapping is a 0-strict pseudo contractive mapping [3]. Note that
in a Hilbert space, (1.4) is equivalent to the following inequality:

1-k
(Tx - Ty,x—y) < llx—ylI* - Tll(x—y) —(x-1)|’

Vx,y € K. 1.5)

We denote F(T) = {x € K : Tx = x}, the set of fixed points of T. It can be shown that, for
a k-strict pseudo contractive mapping T : K — K, the mapping I — T is demiclosed, i.e.,
if {x,,} is a sequence in K with x,, = g and x,, — Tx,, — 0, then g € F(T) (refer to [4]). The
symbols — and — denote weak and strong convergence, respectively.

A set valued mapping Q : H — 2 is called monotone if for all x,y € H, f € Q(x) and
g € Q(y) imply (x —y,f — g) > 0. A monotone mapping Q : H — 27 is maximal if the
graph G(Q) of Q is not properly contained in the graph of any other monotone mapping.
It is well known that a monotone mapping Q is maximal if and only if for (x,f) € H x H,
(x—y,f —g) > 0 for every (y,2) € G(Q) implies f € Q(x) [5].

For any x € H there exists a unique point in K denoted by Pxx such that ||x — Prx|| <
|l — y|| for all y € K. It is well known that the operator Px : H — K, which is called the
metric projection, is a nonexpansive mapping and has the properties that, for each x € H,
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Pxx € K and {x — Pxx, Pxx —y) > 0, for all y € K. It is also known that || Pgx — Pxy|? <
(% — v, Pxx — Pxy), for all x,y € K [6]. In the context of the variational inequality problem,
we obtain

q € VI(K,A) ifandonlyif ¢q=Px(q—AAg), VYA>O0. (1.6)
Let I be an index set. For each i € I, let ®; be a real valued bifunction on K x K, A; a

nonlinear mapping, and ¢; : K — R a function. The system of generalized mixed equilib-
rium problems as an extension of problems (1.1), (1.2), and (1.3) is to find a point x € K

such that
O;(x,y) + (Aix,y —x) + i(y) — @i(x) >0, VyeK,Viel. 1.7)
Note that [),.; GMEP(0;, 4;, ¢;) is the solution set of (1.7).

Vast range of problems which arise in economics, finance, image reconstruction, trans-
portation, network and so on, appear as a special case of problem (1.7); see for example [7—
10]. This problem also covers various forms of feasibility problems. So, it seems reasonable
to study the system of generalized mixed equilibrium problems. There are many authors
who introduced some iterative processes for finding the solution set of these problems or
common solution of someone with others, for instance see [2, 11-13] and the references
therein. In 2010, Peng et al. [14] introduced the following iterative algorithm for finding
a common element of fixed points of a family of infinite nonexpansive mappings and the
set of solutions of a system of finite family of equilibrium problems:

zn=z€H,

tn = Ty Ty Ty Ty 2,

Vy = Pr(I - 5,A)uy,

Zui1 = AV f(Wazy) + ([ — ayB)W, P (I = 1,A) V.

Under suitable conditions, they presented and proved a strong convergence theorem for
finding an element of Q = (5, F(T;) N VI(K,A) N (-, EP(Fx). In 2013, Cai and Bu [11]
proposed an iterative method as follows:

x=x€ek,
Far, FAr-1,9M— Fi,
2w = T (1 = raguBa) TNV = ryg 1 uBaid) - - - T = 1By,

Uy = P(I — AnuAN)Pr (I — An_1,uAN-1) - - - P (I = A1,uAL) 2,
Xns1 = Ouf (Spxn) + By + (I = B — ) W(T,1) Stay.

They proved that under appropriate conditions, the sequences {x,}, {z,}, and {u,} con-
verge strongly to z = Pqf (z), where Q = F(W) N ("5, F(T;) N (-, GMEP(Fx, ¢, Bx) N
ﬂfil VI(K, A)) and f is a contractive mapping. The iterative method for solving a system of
equilibrium problem has studied by many other authors; for example [7, 14, 15] and so on.
Note that, for finding common fixed point of a finite family of mapping and solution set of
other problems, authors usually have been using the so-called W-mapping [11, 16, 17]. For
example Thianwan [16] proposed the following method for finding a common element of
the set of solutions of an equilibrium problem, the set of common fixed points of a finite
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family of nonexpansive mappings, and the set of solutions of the variational inequality of
an a-inverse strongly monotone mapping in a real Hilbert space:

¢(Mm}’) + i()/— Uy, Uy _xn> 2 0’
Wy = QpXy + (1 - O5;’1)‘)V;11)1'((’/ln - )\nAun):
I(n+1 = {Z eKn : ”Wn _Z” = ”xn _Z”}:

X1 = Pr,q (%0).

He showed that under suitable conditions, the above algorithm strongly converges to
ﬂf\il F(T;) N EP(¢p) N VI(K, A), where for each i =1,...,N, T; is a nonexpansive mapping
and A is an «-inverse strongly monotone mapping.

In this paper, we present an iterative algorithm for finding a common solution of a sys-
tem of finite generalized mixed equilibrium problems, a variational inequality problem
for an inverse strongly monotone mapping and common fixed points of a finite family
of strictly pseudo contractive mappings. We show that the algorithm strongly converges
to a solution of the problem under certain conditions. Our results modify, improve and
extend corresponding results of Takahashi and Takahashi [18], Zhang et al. [19], Shehu
[20], Thianwan [16], and others. The rest of the paper is organized as follows. Section 2
briefly explains the necessary mathematical background. Section 3 presents the main re-
sults. A numerical example is provided in the final section.

2 Preliminaries
It is well known that in a (real) Hilbert space H

e+ 511> < llxl1% + 2(p,2 + 9), (2.1)

for all x,y € H [12]. Furthermore, it is easy to see that

m 2 m
in = Z(x,-,x,»). (2.2)
i=1 ij=1

Lemma 2.1 ([13]) Let {a,}, {b,}, and {c,} be three nonnegative real sequences satisfying
Aps1 = (1 - tn)an + bn +Cy
with {t,} C [0,1], Y 021 ty = 00, by = 0(t,), and y_ e, ¢, < 00. Then lim,_, » a, = 0.

Lemma 2.2 ([21]) Let H be a (real) Hilbert space and {x, }ﬁ,‘[:l be a bounded sequence in H.
Let {a,}\, be a sequence of real numbers such that 25:1 a, =1. Then

2

N N

2
Zﬂixi < ZﬂiniH .
i1 i1

Lemma 2.3 ([22]) Let {x,} and {z,} be bounded sequences in a Banach space and B, be
a sequence of real numbers such that 0 < liminf,_, , B, < limsup,_, . B, <1 for all n > 0.
Suppose that x,.1 = (1 — By)zn + Buxn for all n > 0 and limsup,,_, (1241 — Zull — %ns1 —
%) <0. Then lim,,_, ||z, — x| = 0.
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Let us assume that the bifunction © satisfies the following conditions:
(Al) O(x,x)=0,¥x € K;

(A2) © is monotone on K, i.e.,, O(x,7) + O(y,x) <0, Vx,y € K;

(A3) forallx,y,z € K, lim;_, o+ Otz + (1 — t)x,7) < O(x,y);

(A4) forallx € K, y > O(x,y) is convex and lower semicontinuous.

Lemma 2.4 ([1]) Let K be a nonempty closed convex subset of Hilbert space H and © be a
real valued bifunction on K x K satisfying (A1)-(A4). Let r > 0 and x € H, then there exists
z € K such that

1
O@y)+-y—-2z2z-x)>0, Vyek.
r
Lemma 2.5 ([2]) Suppose all conditions in Lemma 2.4 are satisfied. For any given r > 0,
define a mapping T, : H — K as

1
Tyx = {ze](:@(z,y)+ -(y-z,z-x) zO,VyeK},
r

forall x € H. Then the following conditions hold:
1. T, is single valued;

2. T, is firmly nonexpansive, i.e.,
| Tyx — Toyl|*> < (Tyx— T,y,x—y), Vx,y€H;

3. F(T,) = EP(®);
4. EP(®) is a closed and convex set.

Remark 2.6 For the generalized mixed equilibrium problem (1.2), if the nonlinear opera-
tor A is a monotone, Lipschitz continuous mapping, ¢ is a convex and lower semicontin-
uous function, and the real valued bifunction ® admits the conditions (A1)-(A4), then it
is easy to show that G(x,y) = ©(x,y) + (Ax,y — x) + ¢(y) — ¢(x) also satisfies the conditions
(A1)-(A4), and the generalized mixed equilibrium (1.2) is still the following equilibrium
problem:

find x€K suchthat G(x,y) >0, VyeKk.

3 Main results

As is well known, the strict pseudo contraction mappings have more useful applications
than nonexpansive mappings like in solving inverse problems [23]. In addition, various
problems reduced to find the common element of the fixed point set of a family of nonlin-
ear mappings such as image restoration (see for example [24]). For construction an algo-
rithm which can used to obtain the fixed point set of a family of strictly pseudo contractive
mappings we need to introduce the following proposition.

In the sequel, I = {1,2,...,m} and J = {1,2,...,[} are two index sets.

Proposition 3.1 Let T;: K — K, j € ], be kj-strict pseudo contractive mappings. Define
S:K—KbyS=yl+nTi+---+yTi,wherethe{y;},j €], arein (0,1) and, foreachn € N,
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Z,l':o Vi = LIfyo € [k, 1) such that k = max{ki,..., k;}, then S is a nonexpansive mapping and
F(S)= ﬂ;e]F(Tj)«

Proof By the definition of the mapping S, we have

2
[1Sx - SylI* = ygllx - ylI* +

> y(Tx—Ty)

jel

+2y0 Y yjlx—y, Tix - Tjy). (31)
I

On the other hand, from (1.4) and (2.2) we have

2
Y v(Tr-Tp)| =D vyilTx - Ty, Tx - Ty)
jeJ Ji€]
<Yyl T = Tl Tix — Ty
jie]

1
< 5 Y wnilIT - Tyl + 1 Tox - Topl)
Ji€]

IA

% > vl =31 + k[ (- 9) — (T = Ty |
Jri€]

+ e —y)* + ki” (x=y) = (Tix - Tpy) ”2]

> il -yl?

jie]
£y > vk - 9) - (T - T | (3:2)
jeJ ie]

Furthermore, (1.5) implies that, for each j € J,

1-k
(=3 T — Tpy) <l —yl* - T’ll (x—y) - (Tx - Ty)|". (3.3)

By substituting (3.2) and (3.3) in (3.1), we have

[Sx = Sy||* < (yg £ vty )/0)/;‘) ll - yII*

jiie] jeJ

30 Y ik e -9) - (T - T |

jel ic]
= ven -k -9~ (T - T)|*
jel
= llx-yI” - ZV;‘[VO(l - k) - ka,} | =)~ (T - T |*
jeJ ie]

= =12 = Y ylrd-k) - @ - vk ]| -2 - (T - T)|*
jel
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= =12 = Y v — k)| - 9) — (T - T |*

jel
< e =y1* =D o -0 (x~9) ~ (Tpx - Ty) |
jel
< llx -yl (3.4)

Then S is a nonexpansive mapping. Now, by the definition of S we obtain /- S = Zje v~
T;) and clearly F(S) = ﬂie] F(T)). a

Theorem 3.2 Let ®;: K x K — R, i € I, be bifunctions satisfying (Al)-(A4). Suppose that,
foreach i € I, the B; are 6;-inverse strongly monotone mappings, the C; are monotone and
Lipschitz continuous mappings from K into H, and the ¢; are convex and lower semicon-
tinuous functions from K into R. Let T; : K — K, j € ], be kj-strict pseudo contractive map-
pings and A : K — H be a o-inverse strongly monotone mapping. Let f : K — K be an
e-contraction mapping and {v,} be a convergent sequence in K with limit point v. Suppose
that Q2 = (,., GMEP(®;, B;, C;, ;) N

ey F(T;)NVI(A, K) is nonempty. For any initial guess
x1 € K, define the sequence {x,} by

iel

Oi(tni,y) + (Cithi + Bk, ¥ — i) + 0i(y) = @i(thn,z)

+ %(y— UpisUni— %) >0, VyeK,\Viel,
Yn =0pVy + (1 - Ol,,([ _f))PK(Z,'GI an,iun,i - )\nA Zie[ (Sn,iun,i):
Xntl = ,ann + (1 - ,Bn)(y()[ + Z]‘G] ijj)PK(yn - )\nAyn)r

(3.5)

where for all n € N, (A}, {rni}ier € (0,00), and {an}, {Bu}s {8nitier, (¥} € (0,1) are se-
quences satisfying the following control conditions:

L limyeo 0y =0, Y oo oty = 00;

2. 0 <liminf,, o B, <limsup,_, . B, <1;

3. for some a,b € (0,20), Ay € [a,b] and limy,_, o6 |Aps1 — Au| = 0;

4. forsomed>0,0<d <8,; <1, ;. 8pi=1andy - 18us1,i = Suil < 00;

5. for some ¢ >0, k < yo < c<1such that k = max;e;{ki} and 3, vy =1;

6. for some 1;, p; € (0,26;), 1 € [Ti pi] andy ooy |Fpsri — il <00, i € 1.
Then the sequences {x,} converges strongly to z € Q, where z = Po(v + f(2)).

Proof Forx,y € K andi € I, put G;(x,) = ©;(x,y) + (Cix, y —x) + ¢;(y) — ¢i(x). By Remark 2.6,
G; satisfies the conditions (A1)-(A4) and so the algorithm (3.5) can be rewritten as fol-
lows:

Gilttniry) + (B, Y — tni) + 7= (Y = iy i —%,) 20, VyeK,i€l,
Yn =0pVy + (1 - Ol,,(] _f))PK(Z,'GI an,iun,i - )\nA Zie[ 8n,iun,i)t (36)
KXntl = ,ann + (1 - /Sn)(y()[ + ng] ijj)PK(yn - )WlAyn)

Claim 1 The sequences {x,}, {yu}, {ttn}, {ta}, and {k,} are bounded where, for each n € N,
U, = Ziej an,iun,ir ty, = PK(yn - )\nAyn)r and kn = PK(un - )VnAun)'

To prove the claim from (3.6) we have

1
Gi(tniry) + —(y = this i — (I = 1iBi)xs) > 0, VyeK,i€l 3.7)

T'n,i
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Then, by using Lemma 2.5, for each i € I, we have u,; = Ty, ,(x, — r4,Bix,), and, for any
qe Q, q= Trn,i(q - rn,iBiq)‘ Thus

et = ql1® = || Ty, G = 7niBitn) = T, (g = 10Bi) |
< ||®n = ruiBi%n) = (q — rn,iBiq) ||
< l%n = qll* + 721 Bixxn — Biq||* — 27,1 — q, Bixys — Biq)
< % — qlI* + 7 | Bixs — Bigl|* = 27,,:61|Bix, — Big )

= 1%, — qII* + 7 i(rui — 26,) || Bixn, — Big)

<l —qll*. (3.8)
So, we have
et = q1* <Y Suillttni =gl <Y Suilln — qll* = llx — g1l (3.9)
iel iel

By the definition of ¢, and k,, we have

”tn - f1|| =< ” (.yn - )\nAyn) - (q - )\nAq) ”

< llyn -1l (3.10)

and

lkn = gll < ||(n = AnAttn) = (g — 1nAq) |

< llun —1qll. (3.11)
Since lim,,_, o, v, = v, {v,,} is bounded,

lyn =gl < tullv = qll + ctu|[f (k) = g + (1 = &) 1k = gl
< oy My + e llky = gll + | f(q) — g + @ = )20 — gl

= [1—a,,(1—e>]||xn —qll + o (M + |f(@) - 1)

smaX{IIxn al— (M1+ |lf(q)+q||)} (312)

where M; = sup,.{llv, — qll}. Putting S = yol + Zje} v;T}, by Proposition 3.1, S is nonex-
pansive. On the other hand, for all # € N, we have
%ni1 = gqll < Bullxn —qll + (1 = Bu)ISt, — gl
< Bullxn —qll + 1 = Bu)lltn — 4l

< Bullxn —qll + A= Ba)llyn —4ll

SmaX{len al T— (M1+|lf(q)+q||)} (3.13)
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By induction, we deduce that

1
%41 — gll = max{ % -4l :(Ml +|f(@) +4q|) }, Vn e N. (3.14)

Therefore, {x,} is bounded, and so are {y,}, {u,}, {#.:}, {t.}, and {k,}.
Claim 2 |jx,,; —x,|| > 0 as n — oo.

Letz, = ﬁxml - lf%xn. Hence

1 1
|Zne1 — zull = 1_713;4”(95;“2 = Bri1Xni1) — m(xnﬂ — Bun)

= ”Stwrl - Stn ”

= ||tn+1 - tn”- (315)
Now, by the definition of ¢, we have

”tn+l - tn ” E || (yn+l - An+1Ayn+1) - O’n - )\nAyn) ”

< yner = Yull + [Anir = Al |AYn |l (3.16)
Similarly,
K1 = Knll < Nttsr = sl + (i1 = An| [l Astyr I (3.17)
By (3.17) and the definition of y,, we obtain

191 = Yull < Gsrstllvines = Vil + letmer = @l [Vall + letnsn = ol |f (ki) |
+ et = @l ol + || (T = a0 = 1)) (Kini1) = (I = a1 = 1)) (k)
< @i [Vier = Vall + et =l (IVall + [F k) | + [1Knll)
+ (1= atnan (1= €)1 kst — kil
< @1 Va1 = Vall + letner =l (Ivall + [ Ka) || + 11Kl

+ (1 o (l- 8))(||Mn+1 = Uyl + | Ans1 = Anl ”Aun”) (3.18)

Furthermore, by the definition of 1,

|

1241 — uull = Z(‘Snﬂ,iunﬂ,i - Sn,iun,i)
iel
< Z 8n+1,i(”n+l,i - un,i) + Z(‘Sm—l,i - 5n,i)un,i
iel iel
<Y Snnilltnini = il + D 18meri = Sl sl (3.19)

iel iel
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From (3.7), since for each i € I, u,,;, 1 € K,

1
Gi(Uns1,ir Un,i) + r—<un,i = Unsrir Unsri — (I = Tpi1,iBi)%ns1) > 0 (3.20)
n+1,i
and
Gi(un,i: un+1,i) + 7<un+l,i - Mn,i: Mn,i - (1 - rn,iBi)xn) 2 0. (321)
i

By adding the two inequalities (3.20), (3.21), and the monotonicity of G; we have

Ui — (I = 10,iB)%n  Wpiri — (= 711, Bi) %1 )
Un+l,i — Unis - >0, Viel.

Vi Tn+l,i

So

Tn,i

<Mn+l,i - un,i: un,i - (1 - rn,iBi)xn - rn,iBixn+l - (un+1,i - xn+1)> Z 01 Vi S 1.

Vnil,i

Thus, for each i € I,

.
<un+1,i_un,i, (I =7,iBi)%ne1 — (I =1, iBi)y + (Ui — Upr,i) + (1— e )(un+1,i _xn+1)> > 0.

T+l

This yields

2
”Mn+l,i - Mn,i” S <un+1,i - Mn,ir (I - rn,iBi)erl - (1 - rn,iBi)xn

rn,i
+ (1 - )(Wm,i - xn+l)>
Tnl,i

=< ||un+1,i - un,i” |:|| (I - rn,iBi)anrl - (1 - rn,iBi)xn ||

Tn,i
+1- ||Mn+1,i _xn+1||
Tntl,i
rn,i .
< N ttnsri = il | 1041 — xull + |1 - Netpsri =Xt |, Vield,
Tnil,i

or

1
N2tnst,i — Unill < 1%ns1 = X ll + —— 170410 = Fail | #0041, — X |l
n+l,i

1 .
< 1 =l + ;'rnﬂ,i —TilMs, Viel, (3.22)

where 7 = inf,>{r,;} and My = sup, ., {ll#,,; — x,|}. Thus, from (3.15), (3.16), (3.18), (3.19),
and (3.22) we obtain

”ZVH—I - Zn” = ||xn+1 _xn” + an+1||vn+1 - Vn”

+ lotar = ol (I1vall + 1kl + [[f(K)|)
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1
+ [Ani1 = Al 1Ayl + (1 —ap(l- 8)) I:Z 8n+1,i? [Pni1,i = il Mo

iel

et = Dnl Al + D 18101 = S ||un,i||]

iel

So, by assumptions 1-6 of the theorem

limsup{[|Zus1 = zull = %01 = Xull} < O,

n— 00

and by Lemma 2.3, we have
lim ||z, —x,]|| =0.
n— o0

But, since x,,,1 —x, = (1 — B,)(z, — x,,), we have
lim ||x,41 — %, = 0. (3.23)
n—0oQ

Claim 3 lim,_,  [|x, — Sx,] = 0.

Note that

1 = Sxpll < %1 = Xl + %01 — SEall + [1SE, — Sexy ||

< %1 = Xull + %001 = SEall + 120 — %l (3.24)
First we show that lim,,_, o ||%,,41 — St,|| = 0. From (3.5)

[%n+1 = Stull < Bulln — Stall

< Bullwn = xnaall + Bullxnia — Stall.

Hence
B
”xn+l - Stn” =< 1 _y;gn ”xn _xn+l||'
This implies that
lim ||x,.1 —St,|| = 0. (3.25)
n— o0

Now, we prove that lim,_, « ||, — %, || = 0. To do this, it suffices to show that lim,,_,  ||%, —
uy|| =0 and lim,_,  ||##,, — £,|| = 0. By the definition of ¢, we have

2
It = ql® < | On = ndAyn) — (@ = 2nAQ |
< lyn = ql* + 2u(r = 20) | Ay, — Aql)?

< 1% = g1 + An(hn — 20) 1Ay, — Aql*. (3.26)
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So, by (3.26) and the convexity of || - ||, we have

I%ne1 = ql1* < Bullxn — qlI* + (1= B)IISt, — qlI?
=< ;Bn”xn - q||2 + (1 - ,Bn)”tn —fI||2
=< ;Bn”xn - q||2 + (1 - ,Bn)(”xn - q||2 + )\n()m - 2U)||Ayn —AQIIZ)

=%, — q||2 +(1- ,Bn))‘n()”n - ZU)HAyn —AQHZ-
Hence

(1-B)ru(20 - )"n)”Ayn —AQIIZ <%, - q”2 = %41 — q”2

< 1% = a1 (160 = g1l + %001 — qll),
and then
Tim |4y, — Aq| = 0. (3.27)
Using the projection properties gives us
Itw = gl = | Pk = 2nAya) - Pic(q — 2nAq) |
< (On = 1ndyn) — (@ = 1nAq), b — q)
= %[H On = Anyn) = (@ = 2uAD) | + 116 — g2
— | On = Auhy) = (@ = 2uAq) = (8 - )| %]
< 5 b=l + el = 70— 1~ 20430~ A0) ']
< %[Ilyn =gl + 1ts = qll* = lyn — tall*> = 221 Ay, — Aq?
+ 24 (Y — bny Ay — Aq) .

This implies that

s = qll* < lyn = qll* = lyn — tall> = A1 Ay, — Aq?
+ 2%, (Y — s Ay — Aq)

= ”yn - 6I||2 - ”yn - tn||2 + 2)Ln<yn - tn;Ayn —Aﬂﬁ' (3«28)

From (3.28) and the convexity of | - |2, one can see that, for g € Q,

%01 = qll> < Bullon — qll> + (1 = B)IStn — gl
< Bull%n —qll* + A = B)lItn — ql”
< Ballxn = aqll” + @ = B)[llyn = qlI* = 1y — tull?
+ 2 (Y =t Ay — Aq) |
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< Bullxw = ql* + (1= Bo)[@ullve — qlI* + | f (k) —
+ (1 _Oln)”kn - 6I||2 - ”yn - tn||2 + 2)‘n(yn - tn:Ayn —ALI>]
< Bulltn = ql® + (1= Bo)[@ullve — qlI” + | f (k) — g

+ (L —o) o, — 61||2 —lym - tn”2 + 200V — bty Ay —AQ)]

Hence
(L= B)llyn = tall> < (U= B)ctullv = ql* + 0| f (k) — q*
+ 22 (Y =t Ay — Aq) |
+1n = 1% = %01 — g1l
< (U= Bo)etnllvi - ql* + 0| f (k) — q°
+ 219 = tall 149, — Aql]

2 2
+ 1196 = Xt | (1% = 11 + 1201 — q1I),

and so by (3.27)
lim ||y, — 4]l = 0. (3.29)
n— o0

Next, we show that lim,,_, ||y, — #,|| = 0. The definition of k, and a similar argument to
(3.26) give us

1k = glI* < %0 = qlI* + kn(hn — 20) || A, — Aq*. (3.30)
Then
[%s1 = gll* < Bullcn — qll* + A = B)IStn — qlI?
S ﬁn”xn _q”2 + (1 - ,Bn)”tn —61||2
< Bullxn —ql* + @ = Bu)llyn — qll”
< Bullxn _4”2 +(1- ,Bn)(an”Vn - 61||2
+ k) =] + (1= ) llks - q11%)

<l = qll* + (= B (@ullve — ql® + @ |[F (k) — q|%)
+ (1= B = a)An(Ay — 20) || Au, — Aql|*.

Hence

1= B)A - )hn(20 = ) Auy — Aqll* < 1% — qlI* = %041 — ql1?

= ”xn _xn+1||(”xn - q” + ”xn+1 - 6]||),
and therefore

lim [[Au, — Aq]| = 0. (3.31)
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Similar to (3.28) we can see that

”kn - 61||2 = ”un - 6I||2 - ”un _kn||2 + 2)‘«n<un _kmAun —AQ>

< ln = qll* = llttw = kull* + 2001t — Ky Aty — Aq). (3.32)
From (3.32) and the convexity of || - ||2, we have

a1~ qI> < Bulln =l + A= B)IIStn — qlI®
< Bulltn = qlI? + (L= Bt — qII?
< Bulltn = qlI* + L = Bo)llyn —qll?
< Bulltn — qlI? + (A = B)etnllv — g1l
o |f () = ) + @ = ) llken — q11]
< Bulln — > + U = Bo)eullvi — ql1* + 0| f (k) — q]*
+ (L= ) (116 = 11 = s = ka1 + 221k = Koy sty — Aq))
< %0 —qlI* + (= B)[etnllve — qll* + @[ f (k) - q])*
+ (1= )22ty — iy Aty — Ag) | = (1= B) (A = et) |t — K1

So

(1= Bn) (A = )|t — kil < (L= B [@ullv — gl + [ f (k) — ]
+ (L= Bn) (1 = 00u) 20 (s — K, Ay — Aq)
11 = g1 = %1 — gl
< (U= B)etnllvn = ql> + o | f (k) — ]
+ (L= Ba)(1 = )20t — kil | A, — Aqll

+ 1190 = %o | (160 — gl + 1%01 — qll).
Then the above inequality and (3.31) imply that
lim ||, — k|| = O. (3.33)
n—00
But from (3.5),

lyn = tnll < @nllve — tnll + oy Hf(kn) —Up H + (L= o)k = |-

So, from (3.33) we have
lim ||y, — uy|| =0. (3.34)
n—0oQ

Then by (3.29) and (3.34) we have

lim [|s, — £,]| = 0. (3.35)
n—0o0



Payvand and Jahedi Fixed Point Theory and Applications (2016) 2016:93 Page 15 of 23

Now, we show that lim,,_, o ||%, — u,|| = 0. To do this, note that, for any i € I,

”un,i - 61||2 = || T, (xn - rn,iBixn) - Trn‘,v (q - rn,iBiq) ”2

Tn,i

<(T,

T'n,i

(xn - rn,iBixn) - Tr,,,l- (q - rn,iBiq)’ (xn - q) - rn,i(Bixn - qu))
= (Mn,i — 4, Xy — q) - rn,i(un,i - q:Bixn _Biq)
< (tni = 4 %n ~ q) = 1,:1| Bixn ~ Bi||*

< (Mn,i - qnxn - q) (336)

So, from (3.36) and the definition of u,, we obtain

2 2
et = q1* <Y Suillttni — gl

iel
< Z(Sn,i<un,i - q:xn - q)
iel
= <Z ‘sn,iun,i — 4, Xy — q>
iel
={un —q, %0 — q)
1
< E[Hun =gl + %0 = q11* = lln — 24ll]-
Thus,
ltn = q11* < loew = ql1* = st — 2. (3.37)

Since S is nonexpansive, we have

ner = ql> < Ballxn — qll? + (1= B) ISt — gl

< Ballxn = ql? + (L= Bo)ltn — g2

< Bulln — gl + (L= Bo)llyn - all®

< Bulln = qll* + (U= Bo) (ctnllv — ql1* + 0| f (k) — q]*)
+ (1= B (1 - )k - ql>

< Bulln = qll* + U= Bo) (enllv = ql1> + 0| f (k) — q]*)
+ (1= Bu)(1 = )l — gl

< Balltn — al? + (1= Bo)(@nllve — gl + [ ) — a]|*)

+ (1= Ba) (X =) (60 — qlI* = 1% — ]1?).
Hence

(1= B = @) %, — > < (1= B (@ullve — qlI* + @ | f (k) — q||)

2 2
+ 1% = qll” = %01 — 4l
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< (1= B (@nllve — ql* + @ | f (k) - q°)
+ (I = qll = %1 = 1) (1% = 1l + %1 — qll)
< (1= B (@ullve — ql® + || f k) - q||)

+ (”xn =4l + |%n41 _q”)”xn = Xpi1lls

which yields
lim ||x, — u,] = 0. (3.38)
n—0oQ

Since ||t,; — x|l < |It, — Ul + |26 — %], from (3.35) and (3.38) we obtain
lim ||, — %] = 0. (3.39)
n— 00

Inequality (3.24) and equations (3.25), (3.39), and ||x,, — x,,1|| — O imply that

lim ||x, — Sx,| = 0. (3.40)

Claim 4 limsup,_, (v +f(2) — 2,9, — z) <0, where z = Po(v + f(2)).

To prove the claim, let {y,, } be a subsequence of {y,} such that

lim sup(v +f(2)—zy,— z) = lim sup(v +f(2) = 2,9, — z). (3.41)
n—00 n—00
By boundedness of {y,, }, there exists a subsequence of {y,, } which is weakly convergent
to zo € K. Without loss of generality, we can assume that y,, — zo. So, (3.41) reduces to

limsup(v +f(2) = z,yn — 2) = (v + f(2) — 2,20 — 2). (3.42)
n—00
Therefore, by projection properties, to prove (v + f(z) — z,zo — z) > 0, it suffices to show
that zo € Q.

(a) First we prove that zp € ﬂ;g ; F(Tj). From (3.40) and the demiclosedness property of
S we obtain zy € F(S). So, by Proposition 3.1, zy € m;me] F(T)).

(b) Next we show that zy € VI(4, K). Note that from boundedneess of {x,}, {u,}, and
equation (3.33), there exist subsequences {x,, } and {u,,} of {x,} and {u,}, respectively,
which converge weakly to zy. Suppose that Nxx is a normal cone to K at x and Q is a
mapping defined by

_ ) Ax+ Ngx, x€K,

Q) @, x ¢ K.

(3.43)

It is well known that Q is a maximal monotone mapping and 0 € Q(x) if and only if
x € VI(A, K). For details see [2]. If (x,u) € G(Q), then u — Ax € Ngx. Since k,, = Px(u,, —
MAu,) € K, we have

(x — ky,u — Ax) > 0. (3.44)
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In addition, from projection properties we have (x — k,, k, — (u,, — A,Au,)) > 0. Then (x —

ki, k”;n”" +Au,) > 0. Hence, from (3.44) we have

(x - knk, u) > (x - knk:Ax>

kn - Yn
> (% — Ky, Ax) —<x—knk, % +Au,,k>
Mg
= (X — k., Ax — Ak ) + (0 — Ky, Ak, — Ay, )
_ <x_ Ko ’M>
Do

Ky — thy

> (x =k, Ak — Aty ) — (X — ki, | (3.45)
g

Since A is a continuous mapping, from (3.34) and (3.45) we deduce that
(x—zo,u) >0, ask— oo.

Therefore, from maximal monotonicity of Q, we obtain 0 € Q(z,) and hence zy € VI(4, K).

(c) Now we prove that zo € (),.; GEP(G;, B;). For all i € I, by (3.36),

2
letn,i — qll” < (Ui — G %0 — q)
< l[” X 2 2 . 2]
=5 Ui —qII” + 10 — qlI” = et — x4l
and then
2 2 2
llztni — qll” < 1w — qll” = 2t — %"

This implies that

2 2
et = q1* <D uillttni — qll

iel

2 2
< Mot = qll* =Y Suill e — >

iel

Therefore, for any i € I,

et =l <Y Snilltti = 2alI> < 6 = q11* = ll14n — g1
iel
< % = a1 (I = qll + 1, = g1l
So by (3.38),

lim ||t — %] =0, Viel (3.46)
n—00

Since {u,,}ic; is bounded, by (3.46), there exists a weakly convergent subsequence {u,, ;}
of {u,;} to zo. Now, we will show that, for any i € /, zy is a member of GEP(G;, B;). Since
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i = Ty, ;(Xn — 1 Bixy,), for all y € K we have

1 .
Gz’(un,iry) + (Bixn;y - un,i) + }"_ (y — Up,is Un,i — xn) = 0, Viel.

ni

From (A2) we obtain

1 .
(Bidty,y — Uyi) + — Y =ty Ui — x0) = Gi(y,up), VyeK,Viel

n,i

Hence, forall y € K,

Upyi — Xy,

(Bixnk»y - unk,i> + <J/ — Ung,is > = Gi(y, unk,i); Viel

rnk,i

Let y; =ty + (1 - £)zo, where ¢ € (0,1] and y € K. Then y, € K and by (3.47),

(yt - unk,irBiyt> > (yt - unk,i,Biyt> - (yt - unk,irBixnk>

Upy i — Xny,
- <yt - unk,i, r + Gi(ytr unk,i)

Nyt
= (Yt — Ungi» Biye — Bithy i) + (Yt — Wy is Bitny i — Bixny,)

unk,i - xnk .
— <yt — Uny,is 7> + Gi()/t: unk»i)’ Viel.

rnk,i
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(3.47)

But B; is a 6;-inverse strongly monotone mapping and letnyi — Xni Il = 0, so || Biuty,,; —

Bixy |l — 0 and (y; — i, Biy: — Bitty,,i) = 0, for all i € I. As k — oo, the relations

Umiei e, Uy, — 0, and condition (A4) imply that

Tnpi

(e — 20,Biye) = Gi(y1,20), Viel

From (A1), (A4), and (3.48) we have

0= Gi(yhyt) < tGi(ytry) + (1 - t)Gi(thO)
<tGiy,y) + 1 =) {y: — z0,Biys)
=tGi(ye,y) + 1= Oty — 20, Biyr)

< Giny) + A=)y —2z0,Biy:), Viel.
Letting ¢ — 0, so for each y € K,

Gl'(Zo,y)+ (y—Z(),Bl'Z()> >0, Viel.

(3.48)

That is, zg € GEP(G;, B;), for all i € I. Now by parts (a), (b) and (c), zp € 2. Therefore, from

(3.42) we obtain

limsup<v +f(2) -z, —z) = <V +f(2) -z 20 —z) <0.

n—0oQ

(3.49)
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Claim 5 The sequence {x,} converges to z, where z = Pq(v + f(2)).

From the convexity of || - |* and (2.1) we deduce that

[%ne1 = 2I* < Bullxn — 211% + (1 = B)IISty — 2]
< Bullxn —2I* + (1= Bl — 2l
< Bulln = 2l* + (1= Bu)llyn — 2
< Bulltn =21 + (1= B) || ctul v +f (k) - 2]
+ (- ) (ks -2
< Bulln = 2l” + (1= B (1 — )1y — 2]

+20,(1 = B)(va +f (ki) = 2,0 — 2)

< Bullxn — 21 + (1 = B) (A — o) |2, — 2] (3.50)
+20,(1 = B)(va +f (kn) = 2,0 — 2)
= (1 —a,(1 - ,Bn)) llx, — Z”2 + VY (3.51)

where y, = 20,(1 — B,,) (v + f (%) — 2, ¥4 — 2). On the other hand

Vn = 20,1 = Bu)(va + f (kn) = 2,3 — 2)
= 20,1 = B)((va = V) + (f (k) = (2)), 3 — 2)
+20,(1 = Bu)(v+f(2) — 2,9, — 2)
< 2a,(1 = B){llva = VIl + &llku — zll} lyn — 2l
+20,(1= Bu)(v+f(2) — 2,5, — 2)
< ay@=Ba) (Ve = VI* + llyn —2I%)
+ (1= B (ks = 2II + [y - 211%)

+20,(1 = BV + f(2) — 2,90 — 2).
Suppose that My = sup, n{lly. — zll}. So

Vn < an(L = Bu)ellon — zl* + (1 = Bu) [M7 + (L + ) Mg ]

+20,(1= BV +f(2) - 2,y — 2). (3.52)
Substitute (3.52) in (3.50), then

%1 = 211* < (1= (L = B)) 12 — 2II> + (1 = Bu)e |l — 22
+ a1 = Ba)[(A + )M; + M + 20,1 = BV + f(2) = 2,90 — 2)
=< [1 - Ol,,(l - ﬂn)(l - 8)] ”xn - 2”2 + Ol,,(l - ﬂn)M

+ 20,(1 - /3”)<v +f(2)—z,9, - Z),
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where M = (1 + e)M} + M. Therefore from (3.49) and Lemma 2.1, we conclude that
lim,, o ||%, — 2| = 0. Also from (3.34) and (3.38) we can see that y, — z and u, — z.

This completes the proof. O

Let m =1 in the index set I and take §,,; =1, so (3.5) becomes the following algorithm:

O(un,y) + (Cuy + Bxy, y — ) + @(y) — ()
+i(y_umun_xn)20; VyeK,

Yn =0yVy + (-, _f))PK(Mn - MAuy),

X1 = By + (1 - ,Bn)SPK(J’n - )\nAyn)~

(3.53)

Put ¢ =0, C =0, and {v,} = {0} in (3.53). If A = 0, then by the projection properties, k, =
Pqu,. Since u, € C, we have k, = u,. So, we get the following corollary which is the so-

called viscosity approximation method.

Corollary 3.3 Let ® : K x K — R be a bifunction satisfying (Al)-(A4) and B a 6-inverse
strongly monotone. Let S : K — K be a nonexpansive and f : K — K be an g-contraction
mapping. Suppose that Q = GEP(®, B) N F(S) is nonempty. For any initial guess x; € K,
define the sequence {x,} by

®(un’y) + (Bx,,,y— un) + i()’— Uy, Uy _xn> >0, Vy ek,
Y = f (%) + (1 — o)ty (3.54)
Xn+l = ﬁnxn + (1 - ﬂn)syn;

where {r,} is a positive real sequence, {«,} and {B,} are sequences in (0,1) satisfying the
following conditions:

L limyeo @y =0, Y ooy 0ty = 00;

2. 0 <liminf,_, o B, <limsup,_, . Bx <1;

3. forsome t,p €(0,20), r, € [, p] and lim,,_, 5o (rys1 — 14) = 0.
Then the sequence {x,} converges strongly to z € Q, where z = Pqfz.

4 Numerical example
In this section, we present a numerical example which supports our algorithm.

Example 1 Suppose H = R and K = [-200,200]. A system of generalized mixed equilib-
rium problem is to find a point x € K such that, for each i € I,

©;(x,y) + (Aix,y = x) + ¢i(y) — () = 0, Vye K. (4.1)

Foranyi € I, define ¢; = 0, ©;(x,y) = (y+ix)(y—x) and A;x = ix. It is easy to see that, for each
i €1, ©;(x,y) satisfies the conditions (Al)-(A4) and A; is ﬁ—inverse strongly monotone
mapping. We know that, for each i € I, T, is single valued. Thus for any y € k and r; > 0,
we have

1
Oi(upny) + (A, y —u;) + —(y —upu; —x) >0

L

1
—  Oiupy) + —(y—wupui— I -A)x)>0
.

1

= i+ [+ -0 - 0 -ir)x]y + [ - ir)ux - 1+ ir)ul] > 0.



Payvand and Jahedi Fixed Point Theory and Applications (2016) 2016:93 Page 21 of 23

Let Q;(») = rp? + [ + ri(i — 1))u; — (1 — iry)xly + [(1 — ir)usx — (1 + ir;)u?]. Since Q; is a
quadratic function relative to y, Q;(y) > 0 for all y € K, if and only if the coefficient of y? is
positive and the discriminant A; < 0. But
Ay = [(1+rii=1))u - A —ira]”
- 4ri[(1 —ir)ux— (1 + iri)uf]

= [(1 +r;(i+ 1))ui -(1- ir,-)x]z,

so we obtain

(1—ir)
U= ——————-X
YT l4r(i+1)

and then

(1—ii‘i)

T, (0) = — 7 x.
) 1+r(+ 1)x

Table 1 The behavior of x,, with xo = 10 and xo =-10

Iterative Initial point
number Xo=10 Xo=-10
1 33333 -3.5157
2 0.9411 -1.5857
3 02374 -0.6642
4 0.0556 -0.2619
5 0.0124 -0.0989
6 0.0027 -0.0362
7 0.0006 -0.0129
8 0.0001 -0.0045
9 0.0000 -0.0016
10 0.0000 -0.0005
M 0.0000 -0.0002
12 0.0000 -0.0001
13 0.0000 -0.0000
10 0
9
8
7
5}
6
5
4
-10}
3
2
1
0 : : -15 ‘ ‘ ‘ ‘ ‘
0 2 4 6 8 10 12 0 2 4 6 8 10 12
Figure 1 Convergence of the algorithm with initial values xo = 10 and xo =-10.
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From Lemma 2.5, we have F(T},) = GEP(0, A;) = 0. Define S : K — K by S(x) = sin(x). Then
S is nonexpansive and F(sin(x)) = {0}. So, Q = {0}. Assume that [ = {1,2}, A = 0, {v,,} = {0},

2 1 1 1 .
f@) =35, 1= m, o, =7, Pn=3andd,; =3, C;=0,i€l Hence,

1

Un) = 357 %m
—n+3
Un2 = gyy3%n

_ —613+37n%-5n-6
IYn = 0834722 4120 1
—6n3+37n%-5n-6

10813 +72n2 +12n %n)-

1 2
Xns1 = 3% + 3 sin(

Then, by Theorem 3.2, the sequence {x,} converges strongly to 0 € Q. Table 1 and Figure 1

indicate the behavior of x, for algorithm (3.5) with x¢ = 10 and x¢ = —10. We have used

MATLAB with ¢ = 1074,
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