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1 Introduction and preliminaries

In the following, X and X* will stand for a Banach space and its dual space, respectively.
By S(X) and B(X) we will denote the unit sphere and the unit ball of X, respectively. For
a nonempty subset C of X, a mapping T : C — C is said to be nonexpansive provided the

inequality
ITx =Tyl < llx =yl

holds for every x,y € C. A Banach space X is said to have the fixed point property (resp.,
weak fixed point property) if for every nonempty bounded closed (resp. weakly compact)
convex subset of C C X the nonexpansive mapping T : C — C has a fixed point in C (see,
e.g, [1,2]).

Many properties of Banach lattices related to their isomorphic or isometric struc-
ture, depend on a behavior of some numerical characteristics called indices (Boyd in-
dices, Grobler indices, type, cotype etc.). In the theory of Banach lattices the so called
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M-constants defined by

n
\/ %] :0 <xi € X, |ail| <1fori=1,2,...,n

i=1

wn(X) = Sup{

are also used (see, e.g.,, [3-5]). The numbers pu,(X) are useful in the lattice isomorphic
classification of special types of Banach lattices. It is well known that, in the definition of
(X)), we can restrict ourselves to pairwise orthogonal elements (see [6]).

The constant u(X), called the Riesz angle, plays an important role in the fixed point
theory. It is well known that weakly orthogonal Banach lattices (for the definition of this
property see Section 3) with 5 (X) < 2 have the weak fixed point property (see [7]).

Let ® : R — [0,00) be an Orlicz function, i.e., let ® be an even, convex function with
®(0) = 0 and lim,,_, oo P (1) = c0. We say that an Orlicz function @ satisfies the §,-condition
(shortly: @ € 8,), if there are positive constants o with 0 < ® (i) < co and K > 0 such that
D(2u) < KP(u) for all |u| < uy. Note that ® € §, implies immediately that ®(u) > 0 for
every u #0.

By W we will denote the function complementary to @ in the sense of Young, i.e., the
function W is defined by the formula

W(u) = sup{|u|v— D) :v> 0}.

Let [° be the space of all real sequences x = (x(i)). For a given Orlicz function ® we define
on [° a convex functional (called a pseudomodular) by

Io(x) =Y @(x(),

i=1

where x = (x(i)) € [°. By the Orlicz space Iy generated by the Orlicz function ® we mean
the vector space

lo = {x € [°: Ip(cx) < oo for some ¢ > 0 depending on x}

Further, by the space /¢ of finite elements (= order continuous elements) we will mean
the vector space

he = {xelO:Vk>OZ<D(Axi)<oo}.

i=i1

These spaces are usually equipped with the Luxemburg norm (see [8—10])

I%llo = inf{k 50 :Lp(;—c) < 1}

or with the equivalent one

g = Sup{2|x(i)y(i)\ yely,ly(y) < 1},
i=1
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called the Orlicz norm (see [11, 12]). The Orlicz norm can equivalently be expressed by
the Amemiya formula (see [13])

L1
Iy = inf - (1+ Lo (kx).

The last formula can be generalized to a family of norms (called p-Amemiya norms) de-

pending on the parameter 1 < p < oo in the following way (see [13, 14]):
1
||x”<l>,p = ]l(gg %Sp (ICD (kx))7 (1)
where

1
1+uP)r forl<p<oo,
(1) = ( ) =p
max{1l,u} forp=o0.

Evidently [x]lo; = [*]% and it is easy to prove that the Luxemburg norm and the
oo-Amemiya norm coincide as well, i.e., [|[*||o,00 = [[*[lo (see, e.g., [14]). The p-Amemiya
norms have the following relationships (for all 1 < p’ <p < 00):

%o = 1%lloc0 < I%llop < [€loy < [€lo1 = Ixlg < 2lxle 2)
and

Ixlle < Ixllop <27 lxlo. (3)
We will write /g, when we would like to underline that the Orlicz space /4 is equipped
with the p-Amemiya norm || - || o,

This paper is a continuation of investigations of geometric properties of Orlicz spaces
equipped with the p-Amemiya norm over the atomless measure space presented in [14—
18].

2 M-Constants and order isometric copies of £, in /Iy , spaces
In the following, by Sy (/e,,) we will mean the subset of the unit sphere S(/¢ ) that consists

of sequences with finite support only.

Theorem 2.1 Forany1 < p < oo, n € N, and any Orlicz function ®,
mnllop) = sup{d,c1 ,,,,, xn X%, € So(lop) and x; A xy =0 for j #j’}, (4)

.....

) 1 " kx;
d.. xn:gidxl ,,,,, xn,k:%sp<;1¢(dx1 ..... ’ mk)):l}. (5)
pu

Proof Letxy,...,%, € So(loy), ¥ Axy =0 forj #j and let k > 1. Since the set {i € N : x;(i) #
0,1 <j < n} is finite, the function ® is continuous and attains the value 1 (because it takes
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only finite values), there exists d,, x, x > 0 such that

kx;
_SP<ZI¢( x1 ic k>> =t

Note that, for every xi,...,%, € So(lo,) and every k > 1, we have

1 -4 - nk
oUp = Fxrrnk = i (1, (ke — 1)Vp)

= nkmax{l, (6)

1
(kv — 1)Vp }

Indeed, if the first inequality does not hold then we could find &k > 1 and y > 1 such that

Ay, ik < Then, by (3),

21/17

Zl( | 7 )
"\ ok ) = ="\ 2 min{|lx1 [ opr- - 1]l 0p}

Jj=1

n x}
>ykz (sise; >Zyk§1“’<nx,n¢)

= ykn > y max{k, (k” - l)l/p}.

Thus, for 1 < p < o0,

sp<21¢( - >>2%(1+wkp>”">1

x1 ..... X,k

and

SOO(ZLD( kx; ))Z%max{l,yk}=y>l.

x] ..... X,k

This contradicts the definition of the number d,, ..« in (5). So, the first inequality in (6)
holds.
Further, suppose that the second inequality does not hold. Then we could find %3, ..., %, €

S(lop), k> 1, and y > 1 such that dy,, .k > ¥ Since [¥llo < lI%llo, = 1, we

nk
min{L,(k?-1)1/7} *
have I (%) < ||l%jlle =1, whence

kx " kmin{1, (k¥ — 1)VP}x;
3, ’)—Z’®( i)

x1 ..... X,k -1

N
m1n{1 )Py ZICD (x)

m1n{1 (k? —1)Vr) &
—_— Z %1 &

< %min{l, (K - 1)1/p}.
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Thus, for 1 < p < o0,

1 (<& kx; 1 1 Up
—s I / ) 5—(1+—/<P—1> <1
k p(]:zl (D(dxl ,,,,, X,k ) k yp( )

and

1 i kox; 1 1 1
7 %00 I ! < - 1)_ =7 17
e (Z(2)) =) -1

.....

Therefore the second inequality in (6) holds.
Now we will prove the main equality (4) of the theorem. For simplicity, denote

,,,,,

nk Y
ollp S (kv —1)Up } =2%n, )

whence we infer that 0 < 277 < d < 27y < oo,

Forany 0 < & <d we can find xy,...,%, € So(lo), such that xj Axy = 0 forall1 <j,j <,
j#j and dy,, x> d—¢ forall k > 1. Since the set {i € N : x;(i) # 0}, 1 < < n, is finite and
the function ® is continuous, we can find ky > 0 such that

1 "X
=—s|I / )
k()sp( q><k0\/d_8>)
Dp j=1

If ko <1 then || \/;;1 %jllo,p > d — &. On the other hand, if ko > 1 then we have

1 d k()x'
> —s I¢<—]> =1
o kO v (Z dxl,‘.‘,xn,ko

j-1

n x}
\/d—e

Jj=1

n x]
\/d—s

j=1

Thus || \/;’zlx,||¢,p > d — ¢ and, by the arbitrariness of ¢ > 0, we get u,(lo,) > d.
Conversely, take any x1,...,%, € So(lo,) such that x; Axy =0 forall1 <j,j/ <m, j#J

.....

dyy,..xnkq < d + € as well. By the definition of the p-Amemiya norm,

1 "o 1 S ki
Zs, (1o & . X o)) 7h
cbole (o) o (Eelet)

j=1

n x]
\/d+£

j=1

Dp

Thus || \/;':1 %jllo,p < d + & and, by the arbitrariness of & > 0, we get 11,(ls,) < d. Therefore,
we have proved that j1,(lp ) = d. O

In order to prove important Theorem 2.3 we first need to prove the following result.
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Theorem 2.2 If W ¢ &, then, for any 1 < p < o0, the Orlicz space l ), contains an order

almost isometric copy of ;.

Proof Any linear functional f € (l,)* can be uniquely expressed as f = v + s, where v is
belongs to the Kéthe dual of /g, and s is a singular functional on /4, that is, for any x € /o
the equality s(x) = 0 holds. By Lemma 1.49 in [19], ||s|| = sup{s(x) : Io(x) < oo}. Further, by
(2) and [|v|| = sup{v(x) : [ x]|e,, <1}, we have

IVllw =sup{v(e): lIlxllg <1} < IVl < [IVIg = sup{v() : lxlle < 1}.
Moreover, by Theorem 1.43 in [19] (see also [20]), lim,,_, oo | =%, || = lim,, o0 X =%, ]S =
6(v) for every x € £e and x, = ) .-, x(i)e;, where 6(v) = inf{1 > 0 :1(3) < 0o}. Hence, for
any v € [y, we have

[o¢] o0 o0 0
nlggo Z v(i)e;|| = nlgglo Z v(ie;|| = nlgglo Z v(e;|| =6(v). (8)
i=n+l i=n+1 7 i=n+1 7]

Since W ¢ §,, there exists an element v € S(/y) such that Iy (Ax) = +oo for every A > 1,
that is, 6(v) = 1. Therefore

o0
lim Zv(i)ei =1,
n—0oQ

i=n+1

e ¢]

so, for any ¢ > 0, there exists a sequence i; < ip < - - - such that || Zi:ilu v(i)e;||y, <1+ and,

forallj=1,2,...,

ij+1
l-¢< Z v(e;|| <1+e.
i=ij+l
Put w; = ?:it'“ v(i)e; for j € N. Since ||w;|| = sup{w;(x) : x € S(lp,)} and the number of

elements of the support of w; is finite, for each j € N there exists

i+l
Xj = Z xj(i)ei € S(lq;.,p)

i=il'+1

ij+1
z:zj+1

such that w;(x;) = (w,%;) = Y
a = (a(j)) € h, we have

x;(i)v; = |wjll and (w;,x;) = O for every j # i. For any

[o¢] o0 [o¢]
> alx| <D laf)|Ixlep <D la()] = lall,.
j=1 dp j=1 j=1

Since v = Zlozol sign(a(j))w; is a linear functional and

0 0

o

Z v(i)e;

i=i1

<l+eg,

Z sign(a())w;| =

j-1

~110
vily =

v v
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we have 7(x) < (1 + &) [|x]| o, SO

W+e)| Y al| = @+e)| Y ala; zﬁ(Za(i)xi)
j=1 Dp j=1 @ i=1

= Zsign(ﬂ(i))wi<zﬂ(i)xi> = lal)|w()
j=1 i=1 j=1

=Y la)|Iwill = @ -&)lially.

j=1

By the arbitrariness of & > 0, we conclude that the Orlicz space /p, contains an order

almost isometric copy of /;. O

Theorem 2.3 Assume that ®(u)/u — 00 as u — 00. For any n € N and 1 < p < o0,
wnllop) = n ifand only if W & 6,.

Proof If ¥ ¢ &, then, by Theorem 2.2, we immediately conclude that 1, (/o) = . (h) = 1.

Now, let ¥ € §,. We will show that 1, (lp,,) < 1. Let x1,...,%, be arbitrary elements of the
set So(lo,p) such that x; A xy = 0 for all 1 <j,j/ < n with j #/. Since the set {i € N : x;(i) #
0,1 <j < n} is finite and the function ® is continuous, we can find a number k > 1, such
that

%sp (Zlq;(kxj)) =1

j=1

Since ®(u)/u — 0o as u — 00, the function W takes only finite values. Since, moreover,
W € 8y, for any #g > 0 we can find & > 0 such that (-%) < %CID(M) for all |u| < ugy. Without
loss of generality we can assume that uo > kmax{|x;(i)| : 1 <j < n,i € N'}. We have =<
O (L D () for all |u| < ug (see [21,22]), so

Zkb( kx,) lel ( ( (ks () )):%lelcp(kx,),
j=1 i=nj+ j=

whence

(Z ( kx] )) < %sp (Z[@(/{JC,‘)) <1,
1 j=1

80 dy,,. x,k < 1 — €. Thus, by the arbitrariness of the choice of elements xi,...,x, € S¢y

and by Theorem 2.1, p,(lpp) <n—¢<n. O

3 Fatou property, weak orthogonality, and weak fixed point property

In order to generalize Maurey’s (1980) proof of the w-FPP to a larger class of Banach lat-
tices Borwein and Sims (1984) introduced the notion of a weakly orthogonal Banach lat-
tice. A Banach lattice X is said to be weakly orthogonal if for any sequence (x,) in X,
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which converges weakly to 0 we have
lim | 4] A |%]] =0
n— 00

for all x € X. For the definition of Banach lattices we refer to [23]. Moreover, Betiuk-
Pilarska and Prus proved in [24] that weakly orthogonal Banach lattices, with the coef-
ficient of monotonicity strictly smaller than 1, have the weak fixed point property.

Sims (see [25]) introduced another definition of weak orthogonality of Banach lattices,
denoted WORTH, and proved that if a Banach lattice is WORTH, then it satisfies non-strict
Opial condition, that is, whenever (x,) is a weak-null sequence in X then

liminf ||x,| < liminf|jx, +x||
n— 00 n— 00

for all x € X. In [26] Cui, Hudzik and Pluciennik proved that Kéthe sequence spaces with
semi-Fatou property are WORTH if and only if they are order continuous. We will prove
that, in the spaces [y ,, the criteria for the weak orthogonality due to Borwein and Sims are
the same as for WORTH of Kothe spaces equipped with the semi-Fatou norms obtained
in [26].

In the proof of Theorem 3.2 which gives the criteria for weak orthogonality of Orlicz
sequence spaces, we will need the Fatou property of the space /. Recall that a Banach
lattice X satisfies the Fatou property if and only if for every sequence (x,,) with 0 <x, 1 x
we have [lx,[| 1 [lx]|.

Theorem 3.1 Foranyl < p < oo the Orlicz sequence space ly , satisfies the Fatou property.

Proof Let (x,) be a sequence of elements of /s, with 0 <x, 1 x. Evidently we can assume
thatx # 0. By the definition of the p-Amemiya norm, we can find a sequence (k) of positive
numbers such that

1 1
(L4 B em)"” = - < Iallay < o (L+ Byllonn)) ™.

n

T

Suppose that the sequence (k) is bounded. Without loss of generality we can assume
that k, — ko € [0, 00). Since

N

< [®nllop < Ixllo, < 00,

=

we infer that ky > 0. Hence, by Fatou’s lemma,

1/p i

. 1 i
Il > nlglolo 0 llo,p > nll)lrolo . (1 + Ié(knxn)) > X (1 + Ig(kox)) P> (E1[EY
n

(=]

ie [xall T lIxll.

Now, assume that the sequence (k,) is not bounded. Without loss of generality we
can assume that &, 1 co as n — co. We claim that lim,, ., ®(u)/u = ¢ < c0. Indeed, if
lim,,_, oo ®(1)/u = 0o then

Io(k,x D (ko (i
00> Ixllop > im Ienllap > Tim 20 _ iy > P& D) i),
n—00 n—00 kn n—)oo{i'x 040} knxn(l)
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whence x,(i) — 0 as # — oo for all i € . Thus x = 0 - a contradiction. Therefore, by
subadditivity of the function f(u) = #!’? on the interval [0, 00), we get

.1 1 .1 .1
lellop < Jim -1+ Ig() ™ < lim (1 + Lo (ko) = lim oo (k)

1 o) ]
= lim Z Z @ (kx(i)) = lim Z %x(i) <cllxllp.
{ix(i)70} {i:x(i)#0})

(knxn

Since o) ’ x,,(t) 1 cx(i) as n — oo for every i € N with x(i) # 0, by the Beppo Levy
theorem, we get

. 1
clixlla = Ixllop = lim 2ullop = lim ——To(Kkx,)
n—00 n— 00 kn
q)(knxn(l)) ,
> = =
= lim ), — e ) i) =l
{i:2n ()0} {ix(i)#0}

whence we conclude that, in the case of unbounded sequence (k,), the Fatou property
holds as well. d

Theorem 3.2 The Orlicz sequence space ly, ), (1 < p < 00) is weakly orthogonal if and only
lfCD (S 82.

Proof If ® ¢ §, then there exists an element x € S, (£o,) satisfying I(Ax) = oo for any
A > 1. By the Fatou property we can find natural numbers i; < i3 < --- such that

ij+1

1 .
L2 Y e =1
l=li+1 ()
and put x; = ?:il,»+1 x(i)e;. Then, by Lemma 2.3 in [27], we have x; X 0, but

1
hrn llo; A xllop > 11m lloe; A xllo = l1m llillo > X

so the Orlicz space /g, is not weakly orthogonal - a contradiction.

Conversely, assume that @ € §,. Then the space 3, is order continuous, so for any x € 3,
and ¢ > 0, there exists iy € N such that || Z?:ioﬂ x(i)e;||% < e. For any weakly null sequence
(x,) in I3, there is np € N such that || Y22, x,(i)e:|} < &€ whenever n > ng, because weak

convergence to zero implies its pointwise convergence to zero. Hence

%0 Axllop < llxn Axllg <

i + Z |x(t) |el

i=ig+1

S

By the arbitrariness of ¢ we have lim,,_, o ||%; A %]l 0, = 0, so the Orlicz space /g, is weakly
orthogonal. O

Applying the result of Borwein and Sims from [7], which states that a weakly orthogonal
Banach lattice with the Riesz angle less than 2 has the weak fixed point property, the fact
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that the space {4, is reflexive if and only if both functions ® and W satisfy condition &,
and Theorem 2.3, we get the following corollary.

Corollary 3.3 Every reflexive Orlicz sequence space lo ), (1 < p < 00) has the weak fixed
point property, so they have the fixed point property as well.

4 Dominguez-Benavides coefficient

In 1994 Garcia-Falset [28] defined a geometric coefficient R(X) which ensures the fixed
point property and he obtained stability results for this coefficient. In particular, he proved
that nearly uniformly smooth spaces have the FPP [29]. The coefficient R(X) is defined as

follows:
R(X) = sup{liminf 1o, + || }»

where the supremum is taken over all x € B(X) and over all weakly null sequences of the
unit ball B(X).
In 1996 Dominguez-Benavides [30] generalized the coefficient R(X) introducing,for all

a > 0, the condition
R(a,X) = sup{liminfllx,, + x| },
n— 00

where the supremum is taken over all x € X with ||x|| < a and over all weakly null se-
quences of the unit ball B(X) such that

D((x4)) =lim sup(lim sup %, —xm||> <1

n—00 m—> 00

The coefficients R(a, X) play an important role in the fixed point theory for nonexpan-
sive mappings. Moreover, R(a, X) remains unaltered if we replace liminf by limsup in its
definition. It was proved that, for a given a > 0, if R(a, X) < 1 + a then the Banach space X
has the fixed point property. The following theorem provides a formula for R(a, X) coeffi-

cients in the case of Orlicz sequence spaces /g .

Theorem 4.1 Assume that ®(u)/u — 0 as u — 0 and O satisfies the §, condition. For any
a >0 we have

R(a,lp,) = sup{dy; : x € Go, ||zllo, = a}, 9)
where
1
Go = {x €B(lyp): %sp (2I¢(kx)) <1 for some k > 1},

. 1 kx kz
do - }(Ef{dx,z,k ST (Lp (_dm,k) o ( dm)) _ 1},

and in each of the above defined sets only a finite number of coordinates of the sequences x,

Z are non-zero.
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Let us note that x € G whenever finite number of coordinates of x are non-zero and
lxll o, < % Indeed, in that case there exists 0 < ky < 0o such that %Sp(ﬂp (kox)) = llxllop. If
k = ko/2 then, by convexity of @,

1 1
%Sp(21<l>(kx)) < 2FSp(I(l>(k0x)) =2|xllop <1,
0
ie,x€Ggp.

Note also that R(a, l) > a. Indeed, taking x = 0 for any k > 1 and z € I with ||z||¢, = 4,
we have

dOzk kZ
d =g |1 > =a.
0k = TS\ e dozx)) ~ lzllo,p = a

Thus dy, > a, whence R(a,ly) > a.

Proof Denote the right-hand side of the equality (9) by d. For any 0 < ¢ < d there exist
%,z € lg,, with finite supports, x € Go, |1zllo = a, such that d, > d — ¢. Let j € N be such
a number that x(i) = z(i) = O for every i > j. Define the sequence (x,) as follows:

(n+1)j
Xy = Z x(i — nj)e;.

i=nj+l

Since ®(u)/u — 0 as u — 0,

i Io(hxn) . Io(Ax)
im sup = lim =0.
A—0 A A—0 A

Thus lim,,_, o, %, (i) = 0 for each i € A/, whence we conclude that x,, tends weakly to 0 (see
[19, 27]).

Since x € Gg, we can find ko > 1 such that ésp(Zlq;(kox)) < 1. Thus, for every n,m € N'
we have

1 1
”xn _xm||<l>,p = _Sp(Lb (kO(xn - xm))) = —SP(ZL:[)(/(O?C)) = 1,
ko ko
whence D((x,)) <1.
By the definition, d,,x > d., > d — ¢ for every k > 1. Since only a finite number of

coordinates of the function z are non-zero and lim,,_, , inf{i : x,,(i) # 0} — 0o, we have
x,(i) - z(i) = 0 for all i € A and all # large enough, whence

1= 2o (to( ) it F)) = 2 (10 (22 ) (22
- k A dx,z,k ® dx,z,k - k A dx,z,k ® dx,z,k
1 kx, kz 1 k(x, +z)
~s,( 1 Io( —— ) ) = =5, o[ —2—=
: ksp(‘D(d—s)* “’(d—s)) ks‘”<“’< d-¢ >>

for all  large enough. Hence

Cint L, (1o KE D)) 5 g
op L1k Td=e )77

Xy +2
d-c¢




Cui et al. Fixed Point Theory and Applications (2016) 2016:89 Page 12 of 14

liminf ||lx, + zllo, > d —&.
n— 00

By the arbitrariness of ¢ > 0 we get R(a, lo) > d.

Now we will prove that R(a,le) < d. Assume that (x,) is a weakly null sequence of ele-
ments of B(/s ,) with D((x,)) <1.Lete > 0 and put ; = 1. Since ® € §,(0), thenorm | - || o »
is order continuous in /g », so we can find i; € N such that

<é&.
o,p

> (e

i=i1+1

Since, for every i € N, lim,,_, o, x,(i) = 0, there exists ny > ; such that

<E€.

i
Z Ky (i)ei
i=1

Dp

Since x,, has an absolutely continuous norm, there exists i, > i; such that

i Xy (i)ei

i=ip+1

<E.

Dp

In this way we can find, by induction, two sequences (ix) and (#;) such that

i
Z x”j+1 (i)ei

i=1

<& and

i xn]' (i)ei

i=ij+1

<E€.

Dp Dp

y (i)e;. Since yi(i) - ys(i) = 0 for every i,k,s € N, k #s, we

L. X
i=ij_1+17"7)

For any j € N put y; =
have

is—1

Z K (De;
i=1

ik-1

ank(i)ei
i=1

”yk __ys”(D,p = ”xnk _xn5||<l>,p + +

D,p Sp

+ +

i xns(i)ei

i=ig+1

Z xnk(i)ei

i=ig+1

< D((x,,)) +4e <1+4e.
®.p

o.p

Let z; = li'—fm for j € N. Then, by the last inequalities, D((2)) < 1 and lim;_, » 2;(i) = 0.
Thus

whence the sequence (z;) converges weakly to 0 (see [19, 27]).
Since D((zj)) < 1, there exists /o > 1 such that

1
%SP(Lp(lOZk) +1o(lozs)) <1,
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To(lozx) + o (lozs) < (B -1)" for1<p< oo,

Io(lozi) + 1o (lozs) < Iy forp =00

for every k,s € N, k #s. Then, for 1 < p < oo, either Iy (lpzx) < %(1‘5 —DY? or Ip(lyz,) <
35 = 1)"P and, for p = 00, either Io(lyzx) < 3o or Io(lozs) < 3lo. Hence, passing to a sub-
sequence if necessary, we can assume that zx € Gy for every k € N.

Now take any x € lo with finite support such that ||x[lo, = a. Then x(i) - zx(j) = 0 for
every i,j € N and every k € N large enough. Thus, for every / > 1 we have

1 hz ) ( hix )) 1 ( <h(x+zk)>>
1=—s,(Io| —— ) +1 =—s,(Io| —=) ),
h p( q>(dx,zk,h ® dx,zk,h h A\ dx,zk,h

whence ||x + zx||o,p < infs1 dyzy 0 = di, for every k € N large enough. By the arbitrariness
of suitable x and (zx) we conclude that R(a, ls,) < d. (]
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