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Abstract
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1 Introduction

Metric fixed point theory is a fundamental topic, which gives basic methods and notions
for establish practical problems in mathematics and the other sciences. As an example, we
consider the existence of solutions of mathematical problems reducible to equivalent fixed
point problems. Thus, we recall that Banach contraction principle [1] is at the foundation
of this theory. However, the potentiality of fixed point approaches attracted many scien-
tists and hence there is a wide literature available for interested reader; see for instance
[2-7]. We give some details on the notions and ideas used in this study.

First, the notion of partial metric space was introduced in 1994 by Matthews [8] as a
part of the study of denotational semantics of data for networks. Clearly, this setting is
a generalization of the classical concept of metric space. Also, some authors discussed
the existence of several connections between partial metrics and topological aspects of
domain theory; see for instance [9-12].

Second, the notion of Z-contraction was introduced in 2014 by Khojasteh et al. [13].
This concept is a new type of nonlinear contraction defined by using a specific func-
tion, called simulation function. Consequently, they proved the existence and unique-
ness of fixed points for Z-contraction mappings (see [13], Theorem 2.8). The notion of
R-contraction was introduced in 2015 by Roldan Lépez de Hierro and Shahzad [14]. Also
this notion is a new type of nonlinear contraction defined by using a specific function
called R-function. Naturally, they proved the existence and uniqueness of fixed points for
R-contraction mappings (see [14], Theorem 27). We point out that the advantage of these
methods is in providing a unifying point of view for several fixed point problems; see re-
cent results in [15-17].
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Finally, Samet et al. [18], and Vetro and Vetro [19] discussed fixed point results, by using
semi-continuous functions in metric spaces, that generalize and improve many existing
fixed point theorems in the literature. As an application of presented results, the authors
gave some theorems in the setting of partial metric spaces. In this paper, we use the ideas in
[18, 19] and the notion of R-function to establishing the existence and uniqueness of fixed
points that belong to the zero set of a certain function. As consequences of this study, we
deduce several related fixed point results, in metric and partial metric spaces. Also, an ex-
ample is given to support the new theory. As application, a homotopy result for operators
on a set endowed with a metric is given.

2 Preliminaries
We will start with a brief recollection of basic notions and results in partial metric spaces
that can be found in [8, 11, 20, 21].

A partial metric on a non-empty set Z is a function p : Z x Z — [0, +00[ such that, for
all u,v,w € Z, we have

(p1) u=v < plu,u)=pu,v)=p©,v);
(p2) plu,u) < p(u,v);
(p3) p(u,v) = p(v, u);
(p4) p(u,v) < p(u, w) + p(w,v) — p(w, w).
A partial metric space is a pair (Z, p), where Z is a non-empty set and p is a partial metric
onZ.
Every partial metric p: Z x Z — [0, +oo[ generates a T topology 7, on Z, which has as
a base the family of open p-balls {U, (i, p) : u € Z, p > 0}, where U,(u, p) = {v e Z : p(u,v) <
p(u,u) + p}forallu e Zand p > 0.
Let (Z, p) be a partial metric space and {#;} C Z. Then
(i) {wj} converges to a point u € Z if and only if p(u, u) = lim_, .0 p(u, 1);
(ii) {u;} is called a Cauchy sequence if there exists lim;;_, ,o0 p(1;, %) (and it is finite);
(iii) (Z,p) is said to be complete if every Cauchy sequence {x;} in Z converges, with
respect to 1, to a point u € Z such that p(u, u) = lim; j_, .00 p(u;, ;).
It is elementary to verify that the function d” : Z x Z — [0, +oo[ defined by

d?(u,v) = 2p(u,v) — p(u, u) — p(v,v) 1)

is a metric on Z whenever p is a partial metric on Z. Moreover, lim;_, .o, @” (), u) = 0 ifand

only if
plu,u) = lim p(uj,u) = lim p(u;,u)). (2)
J—+00 1,]—+00

The following lemma shows that the function A : Z — [0, +oo[ defined by A(u) = p(u, u)
for all 4 € Z is continuous in (Z, dP).

Lemma 2.1 Let (Z,p) be a partial metric space and let ) : Z — [0, +00[ be defined
by Mu) = p(u,u) for all u € Z. Then the function A is continuous in the metric space
(Z,dp).
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Proof Let u € Z and {u;} be a sequence which converges to u in the metric space (Z, d”).

By (2), we get

plu,u) = lim p(u), u;)
J—+00

and hence A is continuous in (Z, dP). O
The following lemma correlates the Cauchy sequences of the spaces (Z, p) and (Z, d?).

Lemma 2.2 ([8, 20]) Let (Z,p) be a partial metric space. Then
(1) {u;} is a Cauchy sequence in (Z, p) if and only if it is a Cauchy sequence in the metric
space (Z,dP);
(2) a partial metric space (Z, p) is complete if and only if the metric space (Z,d?) is

complete.

3 New fixed point theorems in complete metric spaces
In this section, we consider the family R of R-functions introduced by Rolddn Lépez de
Hierro and Shahzad in [14]. Precisely, a function 7 : [0, +oco[ x[0, +oo[ — R is called R-

function if the following conditions hold:

(n) for each sequence {t,} C]0,+oo[ such that n(¢.1,t,) > 0 for all » € N, we have
lim,_ 00t = 0;

(n2) for every two sequences {£,},{s,} C 10, +oo[ such that lim,_, ;00 & = limy— 400 Sy = L >
0, then L = 0 whenever L < ¢, and 1(t,,s,) > 0 for all n € N.

Now, we use R-functions to define a new class of contractions. Let (Z,d) be a metric
space. Denote by A the family of lower semi-continuous functions X : Z — [0, +o0[. Let
h:Z — Z be a self-mapping and A € A. In the sequel, we will use the following notation

D(u,v; A) :=d(u,v) + Mu) + A(v) forall u,ve Z.
Now, we define the new family of contractions.

Definition 3.1 Let (Z,d) be a metric space andlet/: Z — Z be a mapping. The mapping 4
is a R-A-contraction if there exist an R-function 7 : [0, +00[ X [0, +0o[ — R and a function
A € A such that

n(D(hu, hv; 1), D(u, v; 1)) > 0 (3)
for all u,v € Z with D(u,v; 1) > 0.

In the following theorem, we establish a result of existence and uniqueness of a fixed
point for R-A-contractions that belong to {x € Z: A(x) = 0}.

Theorem 3.1 Let (Z,d) be a complete metric space and let h : Z — Z be a R-\-contraction.
Assume that, at least, one of the following conditions holds:
(1) h is continuous;
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(2) for every two sequences {t;},{s;} C 10, +oo| such that lim;_, ;o s; = 0 and n(t;,s;) >0
forallieN, then lim;_, ;o0 £; = 0;
(3) n(t,s) <s—tforallt,se]0,+ool.
Then h has a unique fixed point x € Z such that A(x) = 0 and, for any choice of the starting
point zy € Z, the sequence {z,} defined by z, = hz,_; for each n € N converges to the point x.

Proof We fix arbitrarily a point zy of Z and we consider the Picard sequence {z;} of &
starting at z, that is, the sequence defined by z; = hiz;_; for all i € N. If for some j € NU {0}
we have zj,1 = zj, then z; is evidently a fixed point of 4. Also, we claim that A(z;) = 0. First,
from z; = zj,1, we deduce that z; = z; for all i € NU {0} with i > j. Assume A(z;) > 0 and let
t; := D(2j44, Zj4i41; 1), that is, a positive real number for all i € N. Since / by hypothesis is an
R-)-contraction, we get

Nt t) = n(D(thJrifth+i+1;)‘-):D(zj+i»zj+i+1;)‘-)) >0 forallieN.

By property (1) of the function 7 it follows that A(z;) = A(z,;) — 0 as i = +00 and so
A(z;) = 0 and hence the conclusion follows if z,; = z; for some j € N U {0}. Therefore, we
can suppose that z; ; #z; forall i e N.

We shall divide the proof in three parts. First, we show that

lim d(zi-1,z)=0 and lim A(z)=0. (4)
i—+00

i—+00

From z;_; # z; for all i € N, we deduce that
ti1=D(zi1,z;;A) >0 forallieN.

Thus the sequence {¢;} C]0, +oo[. Since /4 is an R-A-contraction, from (3) with u = z; and
V =2z, We get
N(tis1, ) = 1(D(zis1, Zia23 1), D(zir 21315 1))
= n(D(hzi, hzis1; 1), D(zi, zisa; 1)) > O
for all i € N U {0}. The property (1) of the function 1 allows one to state that ¢; — 0 as
i — +00. Consequently, d(z;_1,z;) — 0 and A(z;) — O, that is, (4) holds.
The second part is to show that the sequence {z;} is Cauchy. Let us assume that {z;} is

not a Cauchy sequence. Then there exist o > 0 and two subsequences {zji)} and {z;x)} of
{z;} with k <j(k) < i(k) and

a(zj(k), ziy-1) < 0 < d(zjk), Zik))
for all k € N. The above restrictions and lim;_, , o, d(z;_1,2;) = 0 imply
lim d(Zj(k),Z,'(k)) = lim d(zj(k)—lxzi(k)—l) =0.
k—+00 k—+00

Since A(z;) — 0 as i —> +00, we get

o = lim D(zjg), zi; A) = 1im D(zjk)-1, Zigk)-15 A)-
k—+00 k—+00
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The previous equality allows us to assume D(zjx)-1, Zix)-1; ) > 0 for each k € N. Now, we
consider the sequences {t}, {sx} given by

ty = D(zj(k),zi(k);)\) and s := D(Z/(k),l,zi(k),l; A) forallkeN.
From (3) with u = zj)—1 and v = z;4)_1, we obtain

(tesk) = 1(D(zw)» Zigs A)» D15 Zig)-13 4))

= n(D(hzj-1, hzigy-15 1), D(Zjro-1, Zig)-13 1)) > 0 (5)

forall k e N.Let L = o; from L = o < d(zjk), zik)) < D(zj(x), zik); ») = tk and (5), by property
(172) of the function 1, we obtain o = L = 0, which is a contradiction. Hence {z;} is a Cauchy
sequence. As (Z,d) is by hypothesis a complete metric space, there exists x € Z such that
z; — x as i — +00. The hypothesis that A is lower semi-continuous implies that

0 < A(x) <liminfA(z;) =0,
i—+00

that is, A(x) = 0. The third part is to prove that x is a fixed point of 4. We consider the
following three steps.

First step. h is a continuous mapping, that is, condition (1) holds. From z;,; = hz; — hx,
we get x = hx.

Second step. Hypothesis (2) holds. If there exists a subsequence {z;x)} of {z;} such that
hzji = hx for all k € N, then x is a fixed point of 4. If this does not happen, then we can
assume that z; # x and hz; # hx for all i € N. Now, consider the sequences

ti:= D(hz;,hx;)) and s;:= D(z;,x;))

for all i € N. Such a choice ensures that {£;}, {s;} C]0,+00[. Clearly, by (4) and A(x) = 0,
s; — 0 and since % is a R-¢-contraction, we have also

n(t;,s;) = n(D(hzi,hx;)\),D(zi,x; A)) >0 forallieN.
Then, by condition (2), we get ¢; — 0. This allows one to state that
d(zi1, hx) = d(hz;, hx) — 0

and hence x = hx.

Third step. Hypothesis (3) holds, that is, n(t,s) < s —t for all £,s €]0,+oo[. Since (3)
ensures that condition (2) holds, we conclude that x is a fixed point of /.

Finally, let us to verify that x is a unique fixed point of /. Proceeding by contradiction,
we suppose that there exists z # x such that z = hz. Let t; := D(z,4;1) > 0 for all i € N.
Therefore

n(tHl’ ti) = U(D(Z,?C; A)rD(Z»x; )\))

= n(D(hz, hx;k),D(z,x;A)) >0,
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for all i € N. Then by the property (1;) of the function n, we obtain ¢; — 0, which contra-
dicts the fact that d(z,x) # 0. Therefore z = x and so / has a unique fixed point. g

Now, we present some particular results of fixed point in metric spaces, by choosing
an appropriate R-function. The first corollary is a generalization of Geraghty’s fixed point
theorem [22] and it is obtained by taking in Theorem 3.1 as R-function 7(¢,s) = ¥ (s)s — ¢
for all ¢,5 € [0, +00[, where ¥ is endowed with a suitable property.

Corollary 3.1 Let (Z,d) be a complete metric space and h: Z — Z be a mapping. Suppose
that there exists a function . € A such that

D(hu, hv; 1) < ¥ (D(u, v; 1)) D(u, v; 1) for all u,v € Z with D(u,v; 1) > 0,

where ¥ : [0, +oo[ — [0,1] is a function such that lim;_, ;o V¥ (%;) = 1 implies lim;_, oo t; = 0,
for all {t;} C [0,+00[. Then h has a unique fixed point x € Z such that )(x) = 0 and, for
any choice of the initial point zy € Z, the sequence {z;} defined by z; = hz;_; for each i € N
converges to the point x.

Remark 3.1 From Corollary 3.1, we obtain Geraghty fixed point theorem [22], if the func-
tion A € A is defined by A(#) = 0 for all # € Z. Clearly, the Geraghty result is a generaliza-
tion of Banach’s contraction principle.

In the following corollary we give a result inspired by well-known results in [4, 23, 24].
It is obtained by taking in Theorem 3.1 as R-function n(t,s) = ¥ (s)s—t for all ¢,s € [0, +o0],
where ¢ is endowed with a suitable property.

Corollary 3.2 Let (Z,d) be a complete metric space and h : Z — Z be a mapping. Suppose
that there exists a function A € A such that

D(hu, hv; \) < 1//(D(u, v; A))D(u, v;A)  forallu,v e Z with D(u,v; 1) >0,

where  : [0, +oo[ — [0,1] is a function such that limsup,_, .. ¥ (t) <1, for all r > 0. Then
h has a unique fixed point x € Z such that A(x) = 0 and, for any choice of the initial point
zy € Z, the sequence {z;} defined by z; = hz;_; for each i € N converges to the point x.

If in Theorem 3.1 we consider as R-function 7(t,s) = s — ¥ () for all £,s € [0, +oo[, where
¥ is a right continuous function, then we deduce the following corollary.

Corollary 3.3 Let (Z,d) be a complete metric space and h: Z — Z be a mapping. Suppose
that there exists a function . € A such that

I/I(D(hu,hv; A)) <D(u,v;)) forallu,ve Z with D(u,v;1) >0,

where ¥ : [0, +00[ — [0,1[ is a right continuous function such that y(t) > ¢, for all t > 0.
Then h has a unique fixed point x € Z such that ).(x) = 0 and, for any choice of the initial
point zy € Z, the sequence {z;} defined by z; = hz; 1 for each i € N converges to the point x.

From the previous corollary, we deduce the following result of integral type.
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Corollary 3.4 Let (Z,d) be a complete metric space and h : Z — Z be a mapping. Suppose
that there exists a function . € A such that

D(hu,hv;))
/ &(t)dt <D(u,v;)) forall u,v e Z with D(u,v; 1) >0, (6)
0

where & : [0, +oo[ — [0, +00] is a function such that fOtE(T) dt exists and foté(t)dt > t, for
every t > 0. Then h has a unique fixed point x € Z such that \.(x) = 0 and, for any choice
of the initial point zy € Z, the sequence {z;} defined by z; = hz;_; for each i € N converges to
the point x.

Example 3.1 Let Z = [0, %] U {2} endowed with the usual metric d(u,v) = |u — v| for all
u,v € Z. Obviously, (Z,d) is a complete metric space. Consider the function #: Z — Z
defined by

ifuelo,2],
ifu=2.

hu =

[S1ISER TR

Clearly, / satisfies condition (6) with respect to the function & : [0, +oo[ — [0, +00[ given
by

1
E()=1+ ——— forallte [0, +00]

(t+1)?

and the lower semi-continuous function A : Z — [0, +oo[ defined by A(u) = u forall u € Z.

Indeed, if u <vand u,v € [0, %], then
D(hu,hv;)) 2
/ E(r)dr:LV§2v:D(u,v;k).
0 v+l
Ifue [0,%] andv=2,oru=v=2,then

D(hu,h2;)) 3+92
/ &(r)dt = ——3<4=D(u,2;1).
0 3+1

Since all the conditions of Corollary 3.4 are satisfied, the mapping 7" has a unique fixed
point x = 0 in Z. Clearly, A(x) = 0.
From d(h0,h2) = 3/2 and d(0,2) = 2, we deduce that

d(h0,h2) 21
f E(r)dr = — > 2=d(0,2).
o 10

Thus # is not a R-contraction with respect to the R-function 7 : [0, +oo[ X [0, +oo[ - R
defined by

t
n(t,s):s—/ &(t)dr, forallt,se[0,+o0].
0
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It follows that Theorem 27 of [14] cannot be used to deduce that % has a fixed point with
respect to this R-function. The previous consideration also shows that the role of the func-
tion A is decisive in enlarging the class of self-mappings satisfying condition (6) and hence

condition (3).

4 Fixed points in partial metric spaces
In this section, from our Theorem 3.1, we deduce easily various fixed point theorems on

partial metric spaces including the Matthews fixed point theorem.

Theorem 4.1 Let (Z,p) be a complete partial metric space and let h: Z — Z be a mapping.
Suppose that there exists a R-function n such that

n(p(hu, hv),p(u,v)) >0  forallu,ve Z,u#v. (7)

Assume that, at least, one of the following conditions holds:
() h is continuous with respect to metric d¥;
(ji) for every two sequences {t;},{s;} C 10, +oo| such that lim;_, ;~s; = 0 and n(t;,s;) >0
forallieN, then lim;_, o t; = 0;
Gjj) n(t,s) <s—tforallt,s€]0,+o0l.
Then h has a unique fixed point x € Z such that p(x,x) = 0.

Proof From (1), we say that

_dP(w,v) + p(u,u) + p(v,v)
- 2

p(u,v) forall u,ve Z. (8)

The hypothesis that (Z,p) is complete, by Lemma 2.2, ensures that the metric space
(Z,271dP) is complete. Also, by Lemma 2.1, the function A : Z — [0, +0o[ defined by

AMu) = 27 p(u, u) is continuous and so lower semi-continuous in (Z,27'd?). Now, from (7)
and (8), we see that for the mapping / the condition

(27 d (hu, hv) + A(hu) + A(hv), 27 d (u,v) + A(u) + A(v)) > 0
holds for all u,v € Z, u # v. Consequently, for the mapping # all the conditions of Theo-
rem 3.1 hold with respect to the metric space (Z,27'd?). To conclude that the mapping &

has a unique fixed point x € Z such that p(x,x) = 2 A(x) = 0. d

From Theorem 4.1 if consider as R-function 7(¢,s) = ks — t for all ¢,s € [0, +o0[ with
k € [0,1[, we obtain the Matthews fixed point theorem.

Corollary4.1 Let (Z,p) be a complete partial metric space and let h : Z — Z be a mapping.
Suppose that there exists k € [0,1[ such that

plhu,hv) <kp(u,v) forallu,veZ, u#v.

Then h has a unique fixed point x € Z such that p(x,x) = 0.



Nastasi et al. Fixed Point Theory and Applications (2016) 2016:81 Page 9 of 12

From Theorem 4.1 if consider as R-function n(t,s) = Y (s) s — t for all £,s € [0, +oo[, then

we obtain a result of Geraghty type in partial metric spaces.

Corollary 4.2 Let(Z,p) be a complete partial metric space and leth: Z — Z be a mapping.
Suppose that there exists a function v : [0, +oo[ — [0, 1] such that lim;_, ... ¥ (t;) = 1 implies
lim;_, o0 tj = 0, for all {t;} C [0, +oo[. If

plhu, hv) < w(p(u, v))p(u, v) forallu,veZ,

then h has a unique fixed point such that p(x,x) = 0 and, for any choice of the initial point
2o € Z, the sequence (z;} defined by z; = hz;_, for each j € N converges to the point x.

Other known results of fixed point in the setting of partial metric spaces we can get

considering suitable simulation functions.

5 An application to homotopy
In this section, we give an application of our results to homotopy theory. Denote by I
the family of nondecreasing upper semi-continuous functions p : [0, +oo[ — [0, +oo[ such

that p(s) < s for all s > 0 and with the following property:

[si,/ - ,o(s,r,,»)] =0 implies lim s;;=0 9)

ij—+00

lim
ij—+00
for every sequence {s;;} C [0, +ool.

Theorem 5.1 Let (Z,d) be a complete metric space, let U an open subset of Z and V a
closed subset of Z with U C V. Assume that the operator Q: V x [0,1] — Z satisfies the
following conditions:

(i) u#Qu,s) foreachu € V\ U and all s € [0,1];
(ii) there exists p € T such that, for each s € [0,1] and all u,v € V, we have

d(Q(MrS)1 Q(V’S)) =< ,O(d(bt, V)); (10)
(ili) there exists a continuous function f : [0,1] — R such that
d(Q(u, 1), Qu,5)) < |f(£) - f(s)|

forallt,s € [0,1] and everyu e V.
Then Q(:,1) has a fixed point if Q(-,0) has a fixed point.

Proof Assume that Q(-,0) has a fixed point and consider the following set:
A= {s €[0,1] : u = Q(u, s) for some u € LI}.

By (i) we get 0 € A and this implies that A is a non-empty set. We claim that A is both open
and closed in [0, 1]. Since [0,1] is connected, we deduce that A = [0,1].
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First, we prove that A is a closed subset of [0,1]. Let {s;} be a sequence in A and assume
that s; — so € [0,1] as j — +00. Now, we establish that sy € A. The definition of the set A
ensures that there exists #; € U such that u; = Q(u, s;) for all j € N. Then we get

d(ui, uy) = d(Q(ui, s:), Quy, s)))
< d(Quiy s:), Quiy s)) + d(Qui 57), Quts, s,))
< |f(s)) = f(s))| + p(d(ui, ).

Thus
A, uy) — p(duiu)) < |f(s1) —f(s)]
for all ;,j € N. Letting i,j — +00 in the previous inequality, we get

lim [d(ui, u;) — K(d(“i’ ”1))] =0,

ij—+00

and by (9), we get d(u;, u;) — 0 as i,j — +00. This relation ensures that {x;} is a Cauchy
sequence. Since Z is a complete metric space, there exists some x € V' such that u; — u.

From

(1, Qs 0)) = d(QUy57), Qs 50)
< d(QUy57), QU 50)) + A(QUat 50), QA 50))
<|f(s)) = f(s0)| + p(d(uj, %))
< |f(sj) = f(s0)| + d(w, ),

letting j — +00, we obtain
d(xv Qlx, SO)) = }Einoo d(uj; Qlx, SO)) =0.

This implies that x = Q(x,so) and by (i), we deduce that x € U. Consequently, so € A and
hence A is a closed subset of [0,1].

Now, we prove that A is an open subset of [0,1]. If sy € A, then there exists u# € U such
that 9 = Q(uo,s0). Since U is open in Z, there exists o > 0 such that B(ug,0) = {u € Z :
d(ug,v) <o} C U. Because f is continuous at sy, in correspondence to § =o — p(c) >0
there exists ¢ = £(8) > 0 such that |[f(s) — f(so)| < & for all s €]sp — &,50 + €[. Let s €]sp —
&,50 + €[ and u € B(uy, o), we have

d(Q(”)S)¢ MO) = d(Q(”)S)¢ Q(MO:SO))
= d(Q(ur S)’ Q(u: SO)) + d(Q(I/l, SO)» Q(MO’SO))
< |f(s) = f(s0)| + A(d(u, o))

<o -p(o)+p(du,u)) <o.
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Therefore, Q(-, s) is a self-mapping on B(uy, o) for every fixed s € ]so — &, 50 + &[. From (10),

we deduce that Q(-,s) is an R-£-contraction on B(ug, o) with respect to the R-function
n: [0, +00[ x[0, +oo[ — R defined by 7(t,s) = p(s) — ¢ for all s, > 0 and the function & € A
defined by & (u) = 0 for all u € B(uo, o).

This ensures that Q(, s) has a fixed point in B(u, o) and hence in U, since all hypotheses

of Theorem 3.1 are satisfied. So ]sg — €, 50 + €[C A and thus we see that A is an open subset
of [0,1]. O

6 Conclusions

Fixed point theory in various metric settings is largely studied as a useful tool for solving

problems arising in mathematics and the other sciences. Here, we proved existence and

uniqueness of fixed point by using the notion of an R-function in metric and partial metric

spaces. This kind of result is helpful to cover existing theorems in the literature from a

unifying point of view. An homotopy result for certain operators supports the new theory.
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