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Abstract

The purpose of this paper is to establish some fixed point results for cyclic
contractions in the setting of dislocated quasi-b-metric spaces. We verify that some
previous cyclic contraction results in dislocated quasi-b-metric spaces are just
equivalent to the non-cyclic ones in the same spaces. Moreover, by using two
examples, we highlight the superiority of the results obtained.
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1 Introduction and preliminaries
French mathematician Poincare was first to use the concept of fixed point in ‘Poincare’s
final theorem’ during the period of 1895 to 1900, from restricting the existence of pe-
riodic solution for three body problem to the existence of fixed point under some con-
ditions of planar continuous transformations. In 1910, Brouwer proved that there exists
at least one fixed point for the polyhedron continuous map in finite dimensional space,
and this opened the situation of fixed point theory research. Particularly in 1922, Polish
mathematician Banach innovated Banach contraction mapping principle by using Picard
iteration method. Due to its beautiful assertion and successful way of solving the implicit
function existence theorem, the existence of a solution for a differential equation with ini-
tial value condition, fixed point theory caught the eyes of scholars and it sparkles people’s
inspirations towards in-depth and extensive research. Especially in recent decades, with
the development of the computer, many people have coped with numerous applications by
utilizing a variety of iteration methods to approach the fixed point and hence they made a
breakthrough and brought this subject gradually to perfection. Nowadays fixed point the-
ory plays a crucial role in nonlinear functional analysis. Just because of this, in this paper,
we start our fixed point investigation based on some previous work.

To start this article, we first of all recall some basic knowledge.

In 1922, Banach [1] introduced the Banach contraction mapping principle as follows:

A self-map T on a metric space (X, d) has a unique fixed point if there exists k € [0,1)
such that

d(Tx, Ty) < kd(x,y), Vx,yeX.
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After that, based on this finding, a large number of fixed point results have appeared in
recent years. Generally speaking, there usually are two generalizations on them. One is
from mappings. The other is from spaces.

Concretely, for one thing, from mappings, for example, the concept of a Kannan con-
traction mapping was introduced in 1969 by Kannan [2] as follows:

A self-map T on a metric space (X,d) is called a Kannan contraction mapping if there
exists k € [0, %) such that

d(Tx, Ty) < k[d(x, Tx) + d(y, Ty)], Vx,y € X.

In this case, T has a unique fixed point.

Recently, the cyclic contraction mapping has become popular for research activities (see
[3-11]). Let A and B be nonempty subsets of a metric space (X,d) andlet T: AUB — AUB
be a mapping. 7 is called a cyclic map if and only if T(A) € B and T(B) € A. In 2003, Kirk
et al. [4] introduced a cyclic contraction mapping as follows:

A cyclicmap T: AUB — AU B is said to be a cyclic contraction mapping if there exists
k € [0,1) such that

d(Tx, Ty) < kd(x,y), Vx€ANVyeB.

Then T has a unique fixed point in A N B.

In 2010, Karapinar and Erhan [12] introduced a Kannan type cyclic contraction mapping
as follows:

Let A and B be nonempty subsets of a metric space (X, d). A mapping T:AUB — AUB
is called a Kannan type cyclic contraction mapping if there exists k € [0, %) such that

d(Tx, Ty) < k[d(x,fx) + d(y.f»)], VxeA,VyeB.

If (X, d) is still complete, then T has a unique fixed point in A N B [4, 12].

For another thing, from spaces, there are too many generalizations of metric spaces. For
instance, we have the b-metric space, quasi-metric space, quasi-b-metric space, dislocated
metric space (or metric-like space), dislocated b-metric space (or b-metric-like space), dis-
located quasi-metric space (or quasi-metric-like space), and the dislocated quasi-b-metric
space (or quasi-b-metric-like space) (see [3, 5, 9-11, 13-18]). Their definitions are as fol-
lows:

Let X be a nonempty set and s > 1 a real number. Let 4 : X x X — [0, 00) be a mapping
and x,7,z € X:

(dl) dx,y) =0 x=y;

(d2) dx,y)=0=x=y;

(d3) dx,y)=0=d(y,x) =>x=y;

(d4) d(x,y) = d(y,x);

(d5) d(x,2) <d(x,y) +d(y,2);

(d6) d(x,2) <sld(x,y) +d(y,2)], s> 1.

Then

(1) (X,d) is called a metric space if (d1), (d4), and (d5) hold;

(2) (X,d) is called a b-metric space if (d1), (d4), and (d6) hold;
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(3) (X,d) is called a quasi-metric space if (d1) and (d5) hold;
(4) (X,d) is called a quasi-b-metric space if (d1) and (d6) hold;
(5) (X,d) is called a dislocated metric space if (d2), (d4), and (d5) hold;
(6) (X,d) is called a dislocated b-metric space if (d2), (d4), and (d6) hold;
(7) (X,d) is called a dislocated quasi-metric space if (d3) and (d5) hold;
(8) (X,d) is called a dislocated quasi-b-metric space if (d3) and (d6) hold.
Despite the fact that the given examples were previously known, we thought it is useful
for easy reference to give a full review.

Example 1.1
(a) Let X=Rand d: X x X — [0,00) be defined as

X — yr X Z )’;
d(x,y) =
(:9) { 1, otherwise.

Then (X, d) is a quasi-metric space, but it is not a metric space.
(b) Let X =[0,00) and d : X x X — [0, 00) be defined as

0, X =Y,
dmw={ ‘

(x+7y)?, otherwise.

Then (X, d) is a b-metric space, but it is not a metric space.
(c) Let X = C([0,1], R) with the usual partial ordering, and let d: X x X — R* be
defined as

ety -f@)ydt, f<g

d(f,0) =
i {fé(f(t)—g(t))?’dt, f>g

Then (X, d) is a quasi-b-metric space, but it is not a quasi-metric space and b-metric
space.

(d) Let X =R* and d: X x X — R* be defined as d(x,y) = max{x,y}. Then (X,d) is a
dislocated metric space, but it is not a metric space.

() Let X =[0,1] and d : X x X — R* be defined as d(x,y) = |x — y| + x. Then (X, d) is a
dislocated quasi-metric space, but it is not a dislocated metric space, and it is not a
quasi-metric space.

(f) Let X = [0,00) and d: X x X — [0, 00) be defined as d(x,y) = (x + ). Then (X,d) is
a dislocated b-metric space, but it is not a b-metric space.

(g) Let X =Randd:X x X — [0,00) be defined as d(x,y) = |x — y|> + ‘in‘ + %, where
n,m e N\ {1}, n #m. Then (X, d) is a dislocated quasi-b-metric space, but it is not a
quasi-b-metric space, dislocated b-metric space and dislocated quasi-metric space.

So, we have the process diagram (see Figure 1), where arrows stand for generalization
relationships.

Also, scholars are interested in dislocated quasi-b-metric spaces since they are more
general spaces. Based on this fact, we consider fixed point results in such spaces.

For the sake of reader, we recall the following concepts and results.
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Figure 1 Process diagram.

metric space

dislocated

dislocated
metric space

[_ dislocated dislocated
b-metric space| | quasi-b-metric
space
quasi-b-metric T
space

Definition 1.2 ([5]) Let (X, d) be a dislocated quasi-b-metric space and {x,},cn be a se-
quence in X. Then we say that:
(i) {x4}nen converges to x € X if

lim d(x,,x) =0 = lim d(x,x,).
n— 00 n—oQ

In this case x is called a dgb-limit of {x,}, and we write it as x,, — x (1 — 00).
(ii) {xn}uen is a dgb-Cauchy sequence if

lim d(x,,x,)=0= lim d(x,,x,).

H,m—> 00 n,m— 00
(iii) (X,d) is dgb-complete if every dgb-Cauchy sequence is convergent in X.

Definition 1.3 ([5], Definition 2.8) Let A and B be nonempty subsets of a dislocated quasi-
b-metric space (X,d). A cyclicmap T:AUB — A U B s said to be a dislocated quasi-b-
metric-cyclic-Banach contraction if there exists k € [0, %), s > 1, such that

d(Tx, Ty) < kd(x,y) (1.1)
forallx e A,y e B.

Definition 1.4 ([5], Definition 2.11) Let A and B be nonempty subsets of a dislocated
quasi-b-metric space (X,d). A cyclic map T:AUB — A U B is said to be a dislocated
quasi-b-metric-cyclic-Kannan contraction if there exists k € [0, Zis), s > 1, such that

d(Tx, Ty) < k[d(x,fx) + d(y, /)] (1.2)
forallx e A,y € B.
In [5], the authors proved the following main results.

Theorem 1.5 ([5], Theorem 2.9) Let A and B be nonempty closed subsets of a dqb-complete
dislocated quasi-b-metric space (X, d). Let T be a cyclic mapping that satisfies the condition
of a dislocated quasi-b-metric-cyclic-Banach contraction. Then T has a unique fixed point
inANB.

Theorem 1.6 ([5], Theorem 2.12) Let A and B be nonempty closed subsets of a dqb-
complete dislocated quasi-b-metric space (X, d). Let T be a cyclic mapping that satisfies the
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condition of a dislocated quasi-b-metric-cyclic-Kannan contraction. Then T has a unique
fixed point in AN B.

2 Main results
In this section, we consider and generalize some previous results. We also prove that the
results from Theorem 1.5 and Theorem 1.6 are just equivalent to the respective ordinary
fixed point results in the same framework.

First, we recall the following lemma ([8], Remark 2.13).

Lemma 2.1 If some ordinary fixed point theorem in the framework of metric (resp.
b-metric) spaces has a true cyclic-type extension, then these two theorems are equivalent.

Now we announce the following result.

Theorem 2.2 Theorem 1.5 (that is, [5], Theorem 2.9) is equivalent with the following
claim.

Claim 1 Let (X, d) be a dgb-complete dislocated quasi-b-metric space with s > 1, and let
T : X — X be a mapping. Assume that there exists k € [0, %) such that for all x,y € X,

d(Tx, Ty) < kd(x,y). (21)
Then T has a unique fixed point in X.

Theorem 2.3 Theorem 1.6 (that is, [5], Theorem 2.12) is equivalent with the following
claim.

Claim 2 Let (X,d) be a dgb-complete dislocated quasi-b-metric space with s > 1, and let
T : X — X be a mapping. Assume that there exists k € [0, Zis) such that for all x,y € X,

d(Tx, Ty) < k[d(x,fx) + d(y,fy)]. (2.2)
Then T has a unique fixed point in X.

In order to prove the above two theorems, we use the following crucial lemma.
Lemma 2.4 Let {A;}, | be nonempty closed subsets of a dqb-complete dislocated quasi-b-
metric space (X,d), and suppose that T : \ J_| A; — |, A; satisfies the following condi-
tions:

(1) T(A) CAinforl <i<pwhere Ay =Ay;

(2) there exists k € [0, %) such that for all x € Ule A,

d(TQx, Tx) < kd(Tx, x), d(Tx, T2x) < kd(x, Tx). (2.3)

Then (Y., A; # 0.

Proof If k = 0, then for all x € Uf:IAi, by (2.3) and (d3), we have T(Tx) = Tx, i.e., Tx is a
fixed point of T. Thus by (1), it is not hard to verify that Tx € (., A;. That is, (Y., A; # 0.
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Now, let k € (0, %) and x € [ J| A;. Then by (2.3), on the one hand, we arrive at

d(T""x, T"x) = d(T°T" "%, TT" ' x)
<kd(T"x, T"'x) = kd(T*T" >, TT" *x)

< /<2d(T"_1x, T”’Zx) <...<k'd(Tx,x). (2.4)
On the other hand, we have

d(T"x, T"'x) =d(TT" "%, T*T" 'x)
<kd(T"'x, T"x) = kd(TT" *x, T*T" *x)

< /<2d(T"_2x, T"‘lx) <...<k'd(x, Tx). (2.5)
Hence by (2.4) and (2.5), we easily speculate that

. lim d(T"x, T"x) =0, . lim d(T"x, T"x) = 0.
In other words, we demonstrate that {7"x} is a dgb-Cauchy sequence in dislocated quasi-
b-metric space (Uf=1 A;,d). Note that (U‘f=1 A;,d) is dgb-complete, and one establishes that
{T"x} converges to some z € |_J/_| A;. However, in view of (1), 7"« has infinite terms lying
ineach A;,i€{1,2,...,p}. As A; is closed for all i € {1,2,...,p}, we claim that z € ﬂleA,«.
Therefore, [, A; # 9. O

Proof of Theorem 2.2 Putting A; = X fori € {1,2,...,p} in Theorem 1.5, we obtain Claim 1.
Conversely, let Claim 1 hold. We shall prove that Theorem 1.5 also holds. Indeed, if
x € U, A;, then by virtue of Lemma 2.4, one establishes that {7"x} is a dgb-Cauchy se-
quence, further, (), A; # @. Now that (., A;,d) is a dgb-complete dislocated quasi-b-
metric space, and we restrict T to ([}, A;,d) and hence the condition (2.1) holds for all
%,y € (., A;, then Claim 1 implies that T has a unique fixed point in (;_; A;. Accordingly,
Theorem 1.5 is satisfied. O

Proof of Theorem 2.3 We could use the same method as in the proof of Theorem 2.2 and
hence the proof is omitted. d

Further, we announce the result for the existence of fixed point under cyclical consider-
ation in the framework following dislocated quasi-b-metric spaces.

Lemma 2.5 Let (X =, A;,d) be a dgb-complete dislocated quasi-b-metric space. If T :
X — X satisfies (1) of Lemma 2.4, and for all x € X =\ J\_, A;, the corresponding Picard
sequence {T"x} is a dgb-Cauchy sequence, then (;_, A; # 9.

Proof Since (X,d) is dgb-complete, then dgb-Cauchy sequence {T"x} converges to some
z € X. We shall prove that z € ﬂleA,«. Actually, observing that T(A;) € A;y; for all i €
{1,2,...,p} and T(A,,1) € A1, we conclude that {T"x} has infinite terms in A; for all i €
{1,2,...,p}. As A; is closed for all i € {1,2,..., p}, we claim that z € ﬂleA,'. Consequently,

LA #D. O
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The following two examples support our Theorem 2.2 and Theorem 2.3.

Example 2.6 ([5], Example 2.10) Let X = [-1,1] and Tx = —£. Suppose that A = [-1,0] and
B =10,1]. Define the function d : X x X — [0, 00) by

b, i

d(x,y) = |x — | .
(x,9) = lx =yl *otn

Then (X, d) is a dislocated quasi-b-metric space with the coefficient s = 2. As a conse-
quence of d(1,1) # 0, so (X,d) is not a quasi-b-metric space. Also, it is not a dislocated
b-metric space based on the fact that d(1,0) # d(0,1). Clearly, X = A U B and T(A4) C B,
T(B) € A. We shall prove (2.1), where k € [%, %) co, %).

Indeed, for all x, y € X, we have

x y
) = ——,— =z
d(Tx, Ty) d( z 5)

5 5/ 50 55
1/1
(e 0
5\5 10 11
1 [l lyl
< -+ 2
5 10 11
< kd(x,y),

where k € [é, %) c o, %). Hence, all the conditions of Claim 1 are satisfied, that is, 7" has a
unique fixed point in X. Now, using Theorem 2.2, we see that T has a unique fixed point
in AN B={0}, i.e, 0 is the unique fixed point of T.

Example 2.7 ([5], Example 2.13) Let X = [-1,1] and Tx = —Z. Suppose that A = [-1,0] and
B =10,1]. Define the function d : X x X — [0, 00) by

d(x,y) = lx = yI* + 3|x| +2[yl.

Then (X,d) is a dislocated quasi-b-metric space with the coefficient s = 2. Owing to
d(1,1) #0, hence (X, d) is not a quasi-b-metric space. Also, it is not a dislocated b-metric
space because of d(1,0) # d(0,1). Further, similar to the preceding example, we can show
(2.2), where k € [22—3, %) c [o, %). Thereupon all the conditions of Claim 2 are satisfied, it
ensures us that 7" has a unique fixed point in X. Now, by Theorem 1.6, T has a unique
fixed point in A N B = {0}. Finally by Theorem 2.3, 0 is a unique fixed point of T

The following lemmas are useful in proving of all main results in the framework of dis-
located quasi-b-metric spaces. The proofs are almost the same as in [19] for the case of
b-metric spaces and hence we omit them.

Lemma 2.8 Let (X, d) be a dislocated quasi-b-metric space with s > 1, and suppose that
{x,} and {y,} are dgb-convergent to x, y, respectively. Then we have

1
54() < liminfd(x,,y,) < limsupd(x,,y,) < s*d(x,)

n—00
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and

1
—2d(y,x) <liminfd(y,,x,) <limsupd(y,,x,) < s*d(y,x).
s n—00

n—00

In particular, if x = y, then lim,,_, oo d(%,, ) = 0 and lim,_, » d(y,,x,) = 0. Moreover, for
each z € X, it follows that

1
-d(x,z) <liminfd(x,,z) <limsupd(x,,z) < sd(x,z)
S n—00

n—00

and

1
-d(z,x) < liminfd(z,x,) < limsupd(z,x,) < sd(z,x).
N n—00 n—00

Lemma 2.9 Let (X,d) be a dislocated quasi-b-metric space with s > 1 and let {x,} be a
sequence in X such that

lim d(x,,%,41) = 0.

n—00

If {x,} is not a dqb-Cauchy sequence, then there exist € > 0 and two sequences {m(k)} and
{n(k)} of positive integers such that, for the sequences

A Xy Xn(k))> A(L(k)» Xn(h)+1)» A X (k) +1> %n(k))s ALk +1> Xn(k)+1)
and

AKXk Xmii))» AXn)+1: Xmik))» AKX (k) Xmi)+1)s AKXk +1 Xm(k)+1)s
we have

& < liminf d(X(k), Xugy) < lim sup d(Xmx)s Xnr)) < s,
n—00

n—o0
£ . . .
— < liminf d(@m(k), Xn 1) < HMSUP d(Xpuia) X 11) < 576,
N n—00 n—00
& .. .
— < liminf d(@m(k)+1, %)) < HMSUP A(X gy o1, X)) < 876,
S n—oo n—00
& . . .
S_2 = hnrglogfd(xm(k)-*—l: xn(k)+1) <lim sup d(xm(k)+lr xn(k)+1) = 538’

n— 00

and

& <liminf d(x,k), Xmey) < limsup d(X, @), Xm) < S&,
n— 00

n—o0

IA

liminf d (i +15 Xmo) < im sup A1, %m@y) < 5°€,
n— 00 11— 00

IA

h}{ggolfd(xn(k)rxm(k)ﬂ) < lim sup dXn(ky, Xmiy+1) < 52€,

n—00

R|o @l® wl®

<lim infd(xn(/()+17 xm(k)+l) <lim sup d(xn(k)+lx xm(k)+1) < 538'

n— 00 H— 00

Page 8 of 10
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Finally, we shall announce a generalization of the recent Geraghty type result from [15],
Theorem 2.1, used in the setting of b-metric spaces. In order to use our ideas in the frame-
work of dislocated quasi-b-metric spaces, we shall consider the class of functions B;, where
B € B; satisfies 8 : [0, +00) — [0, %) and has the property

1
B(t,) —> - implies ¢, — 0.
s

An example of such a 8 is given by B(£) = %e‘t for ¢ > 0 and B(0) € [0, %).

The following result is a generalization of [15], Theorem 2.1, since we do not assume that
the dislocated quasi-b-metric d is continuous. With regard to its proof, we omit it because
it is almost the same as the counterpart in [15], Theorem 2.1, for b-metric spaces without
using Lemma 2.8 and Lemma 2.9, however, many other papers have to use them.

Theorem 2.10 Let (X, d) be a dislocated quasi-b-metric space with s >1 and letf,g: X —
X be two maps such that f(X) C g(X) and one of these two subsets of X is dqb-complete. If
for some function B € Bs and for all x,y € X we have

d(fx,fy) < B(d(gx,gy))d(gx, gy),

then f and g have a unique point of coincidence w. Moreover, for each xy € X, a correspond-
ing Jungck sequence {y,} can be chosen such that lim,,_, ¥, = w. In addition, if f and g are
weakly compatible, then they have a unique common fixed point.

Taking g = Ix (identity mapping of X) in Theorem 2.10, we see that the following
Geraghty type theorem in dislocated quasi-b-metric spaces.

Corollary 2.11 Let (X,d) be a dgb-complete dislocated quasi-b-metric space with s > 1.
Suppose that a mapping f : X — X satisfies

d(fx, fy) < B(d(x,y))d(x,y)

forall x,y € X and some B € B;. Then f has a unique fixed point z € X, and for each x € X,
the Picard sequence {f"x} converges to z in X.
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