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1 Introduction

The approximation of fixed points of multivalued mappings with respect to the Haus-
dorff metric, using Mann [2] or Ishikawa [3] iteration scheme, has never been successful
without imposing the condition that either the fixed point set of S is strict or that S is a
multivalued mapping for which Ps satisfies some contractive conditions (see, e.g., [1, 4—
9], and references therein). Among these recent studies, Chidume et al. [1] introduced the

class of multivalued pseudocontractive mappings as follows.

Definition 1.1 ([1]) Let H be a real Hilbert space. A multivalued mapping S: D(S) € H —
CB(H) from the domain of S into the family of all closed and bounded subsets of H is said
to be k-strictly pseudocontractive in the sense of Chidume ez al. [1] if there exists k € (0,1)
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such that
®*(Sr,Sg) < ||[r—gl* + kHr—u— (g- v)||2 for all u € Sr,v e Sg.

If k =1, then S is said to be pseudocontractive. Also, they proved some weak and strong
convergence theorems for this class of mappings using the condition that either the fixed
point set of S is strict or S is a multivalued mapping such that Ps is pseudocontractive.
They proved the following theorems.

Theorem 1.1 ([1]) Let C be a nonempty, closed, and convex subset of a real Hilbert space H,
and let S : C — P(C) be a multivalued mapping such that F(S) # . Assume that Ps is k-
strictly pseudocontractive. Let {r,} be a sequence defined iteratively from arbitrary point
rn e C by

Tnel = (1 - )")rn + )‘gm
where g, € Psr,, and ) € (0,1 - k). Then, lim,,_, o, d(r,,, Sr;,) = 0.

Theorem 1.2 ([1]) Let C be a nonempty, closed, and convex subset of a real Hilbert space H,
and let S : C — P(C) be a multivalued k-strictly pseudocontractive mapping with F(S) # ()
such that for every r € C, Sr is weakly closed and Sz = {z} for all z € F(S). Suppose that S is
hemicompact. Let {r,} be a sequence defined iteratively from arbitrary point ry € C by

Tps1 = (1 _)‘«)rn + )ng

where g, € Psr, and A € (0,1- k). Then, the sequence {r,} strongly converges to a fixed point

of S.

Recently, Isiogugu et al. [10] observed that there are multivalued Lipschitzian maps with
nonempty fixed point set for which neither the fixed point set of S is strict nor Py satis-
fies any of the contractive conditions studied so far by authors. They also noted that these
classes of maps have another interesting property of some existing maps considered re-
cently by authors (see, e.g., [1, 4-9, 11, 12], and references therein). They therefore sug-
gested to approximate the fixed points of multivalued mappings S directly instead of Pg
and without imposing the strict fixed point set condition on S. This suggestion was also
due to the fact that it has not been established that if a multivalued map S belongs to a
class of maps, then Ps necessarily belongs to the same class of maps and that the fixed
point set of S need not be strict. Consequently, they introduced the ‘type-one’ condition,
which guarantees the weak convergence of the Mann sequence {r,} without imposing the
condition that the fixed point set of S is strict to a fixed point of a multivalued quasi-
nonexpansive mapping S in a real Hilbert space. They also proved that under this condi-
tion, if S is nonexpansive, then I/ — S is demiclosed at zero. They obtained the following

results.

Proposition 1.1 ([10]) Let H be a real Hilbert space, and C a nonempty weakly closed
subset of H. Let S : C C H — P(H) be a multivalued mapping from C into the family of all
proximinal subsets of H. Suppose that S is a nonexpansive mapping of type one. Suppose
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that {r,};2, < C is such that {r,} weakly converges to p and a sequence {g,} with g, € Sr,
and \|\r, — gu|l = d(ry, Sry) for all n € N is such that {r, — g,} strongly converges to 0. Then
0€e(l-S)p (ie, p=vforsomev e Sp).

Theorem 1.3 ([10]) Let C be a nonempty closed and convex subset of a real Hilbert space H.
Suppose that S : C — P(C) is a type-one nonexpansive mapping from C into the family of
all proximinal subsets of C such that F(S) # 0. Then the Mann-type sequence defined by

Tpyl = (1 - :u«n)rn + Ungn

weakly converges to q € F(S), where g, € Sr, with |r, — g,|| = d(r,, Sry) and u, < (0,1)
satisfying p, — p € (0,1).

Theorem 1.4 ([10]) Let C be a nonempty closed and convex subset of a real Hilbert space H.
Suppose that S : C — P(C) is a type-one quasi-nonexpansive mapping from C into the
family of all proximinal subsets of C. If (I — S) satisfies Proposition 1.1, then the Mann-type
sequence defined by

Tpsl = (1 - //Ln)rn + Ungn

weakly converges to q € F(S), where g, € Sr, with |r, — g,|| = d(r,,Sry) and u, < (0,1)
satisfying p, — p € (0,1).

Therefore, our purpose in this work is to establish that the type-one condition intro-
duced by Isiogugu et al. [10] guarantees the weak (respectively, strong) convergence of the
Mann (respectively, Ishikawa) sequence {r,} to a fixed point of k-strictly pseudocontrac-
tive (respectively, pseudocontractive) mapping S of Chidume et al. [1] without the condi-
tion that the fixed point set of S is strict in a real Hilbert space. It is also proved that, under
this condition, I — S is demiclosed at zero if S is k-strictly pseudocontractive. The results
obtained extend, complement, and improve the results on multivalued and single-valued
mappings and also give a partial solution to the problem of removing the strict fixed point
set condition usually imposed on S.

2 Preliminaries

In the sequel, we shall need the following definitions and lemmas.

Definition 2.1 Let X be a nonempty set, and let S: X — X be a map. A point r € X is
called a fixed point of S if r = Sr. If S : X — 2% is a multivalued map, then r is a fixed point
of Sif r € Sr. If Sr = {r}, then r is called a strict fixed point of S. The set F(S) = {r € D(S) :
r € Sr} (respectively, F(S) = {r € D(S) : r = Sr}) is called the fixed point set of a multivalued
(respectively, single-valued) map S, whereas the set Fs(S) = {r € D(S) : Sr = {r}} is called
the strict fixed point set of S.

Definition 2.2 Let X be a normed space. A subset C of X is said to be proximinal if given
any r € X, there exists k € C such that

lir =kl = inf{||Ir - gll : g € C} = d(r, C).
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It is well known that every closed convex subset of a uniformly convex Banach space is
proximinal. For a nonempty set X, we shall denote the family of all nonempty closed and
bounded subsets of X by CB(X), the family of all nonempty closed, convex, and bounded
subsets of X by CVB(X), the family of all nonempty closed subsets of X by C(X), the family
of all proximinal subsets of X by P(X), and the family of all nonempty subsets of X by 2%,

Definition 2.3 Let ® denote the Hausdorff metric induced by the metric d on X, that is,
for all A,B € CB(X),

®(A,B) = max{sup d(a, B), sup d(b,A)}.
acA beB

Definition 2.4 Let X be anormed space. Let S : D(S) € X — 2X be a multivalued mapping
on X. S is called L-Lipschitzian if there exists L > 0 such that, for all r,g € D(S),

O(Sr,Sg) < LlIr - gl (2.1)

If L € [0,1) in (2.1), then S is said to be a contraction, whereas S is nonexpansive if L = 1.
S is called quasi-nonexpansive if F(S) = {r € D(S) : r € Sr} # ) and, for all z € F(S),

®(Sr,Sz) < ||r-z||. (2.2)

Clearly, every nonexpansive mapping with nonempty fixed point set is quasi-non-
expansive. S is said to be k-strictly pseudocontractive in the sense of Chidume et al. [1] if
there exists C € (0,1) such that

®*(Sr,Sg) < ||[r—gl* + kHr— u-—(g- v)||2 forall u € Sr,v € Sg. (2.3)

If k =1 in (2.3), then S is said to be pseudocontractive. S is said to be of k-strictly pseu-
docontractive type in the sense of Isiogugu [5] if there exists k € (0,1) such that given any
pair r,g € D(S) and u € Sr, there exists v € Sg satisfying ||u — v|| < ®(Sr, Sg) and

(S, S¢) < Ir—gl* + k|r—u—(g-v)|* (2.4)

If k =1 in (2.4), then S is said to be of pseudocontractive type. It is easy to see that any
proximinal, pseudocontractive map S of Chidume et al. [1] is of pseudoconytractive type
in the sense of Isiogugu [5].

Definition 2.5 ([13,14]) Let X be a Banach space. Let S : D(S) € X — 2 be a multivalued
mapping. Then I — S is said to be weakly demiclosed at zero if for any sequence {r,}°, <

D(S) such that {r,} converges weakly to z and a sequence {g,} with g, € Sr,, foralln e N
such that {r, — g,,} strongly converges to zero, we have z € Sz (i.e., 0 € (I — S)z).

Definition 2.6 ([15]) A Banach X is said to satisfy Opial’s condition if whenever a se-
quence {r,} converges weakly to r € X, we have

liminf ||r, — r|| < liminf|/r, — g|

forallge X, g #r.
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Definition 2.7 ([13, 14]) Let X be a Banach space, and S: D(S) € X — 2% a multivalued
mapping. The graph of I — § is said to be closed in o (X, X*) x (X, || - ||) (i.e., I - S is weakly
demiclosed or demiclosed) if for any sequence {r,}32, < D(S) such that {r,} weakly con-
verges to z and a sequence {g,} with g, € Sr, for all n € N such that {r, — g,} strongly
converges to g, we have g € (I — S)z (i.e., g = z — v for some v € Sz). Here I denotes the
identity on X, o (X, X™) is the weak topology of X, and (X, | - ||) is the norm (or strong)
topology of X.

Definition 2.8 ([6]) A multivalued mapping S: C — P(C) is said to satisfy condition (1)
(see, e.g., [6]) if there exists a nondecreasing function f : [0, 00) — [0, 00) with £(0) = 0 and
f>0o0n(0,00) such that

d(r,Sr) zf(d(r,F(S)), VreC.

Definition 2.9 ([10]) Let X be a normed space, and S : D(S) € X — 2% be a multivalued
map. S is said to be of type one if given any pair r,g € D(S), we have

llu —v|| < ®(Sr,Sg) for all u € Pgr,v € Psg.

Lemma 2.1 Let H be a real Hilbert space, and {r,}.;°, a sequence in H weakly converging
toze H. Then

lim sup |7, —gl/* =lim sup ||r, —z|> + |z—g|?>, VgeH.
n—00 n— 00
Lemma 2.2 ([16]) Let {a,}, {8,}, and {y,} be sequences of nonnegative real numbers satis-
fying the following relation:

p1 < (1 +68,)a, + Yn» N = Ho,
where ny is a nonnegative integer. If Y 8, < 00 and Y y, < 00, then lim,,_, , a,, exists.

Lemma 2.3 ([4]) Let X be a metricspace.IfA,B € P(X),a € A,andy > 0, then, as a simple
consequence of the Hausdor(f metric @, there exists b € B such that

d(a,b) < ®(A,B) +y.

3 Main results

We now obtain a demiclosedness property in the sense that if {r,}52; < C is such that {r,}
weakly converges to z and a sequence {g,} with g, € Sr,, and ||r, — g,|| = d(r,, Sr,,) for all
n € N is such that {r, — g,} strongly converges to 0, then 0 € (I — S)z (i.e., z = v for some
v e Sz).

Proposition 3.1 Let H be a real Hilbert space, and Ca nonempty weakly closed subset
of H. Let S : C C H — P(H) be a multivalued mapping from C into the family of all prox-
iminal subsets of H. If S is a k-strictly pseudocontractive mapping of type one, then (I - S) is
demiclosed at zero (i.e., the graph of I - S is closed at zero in o (H, H*) x (H, || - ||) or weakly
demiclosed at zero).
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Proof We use a method similar to that of the proof of Proposition 3 in [5]. Let {r,}2, € C
be such that {r,} weakly converges to z, and {g,} be a sequence with g, € Sr, and ||r, —
gull = d(ry, Sry) for all n € N such that {r, — g,} strongly converges to 0. We prove that

oo

0e(-9S)z(ie, z=vfor some v € Sz). Since {r,}°; converges weakly, it is bounded. Let

q € Sz with ||z—q|| = d(z, Sz), From the definition of k-strictly pseudocontractive and type-
one condition on S, for each n € N, we have

gn = qll = (Sry, Sz) 3.1)
and

(1, $2) < lIra = 211" + k[rs g~ (= )" (3.2)
Therefore, for each r € H, define f : H — [0, 00) by

f(r):=limsup ||r, — 7[>
n—00

Then from Lemma 2.1 we obtain

f(r)=limsup ||r, —z|* + ||z 7|?, VreX.

n—00

Thus,
f)=f@) +|lz-rl>, VreX.
Therefore,

f(@=f)+lz-ql* (3.3)

Observe also that

f(g) = limsup |7, - q|I”

= limsup”rn — g+ (g —q)||2

= limsup ||g, — qlI”

n—00

< limsup ®>(Sr,, Sz)

n—00

< timsup[[Ir, — 2l + k| — g0 — (2= @) |’]

n—00

= limsup ||r, — z||* + kH (Z—q)H2
n— 00

= f(2) +kllz—ql* (3.4)

Hence, it follows from (3.3) and (3.4) that (1 - )|z —¢||*> = 0.
Therefore, z = q € Sz. O
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We now obtain some strong and weak convergence results for the class of pseudocon-
tractive mappings and k-strictly pseudocontractive mappings of Chidume et al. [1], re-
spectively, in Hilbert spaces.

Theorem 3.1 Let C be a nonempty closed and convex subset of a real Hilbert space X. If S :
C — P(C) is a type-one L-Lipschitzian pseudocontractive mapping from C into the family
of all proximinal subsets of C such that F(S) # (). Suppose that S satisfies condition (1).
Then, the Ishikawa sequence defined by

&n = (1 - 5n)r'n + 8ulhy,

Fpel = (L= 0a) ¥ + [y W,

strongly converges to p € F(S), where u, € Sry, with |r, — uy,|| = d(r,, Sry), w, € Sg, with
llgn — wull = d(gn, Sgn), and {iv,} and {8,,} are real sequences satisfying (i) liminf,_, o p, =

w>0, (i) 0 < u, <8, <1, and (iii) sup,>, 8, <8 < 1+1LZ+1'

Proof Using a method similar to that of the proof of Theorem 4 in [5], we have that

It =212 = (L= p)rn + s — 2|
= 1= )0 = 2) + s — 2|
= (L= )l — 217 + tullwn = 201> = a1 = ) 170 — wil|>
< (L= pua)llrn = 2l* + nn ®*(Sgu S2)
— pn(L= )| = wi?
< (L= wn)llrn = 2l1* + [ llgn — 211* + llgn — wall*]
= (L = ) 17 = will?
= (L= )l — 201 + tullgn — 201 + 1 (gn Sgn)

_/'Ln(l_ﬂn)”rn_wnnz' (3.5)

Also,

llg. - Wn”Z = ” (L= 81)1n + Suthy — Wy ”2
2
= H (1 - an)(rn - Wn) + Sn(un - Wn)”
=(1=8)rn - Wn”Z + 8 lluen — Wn||2
—8,,(1—8,,)||r,,—u,,||2. (3'6)
From (3.5) and (3.6) it follows that
71 = 21> < (L= p)llrn = 2II* + pullgn — 21
+ Mn[(l —8u)llr — Wn||2 + 8 lltn — Wn||2
= 8,(L=8,)lrm — un”2]

— (= )7 = will?, (3.7)
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lgn — 211 = | (1= 8,7 + 8t — 2|

= @ =80 = 2) + 8uutn — 2|
= (L= 8)lIrn —2l* + 8ullun — 211> = 8,(1 = 8,) 17 — ||
< (L= 8)llrn — 2l + 8, D*(Sr, S2) = 8,4 (1 = 8,) 7 — ||

<@-8)lru _2”2 + ‘Sn[”rn _Z”2 + 1P = unllz] =81 =8 llru — unHZ

= lry — 21 + 82117 — > (3.8)
From (3.7) and (3.8) it follows that

71 — 2l < @ = wa)llr — 21>

+ tn[ 7 = 2I* + 82117 — 14 1%
L[ @ = 817w = Will® + 8ull st = Wi |* = 8u(1 = 8) 170 — 1]
= (L= )| = w1

= (U= p)llrw = 2% + sullrn = 2% + 1ud 1w — il
+ tn(L= 817 = Wll® + tnull 1ty — Wil
= (L= 8) 17 = 1> = pn(L = ) 17 = wil®

< rn=zl* + wnd rn = tnll® + 1208 D> (Sr, Sgu)
= n(8n = )7 = wi®

— 8 (L = 8) 17 — 11

< \lrw—2l* + wndp 1w — wnll® + (aSoL> 1w — 1]l
= (= 8,) 17 — 1
= (8 = )l = w1
= {170 = 2l1* = tndu[1 = 28, — L2872 ]l17s — 14 )?
= (8 = 1) l7 = wil®
= Irn = 2l* = nda[1 = 28, — L?8; |70 — uul>. (3.9)

It then follows from Lemma 2.2 that lim,_, |7, — z|| exists. Hence, {r,} is bounded, so
also are {u,} and {w, }. We then have from (3.9)(i), (iii) that

oo o0
Y o [1-28 =128 Irn — wall® < D pundu[1 =28, = L287]lIr — I
n=0 n=0

=

¢

2 2
(7 = 2l1> = 17201 = 2]

1
(=]

n

< llro —2I1* + D < oo

It then follows that lim,,_, », ||7, — ;|| = 0. Since u,, € Sr,, we have that d(r,, Sr,,) < ||r, —
u,|| = 0 as n — oo. Since S satisfies condition (1), lim,,_, o, d(r,,, F(S)) = 0. Thus, there
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exists a subsequence {r,, } of {r,} such that ||r, —z| < 2% for some {z;} C F(S). From
(3.9) we have

17y = zicll < 7 — 2kl
We now show that {z;} is a Cauchy sequence in F(S):

||Zk+1 - Zk” =< ||Zk+1 — T ” + ||rnk+1 - Zk”

1 1
< gmi

1
<F.

Therefore, {z;} is a Cauchy sequence and converges to some g € C because C is closed.

Now, we have
7, =gl < lIrn = zicll + llzx — gl
Hence, r,,, — g as k — oo. We have

d(%SfI) =< ”q_zk” + ”Zk - rnk” + d(rnk:srnk) + CD(S’"nk:SﬂI)

< g =zl + llzi = rug | + A(rug Sru) + L7y, — gl

Hence, g € Sq, and {r,, } strongly converges to g. Since lim ||r,, — g|| exists, we have that 7,
strongly converges to g € F(S). a

Theorem 3.2 Let C be a nonempty closed and convex subset of a real Hilbert space H.
Suppose that S : C — P(C) is k-strictly pseudocontractive mapping from C into the family
of all proximinal subsets of C with k € (0,1) such that F(S) # (. If S is of type one, then the
Mann-type sequence defined by

Ypyl = (1 - //Ln)rn + Ungn

weakly converges to q € F(S), where g, € Sr, with |r, — g,|| = d(r,,Sr,) and n, < (0,1)
satisfying (i) pn — <1 -k, (i) n > 0, and (iii) Do) sa(l — py) = 00.

Proof Using the well-known identity and a method similar to that of the proof of Theo-
rem 3 in [5], we have that

Jor+ - 0g|)* = tlrl> + @ - Dlgll® - e - )1 — g,
which holds for all 7,g € H and all £ € [0, 1], from which we obtain

17141 _Z||2 = ”(1 — Wn)Tn + Ungn _ZH2
= [ = ) = 2) + n(gn - 2|

= (L ) llrw — 2l + pnllgn = 2II* = (X = )7 — gall*
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< (1_Mn)||rn —2”2 + ,u,,,dJZ(Srn,Sz) - l‘vn(l_ﬂn)”rn _gn||2
< @ = p)llrn =2l + pul 70 = 202 + kllrn = gull?]
- Mn(l _Mn)”rn _gn||2

= |7y _2”2 _Mn(l — (n + k))”rn —gn||2‘

It then follows Lemma 2.2 that lim,,_, » |7, — z|| exists, and hence {r,} is bounded. Also,

[e¢]

Dt (1= G+ K)) lIrw = gull> < lirg — 2> < 0.

n=1

Since p > 0 from (ii), we have that lim,_, » ||, —gx|| = 0. Also, since Cis closed and {r,,} € C
with {r,} bounded, there exists a subsequence {r,,} < {r,} that weakly converges to some
q € C. Also, lim,_, o |7 — gu || = 0 implies that lim,_,« ||, — g, || = 0. Since (I - S) is weakly
demiclosed at zero, we have that g € Sq. Since H satisfies Opial’s condition [15], we have
that {r,} weakly converges to g € F(S). O

We now have the following corollaries with proofs easily following from the definition
and Theorems 3.1 and 3.2, respectively.

Corollary 3.1 ([10]) Let C be a nonempty closed and convex subset of a real Hilbert
space H. Suppose that S : C — P(C) is a type-one quasi-nonexpansive mapping from C
into the family of all proximinal subsets of C. If (I — S) satisfies Proposition 3.1, then the
Mann-type sequence defined by

Tp+l = (1 - //Ln)rn + Ungn

weakly converges to q € F(S), where g, € Sr, with ||r, — g,|| = d(ry, Sry), and w,, is a real
sequence in (0,1) satisfying (1, — p € (0,1).

Corollary 3.2 ([10]) Let C be a nonempty closed and convex subset of a real Hilbert
space H. Suppose that S : C — P(C) is a type-one nonexpansive mapping from C into the
family of all proximinal subsets of C such that F(S) # . Then the Mann-type sequence
defined by

Tpy1 = (1 - Mn)rn + Ungn

weakly converges to q € F(S), where g, € Sr, with |r, — g,|| = d(ry, Sry) and u, < (0,1)
satisfying p, — p € (0,1).

Concluding Remark It is not clear if Theorem 3.1 and Theorem 3.2 will still hold if the
classes of pseudocontractive and k-strictly pseudocontractive mappings considered are
replaced with the classes k-strictly pseudocontractive-type and pseudocontractive-type

mappings, respectively, considered by Isiogugu [5].
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