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Abstract

We define a new version of proximal C-contraction and prove the existence and
unigueness of a common best proximity point for a pair of non-self functions. Then
we apply our main results to get some fixed point theorems and we give an example
to illustrate our results.
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1 Introduction and preliminaries

Consider a pair (A, B) of nonempty subsets of a metric space (X,d). Assume that f is a
function from A into B. An w € A is said to be a best proximity point whenever d(w, fw) =
d(A, B), where d(A, B) = inf{d(s,t) :s € A,t € B}.

Best proximity point theory of non-self functions was initiated by Fan [1] and Kirk ez
al. [2]; see also [3—13]. In this paper, we generalize some results of Kumam et al. [14] to
obtain some new common best proximity point theorems. Next, by an example and some
fixed point results, we support our main results and show some applications of them.

Definition 1.1 Consider non-self functions f;,f3,...,f, : A — B. We say the a point s € A
is a common best proximity point of f;,f3,...,f, if

d(s,fis) = d(s, fo8) = - - - = d(s, fs) = d(A, B).

Definition 1.2 ([14]) Let (X, d) be a metric space and ¥} ¥ A, B C X. We say the pair (4, B)
has the V-property if for every sequence {¢,} of B satisfying d(s,t,) — d(s, B) for some
s € A, there exists a t € B such that d(s, t) = d(s, B).

2 Main results
We denote by W the family of all continuous functions from [0, +00) X [0, +00) to [0, +00)
such that ¥ (x,v) = 0 if and only if u = v = 0 where ¢ € W.

Definition 2.1 Let (X, d) be a metric space, d # A,BC X, a: A X A — [0,00) a function
andf,g: A — Bnon-self mappings. We say that (f, g) is a triangular «-proximal admissible
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pair, if for all p, q, 7, £1, £2,51,52 € A,

a(tlr tZ) = 1’
Ti: ) d(si,fh) =d(A,B), = als,s)>1,
d(SZ’th) = d(A’B)

alp,r)>1,

T2:
a(r,g) >1

alp,q) > 1.

Let (X, d) be a metric space and ) # A, B C X. We define

Ay = {s €A:d(s,t)=d(A,B) for somet € B},

By = {t € B:d(s,t) = d(A, B) for some s eA}.

Definition 2.2 Let (X, d) be a metric space, # #A,B C X, and f,g: A — B non-self map-
pings. We say that (f, g) is a generalized proximal C-contraction pair if, for all s, ¢, p, g € A,

d(s,fp) = d(A, B),
d(t,gq) = d(A, B)

1
} = d(st) = 5(61(1% t) +d(q,5)) - ¥ (d(p, 1), d(q,5)), @)
in which ¢ € W.
Definition 2.3 Let (X, d) be a metric space,  #A,BC X, a : A X A — [0,00) a function
and f,g: A — B non-self functions. If, for all s, £, p,q € A,

d(s’fp) = d(A)B)r
d(t,gq) = d(A, B)
imply

a(p, @)d(s,t) < > (d(p,8) + d(g,5)) - ¥ (d(p, £), d(g,5)), (2)

N =

then (f, g) is said to be an o-proximal C1-contraction pair.
If in the definition above, we replace (2) by

(alp,q) + l)dw) < (I +1)2@@0+d@s)-v (@dp.Ddqs) 3)

where [ > 0, then (f, g) is said to be an a-proximal C2-contraction pair.

Theorem 2.4 Let (X,d) be a metric space and ) # A,B C X. Let A be complete and Ay
nonempty set. Moreover, assume that the non-self functions f,g : A — B satisfy:
(i) f, g are continuous,
(ii) f(Ao) C Bo and g(Ao) C Bo,
(iii) (f,g) is a generalized proximal C-contraction pair,
(iv) there exist so,s1 € Ao such that d(s1,fso) = d(A, B).
Then the functions f and g have a unique common best proximity point.
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Proof From (iv) we can get 59,51 € Ao such that
d(SbeO) = d(ArB)

Since g(Ag) C By, there exists s, € Ay such that d(s;, gs1) = d(A, B).
We continue this process and construct a sequence {s,} such that

d(52n+1:f52n) = d(Ar B);

(4)
d(52r1+21g52n+1) = d(Ar B)
for each n € N.
We divide our further derivation into four steps.
Step 1. We have
lim d(s,,$441) = 0. (5)
n—00
Put s = s3,41 and £ = s9,,42. From (1), we get
1
d(sans1,82n42) = ) (d(SZn;SZrHZ) + d(52n+1;52n+1)) - 1/f(d(SzmS2n+2)rd(52n+1,s2n+1))
1
= id(SZVU S2n+2) - I// (d(SZ;fu 52n+2); 0)
1
=< Ed(s2nrs2n+2)
1
= ) (d(SZn; Sons1) + A(S2041, 32n+2)), (6)

which implies d(s2,.41,S24+2) < d(S215 S2041)-

Now, if we put d,, := d(sy,S4+1), then we get da,1 < day. Also, we have dy,y0 < doys1,
which implies that the sequence {d,} is decreasing and so thereisad > 0 such thatd,, — d
as n — 00. Now, take n — 0o in (6) and get

1 1
d =3 lim d(52m52n+2) = _(d + d) =d,
2 n—00 2
that is,
lim d(s2m 52n+2) =2d. (7)
Take again n — 0o in (6). By (7) and the continuity of ¥, we get
d<d-vy(2d,0),
and so ¥(2d,0) = 0. By the properties of yr, we get d = 0.
Step 2. We claim that {s,} is a Cauchy sequence. By (5), we show that the subsequence
{son} of {s,} is a Cauchy sequence in Ay. Contrarily, let there exists an € > 0 for which the
subsequences {sy,,(0} and {sa2ux} of {s2,} such that n(k) is the smallest integer satisfying,

forall k>0,

n(k) >m(k) >k implies  d(s2m(k), S2n(k)) > €, (8)



Lo'lo’ et al. Fixed Point Theory and Applications (2016) 2016:56 Page 4 of 10

which would imply that
A(S2m(k)r S2n(k)-2) < €. ©)
Using the triangular inequality, (8), and (9), we would get

€ < d(Sam(k)s S2n(k) =< A(S2m(k)» S2n(i)-2) + A(S2n(k)-25 S2n(k)-1) + A(S21(k)-15 S20(k))

< € + d(S2n()-2 S2n(k)-1) + A(S2n(k)-15 S2n(k) )+
Letting k — oo in the above inequality and using (5), we would get
lim d(s2m(x), Sonk) = €- (10)
k—00
On the other hand, we have
A(S2mt)» S2n()) < A(S2m() S2n(i)+1) + A(S2m(k) 415 S2n(i))-
Now, we would have
€ < lim d(S2m() S2n(k)+1)- (11)
Hn— 00
By the triangular inequality, we have
A(S2m(k)» S2n(k)) < AS2m(k)s S2m()-1) + A(S2m(k)-15 S21(k)+1) + A(S20(R) 41> S2(k))-
Letting again k — oo in the above inequality and using (5) and (10), we would get
€ < lim d(samx)-1,S2n(k)+1)-
k— o0
Also, we can get limy_, oo d(S2m(k)-1> S2n(k)+1) < €, and so
lim d(S2m)-15S2n()+1) = €. (12)
n—0o0

From (1) we have

1
A(S2n(t)+1> S2m(k) < 5 (d(S20(k)> S2m()) + A(S20(0 41 S2m(k)-1) )

— Y (d(S2mk)> S2m(8))> A(S2m(h) 41 S2m(d)-1)) - (13)

Taking kK — oo in the above inequality and using (10), (11), (12), and the continuity of v,
we would obtain

esé(ﬁe)—we,e),

and therefore v (¢, €) = 0, which would imply € = 0, a contradiction. Thus, {s,} is a Cauchy
sequence. Since A is complete, there is a z € A such that s, — z.
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Step 3. Now, from
A(Szn41,f524) = d(A, B), A(S2142,8S2n+1) = d(A, B),

taking n — oo and by continuity of f and g, we have d(z,fz) = d(z,gz) = d(A,B). So, z is a
common best proximity point of the mappings f and g.
Step 4. Now, let f and g have another common best proximity point, say w, such that

d(w,fw) = d(w,gw) = d(A, B).
From (1) we have

d(z,w) < %(d(z, w) +d(w,2)) - ¥ (d(z, w),d(w, 2))

=d(z,w) - ¢ (d(z, w),d(z, w)) (14)
whence d(z, w) = 0, and therefore z = w. O

Theorem 2.5 Let (X, d) be a metric space and ) # A,B C X such that A is complete and
Ao is nonempty. Moreover, suppose that the non-self functions f,g : A — B satisfy:
(i) f, g are continuous,

(ii) f(Ao) C By and g(Ao) C By,

(iti) (f,g) is an a-proximal Cl-contraction pair or an a-proximal C2-contraction pair,

(iv) (f,g) is a triangular a-proximal admissible pair,

(iv) there exist so,s1 € Ao such that d(s1,fs0) = d(A, B), ae(s1,50) > 1.
Then f and g have a common best proximity point. Furthermore, if z,w € X are common
best proximity points and oz, w) > 1, then common best proximity point is unique.

Proof By (iv), we can find 5o, 51 € Ag such that
d(SlnyO) = d(A’B)r a(Sl,S()) 2 1.

Define the sequence {s,} as in (4) of Theorem 2.4. Since (f,g) is triangular «-proximal
admissible, we have «(s,;, s,,1) > 1. Then

a(snrsnﬂ) > 11
d(s2n+1’f:92n) = d(A’B)’ (15)
d(s2n+2)g52n+l) = d(Ar B)

If s = So41, £ = Sous2, P = Son> 4 = Soms1, @and (f, g) is an «-proximal C1-contraction pair or an
a-proximal C2-contraction pair, then (f,g) is a generalized proximal C-contraction pair.
Then Step 1 of the proof of Theorem 2.4 implies that lim,,_, o, d(s,,, $41) = 0.

Now we prove that

o (Samk)-1,Sani) =1, n(k) > m(k) > k. (16)
Since (f,g) is triangular o-proximal admissible and

o (S2m(t)-1> Sam(i)) = 1,
a(Samik) S2miiy+1) = 1,
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from (T5) of Definition 2.1, we have
a(S2m(k)-1, S2m(iy+1) = 1.
Again, since (f, g) is triangular o-proximal admissible and

o (S2m(t)-1> S2am(iy+1) = 1,

a(Somik)1, Sam(iy+2) = 1,

from (73) of Definition 2.1 again, we have

a(S2mik)-1, Samiy+2) = 1.

By continuing this process, we get (16). If s = S3,k)+1, £ = Som)r P = Son(k)y 4 = S2m(l)-1
then «-proximal Cl-contraction (C2-contraction) pair (f,g) is a generalized proximal
C-contraction pair. Therefore by Step 2 of Theorem 2.4, there exists a z € A such that
sy — z. Step 3 of Theorem 2.4 and continuity of f and g immediately imply that f and g
have a common best proximity point z. If w is another common best proximity point of
(f>g), then, since «(z,w) > 1, Step 4 implies that z = w. O

Definition 2.6 Let o : X x X — (—00, +00) be a function and f, g : X — X self mappings.
We say that (f, g) is a triangular «-admissible pair if
D) pgeX, alp,q) =1= alfp,gq) =1 or a(gp.fq) = 1,

alp,r)=1,

(ii) p,g,reX, {q(r,q)zL = a(p,q) > 1
The following corollary is a consequence of the last theorem.

Corollary 2.7 Let (X,d) be a complete metric space and f,g : X — X. Moreover, let the self
functions f and g satisfy:
(i) f and g are continuous,

(ii) there exists so € X such that o(so,fso) > 1,

(iti) (f,g) is a triangular a-admissible pair,

(iv) forall p,q € X, a(p, q)d(fp.gq) < 5(d(p.gq) + d(q.fp)) - ¥ (d(p.£q), d(q.fp))

(or (a(p, q) + DWPeD) < (] 4 1)2 AP dlafp)-v(dpendlafp))

Then f and g have a common fixed point. Moreover, if x,y € X are common fixed points
and a(x,y) > 1, then the common fixed point of f and g is unique, that is, x = y.

Now, we remove the continuity hypothesis of f and g, and get the following theorem.

Theorem 2.8 Let (X,d) be a metric space and ) # A,B C X. Let A be complete, the pair
(A, B) have the V -property, and Ay be nonempty. Moreover, suppose that the non-self map-
pings f,g : A — B satisfy:
(i) £(Ao) C By and g(As) C Bo,
(i) (f,g) is a generalized proximal C-contraction pair,
(ili) there are so,s1 € Ao such that d(sy,fso) = d(A, B).
Then the functions f and g have unique common best proximity point.
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Proof By Theorem 2.4, there is a Cauchy sequence {s,} C A and z € A such that (4) holds
and s, — z. Moreover, we have

d(zi B) S d(zrﬁzn)
S d(zr 52n+1) + d(52n+17ﬁ2n)

= d(z, 32n+1) + d(A:B)
We take n — oo in the above inequality, and we get
lim d(z,fs,) = d(z, B) = d(A, B). 17)
n— 00

Since the pair (A, B) has the V-property, there is a p € B such that d(z, p) = d(A4, B) and so
z € Ao. Moreover, since f(Ao) C By, there is a g € A such that

d(q,fz) = d(A, B). (18)

Furthermore d(s,+2,g52141) = d(A, B) for every n € N.
Since (f, g) is a generalized proximal C-contraction pair, we have

1
d(q, $2n+2) < E(d(Z; Sam2) + (52041, ) = ¥ (d(2, S2042), d(S2041, 7))

Letting n — oo in the above inequality, we have

d(q2) = 5d(z.q) ¥ (d(z.),0).

Thus d(z, q) = 0, which implies that z = . Then, by (18), z is a best proximity point of f.
Similarly, it is easy to prove that z is a best proximity point of g. Then z is a common

best proximity point of the functions f and g. By the proof of Theorem 2.4 we conclude

that f and g have unique common best proximity point. 0

Theorem 2.9 Let (X,d) be a metric space and ) # A,B C X. Let A be complete, the pair
(A, B) have the V-property and Ao be a nonempty set. Moreover, suppose that the non-self
functions f,g : A — B satisfy:
(i) f(Ao) C By and g(Ao) C By,

(ii) (f,g) is an a-proximal Cl-contraction pair or an a-proximal C2-contraction pair,

(ili) (f,g) is a triangular o-proximal admissible pair,

(iv) there exist so,s1 € Ao such that d(s1,fs0) = d(A, B), a(s1,50) > 1,

(v) if {sy} is a sequence in A such that o(sy,Sy+1) > 1 and s, — sp as n — oo, then

a(sy,s0) > 1 foralln e NU{0}.

Then f and g have a common best proximity point. Moreover, if z,w € X are common best

proximity points and o(z,w) > 1, then the common best proximity point is unique.

Proof We can derive from the proof of Theorem 2.5 that there exist a sequence {s,} and z
in A such that s, — z and (s, $4+1) > 1. Also, by (v), a(s,, z) > 1 for every n € NU {0}. Let

$=q,t=Sus2, P =2 q =S If (f,g) is an a-proximal C1-contraction pair or «-proximal
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C2-contraction pair, then (f,g) is a generalized proximal C-contraction pair. Then by the

proof of the last theorem, z is a common best proximity of f and g. O

The following corollary is an immediate consequence of the main theorem of this sec-
tion.

Corollary 2.10 Let (X,d) be a complete metric space and f,g : X — X. Moreover, let the
self functions f and g satisfy:
() (f.g) is a triangular a-admissible pair,
(ii) there exists an sy € X such that a(so, fSo) > 1,
(iif) if {sn} is a sequence in A such that o(sy,Sys1) > 1 and s, — so € A as n — oo, then
a(sy,S0) > 1 forallne NU{0},

(iv) forall x,y € X, a(p,q)d(fp.g9) < 5(d(p,gq) + d(q.fp) - ¥ (d(p,gq), d(q./p))
(or (ae(p, q) + D)D) < (1 + 1)z dpenrdlafp)-v(dpeadas))

Then [ and g have a common fixed point. Moreover, if x,y € X are common fixed points
and a(x,y) > 1, then the common fixed point of f and g is unique, that is, x = y.

In order to illustrate our results, we present the following example.
Example 2.11 Consider X = R with the usual metric d(x,y) = |x — y|, A = {-4,0,4}, and
B={-2,-1,2}. Then A and B are nonempty closed subsets of X with d(A4,B) =1, Ay = {0},
and By = {-1}. We define f,g: A — B by

f(0)=-1, f@10)=2, f(-10)=-2 and gx)=-1 VxeA,

and ¢ : [0, 00) x [0,00) = [0,00) by ¥ (s, ) = st.
It is immediate to see that f(A) C By and g(A¢) C By. Also, if

d(u,fp) = d(A,B) =1,
d(v,gq) = d(A,B) =1,

then u =v =p =0 and g € A and therefore (1) is satisfied. Hence all the conditions of
Theorem 2.4 hold for this example and clearly 0 is the unique common best proximity of

fandg.

Example 2.12 Let X = [0,1] x [0,1] and d be the Euclidean metric. Let
A={0,m):0<m=<1}, B:={1n:0<n=<1}.

Then d(A,B) =1, Ag = A, and By = B. We define f,g: A — B by
£(0,m) = (1, m), 2(0,m) = (1,1).

Definea: A x A — [0,00) by

2’ lfp’q € (O’ 1) X {(0’ 0)1 (0, 1)};
0, otherwise,

a(p,q) =
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and ¥ : [0, 00) x [0,00) — [0, 00) by
1
Y(s,t) = E(S +t) foralls,teX.
Then f(Ag) C By, g(Ag) C Bo. Assume that

d(u,fp) = d(A,B) =1,
d(v,gq) =d(A,B) = 1.

Hence, u = p and v = (0,1). If p = (0,1), then u = v and (2) holds. If p # (0,1), then
a(p,q) = 0 and (2) holds, which implies that (f, g) is an a-proximal C1-contraction. Hence,
all the hypotheses of Theorem 2.5 are satisfied. Moreover, if {s,} is a sequence such that
a(Sy,Sn+1) > 1 for every m € NU {0} and s, — so, then s, = (0,1) for all » € NU {0} and
hence sy = (0,1). Then a(s,,, so) > 1 for every n € NU {0}. Clearly, (4, B) has the V-property
and then all the conclusions of Theorem 2.9 hold. Clearly (0, 1) is the unique common best
proximity of f and g.

The following example shows that the triangular «-proximal admissible condition for
(f,g) cannot be relaxed from Theorem 2.9.

Example 2.13 Let X = [0,1] x [0,1] and d be the Euclidean metric. Let
A::{(O,m):Oﬁmfl}, B::{(l,n):0§n§1}.
Then d(A,B) =1, Ag = A, and By = B. We define f,g: A — B by

1,1, m=
%), m7

1
27
1
27

f(O’m):{

and g(0,m) = (1,1). Also we define o : A x A — [0, 00) by

2, ifp,qe{(0,2)} x4,
0, otherwise,

am@={
and ¥ : [0, 00) x [0,00) — [0, 00) by

1
Y(s, t) = 5(s+ t) foralls,teX.

It is easy to see that all the required hypotheses of Theorem 2.9 are satisfied unless (iii).
Clearly f and g do not have a common best proximity point. It is worth noting that the

pair (f,g) does not have the triangular «-proximal admissible property.
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