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Abstract

In this paper, we obtain some Suzuki-type fixed point theorems for generalized
mappings in partial cone metric spaces over a solid cone. Our results unify and
generalize various known comparable results in the literature. We also provide
illustrative examples in support of our new results.
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1 Introduction and preliminaries

In 1994, Matthews [1] introduced the notion of a partial metric space as a part of the study
of denotational semantics of data for networks, showing that the Banach contraction map-
ping principle can be generalized to the partial metric context for applications in program
verification. After that, many fixed point theorems for mappings satisfying different con-
tractive conditions in (ordered) partial metric spaces have been proved (see [2—4]).

In 2007, Huang and Zhang [5] introduced the concept of cone metric spaces and ex-
tended the Banach contraction principle to cone spaces over a normal solid cone. More-
over, they defined the convergence via interior points of the cone. Such an approach allows
the investigation of the case that the cone is not necessarily normal. Since then, there were
many references concerned with fixed point results in (ordered) cone spaces (see [6—15]).
In 2012, based on the definition of cone metric spaces and partial metric spaces, Sonmez
[16, 17] defined a partial cone metric space and proved some fixed point theorems for
contractive type mappings in complete partial cone metric spaces.

Recently, without using the normality of the cone, Malhotra et al. [18] and Jiang and Li
[19] extended the results of [16, 17] to 8-complete partial cone metric spaces.

First, we recall the definition of partial metric spaces (see [1]).

Definition 1.1 ([1]) Let X be a nonempty set. A function p: X x X — R* is said to be a
partial metric if for all x, 7,z € X, the following conditions are satisfied:

(p1) p(x,x) = p(x,y) = p(y,y) if and only if x = y;
®»2) px,x) < px,);
®3) pxy)=pQ,x);
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(p4) p(x,y) <px,2) +p(z,y) - p(z,2).

The pair (X, p) is called a partial metric space. If p(x, y) = 0, then the (p1) and (p2) imply
that x = y, but the converse does not hold in general. A trivial example of a partial metric
space is the pair (R*,p), where p : R* x R* — R* is defined as p(x,y) = max{x,y}; see

also [1].

Let E be a topological vector space. A cone of E is a nonempty closed subset P of E such

that
(i) ax+bye Pforallx,ye Panda,b>0,and

(ii) PN (=P) = {0}, where 0 is the zero element of E.

Each cone P of E determines a partial order < on E by x <y if and only if y —x € P for
all x,y € E. We shall write x <y ifx <y and x #y.

A cone P of a topological vector space E is solid if int P # &, where int P is the interior
of P. For all w,y € E with y —x € int P, we write x < y. Let P be a solid cone of a topological
vector space E. A sequence {u,} of E weakly converges [18] to u# € E (denoted u, 5 )
if for each c € int P, there exists a positive integer ny such that u — ¢ < u,, < u + ¢ for all
n > ny. A cone P of a normed vector space (E, || - ||) is normal if there exists K > 0 such that
6 < x < y implies that ||x|| < K|y|| for all x,y € P, and the minimal K is called a normal
constant of P. Next, we state the definitions of cone metric and partial cone metric spaces

and some of their properties (see [5, 16—19]).

Definition 1.2 ([5]) Let X be a nonempty set, and let P be a cone of a topological vector
space E. A cone metric on X is a mapping d : X x X — P such that, for all x,y,z € X:

(d1) d(x,y) =6 if and only if x = y;
(d2) d(x,y) = d(y,x);
(d3) d(x,y) <d(x,2) +d(z,).

The pair (X, d) is called a cone metric space over P.

Definition 1.3 ([16, 17]) Let X be a nonempty set, and let P be a cone of a topological
vector space E. A partial cone metric on X is a mapping p : X x X — P such that, for all
x,9,z€ X:

(pl) p(x,x) = p(x,y) = p(y,y) if and only if x = y;
®2) plx,x) < p(xy);

®3) pxy) = p(y:x);

(p4) px,y) < px,2) + p(z,y) - p(z,2).

In this case, the pair (X, p) is called a partial cone metric space over P.

Note that each cone metric is certainly a partial cone metric. The following example

shows that there do exist partial cone metrics that are not cone metrics.

Example 1.1 ([19]) Let E = C}[0,1] with the norm [Ju|| = [|#]ls + [|#[loc; and X =P = {u €
E :u(t) > 0,t € [0,1]}, which is a nonnormal solid cone. Define the mappingp : X x X — P
by
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X, x=9,
pxy) = ‘
x+y otherwise.

Then p is a partial cone metric, but not a cone metric, since p(x,x) # 0 for all x € X with
x#0.

A partial cone metric p on X over a solid cone P generates a topology 7, on X, which
has a base of the family of open p-balls {B,(x,c) : x € X,0 < c}, where B,,(x,c) = {y € X :
px,y) L plx,x) + ¢} forx € X and ¢ € int P.

Definition 1.4 ([19]) Let (X,p) be a partial cone metric space over a solid cone P of a
topological vector space E.

(i) A sequence {x,} in X converges to x € X (denoted by %, 2 x) if for each ¢ € int P,
there exists a positive integer ng such that p(x,,x) < p(x,x) + ¢ for each n > nq (that
is, p(x,, %) = plx,x)).

(i) A sequence {x,} in X is 6-Cauchy if for each ¢ € int P, there exists a positive integer
no such that p(x,, x,,) < ¢ for all m, n > ny. The partial cone metric space (X, p) is
0-complete if each 6-Cauchy sequence {x,} of X converges to a point x € X such
that p(x,x) = 6.

Definition 1.5 ([16, 17]) Let (X, p) be a partial cone metric space over a solid cone P of a
topological vector space (E, || - ||).
(i) A sequence {x,} in X strongly converges to x € X (denoted by x,, ) if

lim p(x,,x) = lim p(x,,x,) = p(x, x).
n— 00 n—o0
(i) A sequence {x,} in X is Cauchy if there exists u € P with |u| < oo such that
limyy, ;- 00 (X, %) = u. The partial cone metric space (X, p) is complete if each
Cauchy sequence {x,} of X strongly converges to a point x € X such that p(x,x) = u.

Note that if P is a normal solid cone of a normed vector space (E, || - ||), then each com-
plete partial cone metric space is 6 -complete. But the converse is not true. The following
example ([16], Example 4) shows that a 6-complete partial cone metric space is not nec-
essarily complete.

Example 1.2 ([16]) Let X = {(x1,%2,...,%¢) : % = 0,4; € Q,i =1,2,...,k}, and E = RF with
the norm ||x|| =/ ZL x2, P = R¥, where Q denotes the set of rational numbers. Define the

mapping p: X x X — P by
p,y) =@ VyLxo Ve, ...,xcVyr) forallx,yeX,

where the symbol V denotes the maximum, that is, ¥ vV y = max{x, y}. Clearly, (X,p) is a
partial cone metric space, p(x,x) = x for each x € X, p(x,6) = 6 ifand only if x = 6, and P is
normal. On the other hand, (X, p) is 0-complete but not complete.

Let X be a nonempty set, and S, T : X — X be two mappings. A point x € X is said to
be a coincidence point of S and T if Sx = Tx. A point y € X is called point of coincidence
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of S and T if there exists a point x € X such that y = Sx = Tx. The mappings S, T are said
to be weakly compatible if they commute at their coincidence points (that is, 7Sz = STz
whenever Sz = Tz).

Let (X,C) be a partially ordered set; x,y € X are called comparable if x C y or y C x.
A mapping T : X — X is said to be nondecreasing if for x,y € X, x C y implies Tx C Ty.
Let S,T : X — X be two mappings; T is said to be S-nondecreasing if Sx C Sy implies
TxC Ty forallx,y € X.

Bhasker and Lakshmikantham [20] introduced the concepts of mixed monotone map-
pings and coupled fixed point.

Definition 1.6 ([20]) Let (X, E) be a partially ordered set, and A : X x X — X. The map-
ping A is said to have the mixed monotone property if A is monotone nondecreasing in
its first argument and is monotone nonincreasing in its second argument, that is, for any
x,y€X,

x,%€X, xExy =  A(x,y) EAx,Y),

yy2€X, »En = AMxyn) SAK ).

Definition 1.7 ([20]) An element (x,y) € X? is said to be a coupled fixed point of the
mapping A : X2 — X if A(x,y) = x and A(y,x) = y.

Lemma 1.1 ([21]) Let X be a nonempty set, and S : X — X a mapping. Then there exists a
subset Y C X such that SY =SX and S: Y — X is one-to-one.

Paesano and Vetro [22] proved Suzuki-type characterizations of completeness for partial
metric spaces and fixed points for partially ordered metric spaces. Note that if in Theo-
rem 2 of [22], we assume that p is a metric, then we obtain Theorem 2 of [23]. Recently,
also, some Suzuki-type fixed point and coupled fixed point results for mappings or gen-
eralized multivalued mappings in different metric spaces were investigated (see [24—29]).
The aim of the paper is to give a generalized version of Theorems 2 and 3 of [22] in par-
tially ordered partial cone metric spaces over a solid cone. Meantime, we also establish
the corresponding Suzuki-type coupled fixed point results for generalized mappings in
partially ordered partial cone metric spaces. It is worth pointing out that some examples
are presented to verify the effectiveness and applicability of our results.

2 Fixed point theorems in partial cone metric spaces

In this section, we first give some properties of partial cone metric spaces. The following
properties are used (particularly when dealing with cone metric spaces in which the cone
need not be normal).

Remark 2.1 Let P be a solid cone. Then the following properties are used:
(1) fa<band b <, thena <c.
(2) fakband b <K ¢, thena <K c.
(3) If 0 <u <« cforeachceintP, thenu=0.
(4) Ifa < Aa, where0 <A<1,thena=6.
(5) If a < b+ cfor each c € int P, then a < b.
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Now, we establish some Suzuki-type fixed point theorems for generalized mappings in

partially ordered partial cone metric spaces over a solid cone.

Theorem 2.1 Let (X, p,C) be a 0-complete partially ordered partial cone metric space over
a solid cone P of a normed vector space (E, || - ||). Let T : X — X be a nondecreasing mapping
with respect to C. Define the nonincreasing function  : [0,1) — (%, 1] by

1 if0<r< @,
V(r) = 1;—{ if%f;«%,

1 2

T+r UCT <r< 1.
Assume that there exists r € [0,1) such that

Y (rplx, Tx) < px,y)  implies  p(Tx, Ty) < rU(x, y) 2.1)

for all comparable x,y € X, where U(x,y) € {p(x,y), p(x, Tx), p(y, Ty), IM}. Suppose
that the following conditions hold:
(i) there exists xg € X such that xq T Txo;
(ii) for a nondecreasing sequence x, % x, we have X%, C x forall n € N;
(ili) for two nondecreasing sequences {x,},{yn} C X such that x, C y,, x, 2 x, and
yngyasna 00, we have x C y.

Then T has a fixed point in X. Moreover, the fixed point of T is unique if

(iv) forall x,y € X that are not comparable, there exists u € X comparable with x and y.

Proof Since ¥ (r) <1, ¥ (r)p(x, Tx) < p(x, Tx) for every x € X. By (2.1) and using the trian-
gular inequality, we have

p(Tx, T?x) < rU(x, Tx),

where

px, T%x) + p(Tx, Tx)
e
p(x, T%x) + p(Tx, Tx) }

5 .

U(x, Tx) € { p(x, Tx), p(x, Tx), p(Tx, T*x),

= {p(x, Tx),p(Tx, Tx),

Thus, we get the following cases:
Case 1. p(Tx, T?x) < rp(x, Tx).
Case 2. p(Tx, T*x) < rp(Tx, T?x), which implies that p(Tx, T?x) = 6.
Case 3. p(Tx, T?x) < r? (x’sz);p (ITx) - (x’Tx)”;(Tx’sz), which implies that
p(Tx, T?x) < rp(x, Tx).
Then, in all cases, we have

p(Tx, sz) < rp(x, Tx). (2.2)
Let xy € X be such that xy E Tkxy. Since T is nondecreasing, we get

% C Tog T T?x%C---CT'% C---.
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Define the sequence {x,} by x, = T"x,, so that x,,,; = Tx,. If x, = x,,,; = Tx, for some
n, then x, becomes a fixed point of T. Now, suppose that x, # x,,; for all » € N. Then

p(xm xn+1) > 0.
Note that ¥ (r)p(x,-1, Tx,-1) < p(x,-1, Tx,,1) for all m € Z*, where Z* is the set of positive
integers. Since x,,_; and Tx,,_; are comparable for all # > 0, by (2.1) we have
PG %ni1) = p(Ton-1, T*%u1) = rU(Kn-1, Tno1)s

where

u(xn—lx Txn—l) € {p(xn—ly Txn—l):p(xn—ly Txn—l):p(Txn—ly Tan—l);

P&n1, T*%1) + p(Txy1, Thy1) }
2

(xn—lt xn+1) +p(xn; xn) }
9 .

= {P(xn—ly xn):P(xm Xps1)s p

Thus, we get the following cases:
Case 1. If U(xy_1, Txy-1) = p(X_1,%n), then p(x,, X,11) = rp(xy_1,%,).

Case 2. p(xy,, %y41) < rp(x,,, %,11), which implies that p(x,,, x,.1) = 6.
) <yr. P(xn—bxnﬂ)‘*'P(xn:xn) < r(P(xn—lxxn)‘*P(xn:Xnﬂ
= 2 = 2

Case 3. p(xy, X1 )), which implies that

P Xy Xni1) 2 1P (K1, %0).
Then, in all cases, we have

DXy Xpi1) 2 TP(K1, %)

Continuing this process, it follows that
PO %11) 2 1D(6n1, %) <7 P(2,%1) < -+ <1 plxo,31).

Thus, for any m, n € Z* with m > n, we get

p(xn;xm) = p(xnrxn+1) +p(xn+17xn+2) toee +p(xm—17xm)

< (" + " " ) plxo, x)
n

r
= l—p(xO,x1)~

Let 0 < ¢ be given, Choose § > 0 such that ¢ + N5(0) € P, where Ns(0) = {y € E :
Iyl < &}. Also, choose a natural number Nj such that %p(xo,xl) € Ns(0) for all m > Nj.
Then {anp(xo,xﬂ & cforall n> Nj. Thus,

n

r
P Xy %) < 1 p(x0,%1) K €

-r
forall m > n > N;. Hence, {x,} is a §-Cauchy sequence in (X, p). Since (X, p) is a 0 -complete
partial cone metric space, there exists z € X such that x,, % zand plz,z) =06.

First, we show that there exists j € Z* such that T/z = z. Arguing by contradiction, we
assume that T/z # z for all j € Z*.
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Note that, by condition (ii), if {x,} is nondecreasing, then x,, C z. Since T is nondecreas-
ing, we get x,,,1 = T, € Tz for all » € N. Taking the limit as # — o0, by (iii) we obtain that

z C Tz, which implies that {7z} is a nondecreasing sequence. So, we have shown that for
{x.}, {T"z} also is a §-Cauchy sequence. We also have T’z is comparable with x,, for all
jynmeN.

Now, we prove that

p(T'"'z,2) <Pp(Tz,z) foralljeN. (2.3)

Since p(T'z,z) = 0, p(z,2) = 0, and x, > z, there exists N, € N such that p(x,,2) < [%m

for all n > N,. We have

Y (r)p(Xn, Txn) = Py Txn) X p(Xn,2) + P(Xa1,2)
=< gp(sz,z) =p(Tzz) - %p(sz,z)
= p(T'z,2) - p(xu,2) < p(%n, T'z).
By (2.1) and using the triangle inequality, we get that
P (%1, T'2) <7l (x4, T'z),

where

P, T7'2) + p(TVz, %141) }

U(xy, T'z) € {p(x,,, T/2), p%ns xni1), (T2, TV '2) 5

Thus,

p(zT"'2) < pan1,2) + p(xn, TV'2)

< P, 2) + rl (x,, T'2),

where

A , o , T*12) + p(Tiz, %,
U(x, T'2) € p(xn,T’z),p(xn,xn+1),p(T’z,T“lz),”(x” 2) +p( zxu)}'

2

Since x,, 2 z for every ¢ > 0, there exists ny € N such that p(x,, z) K § and p(x,,, x,,41) K %
for all n > ny. Now, for n > ny, we consider the following cases:

Case 1. p(z, T''z) < p(x,41,2) + 1p(%n, T'2) < p(X441,2) + r(p(xs,2) + plz, TVz)) < 1p(z,
T/z) + c. Then it follows from Remark 2.1(5) that p(z, T/*'z) < rp(z, T'z), and we get

p(z,T"2) <rp(z, Tz) < p(e, T'2) < -+ < Pp(z, Tz). (2.4)

Case 2. p(z, T"'z) < p(%,141,2) + rp(%,, %41) < ¢, which implies that p(z, T/*1z) = 6.
Case 3.

p(z, T’“z) < pxn,2) + rp(sz, T’“z) <c+ rp(sz, T’“z),

which implies that p(z, T'*'z) < rp(T/z, T/*'z). Then from (2.2) we have
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p(z T’“z) =< rp(sz, T/“z) =< rzp(Tj_lz, sz) < < Pp(z, Tz) < Pp(z, T2).

Case 4.
p(xn» T/+lz) + P( sz: xn+1)
2

P&, 2) + plz, T2) + p(TVz,2) + p(z, %ys1)
2

p(z, T"'z) < p(yr,2) + 1

< pHy,2) +71

p(z, T2) + p(T'z,z)
2 ’

Lc+r-

which implies that p(z, T/*1z) < rp(z, T/z). Then from (2.4) we get p(z, T/*'z) < Pp(z, Tz).
Thus, in all cases, we obtain p(z, T/*'z) < ¥/p(z, Tz), that is, (2.3) holds.
Now, we consider the following three cases:

1) 0§r<%;

V/5-1 V2,
(2) = <r<y

(3) ? <r<l.
In case (1), we note that 7> + r < 1 and v/ (r) = 1. If we assume that p(T2z,z) < p(T?z, T>z),
then by (2.2) we have
Pz T2) 2 p(z, T°2) + p(Tz, T*z)
< p(Tzz, T3z) +p(Tz, Tzz)
< r’plz, Tz) + rp(z, Tz)
=< plz, Tz).

This is a contradiction. So, we have p(T?z,z) > p(T?z, T°z) = ¥ (r)p(T?z, T3z). By (2.1)-
(2.3) we deduce that

p(ng, Tz) < I"U(TZZ, z),

where

U(T?zz) € {p(Tzz, 2),p(T%2, T°z), p(z, Tz),p(ng’ i +2p(Tz, ") }
Thus, we get the following cases:

Case 1. p(T?z, Tz) < rp(T?z,2) < r*p(Tz,z) < rp(1%,z).

Case 2. p(T?z, Tz) < rp(T?z, T°z) < r’*p(Tz,z) < rp(Tz,z).

Case 3. p(T?z, Tz) < rp(Tz,z).

Case 4. p(T®z, Tz) < r2 (Tsz’z);p (T5T?2) < r['zp (TZ’Z);p ©I) < 12p(Tz,2) < rp(Tz,2).

Then, in all cases, we have p(T3z, Tz) < rp(T%, z). Hence,

p(z, Tz) < p(z, T%2) + p(T>z, Tz)
< p(z, Tz) + rp(z, Tz) = (r2 + l)p(z, Tz)

< plz, Tz),

which is a contradiction.
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In case (2), we note that 272 <1 and ¥(r) = 1;—2’ Now, we show by induction that

p(T"z,2) < 1p(z, Tz) (2.5)

for n > 2. By (2.2), (2.5) holds for n = 2. Assume that (2.5) holds for some # with n > 2.

Since
p(z,Tz) < p(z, T"z) + p(T"z, Tz) < p(z, T"z) + rp(z, Tz),
we have
(0. T9) < ——p(=, T"2)
Pl T2) = 7—p(2T"2),

and so

1-r

r}’l

W(V)p(TnZ, Tn+1Z) = EP(TMZ, Tn+lz) <

3 p(T"z, T"'z)

<(1-rplz Tz) < p(z, T”z).
Therefore, by the hypotheses we have
p(T"*lz, Tz) <rl (T"z, Tz),

where

n+1 n
U(T"zz) € {p(T”z,z),p(T”z, T"2),p(z, T2), p(I""22) + p(T2,T"2) }

2

Thus, we get the following cases:
Case 1. p(T"'z, Tz) < rp(T"z,z) < r"'p(1z,z) < rp(1%z, z).
Case 2. p(T"'z, Tz) < rp(T"z, T"*'z) < r"*'p(Tz,z) < rp(Tz,2).
Case 3. p(T""'z, Tz) < rp(Tz,z).
Case 4.

(T2, Tz) <

p(T"z,2) + p(Tz, T"z) . (r”p(Tz,z) +rp(Tz, z))
r r
2 - 2

< *p(Tz,2) < rp(T%,2).

Then, in all cases, we have p(T"*z, Tz) < rp(Tz,z). Therefore, (2.5) holds. Now, from (2.3)
we have

(2, T""2) 2 1p(2, T"z) = -+ < r"p(z, T2)

for n > 1. Since 0 <r <1, for every ¢ > 0, there exists ny € N such that p(7z,z) < c for all

n > ngy. Hence,

P& T2) < p(z, T"'z2) + p(T""'z, Tz)

<r"p(z, Tz) + rp(z, Tz) K ¢ + rp(z, Tz),
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which implies that p(7z,z) = 6. Thus, Tz = z. This is a contradiction.
In case (3), we note that for x,y € X, either

¥ (r)p(x, Tx) < plx,y) or Y (r)p(Tx, T*x) < p(Tx,y).
Indeed, if

Y (r)px, Tx) = p(x,y) and ¥ (rp(Tx, T?x) > p(Tx, y),
then we have

p(x, Tx) < p(x,y) + p(Tx, y)
<y (r)[plx, Tx) + p(Tx, Tx) ]

<Y (r)[px, Tx) + rp(x, Tx) |

= <L> 1+ r)plx, Tx) = p(x, Tx).

1+r

This is a contradiction. Now, since either

Y (rp &, Txon) 2 p2n,2)  or Y (r)p(xans1, Tx2pi1) < p(x2ns1,2)
for all » € N, by (2.1) it follows that either

P(Txon, Tz) X rU(x2p,2) o1 p(Txopn, T2) < rU(Xop41,2),

where

(%21, T2) + p(2, %2141) }

U(xoy,2) € {p(z,xzn),p(xzmxzm),p(z, TZ),p 3

PXani1, T2) + p(2, X2412) }

U(xop41,2) € {p(z, Xons1)s PKans1, Xons2), (2, TZ), 3

Hence, we deduce that either
pP(Tz,2) < p(Txop, 2) + p(Txop, T2) (2.6)
or
p(Tz,2) < p(Txzni1,2) + p(Tx2n 11, T2). (2.7)
Since x,, 2 2for every ¢ > 0, there exists ng € N such that p(x,, z) < 5 and p(x,,, x41) K
5 for all n > ng. Now, by (2.6) we get the following cases:
Case 1. p(Tz,z) < p(xons1,2) + rp(z,%2,) K ¢ implies p(1z,z) = 6.

Case 2. p(Tz,z) < p(X2n41,2) + 7P(X2, X2411) <K ¢ implies p(Tz,2) = 6.
Case 3. p(Tz,z) < p(xau+1,2) + rp(z, Tz) K ¢ + rp(z, Tz) implies p(1z,z) = 6.
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Case 4.

p(xZn» TZ) + P(Z, x2n+1) :|

P(Tz,2) < p(X2p41,2) + V[ 5

PKon, 2) + plz, T2) + p(2, X2p41)
2

< pX241,2) + V|: } L c+rp(z, Tz),
which implies that p(7z,z) = 0. Then, in all cases, we have p(7%,z) = 6. Similarly, by
(2.7) we also have p(7z,z) = 6. Thus, Tz = z. This is a contradiction.

Therefore, in all cases, there exists j € N such that T/z = z. Since {T"z} is a §-Cauchy
sequence, we obtain z = Tz. If not, that is, if z # Tz, from p(T"z, T"*'z) = p(z, Tz) for all
n € N it follows that {7”z} is not a 0-Cauchy sequence. Hence, z is a fixed point of T.

Finally, we prove the uniqueness of the fixed point. Suppose that there exist z;,zo € X
with z; # z; such that Tz, = z; and Tz, = z,. We have two possible cases:

Case (a). If z; and z; are comparable, using (2.1) with x = z; and y = 25, we get that

p(z1,22) = p(Tz1, Tz3) < rl(z1, 22),

where

plz1, Tzy) + p(z2, Tz1) }

U(zi,20) € {P(Zl,zz),l?(zl, Tz1), p(22, T2z2), 5

p(z1,22) + plz2,21) }

= {p(ZI:ZZ);P(ZI:ZI):P(ZLZZ); 9

= {p(zll Z2)!p(zl: Zl)’p(ZZ’ ZZ)}'

Thus, we get the following cases:

Case 1. p(z1,22) < rp(z1,2,) implies p(z1,2,) = 6.

Case 2. p(z1,22) < rp(z1,21) < rp(z1,22) implies p(z1,27) = 6.

Case 3. p(z1,22) < rp(z2,22) <X rp(z1,22) implies p(z1,22) = 6.
Thus, in all cases, we have p(z;,2z2) = 0, that is, z; = z,. This is a contradiction. Hence,
Z1 =23.

Case (b). If z; and z, are not comparable, then there exists x € X comparable with z;
and z;. First, we note that for each x € X comparable with z;, we have that 7"z and T"x
are comparable and ¥ (r)p(T" 21, T"z1) < p(T" 21, T"z1) = p(z1,21) < p(T" 21, T" ). By
(2.1) we obtain

plan ') =p(T"2, 1) < rU(T" 2, T )
where

U(T" 'z, T" 'x) € { (T2, T %), p(T" 21, T2, p (T %, T7),

p(T" %, Tz)) + p(T" 'z, T"x) }
2

plz1, T" %) + p(z1, T"x) }

= {p(zl, T"'%),p(z1,21), p(T" %, T"x), >
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Thus, we get the following cases:
Case 1. p(z1, T"x) < rp(z1, T" %) < r’p(z1, T" %) < - - - < r"p(z1,%).
Case 2. p(z1, T"x) < rp(z1,z1) < rp(z1, T" %) < -+« < r"p(z1, %).
Case 3. p(z1, T"x) < rp(T"x, T"x) < r’p(T"2x, T" 'x) < - - - < r"p(x, Tx).
Case 4. p(z1, T"x) < r[w] implies p(z;, T"x) < rp(z1, T" 1) < r"'p(z1,x).

Thus, in all cases, we have
p(zl, T”x) < r”p(zl,x)orp(zl, T”x) <1r"p(x, Tx).

Similarly, p(z,, T"x) < r"p(zs,x) or p(zp, T"x) < r"p(x, Tx). Let 0 < ¢ and choose a natu-
ral number N3 such that r"p(z1,x) < 5, or r"p(x, Tx) < 5 and r"p(z3,x) <K 5 forall n > N3.

Thus,
Y Y c ¢
p(z1,22) < p(z1, T"x) + p(22, T"x) < S+t5=0
which is again a contradiction. Hence, z; = z;. O

Now, in order to support the usability of Theorem 2.1, we present the following example.

Example 2.1 Let E = C}[0,1] with the norm ||| = [|#]lcc + |#/|loc, and X =P = {u € E :
u(t) > 0,t € [0,1]}, which is a nonnormal solid cone. Define the mapping p: X x X — P
by

x, x=9,
P(%y) = .
x+y otherwise.

Then (X, p) is a 6-complete partial cone metric space. We can define a partial order on X
as follows:

xCy ifandonlyif x(¢) <y(t) forallte[0,1].

Then (X, p,C) is a 6-complete partially ordered partial cone metric space. For every fixed
re[0,1), define T: X — X by

0 if ¢ € [0,1] such that x(¢) = 0,

Tx(t) = %rt + %rx(t) if £ € [0,1] such that 2n -1 < x(¢) < 2nforn € Z*,

nrt + 5= rx(t) if £ € [0,1] such that 2n < x(t) <2n+1forne Z*.

Thus, for all x € X, we consider the following three cases:
Case 1. If t € [0,1] such that x(¢) = 0, then Tx(¢) = x(¢).
Case 2. If t € [0,1] such that 2n — 1 < x(¢) < 2#u, then

2n-1 2n-1 2n —

2n -1 1
Tx(t) = 5 rt+ o rx(t) < 5 r+ 5 r < rx(t).

Case 3.If t € [0,1] such that 2n < x(¢) < 2u + 1, then

n
Tx(t) = nrt + 5

rx(t) < nr + nr < rx(t).
n+1
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In all cases, forallx € X and ¢ € [0,1], we have Tx(¢) < rx(¢). Hence, forallx,y € X, x C y,

we have
p(Tx, Ty) < rp(x,y) < rU(x,y),

where U(x,y) € {p(x,y), p(x, Tx), p(y, Ty), w }, which ensures that condition (2.1) is
satisfied. Also, conditions (i)-(iii) of Theorem 2.1 are satisfied. Following the Theorem 2.1,

we deduce that T has a fixed point in X; indeed, x = 0 is a fixed point of T.

Theorem 2.2 Let (X,p,C) be a partially ordered partial cone metric space over a solid
cone P of a normed vector space (E,| - ||). Let S, T : X — X be such that T is an S-
nondecreasing mapping with respect to &, TX C SX, and SX is a 6-complete subset of X.

Define ¥ : [0,1) — (%, 1] as in Theorem 2.1. Suppose that there exists r € [0,1) such that
Y (rp(Sx, Tx) < p(Sx,Sy) implies p(Tx, Ty) < rU(Sx, Sy) (2.8)

for all comparable Sx,Sy € X, where U(Sx, Sy) € {p(Sx, Sy), p(Sx, Tx), p(Sy, Ty), (p(Sx, Ty) +
p(Sy, Tx))/2}. Suppose that the following conditions hold:
(i) there exists xo € X such that Sxo T Txg;
(i) for a nondecreasing sequence x,, 2 x, we have %, T x forallneN;
(ili) for two nondecreasing sequences {x,},{y,} C X such that x, C y,, x, 2 x, and
yngyasn% 00, we have x C y;
(iv) the set of points of coincidence of S and T is totally ordered, and S, T are weakly
compatible.
Then S and T have a unique common fixed point in X.

Proof By Lemma 1.1 there exists ¥ C X, such that SY = SX and S: Y — X is one-to-one.
Define f : SY — SX by fSx = Tx for all Sx € SY.
Since S is one-to-one on Y, f is well defined. Note that, for all comparable Sx, Sy € SY,

Y (r)p(Sx, fSx) < p(Sx,Sy) implies  p(fSx,fSy) < rU(Sx, Sy),

where U(Sx, Sy) € {p(Sx, ), p(Sx,fSx), p(Sy, fSy), LDy

Since T is S-nondecreasing, we have that f is nondecreasing. In fact, Sx C Sy implies
Tx E Ty, and hence fSx = Tx C Ty = fSy. Since SY is 6-complete, by Theorem 2.1 we get
that f has a fixed point on SY, say Sz. Then z = y is a coincidence point of S and 7, that is,
Tz = fSz = Sz.

Now, we prove that S and 7 have a unique coincidence point. Suppose that w is another

coincidence point of S and T with z # w. Then
v (rp(Sz, Tz) < p(Sz, Sw),
and by (2.8) we have

p(Tz, Tw) < rl(Sz, Sw), (2.9)
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where U(Sz, Sw) € {p(Sz, Sw), p(Sz, Tz), p(Sw, Tw), W}. Since Sz = Tz and Sw =
Tw, it follows from (2.9) that

p(Tz, Tw) < rl(Tz, Tw),

where U(Tz, Tw) € {p(Tz, Tw), p(1z, Tz), p(Tw, Tw), W} = {p(Tz, Tw), p(Tz, Tz),
p(Tw, Tw)}, which is a contradiction. Hence, z = w. Let v = Sz = TZz. Since S and T are
weakly compatible, we have Sv = STz = TSz = Tv. Then v is also a coincidence point of
S and T, Thus, v = z by uniqueness. Therefore, z is the unique common fixed point of S
and 7. d

3 Coupled point theorems in partial cone metric spaces
In this section, we will apply the results obtained in Section 2 to establish the correspond-
ing Suzuki-type coupled fixed point theorems for generalized mappings in partially or-
dered partial cone metric spaces over a nonnormal cone.
For a = (x, ), b = (4,v) € X%, we introduce the mapping p : X> x X2 — P defined by
(@) = plx, 1) + p(y,v).
The followmg conclusion is valid, and for its proof, we refer to [30].

Lemma 3.1 If (X, p) is a partial cone metric space over a solid cone P of a normed vector

space (E, || - ), then (X2, p) is also a 6-complete partial cone metric space.

Proof 1t suffices to prove that, for a = (x,y), b=(uv),¢=(zw) eX?

p@,b) < p(@¢) + p(b,¢) - p(E, ).
In fact, for a = (x,y), b=(uv),c= (z,w) € X2, we have

P(@b) = p(x,u) + p(y,v)
<p,2) + p(u, z) - p(z,2) + p(y, w) + p(v, w) = p(w, w)
=p(x,2) + p(y,w) + p(u, 2) + p(v,w) - [p(z,2) + p(w, w)]
=p(@2) + p(b,¢) - (&, 0).

Suppose that the sequence {%,} = {(x,,7,)} is a §-Cauchy sequence in (X2,p). Then,
for every ¢ > 6, there exists a positive integer no € N such that p(x,,x,,) = p(x,, x,,) +
PO ym) K ¢ for all n,m > ny. Then p(x,,x,) < ¢ and p(y,, ym) < ¢. Thus, {x,} and {y,}
are 9 Cauchy sequences in (X, p). Since (X, p) is 0-complete, there exist x,y € X such that
Xy 2 X, Y N4 y, and p(x,x) =6, p(y,y) = 0.

Thus, for every ¢ > 6, there exists #; € N such that p(x,,x) < 5 and p(y,,y) < 5 for all
n>m. Then DX yn), (%, 9)) = p(xn, %) + p(yn, ) K 5 + 5 = ¢, and p((x, ), (x,y)) = 6. Thus,
(@)} 5 (5,).

Therefore, (X2, ) is a §-complete partial cone metric space. d

Theorem 3.1 Let (X,p,C) be a 0-complete partially ordered partial cone metric space
over a solid cone P of a normed vector space (E,| - ||). Let A : X x X — X be a mapping
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satisfying the mixed monotone property on X with respect to E. Define ¥ : [0,1) — (%, 1]

as in Theorem 2.1. Assume that there exists r € [0,1) such that

v () px, A, 9) + p(, Ay, x)] < plx,u) + p(y,v)  implies

P(A(x,9),A(,v)) + p(AW, %), A(v, u)) < rU((x,9), (u,v))

forall x,y € X such that x C u and v C y, where

U((x,y), (w,v)) € :p(x, u) + p(y,v),p(%,Ax,9)) + p(0, A, %)),

p(u,Aw,v)) + p(v, A(v, u)),

p(x, A, v)) + p(y, A(v, ) + p(u, Ax, ) + p(v, A(v, u)) }
2 .

Suppose that the following conditions hold:
(i) there exists xg,yo € X such that xo T A(xo, yo) and A(yo,%0) T yo;
(ii) for a nondecreasing sequence x, 2) x, we have x, C x for all n € N;
(iii) for a nonincreasing sequence yy, x x, we havey C y, for all n € N;
)

(iv) for two nondecreasmg sequences {x,},{u,} € X such that x, T u, foralln € N,
xn—>x,andun—>uasn—>oo we have x C u;
(v) for two nonincreasing sequences {y,}, {v,} € X such that v, C y, foralln € N,
Vn;v,andyneyasne 00, we have vC y.
Then A has a coupled fixed point in X, that is, there exist z,w € X such that A(z, w) = z and

Aw,z) =w
Proof Let X=XxX.Fora= (x,9), b = (u,v) € X, we introduce the order < as
a<b ifandonlyif xCu, vy

It follows from Lemma 3.1 that (X, p, <) is also a 6-complete partially ordered partial cone

metric space, where

ﬁ(ﬁ, 5) =p(x: M) +p(y’ V)~

The mapping T : X— Xis given by Ta = (A(x,y),A(y,x)) for all a = (x,y) € X. Then a
coupled point of A is a fixed point of T and vice versa.

Ifa < I;, then x C u and v C y. Noting the mixed monotone property of A, we see that if
A(x,y) C A(u,v) and A(v,u) C A(y,x), then Ta < Th. Thus, T isa nondecreasing mapping
with respect to the order < on X.

On the other hand, for all 2 = (x, ) = (u,

v

U (r)[p(x, Alx, ) + p(y, A(y,x)] < p(x,u) + p(y,

X with @ < b, if ¥(r)p(a, Ta) =

€
(@, b), then we have

v)
) =B

B(Ta, Th) = p(A(x,9), A, v)) + p(A(y, %), A(v, u)) < rUU((x,), (u,v)),
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where

U(a,b) = U((xy), (u,v))

€ {p(x, u) +p(y,v),p(x, A%, 9)) + p(1AB, %)), p(1, A1, v)) + p(v, A(v, 1)),

px,A(u,v) + p(y,Av, u)) + p(u, Alx, y)) + p(v, A(v, ) }
2

= {p(a, B), (@, Ta), p(b, Th), L& 1D ;ﬂTZz, b) }

Also, there exists an x¢ = (x,y0) € X such that ¥y < T%o = (A(x0,70), A(¥0,%0))-

If a nondecreasing monotone sequence {¥,} = {(x,,¥,)} in X 7,-converges to ¥ = (x, ),
then X, = (4, Y1) < (X041, Yns1) = X41, that s, x, T %41 and .1 E y,,. Thus, {x,} is a nonde-
creasing sequence 7,-converging to x, and {y,} is a nonincreasing sequence t,-converging
to y. Thus, x, C x and y C y, for all » € N. This implies x,, < .

If two nondecreasmg sequence {24} = {&xwy0)}, 9} = {(uy, v4)} are such that x,, < y, for
allme N, x, —> (%,9), and 5, —> (4,v) as m — oo, thenx, T uy, v, T vy, Xy E X115 Va1 & Yoy
and u, C uy,,1, Vye1 E vy, Thus, {x,}, {#,} C X are two nondecreasing sequences, x, T u,
foralln e N, x, 2 x, and u,, 2 wasn— 00, and by condition (iv) we have x C 4. Similarly,
by condition (v) we have v C y. Thus, (x,7) < (u,v).

Therefore, all hypotheses of Theorem 2.1 are satisfied. Following Theorem 2.1, we de-
duce that A has a coupled point, that is, there exist z,w € X such that A(z,w) = z and
Aw,z) =w. O

Now, we present the following example.

Example 3.1 Let X = P = {(x,%2) : x,% € R*} € R?, and E = R? with the norm |x| =
V/*? + x3. Define the mapping p : X x X — P by

px,y) = (1 V yLx2 V ya)

for all x = (x1,%2), ¥ = (y1,¥2) € X, where a vV b = max{a, b}, a,b € R*. Then (X,p) is a 6-

complete partial cone metric space. Define the partial order on X by
xCy ifandonlyif x5 <y, Y1 <.

Then (X, p,E) is a 6-complete partially ordered partial cone metric space. In fact, “C” is
equal to “<” For any fixed r € [0,1), define A : X x X — X by

A(x,y) =A((X1,x2)¢ (yl,yZ)) = (l:_x;l’ Z—j)

for all x,y € X. It is clear that A satisfies the mixed monotone property on X with respect
to C. Define v : [0,1) — (2,1] as in Theorem 3.1.
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Now, for all x,y,u,v € X, x C u, v C y, we have

V() [p(xA®Y) +p(1A(%)] 2 p(xAR9) + p(1. A, %)),

rxy rxy ry1
=\ X1 \2 » X2 vV — |+ yl V L
1+ym en 1+x

= (%1 + Y1, %2 + ¥2)

< (w1 +y1,uz +y2) = p(x, u) + p(y,v)

and, on the other hand,
P(A@Xx),Aw,v)) + p(A(, %), A(v, 1))
rxy ruy  rxp ruy " rvy rys rvy
= \Y ,— V + V—"5V—
1+y1 1+v @2 ev2 1+x; 14wy e etz

ruy r ruy ry2
= + _—, + —_
1+v; l+a e2 ¢

IA

(ruy + rys, rug +1y;) = r[p(x, u) +pQy, V)]
<rU((x,y), (u,v)),

where U((x,y), (u,v)) is as in Theorem 3.1.
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Vj/z
» Y2 \% E)

Also, conditions (i)-(v) of Theorem 3.1 are satisfied. From Theorem 2.1 we obtain that

A has a fixed point in X; indeed, x = (0, 0) is a fixed point of A.
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