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Abstract

In this paper, we study an iterative scheme for two different types of resolvents of a
monotone operator defined on a Banach space. These resolvents are generalizations
of resolvents of a monotone operator in a Hilbert space. We obtain iterative
approximations of a zero point of a monotone operator generated by the shrinking
projection method with errors in a Banach space. Using our result, we discuss some
applications.
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1 Introduction
Let H be a real Hilbert space and let A C H x H be a maximal monotone operator. Then

the zero point problem is to find # € H such that
0 € Au. (1.1)

Such a u € H is called a zero point (or a zero) of A. The set of zero points of A is denoted
by A710. This problem is connected with many problems in Nonlinear Analysis and Op-
timization, that is, convex minimization problems, variational inequality problems, equi-
librium problems and so on. A well-known method for solving (1.1) is the proximal point
algorithm: x; € H and

KXn+l :]rnxm n= 1’ 2,«”1 (1.2)

where {r,} C ]0,00[ and J,, = (I + r,A)™L. This algorithm was first introduced by Martinet
[1]. In 1976, Rockafellar [2] proved that if liminf, , > 0 and A0 # @, then the sequence
{x,,} defined by (1.2) converges weakly to a solution of the zero point problem. Later, many
researchers have studied this problem; see [3—9] and others.

On the other hand, Kimura [10] introduced the following iterative scheme for finding a
fixed point of nonexpansive mappings by the shrinking projection method with error in a
Hilbert space:
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Theorem 1.1 (Kimura [10]) Let C be a bounded closed convex subset of a Hilbert space
H with D = diam C = sup, ,.c lx - yll <00, and let T : C — H be a nonexpansive mapping
having a fixed point. Let {€,} be a nonnegative real sequence such that €, = limsup,, €, < co.
For a given point u € H, generate an iterative sequence {x,} as follows: x; € C such that

lley — ull < €, C1 = C,

Con = {z€ Ctllz=Taull < Iz =241} N C,s

Xn+1 € Cn+1 such that ||I/l _xn+1||2 = d(u’ Cn+1)2 + €3+1
foralln e N. Then

limsup |lx, — Tx,|| < 2¢.
n—00

Further, if €o = 0, then {x,} converges strongly to Priryu € F(T).

We remark that the original result of the theorem above deals with a family of nonexpan-
sive mappings, and the shrinking projection method was first introduced by Takahashi et
al. [11]. This result was extended to more general Banach spaces by Kimura [12] (see also
Ibaraki and Kimura [13]).

In this paper, we study the shrinking projection method with error introduced by Kimura
[10] (see also [12, 14]). We obtain an iterative approximation of a zero point of a monotone
operator generated by the shrinking projection method with errors in a Banach space.

Using our result, we discuss some applications.

2 Preliminaries
Let E be a real Banach space with its dual £*. The normalized duality mapping J from E
into E* is defined by

Jr={a* € B s ) = 212 = [|2*]*)

for each x € E. We also know the following properties: see [15, 16] for more details.

(1) Jx # @ for each x € E;

(2) if E is reflexive, then J is surjective;

(3) if E is smooth, then the duality mapping J is single valued.

(4) if E is strictly convex, then J is one-to-one and satisfies that (x — y,4* — y*) > 0 for

each x,y € E with x #y, x* € Jx and y* € Jy;

(5) if E is reflexive, smooth, and strictly convex, then the duality mapping J, : E* — E is

the inverse of /, that is, J, = J7};

(6) if E uniformly smooth, then the duality mapping J is uniformly norm to norm

continuous on each bounded set of E.

Let E be a reflexive and strictly convex Banach space and let C be a nonempty closed
convex subset of E. It is well known that for each x € E there exists a unique point z € C
such that ||x — z|| = min{||x — y|| : y € C}. Such a point z is denoted by Pcx and P¢ is called
the metric projection of E onto C. The following result is well known; see, for instance,
[16].
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Lemma 2.1 Let E be a reflexive, smooth, and strictly convex Banach space, let C be a
nonempty closed convex subset of E, let Pc be the metric projection of E onto C, let x € E
and let xy € C. Then xo = Pcx if and only if

(%0 = 3,J(x — x0)) = 0
forally e C.

Let C be a nonempty closed convex subset of a smooth Banach space E. A mapping
T : C — Eis said to be of type (P) [17] if

(T~ Ty,) (x = Tx) = J (y ~ T3)) = 0
for each x,y € C. A mapping T : C — E is said to be of type (Q) [17, 18] if
(Tx - Ty, Ux = JTx) - (Jy - JTy)) = O

for each x,y € C. We denote by F(T) the set of fixed points of 7. A point p in C is said
to be an asymptotic fixed point of T if C contains a sequence {x,} such that x, — p and
x, — Tx, — 0. The set of all asymptotic fixed points of T is denoted by F(T). It is clear that
if T:C — Eisof type (P) and F(T) is nonempty, then

(Tx -p.J(x— Tx)) >0 (2.1)

for each x € C and p € F(T). Let E be a reflexive, smooth, and strictly convex Banach
space and let C be a nonempty closed convex subset of E. It is well known that the metric
projection P¢ of E onto C is a mapping of type (P). We also know that if T: C — E is of
type (Q) and F(T) is nonempty, then

(Tx - p,Jx — JTx) > 0 (2.2)

for each x € C and p € F(T).
The following results describe the relation between the set of fixed points and that of
asymptotic fixed points for each type of mapping.

Lemma 2.2 (Aoyama-Kohsaka-Takahashi [19]) Let E be a smooth Banach space, let C be
a nonempty closed convex subset of E and let T : C — E be a mapping of type (P). If F(T)
is nonempty, then F(T) is closed and convex and F(T) = F (7).

Lemma 2.3 (Kohsaka-Takahashi [18]) Let E be a strictly convex Banach space whose norm
is uniformly Gdteaux differentiable, let C be a nonempty closed convex subset of E and let
T : C — E be a mapping of type (Q). If F(T) is nonempty, then F(T) is closed and convex
and F(T) = E(T).

In 1984, Tsukada [20] proved the following theorem for the metric projections in a Ba-
nach space. For the exact definition of Mosco limit M-lim,, C,, see [21].
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Theorem 2.4 (Tsukada [20]) Let E be a reflexive and strictly convex Banach space and
let {C,} be a sequence of nonempty closed convex subsets of E. If Cy = M-lim,, C,, exists and
is nonempty, then for each x € E, {Pc,x} converges weakly to Pc,x, where Pc, is the metric
projection of E onto C,. Moreover, if E has the Kadec-Klee property, the convergence is in
the strong topology.

One of the simplest example of the sequence {C,} satisfying the condition in this theo-
rem above is a decreasing sequence with respect to inclusion; C,,; C C, for each n € N.
In this case, M-im C,, = ﬂ;ﬁl C, (see [7,12, 21, 22] for more details).

Let E be a smooth Banach space and consider the following function V : E x E - R
defined by

V(%) = Ixl1* = 2(x, Jy) + [IylI* (2.3)

for each x, y € E. We know the following properties:
@) Ul = lyl)* < V(xy) < (]l + [lyl)* for each x,y € E;
(2) Vx,y) + V(y,%) =2(x —y,Jx — Jy) for each x,y € E;
(3) Vix,y)=V(x,z) + V(z,y) + 2{x — z,Jz — Jy) for each «,y,z € E;
(4) if E is additionally assumed to be strictly convex, then V(x,y) = 0 if and only if x = y.

Lemma 2.5 (Kamimura-Takahashi [23]) Let E be a smooth and uniformly convex Banach
space and let {x,} and {y,} be sequences in E such that either {x,} or {y,} is bounded. If
lim, V(x,, y,) = 0, then lim,, ||x,, — y,|| = 0.

The following results show the existence of mappings ¢ and g, related to the convex
structures of a Banach space E. These mappings play important roles in our result.

Theorem 2.6 (Xu [24]) Let E be a Banach space, r € 10,00[ and B, = {x € E: ||x|| <r}.
Then
(i) if E is uniformly convex, then there exists a continuous, strictly increasing, and
convex function g: [0,2r] — [0, 00[ with gr(O) = 0 such that

e+ (1 - o)y |* < allxl® + (1 - )lIylI* - (1~ )g (1~ y1])
forallx,y € B, and o € [0,1];
(ii) if E is uniformly smooth, then there exists a continuous, strictly increasing, and
convex function g, : [0,2r] — [0, oo with g,.(0) = 0 such that
2 _
lex + 1= )y|” = allxl® + A - @)llyI? - (1 - g, (Ilx - yIl)

forall x,y € B, and o € [0,1].

Theorem 2.7 (Kimura [12]) Let E be a uniformly smooth and uniformly convex Banach
space and let r > 0. Then the function g, and g, in Theorem 2.6 satisfies

g (lx=yll) = V(x9) <& (lx~yl)

forall x,y € B,.



Ibaraki Fixed Point Theory and Applications (2016) 2016:48 Page 5 of 14

3 Approximation theorem for the resolvents of type (P)
In this section, we discuss an iterative scheme of resolvents of a monotone operator de-
fined on a Banach space. Let E be a reflexive, smooth, and strictly convex Banach space.
An operator A C E x E* with domain D(A) = {x € E: Ax # #} and range R(A) = | J{Ax:x €
D(A)} is said to be monotone if (x — y,x* — y*) > 0 for any (x,x*), (y,¥*) € A. A monotone
operator A is said to be maximal if A = B whenever B C E x E* is a monotone operator
such that A C B. We denote by A™10 the set {z € D(A): 0 € Az}.

Let C be a nonempty closed convex subset of E, let » > 0 and let A C E x E* be a mono-
tone operator satisfying

D(A) C CCR(I+17'A) (3.1)

for r > 0. It is well known that if A is maximal monotone operator, then R(I + r/~A) = E; see
[25—-27]. Hence, if A is maximal monotone, then (3.1) holds for C = D(A). We also know
that D(A) is convex; see [28]. If A satisfies (3.1) for r > 0, we can define the resolvent (of

type (P)) P, : C — D(A) of A by
P,x:{zeE:OEJ(z—x)+rAz} (3.2)

for all x € C. In other words, P.x = (I + r/LA) % for all x € C. The Yosida approximation
A, : C— E*isalso defined A,x = J(x — P,x)/r for all x € C. We know the following; see, for
instance, [15, 17, 19]:

(1) P, is mapping of type (P) from C into D(A);

(2) (Pyx,A,x) € Aforallx e C;

(3) IIAyx] < |Ax]| :=inf{]|x*| : x* € Ax} for all x € D(A);

(4) F(P,)=A710.
We obtain an approximation theorem for a zero point of a monotone operator in a smooth
and uniformly convex Banach space by using the resolvent of type (P).

Theorem 3.1 Let E be a smooth and uniformly convex Banach space and let A C E x
E* be a monotone operator with A™0 # (. Let {r,} be a positive real sequence such that
liminf, r, > 0, let C be a nonempty bounded closed convex subset of E satisfying

D(A) C CCR(I+r,J'A)
forall n € N and let r € 10, 00[ such that C C B,. Let {8,,} be a nonnegative real sequence

and let 8y = limsup,, 8,. For a given point u € E, generate a sequence {x,} by x; = x € C,
C1=C,and

yn = Prnxn’
Cun={z€C:{ys—2J(x:—yx)) =0} N C,,
Xn+l € {Z eC: ||M —Z||2 < d(l/l, Cn+1)2 + 8n+1} n Cn+1r
forallneN. Then
lim sup ||, — |l §g;1(80).
n—0o0

Moreover, if §y = 0, then {x,} converges strongly to P,-1yu.
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Proof Since C, includes A™0 # @ for all #n € N, {C,} is a sequence of nonempty closed
convex subsets and, by definition, it is decreasing with respect to inclusion. Let p,, = Pc,u
for all n € N. Then, by Theorem 2.4, we see that {p,} converges strongly to py = Pc,u,
where Co = (2, Cy. Since x,, € C, and d(u, C,) = ||u — p, ||, we see that

llu =201 < llue = pull? + 8,

for every n € N\ {1}. From Theorem 2.6(i), we see that for « € ]0,1[,

Ipn — el < [apy + (1 - a)x, —u”

< allpn—ul® + 1= @)llxy - ull* = (1 = a)g (Ipn = xall)
and thus
g (I1pn = xull) < 2y = ull® = pu = ull* < 8.

Asa — 1,wesee thatgr(Hpn —x,|) < 8, and thus ||p, —x,|| < <5;1(5,,). Using the definition
of p,, we see that p,,; € C,41 and thus

(Vn = Prars ] (Hn = y0)) = 0,
or equivalently,
(%0 = Pt S = y)) = Nloen = vl
Hence we obtain
%0 = yull < 1120 = prsall < 1120 = pull + |pn — praa l Sg;l(f?n) +pn = puall

for every n € N\ {1}. Since lim, p,, = po and limsup,, §,, = 8o, we see that

lim sup [|x, — ¥l < g;l(cSo).

n—00

For the latter part of the theorem, suppose that §; = 0. Then we see that

limsup [|x,, — ¥, |l Sg:l(o) =0

n—0o0

and
limsupg (|l%, — pull) <limsups, = 0.
n—oo n—00

Therefore, we obtain

lim [|%, =y, =0 and  lim |lx, —p,| = 0.
n—00 n—oo
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Hence, we also obtain

lim x, =po and lim y, = po. (3.3)
n—0o0 n—0o0
So, from
J (X —¥) Xp—
19 = Pryyull = il Anynll < rilAy,] < ry | =20 r—y .

and liminf, r, > 0, we see that lim,, ||y, — P, ¥, || = 0. Then, by Lemma 2.2 and (3.3), we ob-
tain x, — po € F(P,,) = F(P,}) = A™10. Since A0 C Cy, we get po = Pc,u = P11, which
completes the proof. g

4 Approximation theorem for the resolvents of type (Q)

We next consider an iterative scheme of resolvents of a monotone operator which is dif-
ferent type of Section 3, in a Banach space. Let C be a nonempty closed convex subset of
a reflexive, smooth, and strictly convex Banach space E, let r > 0 and let A C E x E* be a
monotone operator satisfying

D(A) c CCJIR( + rA) (4.1)

for r > 0. It is well known that if A is maximal monotone operator, then J'R(J + 7A) = E; see
[25—27]. Hence, if A is maximal monotone, then (4.1) holds for C = D(A). We also know
that D(A) is convex; see [28]. If A satisfies (4.1) for r > 0, then we can define the resolvent
(of type (Q)) Q,: C — D(A) of A by

Qx={z€E:Jxejz+rAz} (4.2)

for all x € C. In other words, Q,x = (J + ¥A)~Jx for all x € C. We know the following; see,
for instance, [17, 18]:

(1) Qy is mapping of type (Q) from C into D(A);

(2) Jx—-JQ,x)/r e AQ,x for all x € C;

(3) F(Q)=A"0.
Before our result, we need the following lemma.

Lemma 4.1 Let E be a reflexive, smooth, and strictly convex Banach space, and let A C
E x E* be a monotone operator. Let r > 0 and C be a closed convex subset of E satisfying
(4.1) for r > 0. Then the following holds:

V(% Qux) + V(Qux,x) < 2r(x — Qx, x*)
forall (x,x*) € A.

Proof Let (x,x*) € A. Since (Jx — JQ,x)/r € AQ,x, we see that

0< <x_er,x* _w>’

r
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[ronte

> = <x - eryx*>;
(x = Qux, Jx = JQux) < r{x — Quax, x™).

From the property of V, we see that

V(x: er) + V(er’ x) =2{x— Qux,Jx —JQrx) < 2r<x - Qx, x*>
for all (x,x*) € A. O

We obtain an approximation theorem for a zero point of a monotone operator in a
smooth and uniformly convex Banach space by using the resolvent of type (Q).

Theorem 4.2 Let E be a uniformly smooth and uniformly convex Banach space and let
A C E x E* be a monotone operator with A0 # 0. Let {r,} be a positive real numbers such
that liminf, r, > 0, let C be a nonempty bounded closed convex subset of E satisfying

D(A) C C CJIR( + r,A)

forall n € N and let r € ]0, 00| such that C C B,. Let {8,} be a nonnegative real sequence

and let 8y = limsup,, §,. For a given point u € E, generate a sequence {x,} by x; =x € C,
Ci=C,and

Yn = anxm
Cvn+1 = {Z eC: (yn _Z:]xn _]yn) = 0} N Cn;

Xnil € {Z eC: ”M _Z”2 = d(u’ C}’l+l)2 + 8n+1} N Cn+lr

forallneN. Then

limsup ||, - yull < ¢ (&,(¢ ' (50)))-

n—00

Moreover, if §o = 0, then {x,} converges strongly to P,-1yu.
Proof Since C, includes A™'0 # ¢ for all n € N, {C,} is a sequence of nonempty closed
convex subsets and, by definition, it is decreasing with respect to inclusion. Let p,, = Pc,u
for all n € N. Then, by Theorem 2.4, we see that {p,} converges strongly to py = Pc,u,
where Co = (2, Cy. Since x,, € C, and d(u, C,;) = ||u — p, ||, we see that

llu = %l < Nl = pull® + 85

for every n € N\ {1}. From Theorem 2.6(i), we see that for « € ]0,1[,

Ipn =l < [apy + (1 - a)x, — u’

<alpn—ul® + 1 - )y — ull® a1 - a)g (Ilpn —xal)



Ibaraki Fixed Point Theory and Applications (2016) 2016:48 Page 9 of 14

and thus

g (I1pn = xull) < s = ull® = pu - ull* < 8.

As o — 1, we see that gr(llpn —x,|) <3, and thus ||p, —x,| < <5;1(5,,). Using the definition
of p,, we see that p,,; € C,,1 and thus

<yn _pn+1;]xn _]yn> 2 0

From the property of the function V, we see that

0 <2(n = pus1, JXn = Jyn)
= 2(pns1 = Yns Jyn — Jn)
= V(Pni1%0) = V(Ori1, Y1) = V%)
< V@ui1s%0) = Vs %)

By Theorem 2.7, we obtain

Vnr%n) < V(Pri1s%n)
= V@ui1,Pn) + V(0 %n) + 2Pt = PurJpn — Jxn)
< V@ni1:n) + & (1Pn = %nll) + 2P ns1 — P JPu — Jn)
< V(pupn) +8,(&(80)) + 201 = PSP = ).

Since limsup,, 8, = 8o and p,, — po, we see that

limsup V(y,, x,) < §r(g;1(80)).

n—0o0

Therefore, by Theorem 2.7, we see that

limsup ||, = yull < limsupg ™ (V (v 20)) < g (€,(g"(50)))-

n—0o0 n—00

For the latter part of the theorem, suppose that §; = 0. Then we see that

limsup [|x, — y, |l fg;l(g,(g;l(O))) =0

n—0o0

and
lim supgr(||x,, —p,,||) <limsup$, = 0.
n—oo n—00

Therefore, we obtain

lim [|%, =y, =0 and  lim |lx, —p,| = 0.
n—00 n—oo
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Hence, we also obtain

lim x,=py and lim y, = pyo. (4.3)
n—00

n—00

Since E is uniformly smooth, the duality mapping J is uniformly norm-to-norm continu-
ous on each bounded subset on E. Therefore, we obtain

lim ||Jx, —Jy.ll = 0. (4.4)
n— 00
From Lemma 4.1 we see that

Vs QuYn) < Vs Quyn) + V(Qr Vs ¥n) < 271 (Y — Quy s x")

for all x* € Ay,. From y,, Q,y, € D(A) C C C B, and (Jx,, — Jy,,)/r,, € Ay,, we see that

V> Qryn) < 2r1<yn - Q1 Fen _]y">

n

< 271”)/71 - eryn”

Jxn = Jyn
T

]xn - ]yn

< 2r1(llyull + 1Qn )

n

]xn _]yn

= 4rr

T'n

Since liminf, r,, > 0 and (4.4), we obtain

limsup V (¥, Qnx) < O.

n—00

This implies lim, V(y,,, Q,,¥,) = 0. From Theorem 2.5, we see that
lim ”yn - eryn” =0.
n— o0

Then, by Lemma 2.3 and (4.3), we see that x,, — po € F(Q,,) = F(Q,,) = A™10. Since A0 C
Co, we get pg = Pc,u = P4-1yu, which completes the proof. O

5 Applications

In this section, we give some applications of Theorems 3.1 and 4.2. We first study the
convex minimization problem: Let E be a reflexive, smooth, and strictly convex Banach
space with its dual E* and let f : E — ]—00, 00] be a proper lower semicontinuous convex
function. Then the subdifferential 9f of f is defined as follows:

Af (x) = {x* € E*: f(x) + [y — x,4%) < f(9),Vy € E}
for all x € E. By Rockafellar’s theorem [29, 30], the subdifferential 9f C E x E* is maximal

monotone. It is easy to see that (3f)10 = argmin(f(x) : x € E}. It is also known that, see,
for instance, [15, 27, 28],
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D(df) C D(f) C D(of). (5.1)
As a direct consequence of Theorems 3.1 and 4.2, we can show the following corollaries.

Corollary 5.1 Let E be a smooth and uniformly convex Banach space, let f : E — ]—00, 00]
be a proper lower semicontinuous convex function with D(f) being bounded, and let r €
10, oo[ such that D(f) C B,. Let {8,} be a nonnegative real sequence and let 8, = limsup,, 8,.
For a given point u € E, generate a sequence {x,} by x, = x € D(f), C, = D(f), and

1
Vo= argmin{f(y) bo- ny—xnnz},

yeE
Chn = {z € D—(f):(yn —2,J (% _J’ﬂ)> = 0} N Cu

Xn+1 € {Z € D(f) : ”M - Z||2 =< d(u) Cn+1)2 + 8n+1} n Cn+1:
for all n € N, where {r,} C 10, 00[ such that liminf, r, > 0. If (9f) 10 is nonempty, then

limsup ||, — yull < g;l(So)o

n—0oQ

Moreover, if 3o = 0, then {x,} converges strongly to P(yp-19u.

Proof Put C = D(f). Since the subdifferential 3f C E x E* is maximal monotone, we have
E = R(I + rof) for all r > 0 and hence, from (5.1), we see that

D(df) c D(3f) = D(f) = C C E = R(I + rdf)

forall r > 0.
Fixr> 0 and z € C. Let P, be the resolvent (of type (P)) of 9f, then we also know that

1
Pz= argmin{f(y) +— ||)/—Z||2}~
YeE 2r

Therefore, we obtain the desired result by Theorem 3.1. O

Corollary 5.2 Let E be a uniformly smooth and uniformly convex Banach space, let f
E — ]-00,00] be a proper lower semicontinuous convex function with D(f) being bounded
and let r € 10, 00[ such that D(f) C B,. Let {8,} be a nonnegative real sequence and let 8, =
limsup,, 8,,. For a given point u € E, generate a sequence {x,,} by x, = x € D(f), C = D(f), and

. 1 1
Vn = argmm{f(y) t o Iyll* - —<nyn>},
yeE Tn T'n

Cu1 ={z2€D(f) : (yu — 2, Jn = Jyu) = 0} N C,,
Xnsl € {Z € D(f) sl - Z”2 <d(u, Cn+1)2 + 5n+1} N Cyui1s
for all n € N, where {r,} C 10, 00[ such that liminf, r, > 0. If (3f) 10 is nonempty, then
limsup |16, - yull < g7 (g,(g"(50)))-
n—0o0

Moreover, if 8o = 0, then {x,} converges strongly to P(yp-19u.
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Proof Fixr> 0 and z € C. Let Q, be the resolvent (of type (Q)) of 3f, then we also know
that

1 1
Qz= argmin{f(y) + > Iyl - —O’Jz)}.
JeE r r

In the same way as Corollary 5.1, we obtain the desired result by Theorem 4.2. O

Next, we study the approximation of fixed points for mappings of type (P) and (Q). Be-
fore show our applications, we need the following results.

Lemma 5.3 ([17]) Let E be a reflexive, smooth, and strictly convex Banach space, let C be
a nonempty subset of E, let T : C — E be a mapping, and let Ay C E x E* be an operator
defined by A = J(T™ = 1I). Then T is of mapping of type (P) if and only if At is monotone.
In this case T = (I + J'A7)™L

Lemma 5.4 ([31]) Let E be a reflexive, smooth, and strictly convex Banach space, let C be a
nonempty subset of E and let T : C — E be a mapping, and let At C E x E* be an operator
defined by Ay = JT™ —]. Then T is a mapping of type (Q) if and only if Ay is monotone. In
thiscase T = (J + Ar)7Y.

As a direct consequence of Theorems 3.1 and 4.2, we can show the following corollaries.

Corollary 5.5 Let E be a smooth and uniformly convex Banach space, let C be a bounded
closed convex subset of E. Let T : C — C be a mapping of type (P) with F(T) being nonempty
and let r € 10, 00[ such that C C B,. Let {5,,} be a nonnegative real sequence and let 5y =
limsup,, 8,,. For a given point u € E, generate a sequence {x,} by x, =x € C, C; = C, and

Co1 = {2€ C: T2ty — 2] - Tx,)) = 0} N Gy

Xn+1 € {Z eC: ||M _2”2 = d(u¢ Crz+1)2 + 8n+1} N Cn+1)
forall n € N, where {r,} C (0,00) such that liminf, r, > 0. Then

limsup ||, — Tx,|| < g ().
n—00 =

Moreover, if §g = 0, then {x,} converges strongly to Pr(ru.

Proof Put Ay =J(T™' —I) and r,, = 1 for all #n € N. From Lemma 5.3, we see that T is the
resolvent (of type (P)) of A7 for 1 and

D(A7)=R(T) C C=D(T) =R(I +]'Ar).
Therefore, we obtain the desired result by Theorem 3.1. O

Corollary 5.6 Let E be a uniformly smooth and uniformly convex Banach space, let C be a
bounded closed convex subset of E. Let T : C — C be a mapping of type (Q) with F(T) being
nonempty and let r € 10, 00( such that C C B,. Let {5,} be a nonnegative real sequence and
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let 8¢ = limsup,, 8,,. For a given point u € E, generate a sequence {x,} by x, =x € C, C; = C,
and

Cun = {z€ C: (Txy — 2,J%, — JTx,) =0} N C,,

Xnil € {Z eC:llu- Z||2 <d(u, Cn+1)2 + 5n+1} N Cus1s
forallneN. Then

limsup ||, - Tx, || < g7 (g,(¢7(50)))-

n—0o0

Moreover, if §g = 0, then {x,} converges strongly to Pr(ru.

Proof In the same way as Corollary 5.5, we obtain the desired result by Lemma 5.4 and
Theorem 4.2. O
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