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Abstract

Motivated by Gopal et al. (Acta Math. Sci. 36B(3):1-14, 2016). We introduce the notion
of a-type F-contraction in the setting of modular metric spaces which is independent
from one given in (Hussain et al. in Fixed Point Theory Appl. 2015:158, 2015). Further,
we establish some fixed point and periodic point results for such contraction. The
obtained results encompass various generalizations of the Banach contraction
principle and others.
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1 Introduction and preliminaries
The fixed point technique is one of the important tools with respect to studying the exis-
tence and uniqueness of the solution of various mathematical methods appearing in the
practical problems. In particular, the Banach contraction principle provides a construc-
tive method of finding a unique solution for models involving various types of differential
and integral equations. This principle is generalized by several authors in various direc-
tions; see [3—8]. Recently, Gopal et al. [1] introduced the concept of «-type F-contraction
in metric space by combining the ideas given in [8] and obtained some fixed point results.

On the other hand, to deal with the problems of description of superposition operators,
Chistyakov [9] introduced the notion of modular metric spaces and gave some funda-
mental results on this topic, whereas some authors introduced the analog of the Banach
contraction theorem in modular metric spaces and described the important aspects of
applications of fixed point of mappings in modular metric spaces. Some recent results in
this direction can be found in [2, 10-13]. In this paper, we introduce the concept of «-type
F-contraction in the setting of modular metric spaces and establish fixed point and peri-
odic point results for such a contraction. Consequently, our results generalize and improve
some known results from the literature.

Consistent with Chistyakov [9], we begin with some basic definitions and results which
will be used in the sequel.

Throughout this paper N, R*, and R will denote the set of natural numbers, positive real
numbers, and real numbers, respectively.
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Let X be a nonempty set. Throughout this paper, for a function w: (0,00) x X x X —

[0, 00), we write

wi(x,9) = w(k, %, y)
forall A >0and x,y € X.

Definition 1.1 [9] Let X be a nonempty set. A function w: (0,00) x X x X — [0,00] is
said to be a metric modular on X if it satisfies, for all x, y, z € X, the following conditions:
(i) walx,y)=0forallA >0 ifand onlyifx=y;
(i) wi(x,y) = wi(y,x) for all A > 0;
(iii) warp(®y) <wilx,2) + wy(z,y) forall A, u > 0.

If instead of (i) we have only the condition (i)
wy(x,x) =0 forallA>0,x€X,

then w is said to be a pseudomodular (metric) on X. A modular metric w on X is said to

be regular if the following weaker version of (i) is satisfied:
x=y ifandonlyif w,(x,y)=0 forsome A >0.

Definition 1.2 [9] Let w be a pseudomodular on X. Fix xy € X. The set
Xy =X(xg) = {x e X :wy(x,x0) > 0as A — oo}

is said to be modular space (around xy).

Definition 1.3 Let X, be a modular metric space.
(i) The sequence (x,),en in X,, is said to be w-convergent to x € X,, if and only if

Wy (%,,%) = 0, as n — oo for some A > 0.

(ii) The sequence (x,)qen in X,, is said to be w-Cauchy if w) (%, x,) = 0, as m,n — oo
for some A > 0.

(ili) A subset C of X,, is said to be w-complete if any w-Cauchy sequence in C is a
convergent sequence and its limit is in C.

(iv) A subset C of X,, is said to be w-bounded if for some A > 0, we have

3w(C) = sup{w;. (x,5);x,y € C} < 0.

Next, we denote by F the family of all functions F : R* — R satisfying the following
conditions:
(F1) F is strictly increasing on R,
(F2) for every sequence {s,} in R*, we have lim,_,~ s, = 0 if and only if
lim,,_, o F(s,) = —00,
(F3) there exists a number k € (0,1) such that lim,_, o+ sF(s) = 0.

Example 1.4 The following functions F : R* — R belongs to F:
(i) F(t)=Int, witht> 0,
(ii) F(t)=Int+¢t, with > 0.
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Definition 1.5 [8] A mapping 7 : X — X is said to be o-admissible if there exists a func-
tion & : X x X — R* such that

xvyeX, axy=>=1 = olx,Ty)>1

Definition 1.6 [2] Let Ag denote the set of all functions G : (R*)? — R* satisfying
the condition (G) for all #, t, t3,t4 € RT with t1t3t4 = 0, there exists T > 0 such that
G(t1, b, t3,t4) = T.

Example 1.7 The following function G : (R*)* — R belongs to Ag:
(1) G(t, to, t3,ta) = Lmin(ty, to, L3, £a) + T,
(i) G(ty, by, t3,ty) = TeLmnEt213.4) where L € R*.

Definition 1.8 [2] Let X, be a modular metric space and T be a self-mapping on X,,. Sup-
pose that o, 7 : X, x X, — [0, 00) are two functions. We say 7 is an «-n-GF-contraction
if for x,y € X,, with n(x, Tx) < a(x, ), w;(Tx, Ty) > 0, and A,[ > 0, we have

G(w1(x, Tx), A/ Uy, Ty), oA/ U(x, Ty), wA/U(y, Tx)) + F(wA/I(Tx, Ty)) < F(wA/l(x,y)),
where G € Agand F € F.

2 Fixed point results for a-type F-contractions
We begin with the following definitions.

Definition 2.1 Let (X, w) be a modular metric space. Let C be a nonempty subset of X,.
A mapping T : C — C is said to be an «-type F-contraction if there exist T > 0 and two
functions F € F, o : C x C — (0,00) such that, for all x,y € C, satisfying w;(T%, Ty) > 0,
the following inequality holds:

T+ a(x,y)F(wl(Tx, Ty)) < F(wl(x,y)). (2.1)

Definition 2.2 Let (X, w) be a modular metric space. Let C be a nonempty subset of X,.
A mapping T : C — C is said to be an a-type F-weak contraction if there exist 7 > 0 and
two functions F € F,« : C x C — (0, 00) such that, forallx,y € C, satisfying wy(Tx, Ty) > 0,
the following inequality holds:

T+ a(x,y)F (w1 (Tx, Ty))

(2.2)

= F(max{wl (%, ), wi(x, Tx), wa(y, Ty), wa(x, Ty) + wa(y, Tx) })

2

Remark 2.3 Every a-type F-contraction is an «-type F-weak contraction, but the con-

verse is not necessarily true.

Example 2.4 Let X, = C = [0,%], wy = |x —y|, and wy = |x — y|. Define T: C — C, o :
C x C— (0,00), and F:R* — R by

ifx € [0, %],

Oy
T =1, ,
3, otherwise.
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Then, for x = 0 and y = 1, by putting F(t) = In¢ with ¢ > 0, we have

r+a®Jﬂ%wﬂTmLTﬂ»)=r+amJ)m<§>
and

F(w3(0,1)) = In(1).
Clearly, we have

9 «(0,1)
P <§> 1 forallz >0 andforalla € (0,00).

However, since

’

inf , {max{ wi(x, ), wix, Tx), wi(y, Ty),
51
2

x€l0,31ye(3,

wa(x, Ty) + wa(y, Tx) 9
2 ” T4

T is an a-type F-weak contraction for the choice

1, ifx,ye[0,2]orwye (2],

log10-log9
log9-log2 ’

alx,y) =
otherwise,

and 7 > 0 such thate™™ = %.

Remark 2.5 Definition 2.1 (respectively, Definition 2.2) reduces to an F-contraction (re-
spectively, an F-weak contraction) for a(x,y) = 1.

The next two examples demonstrate that «-type F-contractions (defined above) and
a-n-GF-contractions [2] are independent.

Example 2.6 Let X,, = C=[0,3], w; = |x —y|, and w, = %|x—y|. Define T:C— C, o :
C x C— (0,00),and F:R* — R by

ifx € [0,3),

3
Tx)=47?%
0, ifx=3.

So, define F(t) = Int with £ > 0. Then T is an a-type F-weak contraction with a(x,y) =1
forallx,y € Cand v > 0 such thate™ = % But T is not an a-n-GF-contraction [2]. To see
this, consider 1 : C x C — [0, 00) such that

0, ifx=3,
n(x, Tx) =
4, otherwise

and

G(tl) by, by, t3, t‘L) = Lmin{tl) by, s, 13, t4} +T.
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Then, for x = % and y = 3, we have

>0,

33) _yo1 3, 5.9) (T6.T5) 31
— )= =a| =,3)=alxy), wiy (Tx, ===
7 = 2 4 * Y=

2'2
and

G(wx(x, Tx), wi (y, Ty), wi. (%, Ty), wa (v, Tx))

= Lmin{w; (x, Tx), wi (y, Ty), w,. (%, T9), w2 (y, Tx) } + 7 = 7.
Consequently, we have

G(wk(x, Tx), wi. (v, Tv), wa (%, Ty), wi (9, Tx)) + F(WA(Tx, Ty))

31 3 1
=T +ln(§ . X) ﬁ ln(i . X) ZF(W)L(»X,_)/)),

and thus, T is not an «-n-GF-contraction.

Example 2.7 Let X, = C = [0,1], w; = |[x — y|, and w;_ = %|x—y|. Define T:C — C,a,n:
C x C— [0,00), G: (R*)* — R* by

0, ifxisrational,
T(x) =
1, ifxisirrational,

alx,y) = x +y and n(x,y) = ’%, if x and y both are rational or irrational, a(x,y) =
1 and n(x,y) = 0 if x is irrational and y is rational (and vice versa), G(t,ta,¢3,ts) =
Lmin{ty, t, 83,4} + T (t > 0), and F(¢) = Int. Then T is an a-n-GF-contraction. But it is
not an a-type F-weak contraction. To see this, consider x = 0 and y is any irrational.

The motivation of the following definition is in the last step of the proof of the Cauchy

sequence in our theorems.

Definition 2.8 Let (X,w) be a modular metric space. Then we will say that w satis-
fies the Ajs-condition if it is the case that lim,, ;o Wi (%, %) = 0, for A = m implies
limyy, ;- 00 Wi (%, %) = 0 (m,m € N, m > n), for some A > 0.

Now, we are ready to state our first theorem which generalizes the main theorem of
Gopal et al. [1] for modular metric spaces.

Theorem 2.9 Let (X, w) be a modular metric space. Assume that w is regular and satisfies
the Ayr-condition. Let C be a nonempty subset of X,,. Assume that C is w-complete and
w-bounded, i.e., 8,,(C) = sup{wi(x,y) : 5,y € C} <oco. Let T : C — C be an a-type F-weak
contraction satisfying the following conditions:

(i) T is a-admissible,

(ii) there exists xog € C such that a(xg, Txg) > 1,

(i) T is continuous.
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Then T has a fixed point x* € C and for every xo € C the sequence {T"xo},cn is convergent
to x*.

Proof Letxy € C such that a(x9, Txo) > 1 and define a sequence {x,} in C by x,,.,; = T, for
allmeN.

Obviously, if there exists ny € N such that x,,,1 = x,,, then Tx,, = x,,, and the proof is
finished. Hence, we suppose that x,.; # x,, for every n € N. Now from conditions (ii) and
(i), we have

a(xo,x1) = alxo, Two) > 1 = a(Txo, Tx1) = (1, %) > 1.
By induction we have
Ol(xmxwrl) = 1. (23)

Since T is an a-type F-weak contraction, for every n € N, we have

F(Wl(xn+l:xn)) = F(WI(Txm Txn—l))

= a(xmxn—l)F(Wl(Txm Txn—l))¢ (24')
SO

T+ F(Wl(xnﬂxxn)) =T+ a(xn:xnd)F(Wl(Txnr Txn—l))

<F (max { Wi (X, X-1)s W1 (K To), w1 (%015 To1),

Wa Xy Txpo1) + Wa (%41, TX) D
2

= F<max{w1(xn_1, xn)’ Wl(xm xn+1)1 M })

w1 (xn—l: xn) + w1 (xm xn+1)
2

=< F<max{wl (%=1, %), W1 (K5 K1),
= F(maX{Wl(xn—l:xn): Wl(xnrxn+1)})- (25)

If there exists n € N such that max{w; (x,,_1, %), W1 (X, X41)} = W1 (%, %,141), then, from (2.5),
we have

F(Wl(xmxnﬂ)) = F(Wl(xnrxnﬂ)) -1,

a contradiction. Therefore max{w;(x,_1,%,), W1(x,, X,:1)} = w1(x,1,%,), for all n € N.
Hence, from (2.5), we have

F(Wl (xm xn+1)) = F(Wl(xn—lr xn)) -7
This implies that

F (w1 (0, %041)) < F(w1(%0,%1)) —nt  forallneN. (2.6)
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Taking the limit as # — oo in (2.6) and since C is w-bounded, we have

F(w1 (%, %41)) = —00;
from (F2), we obtain

Tim (w1, %041)) = 0. (2.7)
From (F3), there exists k € (0,1) such that

lim ((Wl(xwrbxn))kF(Wl(anrl:xn))) =0. (2.8)

n—00

From (2.8), for all n € N, we deduce that
(W1 Gont, ) (F (w1 (i1, %)) = F (w4 (50, 21))) < =(w1 (01,%0)) mT < 0. (2.9)

By using (2.7), (2.8), and taking the limit as » — 00 in (2.9), we have

lim (n(wl(x,,+1,x,,))k) =0.

n—00

Then there exists 7, € N such that 7(w; (41, %,))% < 1 for all n > n, that is,

1
W1 (K, Xpa1) < Tk for all n > ny, for all A > 0.
n

For all m > n > n;, we have

Win (X Xm) < W1y K1) + W1 (Kppa1s Xna2) + -+ + W1 (X K1)

- 1 1 1
Sk T ek T Lk

=1
< ey
Z' Ak
=n

Since the series ) .-, ﬂ% is convergent, this implies

m,l;jgloo (Wm (xn: xm)) =0.

Since w satisfies the Ay;-condition. Hence, we have
lim  wy(x,,%,) = 0.

m,n— 00

This shows that {x,} is a w-Cauchy sequence. Since C is w-complete, there exists x* € C
such that x, — x* as n — oo. By the continuity of T and since w is regular, we have

wi(x", Ta") = lim (w1 (e, Txy)) = 1im (i (6, %n01)) = 0.

Hence, x* is a fixed point of 7' O
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Theorem 2.10 Let (X, w) be a modular metric space. Assume that w is regular and satisfies
the A p-condition. Let C be a nonempty subset of X,,. Assume that C is w-complete modular
metric space and w-bounded, i.e., §,,(C) = sup{wy(x,y) :x,y € C} <o0.Let T : C — C be an
a-type F-weak contraction satisfying the following conditions:
(i) there exists xo € C such that o(xg, Txg) > 1,
(ii) T is a-admissible,
(ili) if {x,} is a sequence in X,, such that a(x,,x,41) > 1 for all n € N and x,, — x as
n— 00, then a(x,,x) > 1 foralln e N,

(iv) F is continuous.
Then T has a fixed point x* € C and for every x € C the sequence {T"xo},en is convergent
to x*.

Proof Let xy € C be such that a(x, Tx¢) > 1 and let x,, = Tx,,_; for all n € N Following the
proof of Theorem 2.9, we see that {x,,} is a w-Cauchy sequence in the w-complete modular
metric space. Then there exists x* € C such that x,, — x* as n — oco. From (2.3) and the
hypothesis (iii), we have

oz(x,,,x*) >1 forallmeN.

Case I: Suppose, for every n € N, there exists i, € N such that x; .; = Tx* and i, > i,_;.
Then we have

x* = nlirrgoxi”+l = nlgrolo Tx; = Tx", (2.10)

that is, ™ is a fixed point of T
Case II: Assume there exists ny € N such that x,,,; # Tx* for all n > ny, i.e., wy(Tx,,, Tx*) >
0 for all n > ny. It follows from (2.2) and (F1) that

T+ F(w1 (x,,ﬂ, Tx*)) =7 +F(w1(Txn, Tx*)) <T+ oz(xn,x*)F(wl(Tx,,, Tx*))

< F(maX{wl (% ™), i (o6, Te), wi (%, T™),

wo (%, Tx*) + wo(x*, Tx,,) })
2

< F(max{wl (%> ™), w1 (260, 1), Wi (%, Tx™),

Wi (%, %%) + wi (o, Tx*) + wi(x*, %) + w1 (%, %041) }) (2.11)
. . .

If wy (x*, Tx*) > 0 and by the fact that

lim (w1 (%, %%)) = lim (wy (%41,5%)) =0,

n—00 n—00

there exists n; € N such that, for all # > »;, we have

max { wi (2, 2%), Wi (%, X041), wa (%, Tac™),

Wi (%, &%) + wi (%, Tx™) + wi(x™*, %) + W1 (X, X41)
2

} (o, T).
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From (2.11), we obtain
T+ F(w1 (x,,+1, Tx*)) < F(wl (x*, Tx*)) (2.12)
for all n > max{ng, m }. Since F is continuous, taking the limit as # — oo in (2.12), we have
T+ F(wi (2, Tx™)) < F(wy (%, Tx")),
a contradiction. Thus w; (x*, Tx*) = 0 and hence x* is a fixed point of T O

Indeed, uniqueness of the fixed point, we will consider the following hypothesis.
(H): forallx,y € Fix(T), a(x,y) > 1.

Theorem 2.11 Adding condition (H) to the hypotheses of Theorem 2.9 (respectively, The-
orem 2.10) the uniqueness of the fixed point is obtained.

Proof Assume that y* € C is an another fixed point of T, such that w;(x,y) < co and
wi(Tx*, Ty*) = w1 (x*, y*) > 0. Then we have

T+ F(wi(x%,y")) < 7+ F(m(Tx", Ty"))
<t +a(xy*)F(wm(Tx", Tv"))

= F(wi(x".7%)),
a contradiction. This implies that x* = y*. g

Example 2.6 satisfies all the hypotheses of Theorem 2.10, hence T has a unique fixed

point x = %
The following result improves the main theorem of the F-contraction for a modular

metric space.

Corollary 2.12 Let (X, w) be a modular metric space. Assume that w is regular and satis-

fies the Apr-condition. Let C be a nonempty subset of X,,. Assume that C is w-complete
and w-bounded, i.e., 8,(C) = sup{wi(x,y) : x,y € C} < oco. Let T : C — C be an a-type
F-contraction satisfying the hypotheses of Theorem 2.11, then T has unique fixed point.

From Example 1.4(i) and Corollary 2.12, we obtain the following result.

Theorem 2.13 Let (X,w) be a modular metric space. Assume that w is regular. Let C
be a nonempty subset of X,,. Assume that C is w-complete and w-bounded, i.e., §,/(C) =
sup{wi(x,y);x,y € C} < 0o. Let T : C — C be a contraction. Then T has a unique fixed
point xo. Moreover, the orbit {T"(x)} w-converges to x, for x € C.

3 Periodic point results
In this section, we prove some periodic point results for self-mappings on a modular met-

ric space. In the sequel, we need the following definition.
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Definition 3.1 [14] A mapping T : C — C is said to have the property (P) if Fix(T") =
Fix(T) for every n € N, where Fix(T) := {x € X, : Tx = x}.

Theorem 3.2 Let (X, w) be a modular metric space. Assume that w is regular and satisfies
the Ay-condition. Let C be a nonempty subset of X,,. Assume that C is w-complete and w-
bounded, i.e., §,/(C) = sup{wi(x,y) : x,y € C} < 00. Let C be a w-complete and w-bounded
subset of X. Let T : C — C be a mapping satisfying the following conditions:

(i) there exists T > 0 and two functions F € F and o : C x C — (0,00) such that

T+ a(x, Tx)F (wi (Tx, sz)) < F(wi(x, Tx))

holds for all x € C with wi(Tx, T?x) > 0,

(ii) there exists xo € C such that o(xg, Txg) > 1,

(i) T is a-admissible,

(iv) if {x,} is a sequence in C such that o(x,,x,.1) <1 for all n € N and wy(x,,x) — 0, as
n— 00, then wi(Tx,, Tx) — 0 as n — oo,

(v) ifz € Fix(T") and z ¢ Fix(T), then a(T" 'z, T"z) > 1. Then T has the property (P).

Proof Letxg € C be such that a(xg, Txy) > 1. Now, for xy € C, we define the sequence {x,}
by the rule x,, = T"x,, = Tx,,_1. By (iii), we have a(x1,x2) = a(Txo, Tx;) > 1 and by induction

we write
a(xy,%041) >1 forallmeN. (3.1)

If there exists ng € N such that x,, = x,,.1 = Tx,,, then x,, is a fixed point of T and the
proof is finished. Thus, we assume x,, # x,,,1 or wi(T%,_1, T*x,_1) > 0 for all # € N. From
(3.1) and (i), we have
T+ F(wi (0, %1)) = T+ F(wi(T%u-1, T%1))
< T+ a1, Tu1)E (w1 (Tono1, T?%1))

< F(w1(%y-1, THn 1))
or equivalently
F(wi (0, %041)) < F(w1(%-1,%4)) — T.

By using a similar reasoning to the proof of Theorem 2.9, we see that the sequence {x,} is
a w-Cauchy sequence and thus, by w-completeness, there exists * € X,, such that x,, — x*
as n— 00.

By (iv), we have wy (%41, Tx*) = wi(Tx,,, Tx*) — 0 as n — oo, that is, x* = Tx*. Hence, T
has a fixed point and Fix(7") = Fix(T) is true for n = 1. Let n > 1 and assume, by contra-
diction, that z € Fix(7") and z ¢ Fix(T), such that w;(z, Tz) > 0. Now, applying (v) and (i),
we have

F(wi(z, T2)) < F(wi(T(T"'2), T*(T"'2)))

< a(T”_lz, T"Z)F(Wl (T(Tn_lz)’ T (Tn_lz)))
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and

T+ F(wi(z, Tz)) <T+ F(wl(T(T”’lz), TZ(T"JZ)))

< F(wi(T" 'z, T"z)).
Consequently, we have

F(w(z, Tz)) < F(wl(T”_lz, T"z)) -t

< F(wl(T”’zz, T”’lz)) -2t

< F(m(z, Tz)) —nr.

By taking the limit as # — oo in the above inequality, we have F(w;(z, Tz)) = —oo, which
is a contradiction until w;(z, 7z) = 0 and by the regularity of w, we set z = Tz. Hence,
Fix(T") = Fix(T) for all n € N. O

Taking a(x,y) =1 for all x,y € C in Theorem 3.2, we get the following result, which is a

generalization of Theorem 4 of Abbas et al. [14] in the setting of a modular metric.

Corollary 3.3 Let (X, w) be a complete modular metric space. Assume that w is regular and
satisfies the A yr-condition. Let C be a nonempty subset of X,,. Assume that C is w-complete
and w-bounded, i.e., §,,(C) = sup{w1(x,y) : x,y € C} < 00. Let T : C — C be a continuous

mapping satisfying
T+ F(w1 (Tx, sz)) < F(wl(x, Tx))
for some T > 0 and for all x € X,, such that wy(Tx, T*x) > 0. Then T has property (P).
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