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Abstract

In this paper, we first propose a weak convergence algorithm, called the linesearch
algorithm, for solving a split equilibrium problem and nonexpansive mapping
(SEPNM) in real Hilbert spaces, in which the first bifunction is pseudomonotone with
respect to its solution set, the second bifunction is monotone, and fixed point
mappings are nonexpansive. In this algorithm, we combine the extragradient method
incorporated with the Armijo linesearch rule for solving equilibrium problems and the
Mann method for finding a fixed point of an nonexpansive mapping. We then
combine the proposed algorithm with hybrid cutting technique to get a strong
convergence algorithm for SEPNM. Special cases of these algorithms are also given.

MSC: 47HQ9; 47)25; 65K10; 65K15; 90C99

Keywords: split equilibrium problem; common fixed point problem; nonexpansive
mapping; pseudomonotonicity; projection method; linesearch rule; weak and strong
convergence

1 Introduction

Throughout the paper, unless otherwise is stated, we assume that H; and H, are real
Hilbert spaces endowed with inner products and induced norms denoted by (,-) and
|| - |I, respectively, whereas H refers to any of these spaces. We write x — x or X — x
iff x* converges strongly or weakly to x, respectively, as k — oo. Let C, Q be nonempty
closed convex subsets in Hj;, Hj, respectively, and A : H; — Hj, be a bounded linear op-
erator. The split feasible problem (SFP) in the sense of Censor and Elfving [1] is to find
x* € C such that Ax* € Q. It turns out that SFP provides a unified framework for the study
of many significant real-world problems such as in signal processing, medical image re-
construction, intensity-modulated radiation therapy, et cetera; see, for example, [2-5]. To
find a solution of SFP in finite-dimensional Hilbert spaces, a basic scheme proposed by

Byrne [6], called the CQ-algorithm, is defined as follows:
& = po(xf + y AT (Pg - 1)AXY),

where I is the identity mapping, and P¢ is projection mapping onto C. Xu [7] investigated
the SEP setting in infinite-dimensional Hilbert spaces. In this case, the CQ-algorithm be-
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comes
A = Pc(xk +yA*(Pq - I)Axk),

where A* is the adjoint operator of A.

The split feasibility problem when C or Q are fixed points of mappings or common
fixed points of mappings and solutions of variational inequality problems was considered
in some recent research papers; see, for instance, [8—15]. Recently, Moudafi [16] (see also
[17-20]) considered the split equilibrium problems (SEP), more precisely:

Letf:Cx C— R, g:Qx Q— Rbe equilibrium bifunctions, that is, f (x, x) = g(u, u) = 0
for all x € C and u € Q. The split equilibrium problem takes the form

Find x* € C such that x* € Sol(C,f) and Ax* € Sol(Q, g),
where Sol(C,f) is the solution set of the following equilibrium problem (EP(C,f)):
Find ¥ € C such that f(x,y) > 0,Yy € C,

and Sol(Q, g) is the solution set of the equilibrium problem EP(Q, g). See [21, 22] for more
detail on equilibrium problems.
For obtaining a solution of SEP, He [23] introduced an iterative method, which generates

a sequence {x*} by

1% € C,{re} C(0,+00), w>0,

fO59) + =55y -2 20, VyeC,
g V) + Hv—ukh k- ak) >0, WeQ

xk+1 _ Pc(yk + MA*(Mk _Ayk)), vk > 0.

Under certain conditions on bifunctions and parameters, the author shows that {x*},
{y*} weakly converges to a solution of SEP, provided that f and g are monotone on C and
Q, respectively.

On the other hand, many researchers have been proposed numerical algorithms for find-
ing a common element of the set of solutions of monotone equilibrium problems and the
set of fixed points of nonexpansive mappings; see, for example, [24—26] and the references
therein.

This paper focuses mainly on a split equilibrium problem and nonexpansive mapping
involving pseudomonotone and monotone equilibrium bifunctions in real Hilbert spaces.
In detail, let f : C x C — R be a pseudomonotone bifunction with respect to its solu-
tion set, g: Q x Q — R be a monotone bifunction, and S: C — Cand T: Q — Q be
nonexpansive mappings. The problem considered in this paper can be stated as follows
(SEPNM(C, Q,A,f,g,S, T) or SEPNM for short):

Find x* € C such that x* € Sol(C,f) NFix(S) and Ax* € Sol(Q,g) N Fix(T),

where Fix(S) and Fix(T) are the fixed points of the mappings S and 7, respectively.
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It should be noticed that, under the monotonicity assumption on f and g, the solu-
tion sets Sol(C,f) and Sol(C,g) of the equilibrium problems EP(C,f) and EP(Q,g) are
closed convex sets whenever f and g are lower semicontinuous and convex with re-
spect to the second variables. In addition, the nonexpansiveness assumption of S and T
also implies that Fix(S) and Fix(T) are closed convex sets. Hence, Sol(C,f) N Fix(S) and
Sol(Q, g) NFix(T) are closed convex sets. However, the main difficulty is that, even if these
sets are convex, they are not given explicitly as in a standard mathematical programming
problem, and therefore the projection onto those sets cannot be computed, and conse-
quently, available methods (see, e.g,, [2, 27, 28] and the references therein) cannot be ap-
plied for solving SEPNM directly.

In this paper, we first propose a weak convergence algorithm for solving SEPNM by using
a combination of the extragradient method with Armijo linesearch type rule for an equi-
librium problem [29] (see also [30—-32] for more detail on extragradient algorithms) and
the Mann method [33] (see also [34, 35]) for a fixed point problem. We then combine this
algorithm with hybrid cutting technique [36] (see also [37]) to get a strong convergence
algorithm for SEPNM.

The paper is organized as follows. The next section presents some preliminary results.
A weak convergence algorithm and its special case are presented in Section 3. In the last
section, we combine the method presented in Section 3 with the hybrid projection method
for obtaining a strong convergence algorithm for SEPNM.

2 Preliminaries
Let H be a real Hilbert space, and C a nonempty closed convex subset of H. By Pc we
denote the metric projection operator onto C, that is,

Pc) e C: |x—Pc()] < lx-yl, VyeC.
The following well-known results will be used in the sequel.

Lemma 1 Suppose that C is a nonempty closed convex subset in H. Then Pc has the fol-
lowing properties:

(@) Pc(x) is singleton and well defined for every x;

(b) z=Pc(x) ifand only if (x —z,y —z) <0,Vy € C;

© NI1Pc(x) - Pc)|I> < (Pc(x) - Pc(y), x - y), Y,y € H;

@ 1Pc() - PcO)I? < llx - yI12 - llx = Pc(®) - y + PcO) 1%, ¥,y € H.

Lemma 2 Let H be a real Hilbert space. Then, for all x,y € H and o € [0,1], we have
2
Jox + @ =)y = allxl® + 1 - ) llyl* ~ a1 - @)}~y

Lemma 3 (Opial’s condition) Forany sequence {x*} C H with x* — x, we have the inequal-
ity

liminf [« - x| <lim inf "~y

for all y € H such that y # x.
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Definition 1 We say that an operator 7' : H — H is demiclosed at 0 if, for any sequence
{#*} such that x* — x and Tx* — 0 as k — 00, we have Tk = 0.

It is well known that, for a nonexpansive operator 7 : H — H, the operator I — T is
demiclosed at 0; see [38], Lemma 2.

Now, we assume that the equilibrium bifunctions g: Q x Q > Rand f: C x C - R
satisfy the following assumptions, respectively.

Assumption A

(A1) gis monotone on Q, thatis, g(u,v) + g(v,u) <0 forall u,v e Q;
(Az) g(u,-) is convex and lower semicontinuous on Q for each u € Q;
(Ag) forall u,v,we Q,

lim supg(kw + (1= Nu, v) <g(u,v).
20

Assumption B

(B1) fis pseudomonotone on C, that is, if f(x,y) > 0 implies f(y,x) < 0 for all x,y € C;

(B2) f(x,-) is convex and subdifferentiable on C for all x € C;

(B3) f is jointly weakly continuous on C x C in the sense that, if x,y € C and {x*}, {y*} ¢ C
converge weakly to x and y, respectively, then f(x*,y*) — f(x,y) as k — +0o0.

Let ¢ be an equilibrium bifunction defined on C x C. For x,y € C, we denote by d,¢(x, y)
the subgradient of the convex function ¢(x, -) at y, that is,

(%) = (€ e H:px,2) > px,9) + (E,2—y),Vz e C}.
In particular,
O p(x,x) = {é eH:p(xz) > (E,z-x),Vz € C}.

Let A be an open convex set containing C. The next lemma can be considered as an
infinite-dimensional version of Theorem 24.5 in [39].

Lemma 4 ([40], Proposition 4.3) Let ¢ : A x A — R be an equilibrium bifunction satisfy-
ing conditions (A1) on A and (A,) on C. Let X,y € A, and let {x*}, {y*} be two sequences in
A converging weakly to x, y, respectively. Then, for any & > 0, there exist n > 0 and k, € N
such that

_ .. &
thp(xk,yk) C (X, y) + EB
for every k > k., where B denotes the closed unit ball in H.

Lemma 5 Let the equilibrium bifunction ¢ satisfy assumptions (A1) on A and (A3) on C,
and (¥} C C,0< p < p,{pk} C lp, pl. Consider the sequence {(y*} defined as

yK = argmin{qo(xk,y) + ZL”y—xk”2 1y € C}.
Pk

If {x*} is bounded, then {y*} is also bounded.
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Proof First, we show that if {x*} converges weakly to x*, then {y*} is bounded. Indeed,
W= argrnin{go(xk,y) + ZLHy—xk”2 1y € C}
Pk
and
k Lk Lok kg2
o(x,5") + 2—Hx -&|"=0.
Therefore,
<p(xk,yk) + L ||yk —ack”2 <0, Vk.
20k
In addition, for all £% € 3,¢(x*, x%), we have
I W IV S 3 LRV S S O S I S TP
o)+ ot~ 2 () g
This implies
I8 -+ It - <0,
2k

Hence,

[ =+ = 2016

,  Vk.

Because {0} is bounded, {x*} converges weakly to x* and é‘ ke dyp(xk,x%). By Lemma 4
the sequence (X} is bounded; combining this with the boundedness of {x}, we get that
{yX} is also bounded.

Now let us prove Lemma 5. Suppose that {y*} is unbounded, that is, there exists a subse-
quence {y*} C {y*} such that lim;_, », [|y%|| = +00. By the boundedness of {x} this implies
that {x*i} is also bounded, and without loss of generality, we may assume that {xXi} con-
verges weakly to some x*. By the same argument as before, we get that {y*/} is bounded,
a contradiction. Therefore, {y*} is bounded. O

The following lemmas are well known in the theory of monotone equilibrium problems.

Lemma 6 ([21]) Let g satisfy Assumption A. Then, for all @ > 0 and u € H, there exists
w € Q such that

1
gw,v)+ —(v—-w,w—-u)>0, VYveQ.
o
Lemma 7 ([41]) Under the assumptions of Lemma 6, the mapping Ts defined on H as
1
TE(u) = {we Q:gw,v)+ —(v—-w,w—u)>0,Vve Q}
o

has following properties:
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(i) T3 is single-valued;
(ii) TS is firmly nonexpansive, that is, for any u,v € H,

| T8 ) = TEW)|* < (T8(w) - TS (), u - v);

(ili) Fix(T3) = Sol(Q,g);
(iv) Sol(Q,g) is closed and convex.

Lemma 8 ([23]) Under the assumptions of Lemma 7, for o, 8 > 0 and u,v € H, we have

|78 — TS0 < v —ull + 'ﬂ

P 7500 - .

3 A weak convergence algorithm

Algorithm 1
Initialization. Pick x° € C and choose the parameters 8,7,6 € (0,1), 0 < <p=p,
{ocy Clp,pl, 0<y <y <2, {w} Cly, 7] 0 <a, {ou} C [e, +00), n € (0, ”%)
Iteration k (k = 0,1,2,...). Having &, do the following steps:

Step 1. Solve the strongly convex program
k . k A2,
CP(x) mln{f(x ,y)+2pkHy X || .yeC}

to obtain its unique solution y*.
If y* = xX, then set u* = x* and go to Step 4. Otherwise, go to Step 2.

Step 2. (Armijo linesearch rule) Find my as the smallest positive integer number m
such that

k,m m\ .k M 1
" =(1- X"+
) (k Ui )k Uky . 3.1)
F (5, 55) - f(2m, y%) > 6 o [k — %1%,

k k,m

Set ng =", z
Step 3. Select X € d,f (2, x and compute oy =
Step 4.

=Z
[0
IIE"II2 ’

uk = Pc(x* — yrowgh).

vk = (1= B)u* + BSuF,
wh = T5 Ak,

Step 5. Take xX*! = Pc(vK + uA*(Tw* — Av¥)) and go to iteration k with k replaced
by k + 1.

Lemma 9 Suppose that p € Sol(C,f), f(x,-) is convex and subdifferentiable on C for all
x € C and that f is pseudomonotone on C. Then, we have:

(a) The Armijo linesearch rule (3.1) is well defined,;

(b) f(z",4%) > 0;

(c) 0 ¢ df (2*,4);
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(d)
[~ ] = % -5 - (2 - ) JE¥ )"

Proof The proof of Lemma 9 when Hj is a finite-dimensional space can be found, for
example, in [29]. When its dimension is infinite, it can be done in the same way. So we
omit it. O

Theorem1 Let C and Q be two nonempty closed convex subsets in H, and H,, respectively.
Let S: C— C; T: Q— Q be nonexpansive mappings, and let bifunctions g and f satisfy
Assumptions A and B, respectively. Let A : H; — H, be a bounded linear operator with its
adjoint A*. If 2 = {x* € Sol(C,f) NFix(S) : Ax* € Fix(Q,g) NFix(T)} # ¥, then the sequences
(&K}, (X}, (V}} converge weakly to an element p € 2, and (W~} converges weakly to Ap €
Sol(Q, g) N Fix(T).

Proof Let x* € £2. Then x* € Sol(C, f) N Fix(S) and Ax* € Sol(Q, g) N Fix(T).
From Lemma 9(d) we have

o =] = [ 2 = @ = v o ])°
<[l |
By Step 4 we get

||vk —x*” = ||(1—,B)uk + BSuF —x*”
= || a- ﬂ)(uk - x*) + ,B(Suk - Sx*) ”
< (1—,3)||uk —x*” +ﬂ||Suk—Sx*||
<@-p)u | + Bt 27|
- -]
Thus,
|V o] < -] < 4 - 7). (3:2)
Assertions (iii) and (ii) in Lemma 7 imply that
* 2 k 2
| T8 AV - Ax*|” = || TS AV - TE Ax¥||
< (T8 AV — T% Ax*, AV* - Ax")
- (TgkAvk — Ax*, AV —Ax*)
_ %[” TE AV — Ax*|* + | Ak — ax | - | TE avk — avk|].

Hence,

| 78 AvF - Ax* I” < |avk - Ax|* - | TS AV - A
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Because of the nonexpansiveness of the mapping 7', we receive from the last inequality
that

| TwF - Ax*|* = | TTE AV - TAx*|®
<| T§kAvk - Ax* H2
< Ak - Ax*|® - | TS A - Ak (3.3)
Using (3.3), we have
(A(vk -x"), Twr —Avk) = (A(vk -x*) + Twr — AVF - (ka —Avk), Twk —Avk)
= (ka — Ax*, TWF —Avk> - || Twr —AVk||2

= [T - A T - AP - v - ax ]
2

- H Twk —AVk”2
1 k >k
= [ — x| - 4k — ax |) — | 1~ ad|]
< —% | 78 AV - av|* - %” W — Ak (3.4)

By the definition of x**! we have
[t = = |Pe( + (T — Av¥) = Pe () |
< || (V- x*) + pA* (T - AF) ||2
= ||vk —x* ”2 + ”uA*(ka —Avk) ”2 + 2/L(Vk —x*,A*(ka —Avk))
< ||vk -x* ||2 +u? ||A* ||2H Twk —AVk||2 + 2u<A(vk —x*), Twk —Avk>.
In combination with (3.4) and (3.2), the last inequality becomes
e I e RV PN R b
-l Tt = A = T - A
o Pl AR Tt~ AR = -
< ||#F = a|* = (1 = wlAP) | TK = AK|° = | - k|2 (3.5)
In view of (3.2), (3.5), and u € (0, W), we get
ot =] < VF - < =] < |4 -2 (3:6)

and

b e e N P
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Therefore, limg_, o [[x* — x*|| does exist, and we get from (3.6) and (3.7) that
lim ||xk —x* || = lim ||Vk —x* || = lim ||uk —x* H and
k—+00 k—+00 k—+00
lim || Tw* - Av*| = lim |w* -4/ =0.
—+00 k—+00
From (3.8) and the inequality
| 7w =W < [ 7w - 4] + WS - A
we get
. kK|
kEIPOOH w* -wk|| = 0. (3.9)

Besides, Lemma 9(d) implies
k= ))” < ok = ” = i@ = ) (0| €4]).
Hence,

(2 — 7)ok | X)) < ok — | - |k = 2|

= (o = = = ) (o =] + - 7).
In view of (3.8), we get
Jim_op |&] =o. (3.10)
In addition, by the definition of u*, u* = Pc(x* — yrox&*). We have
[ =] < veon 6]
So we get from (3.10) that

lim [uf -2 =0. (3.11)

k—+00
Using w=(Q1- ﬂ)uk + ,BSuk , Lemma 2, and the nonexpansiveness of S, we have

||vk —x*”2 = ||(1—f3)uk + BSul — x*

= |- ~x") + (st - a7) |
=@- Pt x| + Bl sk —x*|* - pA - B)| Stk — u|?

I

= (l—ﬂ)Huk—x* ||2 +,3||Suk—Sx* ||2 —/3(1—,B)HSuk —uk”2

< =Pl "+ Bl 2"~ B0~ p) st |

= ”uk—x*||2—,B(l—ﬂ)HSuk—ukHz. (3.12)
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Therefore,
L N R [ e P
Combining the last inequality with (3.8), we obtain that

lim ||Su* - u*| =o0. (3.13)

k—+00
In addition,

v =] = =+ ]
it -+ Ju - ).
Therefore, we get from (3.11) and (3.13) that

lim H vk — &k || =0. (3.14)

k—+00

Because limy_, o0 [|4¥ — x*|| exists, {x*} is bounded. By Lemma 5, {y*} is bounded, and
consequently {z} is bounded. By Lemma 4, {£¥} is bounded. Step 3 and (3.10) yield

lim £ () = lim [ 6] )] -0, 615)
We have

0 =£(2,2) = £ (2, (1 = n)a + nirf)
< - m)f (,45) + mf (24,55,

so, we get from (3.1) that

FE) zmlf () - ()]
0

Ok k|2
> zpknka LA

Combining this with (3.15), we have
Jim nell -5 = 0. (3.16)

Suppose that p is a weak accumulation point of {x*}, that is, there exists a subsequence
{5} of {x*} such that x¥ converges weakly to p € C asj — +00. Then, it follows from (3.11)
and (3.14) that u8 — p, V5 — p, and A% — Ap.

Since limy_, o [|W* — Av¥|| = 0, we deduce that w% — Ap. Because {w*} C Q and Q is
closed and convex, we have that Ap € Q.

From (3.16) we get
lim g, [|£5 - % [* = 0. (317)
1—> 00

We now consider two distinct cases.
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Case 1. limsup;_, . n, > 0.
In this case, there exist 7 > 0 and a subsequence of {ny,}, denoted again by {#y,}, such
that, for some iy > 0, nx, > 7 for all i > iy. Using this fact and (3.17), we have

=0. (3.18)

lim % -y
I—> 00

Recall that x¥ — p, together with (3.18), implies that Y% — p as i — oc.

By the definition of y%,
k: . ki 1 ki |2
% = argmin{ £ (x",y) + ly-a":yeCt,
2:01(1'
we have

S .
0 € dof (6N, 5%7) + ;(ykl — ) + Nc (),

so there exists &% € 9,f(x%i,%1) such that

1

;(yk" —xk",y—yki) >0, VyeC.

(6%, y—y) +
Combining this with

F@y) —f (554 = 84,y =), vyeC,
yields

1
f(xki,y) —f(xkl',yk") + ;(yk" —xk",y—yk") >0, VyeC. (3.19)

i

Since

’

(yki _xki,y_yki> < ”yki _ ki

|y -y

from (3.19) we get that

1
) ~f ) 4 2 -l = z 0 (3.20)

Letting i — oo, by the weak continuity of f and (3.18), from (3.20) we obtain in the limit
that

f.y)-flb.p) 2 0.

Hence,

fy)=0, Vye(,

which means that p is a solution of EP(C,f).
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Case 2. lim;_, oo 1i; = 0.
From the boundedness of {y*i}, without loss of generality, we may assume that yi — y
as i — oo.

Replacing y by % in (3.19), we get

S0 < = b= G21)
Pk;
On the other hand, by the Armijo linesearch rule (3.1), for my, — 1, we have
0
ki’mkl-’l, ki _ Zki,mkl.fl, ki 7wk ki 2‘
FA ) ) < 5|
Combining this with (3.21), we get
St = = o = = 2[R - (a0, 322
ki

According to the algorithm, we have 2™ = (1— ™ ')xki 4 i 19k Since n*"™: ™ — 0,

k;

X ki,mkl,—l

converges weakly to p, and y* converges weakly to ¥, this implies that z —pas

i — 00. Beside that, {p%”yki — xki]12} is bounded, so without loss of generality we may

assume that lim,_, . i % — x%i||? exists. Hence, in the limit, from (3.22) we get that
i

_ .1 , , 2, _
fp3) <= lim — |5 | < 21 (p3).

i—+00 Lk;

Therefore, f(p,7) = 0 and lim,_, o ||y% — x%||2 = 0. By Case 1 we get p € Sol(C, f).

Besides that, (3.13) implies that 1Su’ — || — 0 as j — oo; together with ubi —~ p and
the demiclosedness of I — S, we get p € Fix(S).

Therefore,

p € Sol(C,f) NFix(S). (3.23)
Next, we need to show that Ap € Sol(Q,g) N Fix(T).

Indeed, we have Sol(Q, g) = Fix(Tﬁ). So, if T§Ap # Ap, then, using Opial’s condition, we
have

liminf||AvY — Ap|| < liminf| A5 — T§Ap|
Jj—+00 Jj—+00

=lim inf||Avk1' —wh + whi - T§Ap||

Jj—+00
o ki _ ki < kj
< l}glfo%f(HAV S — WY H + || TﬂAp —wl ||)
So it follows from (3.8) and Lemma 8 that

liminf[|AvY - Ap| <liminf|| T§Ap — wh
j—>+00 j—>+00

= 1}313;?” TSAp - Tgijvk/ I
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< timint] |~ 4p] % =Py 7s avh— ah| |
J=+00 akj J

= Liminf{ |AvY - Ap| + 2 — Pl [wh — Ak | }
J—>+00 akj

’

= liminf||AvY - Ap
J—+00

a contradiction. Thus, Ap € Fix(T5) = Sol(Q, g).
Moreover, (3.9) shows that lim;_,« || Tw® — w¥ || = 0. Combining this with w% — Ap and
the fact that 7 — T is demiclosed at 0, it is immediate that Ap € Fix(T'). Therefore,

Ap € Sol(Q,g) NFix(T). (3.24)

From (3.23) and (3.24) we obtain that p € £2.

To complete the proof, we must show that the whole sequence {x*} converges weakly
to p. Indeed, if there exists a subsequence {x/} of {x*} such that xi — g with g # p, then
we have g € £2. By Opial’s condition this yields

liminf[#" - g| <limnf|+" - p|
I=>+00 i—+00
=liminf|«* - p|
J—>+00
= liminf||«% - p||
Jj—+00

ki _

<lim inf”x qH
J—>+00

=lim inf“xli -4\,
11— +00
a contradiction. Hence, {x*} converges weakly to p.

Combining this with (3.8), it is immediate that {z*}, {1/} also converge weakly to p and
wk — Ap e Sol(Q,g) N Fix(T). O

A particular case of the problem SEPNM is the split equilibrium problem SEP, that
is, S = Iy, and T = Iy,. In this case, we have the following linesearch algorithm for
SEP.

Algorithm 2
Initialization. Pick x° € C and choose the parameters 1,6 € (0,1), 0 < PP,
(o} Clp, Pl 0<y <7 <2, {(n) Cly, 7] 0<a, (o} C e, +00), i € (0, pap)-
Iteration k (k = 0,1,2,...). Having #, do the following steps:

Step 1. Solve the strongly convex program
k . k L k2.
CP(x) mln{f(x ,y)+2pkHy x || .yeC}

to obtain its unique solution y*.
If y = xX, then set u* = x¥ and go to Step 4. Otherwise, go to Step 2.
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Step 2. (Armijo linesearch rule) Find my as the smallest positive integer number m
such that

Zk,m — (1 _ nm)xk + r’mym’
F@Em, x5 = f(Z7,90) = 501 = yH .

Set nx = 0k, ZK = 2ok,

Step 3. Select &K € 9, (2¥,4%) and compute oy =

Step 4. wk = TgkAuk.

Step 5. Take xX*! = Pc(uf + uA*(w* — Au¥)) and go to iteration k with k is replaced
by k + 1.

&5

“%—kHZ ) uk = PC(xk - Vkakgk)-

The following corollary is an immediate consequence of Theorem 1.

Corollary1 Suppose that g, f are bifunctions satisfying Assumptions A and B, respectively.
Let A :H; — Hy be a bounded linear operator with its adjoint A*. If 2 = {x* € Sol(C,f) :
Ax* € Sol(Q,g)} # 9, then the sequences {x*} and {u*} converge weakly to an element p € $2,
and {w*} converges weakly to Ap € Sol(Q,g).

4 A strong convergence algorithm

Algorithm 3
Initialization. Pick % € Cy = C and choose the parameters 8,7,6 € (0,1), 0 < PP,
(o} Clppl 0<y <7 <2 (n) Cly, 7] 0 <, {ax} C [, +00), i € (0, pap)-
Iteration k (k = 0,1,2,...). Having x%, do the following steps:

Step 1. Solve the strongly convex program
CP(x") min{f(xk,y) + S ||y—xk||2 (Y€ C}
2pk

to obtain its unique solution y*.
If y = x¥, then set u* = x* and go to Step 4. Otherwise, go to Step 2.

Step 2. (Armijo linesearch rule) Find my as the smallest positive integer number m
such that

Zk,m — (1 _ nm)xk + nmym,

A R O Eab ol

(4.1)

Set ng = ™k, zk = 2ok,
k
Step 3. Select £F € 8,f (X, 4¥) and compute oy = f‘(ék"’lf), uk = Pe(xF = yror€").
Step 4.

VK= (1= B)u* + BSuF,

k_ 7€ 4.k
w -TﬂkAv.

Step 5. tK = Pc(Vk + uA*(Tw* — A)).
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Step 6. Define Cy,1 = {x € Cx : |lx — tX]| < [lx — v¥|| < |lx —xX]|}. Compute
x%*1 = Pc, | (x¢) and go to iteration k with k is replaced by k + 1.

Theorem 2 Let C and Q be two nonempty closed convex subsets in H; and H,, respectively.
Let S: C— C; T: Q— Q be nonexpansive mappings, and let bifunctions g and f satisfy
Assumptions A and B, respectively. Let A : H; — H be a bounded linear operator with its
adjoint A*. If 2 = {x* € Sol(C,f) NFix(S) : Ax* € Sol(Q, g) NFix(T)} # ¥, then the sequences
(6K}, (X}, (V<) converge strongly to an element p € §2, and {w*} converges strongly to Ap €
Sol(Q, g) N Fix(T).

Proof First, we observe that the linesearch rule (4.1) is well defined by Lemma 9. Let
x* € £2. From (3.5), (3.12), and (3.2) we have

2

[ =" < IV =[P = e (1= AR T~ A = e = At

< o= - pa— ) s~
(1= WIAI) T~ A [P = e~ |
R R

— (1= pl AP | TWF = A = || wh - A (4.2)
Since u € (0, W), (4.2) implies that
T e e P e 3)
Since x* € Co, from(4.3) we get by induction that x* € Cy for all k € N*and, consequently,
2 C G forall k.

By setting

D= fxeHy: =] < -] < e

}, keN,
it is clear that Dy is closed and convex for all k. In addition, Cy = C is also closed and
convex, and Cy,; = C; N Dy. Hence, Cy is closed and convex for all k.
From the definition of x**! we have x**! € Cy,1 C Cy and % = P (x¢), so

||xk —xg” < ||xk+1 —xg” for all k.

Since x* € Ci,1, this implies that
k+1 *

ot 2| < a7 - a¢].

Thus,

[ =] < o4 -] < o -],

Consequently, {||x* —x¢||} is nondecreasing and bounded, so limy_, ,o, [|#* —x¢|| does exist.
Combining this with (4.3), we obtain that {¢} and {v*} are also bounded.

Page 15 of 21
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For all m > n, we have that x™ € C,, C C, and %" = P¢,(x¢). Combining this fact with
Lemma 1, we get

e I L e

= ([ =] = " =2 [) (" =] + " = 5¢]))-

Since limy_, o0 [|¥ — x€|| exists, this implies that lim,, .« [|” — x"|| = 0, ie., {x} is a
Cauchy sequence, so

klim xk = P (4.4)
By Step 6 we get

”tk _ ke H < ”vk _ ke ” < ka _ ke ”
Therefore,

e R s R Ll
< |k =+ [ -

=2 aF -2 (4.5)
and

[V =] = = -
< |k =+ [ -

= 2] x* - 2. (4.6)
So, from (4.5), (4.6), and (4.4) we get that
Jim [ k| = Jim [~ = 0. (@7)
In view of (4.2) and (4.7), we have

B(L—B)|[Suk — k| + w(1 - wlAI?) | Twk — A |* + || wh — A
< [ —a - -]
= (=] + | =2t ) (| =2 = £ - a7)

< | = (kx| + || -2*]) > 0 ask— oo (4.8)

Since B € (0,1) and u € (O, m), we deduce from (4.8) that

lim ||Suk —uF || =0, lim || Wk —Avkn =0, and
k—+00 k—+00

(4.9)

lim ||wk —Avk” =0.
k—+00
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In addition, from the inequality
| 7w* ]| < W - Ak 4w - Ak,
combined with (4.9), we get

lim || Twf - w¥| =0. (4.10)

k—+00
Besides, (3.11), (4.6), and limy_, ;oo x* = p it imply

lim uf =p, lim v =p. (4.11)

k—+00 k—+00

Since

159 -l < 59 i + 5 -+ |
< I+ s~ + [~

= 2||uk —p|| + ||Suk—uk

)

from (4.9) and (4.11) we get that ||Sp — p|| = 0, that is, p € Fix(S).
From (3.16) we have

lim nk”xk —yk”2 =0. (4.12)
k— o0

We now consider two distinct cases.

Case 1. limsup,_, . nk > 0.

Then there exist 77 > 0 and a subsequence {n,} C {1} such that ny, > 7 for all i. So we
get from (4.12) that

lim ||xk" —yki
I—> 00

=0. (4.13)

Since x* — p, (4.13) implies that y* — p as i — oo.
For each y € C, we get from (3.20) that

1
SR 1) 4 2 -l = o (414)

Letting i — oo, by the continuity of £, since x% — p and y* — p, in the limit, from (4.14)
we obtain that

f.y)-flb.p) = 0.

Hence,

f(P,y)ZO, VyEC,

so p is a solution of EP(C, f).
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Case 2. limy_, oo nx = 0.

From the boundedness of {y*} we deduce that there exists {y} C {y*} such that y% — j
as i — oo.

Replacing y by % in (3.19), we get

J) + L <0 (119

In the other hand, by the Armijo linesearch rule (4.1), for m,; —1, there exists 27! such

that
f’(zki’mk,-’l,xki) _f(zki,mki—l,yk,-) < i Hyki — xki ”2
20k
Combining this with (4.15), we get
f(zk[,mk’.—l’yk,') _f(zk,‘,mkl,—lyxk,') > _% ||yk,‘ _xki ||2 > gf(xki,yki)' (416)
ki

According to the algorithm, we have 257 ™ = (1— ™ )xki 4 i ~1yki Since n"~! — 0,

xki converges strongly to p, and y* converges weakly to 7, this implies that i1 )4
as i — 00. Besides that, {i % — x%i||?} is bounded, so, without loss of generality, we may
i

assume that lim;_, .o, ka_ % — x%i||? exists. Hence, we get in the limit (4.16) that

2> 0f(p,7).

Fp3) = -2 lim [ — o
11— +00 pkl

Therefore, f(p,7) = 0 and lim;_, ,o, |[y% — 2%7||? = 0. By Case 1 it is immediate that p €
Sol(C,f). So

p € Sol(C,f) N Fix(S). (4.17)
We obtain from (4.11) that limy_, ,«, AvK = Ap. Combining this with (4.9) yields

lim w* = Ap. (4.18)

k—+00
Moreover,
| TAp - Ap|l < | TAp - Tw"|| + | Tw* — w*| + |w* - Ap|
< [ ap = |+ [ T =] + | W' - Ap|

= ZHWk—Ap” + ” ka—wk”.

In view of (4.10) and (4.18), we obtain || TAp — Ap|| = 0. Hence, Ap € Fix(T).
In addition,

|754p - Ap| < | T5p - T8,V | + | 75,408 - A + | v - 4]

= H TgAp— TﬁkAvk“ + Hwk - A ” + ||Avk —ApH
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<|Avf - Ap| +

Pl g sk — k| |k |+ vk — ap]
k

=2 vt~ Ap] + Bk k]
k

where the last inequality comes from Lemma 8. Letting kK — oo and recalling that
limy_, 400 AVK = Ap, from (4.9) we get

|| T¢Ap —Ap” =0.

Therefore, Ap € Fix(T5) = Sol(Q, g).
Hence,

Ap € Sol(Q,g) NFix(T).
Combining this with (4.17), we conclude that p € £2. The proof is completed. O
When S = Iy, and T = Iy,, Algorithm 3 becomes as follows.

Algorithm 4
Initialization. Pick x* € C = C and choose the parameters 1,6 € (0,1), 0 < p < p,
() Clp, ), 0 <y <7 <2, (nd C Ly, 71,0 <@ fen) C v, +00), 1 € (0, ).
Iteration k (k = 0,1,2,...). Having &, do the following steps:
Step 1. Solve the strongly convex program

CP(x") min{f(xk,y) + 2L||y—xk||2 ye C}
Pr

to obtain its unique solution y*.
If y* = xX, then set u* = x* and go to Step 4. Otherwise, go to Step 2.

Step 2. (Armijo linesearch rule) Find my as the smallest positive integer number m
such that

2= (L= + ™y,
O R IR O Faeb ol
Set n = 0™k, z5 = 25k,
Step 3. Select £ € 9,f (X, x¥) and compute oy = %, uk = Po(xF = yror").
Step 4. wk = Tf;kAuk.
Step 5. tX = Pc(uX + nA*(wk — Auk)).
Step 6. Define Cyy1 = {x € Cy: ||x — U < 1 = uk|| < |l — ). Compute
x%*1 = Pc, | (x¢) and go to iteration k with k is replaced by k + 1.

The following result is an immediate consequence of Theorem 2.

Corollary2 Letg: Qx Q — R bea bifunction satisfying Assumption A,andf : Cx C — R
be a bifunction satisfying Assumption B. Let A : H; — Hy be a bounded linear operator with
its adjoint A*. If 2 = {x* € Sol(C,f) : Ax* € Sol(Q,g)} # @, then the sequences {x*} and {u*}
converge strongly to an element p € 2, and (W~} converges strongly to Ap € Sol(Q,g).
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5 Conclusion

Two linesearch algorithms for solving a split equilibrium problem and nonexpansive map-
ping SEPNM(C, Q, A, f,g,S, T) in Hilbert spaces have been proposed, in which the bifunc-
tion f is pseudomonotone on C with respect to its solution set, the bifunction g is mono-
tone on Q, and S and T are nonexpansive mappings. The weak and strong convergence of
iteration sequences generated by the algorithms to a solution of this problem are obtained.
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