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1 Introduction

Let (X,d) be a metric space, x,y € X, and d(x,y) = [. A geodesic path from x to y is an
isometry c: [0,/] — ¢([0,]]) C X such that ¢(0) = x and ¢(/) = y. The image of a geodesic
path between two points is called a geodesic segment. A metric space (X, d) is called a
geodesic space if every two points of X are joined by a geodesic segment.

A geodesic triangle represented by A(x, y,z) in a geodesic space consists of three points
%, ¥, z and the three segments joining each pair of the points. A comparison triangle of
a geodesic triangle A(x,y,z), denoted by Alx, y,2) or A(,5,z), is a triangle in the Eu-
clidean space R? such that d(x,y) = dg2(%,y), d(x,2) = dg2(%,Z), and d(y,z) = dg2(5,2).
This is obtainable by using the triangle inequality, and it is unique up to isometry on R2.
A geodesic segment joining two points ¥, y in a geodesic space X is represented by [, y].
Every point z in the segment is represented by ax & (1 — o)y where « € [0,1], that is,
[x, 9] := {ax® (1 —)y: « € [0,1]}. A subset K of a metric space X is called convex if for all
x,y € K, [x,y] C K. A geodesic space is called a CAT(0) space if for every geodesic trian-
gle A and its comparison A, the following inequality is satisfied: d(x, y) < dg2(%,) for all
x,5 € A and %,y € A. Examples of CAT(0) spaces include the R-tree, Hadamard manifold,
and Hilbert ball equipped with hyperbolic metric. For more details on these spaces, see,
for example, [1-5].
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A geodesic space (X, d) is called hyperbolic (see [6, 7]) if, for any x,y,z € X,

1 1 1 1 1
— — — — < — .
d(zzEBzx,zzéBzy) 2d(x,y)

The class of hyperbolic spaces include the normed spaces, CAT(0) spaces, and some oth-

ers. The following is an example of a hyperbolic space that is not a normed space.

Example 1.1 Let D be a unit disc in a complex plane C. Define d: D x D — R by

14155
d(Z, W) = log W .

1-zw

Then (D, d) is a complete hyperbolic metric space.

Itis then clear that the class of hyperbolic spaces is more general than the class of normed

spaces.

Definition 1.2 Let (X, d) be a hyperbolic metric space. Then X is called uniformly convex
ifforalla e X,r>0,and € >0,

1 1 1
8,(r,€) = inf{l - —d(ExGB Ey,a>;d(x,a) <rd@ya) <rdxy) > re} > 0.
r

Let (X,d) be a metric space. A self-mapping T : X — X is called nonexpansive if
d(Tx, Ty) < d(x,y) for all x,y € X and quasi-nonexpansive if F(T):={x e X : Tx =x} # 0
and d(Tx,p) < d(x,p) for all x € X and p € F(T). The class of quasi-nonexpansive map-
pings properly contains the class of nonexpansive mappings with fixed points; see, for
example, [8].

A mapping T is called asymptotically nonexpansive [9] if there exists a sequence {k,} C
[1,00) such that k, — 1 as n — oo and, for every n € N,

d(T”x, T”y) <kyd(x,y) forallx,yeX.

If F(T) # (¥ and there exists a sequence {k;,,} C [1,00) such that k,, — 1 as n — o0 and, for
nel,

d(T"x,p) < kyd(x,p) forallx € X and p € F(T),
then T is called an asymptotically quasi-nonexpansive mapping. A mapping T is called
total asymptotically nonexpansive if there exist infinitesimal real sequences {u,} and {v,}
of nonnegative numbers (i.e., u,,v, — 0 as 1 — 00) and a strictly increasing function
¥ : [0,00) — [0, 00) with ¥ (0) = 0 such that

d(T"x, T"y) <d(x,) + un¥ (d(x,y)) +v, forallx,ye X.

A mapping T is total asymptotically quasi-nonexpansive if F(T) # ¢ and there exist in-
finitesimal real sequences {u,} and {v,} and a strictly increasing function  : [0, 00) —
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[0, 00) with ¥/(0) = 0 such that
d(T”x,p) <dx,p)+ Mnllf(d(x,p)) +v, forallxe X,pe F(T).

The concept of asymptotically nonexpansive mappings was introduced by Goebel and Kirk
[9] as an important generalization of nonexpansive mappings. Alber et al. [10] introduced
the class of total asymptotically nonexpansive mappings that generalizes several classes
of maps that are extensions of asymptotically nonexpansive mappings. These classes of
maps were extensively studied by many authors (see, e.g., [9, 11-16], to list a few) by virtue
of important generalizations of nonexpansive mappings. Example 1 of [17] shows that the
class of total asymptotically nonexpansive mappings properly contains the class of asymp-
totically nonexpansive mappings.

Remark 1.3 In what follows, for a closed convex and nonempty subset K of a uniformly
convex metric space X and a bounded sequence {x,}, we shall write x, — x if and only if
¢(x) = infycx ¢(y) where ¢(y) = limsup, _, ., d(x,,7); see, for example, [11].

A mapping T is said to be demiclosed at zero if for any sequence {x,} in X such that
x, — x and d(x,;, Tx,,) — 0 as 1 — 00, we have Tx = x.

Let K be a nonempty subset of a metric space X, and let {x,} be any bounded sequence
in K. For x € X, define r(x, {x,}) := limsup,_, . d(x,,, x). The asymptotic radius of the se-
quence {x,} in K denoted by r(K, {x,}) is defined by r(K, {x,}) := inf{r(x, {x,}) : x € K}.
A point z is called an asymptotic center of a sequence {x,} in K if 7(z, {x,}) = (K, {x,}).
The set of all asymptotic centers of the sequence {x,} in K is denoted by A(K, {x,}). The
asymptotic radius and asymptotic center of the sequence {x,} with respect to the whole
space are denoted by r({x,}) and A({x,}), respectively. It is known that r({x,}) = 0 if and
only if lim,,_, 50 %, = x.

A sequence {x,} in X is said to be A-convergent to a point x if x is the unique asymp-
totic center of {u,} for every subsequence {u,} of {x,}. This is written as A-lim,_, o %, = x.
A sequence {x,} is said to polar converge to a point x € X (see [18]) if for every y € X such
that y # x, there exists N, € N such that d(x,,x) < d(x,,y) for all » > N,. A sequence {x,}
is said to converge A-strongly to a point x if the limit lim,,_, o d(x,, %) exists and for any
y Zx, lim,,_, oo d(x,x) < liminf,_, o, d(x,,y).

The notion of polar convergence was introduced by Devillanova et al. [18]. They dis-
cussed various relations between polar convergence and A-convergence in metric spaces.
By definition, if {x,,} A-converges strongly to x, then the limit lim,_, o d(x,, x) exists. Thus,
for any subsequence {x,, } of {x,}, lim, .o d(x,,%) = limy_, o d(x,,,%). This implies that x
is an asymptotic center of {x,, }, and hence {x,} A-converges to x.

Chang et al. [11] established relations between the weak convergence and A-convergence
in their attempt to establish the demiclosedness principle for total asymptotically nonex-
pansive mappings.

Recently, new fixed point results were studied by many authors in the setting of hyper-
bolic and CAT(0) metric spaces; see, for example, [11, 12, 16, 19-24], and the references
therein.

In 1976, Lim [25] introduced the concept of A-convergence in general metric spaces.
In 2008, Kirk and Panyanak [24] studied A-convergence in the setting of hyperbolic and
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CAT(0) spaces. Basarir and Sahin [19] studied a multistep iterative process for fixed points
of generalized nonexpansive mappings in a CAT(0) space. They established the demiclo-
deness principle for this class of maps in a CAT(0) space. Kim ez al. [22] proved strong and
A-convergence theorems for generalized nonexpansive mappings in hyperbolic spaces.
Chang et al. [11] proved strong and A-convergence theorems for total asymptotically non-
expansive mappings in CAT(0) spaces. They also established the demiclosedness principle
for this class of maps in a CAT(0) space.

In 1936, Markov [26] (see also Kakutani [27]) showed that if a commuting family of
bounded linear transformations T,, « € A (A an arbitrary index set), of a locally con-
vex Hausdorrf space E into itself leaves some nonempty compact convex subset K of E
invariant, then the family has at least one common fixed point in the set K.

Chidume and the author [13] introduced the scheme

X1 € K,
®ne1 = P[(1 = )%y + 1, TL(PTY) " Vel
Ynem-2 = P[(1 — atap)xy + 02, T (PTZ)H_lyner—S],

Yn = P(1 = atyn)n + Qn Tm(PTm)n_lxn]» n>1,m=>2,

and studied the convergence of this scheme to a common fixed point of finite family of
nonself-asymptotically nonexpansive mappings in a uniformly convex Banach space.

Let {a,} be areal sequence in [¢,1 — €], € € (0,1). Let T}, T5,..., T), : K — K be a family
of mappings. Define the sequence {x,} by

X1 € K,
Xn+l = (1 - an)xn (5) anT{qxnr n>1lm=1,
Xn+l = (1 - an)xn ® o, Tlnyner—Z:

Yn+m-2 = (1 - Oln)xn D oy T;yn+m—3r (11)

Y= (1 — )%y ® T %y, n>1,m=>2.

Our purpose in this paper to prove necessary and sufficient conditions for the strong
convergence of the scheme defined by (1.1) to a common fixed point of finite family
T1, Ty, ..., T,y of total asymptotically quasi-nonexpansive mappings in a complete hyper-
bolic space. We also prove A-convergence and polar convergence theorems for finite fam-
ily of uniformly L-Lipschitzian total asymptotically nonexpansive mappings in a CAT(0)

space. Our results generalized and improved some recent important results announced.

2 Preliminaries
In what follows, we shall use the following results.

Theorem 2.1 ([11]) Let K be a closed and convex subset of a complete CAT(0) space X, and
T : K — X be a uniformly L-Lipschitzian and total asymptotically nonexpansive mapping.
Let {x,} be a bounded sequence in K such that x,, —~ x and lim,,_, o, d(x,,, Tx,)) = 0. Then
x=Tx.

Page 4 of 13
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Lemma 2.2 ([5]) Let E be a complete CAT(0) space, {x,} be a bounded sequence in E with
A({x,}) = {p}, and {u,} be a subsequence of {x,} with A({u,,}) = {u}. If the sequence {d(x,, u)}
converges, then p = u.

Lemma 2.3 ([5]) Let E be a CAT(0) space. Then
A (1-a)x®ay,a) <1-a)d*(x,a) + ad*(y,a) - a(l - a)d*(x,y)
forall o € [0,1] and x,y,a € E.

Lemma 2.4 ([28]) Let E be a complete CAT(0) space. Let K be a closed convex subset of E.
If {x,} is a bounded sequences in K, then the asymptotic center of {x,} is in K.

Lemma 2.5 ([29]) Let (E,d) be a uniformly convex hyperbolic space. Let {x,} and {y,} be
bounded sequences in E. For any A € (0,1), if there exists r € [0, 00) such that

limsupd(x,,a) <r, limsupd(y,,a) <r, and limsup d((l - A)x, D Ay,,,a) =7,

n—00 n— 00 n—00

then lim,,_, o d(x,, y,) = 0.

Lemma 2.6 ([24]) Every bounded sequence in a complete CAT(0) space has a A-

convergent subsequence.

Lemma 2.7 ([30]) Let {A,} and {0,} be sequences of nonnegative real numbers such that
Aui1 < yp+ 0y foralln>1and ZZZI oy < 00. Then lim,_, « A, exists. Moreover, if there
exists a subsequence {An} of {1} such that An; = 0 as j— oo, then A, — 0 as n — oo.

3 Main results
In this section, we state and prove the main results of this paper. In the sequel, we denote
the set {1,2,...,m]} by I, and we always assume that F := (2, F(T;) # 0.

Lemma 3.1 Let (X,d) be a hyperbolic space, and K be a nonempty closed convex subset
of X.Let Ty, Ty, ..., T\, : K — K be total asymptotically quasi-nonexpansive mappings with
sequences {Uin}32 1, (Vin} o2, and mappings ; : [0,00) — [0, 00) satisfying y -, i, < 00 and
Y Vin <00, i €1 Let {a, )2, be a sequences in [€,1 — €], € € (0,1). Assume there exist
constants M;, M; such that y(r;) < Mir; for all r; > M, i € 1. Let {x,} be the sequence

defined iteratively by
X1 € K,
X1 = (1 —ap)x, @ OlnT{qu n>1lm=1,

X1 = (L= 0oty)x, B oty T{lyn+m—2;

Yn+m-2 = (1-an)x, ®ay, Tgyner—Sr (3.1)

Yn =1 —an)x, ® o, )%, n>1,m>2.

Then, {x,} is bounded, and the limits lim,,_, o, d(x,,x*) and lim,,_, , d(x,, F) exist.
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Proof We start the proof by considering the case m > 2. Since ; is increasing for each
iel, y(r;)) < ¥(M;) whenever r; < M;, and, by hypothesis, v;(r;) < M,r; when r; > M;. In
any case, ¥;(r;) < Y (M;) + M;r;, i € I. Now set w, := Zf’:l u;,M; and let x* € F. Then we
have
d(%n41,6") = d((1 = 00)%0 © 0 T Ynim—2,%")
< (1= a)d (% %) + ud (T Yim2sx")
< (1= a)d (%, ") + @ [d (Vnsm-2,57)
+ 11 Y1 (A (Vnem-2,%")) + Vin ]
< (1= a)d (%, %) + @u(L + w1,M1)A Yems %) + Qntirn Y1 (M) (3.2)
+ QpVin
< (1 - ap)d(xn,x") + a1 + 1, M) [(1 = 0t,)d (5, 5%)
+ [ A Vi3, %) + ti2n Y2 (d(Yem=3,%")) + vau] ]
+ i1 (M) + @iy
< (1 - ap)d(xn,x") + (1 + 1, M) [(1 = o) (5, 5%) (3.3)
+ @ [(1+ Uy M)A (Vnam-3, %) + uthnn Yo (Ma) + v, ||
+ i1 (M) + @iy
< (L—an)d (0, x%) + (1 — )ty (1 + 1,M1)dd (%, 5*)
o2 (L + M) (1 + M2nM2)d(yn+m—3:x*) + 02 (1 + up, M) vy,
+ o (1 + w1y M)t Yo (M) + aty (i + w191 (M1))
< (L= on)d (0, %) + otn(1 = o) (1 + 11, M1)d (%0, 67) + -+ -
+ () (1= )+ 11n M)A+ 12, M) -+ - (U + U1, Miy )l (36, %%)
oot (o)1 =)@+ ur, M)A+ Uy Mo) -+ - (1 + um,,Mm)d(x,,,x*)
+ Vi + 02 (14 Uy, My) oy + -+ o (1 + g, M) (1 + 1, M)
(L tn-1nMin) Vi
+ AV + gt Y1 (M) + (L + 11, M)y + (L + 11, o Yo (M)
+ooe o (U4 u, M) (L + toyMa) + - - + (L + Uy 10Mi) Vi
+oo o (4w Ma) (L + uoyMp) + -+ (L + U 1n M) U W (M )
< d(x,,,x*) [1 + UMy + u, Mo (1 + uy,M;)
+ uzuM3(1 + w1, Mr)(1 + gy M) + - -

+ uman(l + ulan)(l + MZnMZ) oo (1 + Mm—lan—l)]

” j
tavin+ Y o [Vin + w5 | A + winMi)
j=1 k=1

< d(xnx%) [1 + (Vlﬂ) Wy + (?) W2t (:Z) an] (3.4)
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m J
+ Qv + Za’n [Vin + wju;(M;) ] H(l + UMy
j=1 k=1

m j
< d(xnx") L+ 8 wy) + auvin + Y [V + w ()] | [0+ M)
j=1 k=1

m j
< d (%, 6% + ot vy, + Za{, [Vin + wjn;(M;) ] H(l + U M)
=1 k=1
m j
lo¢) . J—

< d(x1,6%) e T 4y, 4 Zaﬁq[vjn + U (M) ] 1_[(1 + UpMy)

j=1 k=1
< d(xl,x*)e‘s’” Tiiwn 4 pViy

m .
+ Z o [vin + u,,,wj(]vj)]ezlkzl oM < o0, 3.5)
j=1

where §,, is a positive real number defined by §,, := [( T) + (Z’) oot (Z)]

This implies that {x,} is bounded, and so setting v,, := max) << {Vin + #jn ¥ (M,)}, we have
that there exists a positive integer M such that

d(xml,x*) < d(xn,x*) + (8, Wy + V) M. (3.6)
Since (3.6) is true for each x* in F, we have
d(anrlyF) = d(me) + (Bmwn + Vn)M~ (37)

By Lemma 2.7, lim,,_, o, d(x,,x*) and lim,,_, », d(x,,, F) exist.
For m = 1, we have
d(%n1,%%) = d((1 - n)x, ® o, T, %)
< (- an)d (%, %) + otud (T}'x,, x%)
< (1 - ap)d(xn,x") + an[d (0, 5") + w1291 (d (%0, %)) + V1]
< (1+ ptinnMy)d (0, 5") + [ Vin + 1,91 (M) ]

< d (8% ) (1 + Wy) + & [Viy + w190 (M) ]

< d(x,5")e" + au[vip + w1 (M) ]

< d(xl,x*)ezzcil 1t [V + (M) ]

< d(x, 2%)eXm ™ 1+ a, [, + iy (My)] < 00. (38)

Hence, {x,} is bounded, and using (3.8), Lemma 2.7, and similar arguments as before, we
get that the limits lim,_, o d(x,,x*) and lim,_, o, d(x,, F) exist. This completes the proof.
O

Theorem 3.2 Let K be a nonempty closed convex subset of a hyperbolic space E. Let
T, Ty,...,; Ty : K — K be total asymptotically quasi-nonexpansive mappings with se-
quences and functions satisfying the conditions of Lemma 3.1. Let {x,} be defined by (3.1).
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Then, {x,} converges to a common fixed point of the family Ty, T,,..., T,, if and only if
liminf,_, o d(x,, F) = 0.

Proof The necessity is trivial. We prove the sufficiency. Let liminf,,_, o d(x,, F) = 0. Since
lim,,_, o d(x,, F) exists by Lemma 2.7, we have that lim,,_, o d(x,, F) = 0. Thus, given € > 0,
there exist a positive integer Ny and b* € F such that for all n > Ny, d(x,, b*) < % Then,
for any k € N and n > Ny, we have

AEpiir%n) < d(Xniier b*) + d(b*,%,) < = + % =€,

| M

and so {x,} is Cauchy. Let lim,x, = b. We need to show that b € F. Let T; €
{T1, T5,..., T\y}. Since lim,,_, o d(x,,, F) = 0, there exists N € N sufficiently large and b* € F
such that n > N implies d(b,x,) < d(b*,x,) < = and v, + wy, V;(M;) < 7- Then,

€
8(1+w)’ 8(1+wy)
db*,b) < v Thus, we have the following estimates for » > N and arbitrary Tj,

Tewn)

i=1,2,...,m:
d(b, Tib) < d(b,x,) + d(x, b") + d(b", T;b)

< d(b,x,) + d(x,, b*) + L+ w1)d(b*, b) + Vi + i Yi(M;)

€ € €
< + +—-+-—<
401 +w) 4Q+w) 4 4

€.

This implies that b € Fix(T;) for all i = 1,2,...,m, and thus b € F. This completes the
proof. d

Corollary 3.3 Let K be a nonempty closed convex subset of a complete hyperbolic space X.
Let T, Ts,..., T,y : K — K be total asymptotically nonexpansive mappings with F # (). Let
the sequence {o,}50, be as in Lemma 3.1. Let {x,} be defined by (3.1). Then, {x,} converges
to a common fixed point of the family Ty, Ts, ..., T,, if and only if liminf,_, o d(x,, F) = 0.

For our next theorems, we start by proving the following auxiliary lemma.

Lemma 3.4 Let X be a uniformly convex hyperbolic space, and K be a closed, convex, and
nonempty subset of X. Let T1, T», ..., Ty, : K — K be uniformly continuous total asymptoti-
cally quasi-nonexpansive mappings with sequences and functions satisfying the conditions
of Lemma3.1. Let {o, )2, beasequencein [€,1—€],€ €(0,1). Let {x,} be a sequence defined
iteratively by (3.1). Then,

lim d(x,, Tix,) = lim d(x,, Tox,) = --- = lim d(x,, T,,x,) = 0.
n—0oQ n— 00 n—0o0

Proof Since for some x* € F, the limit lim,, o d(x,,x*) exists by Lemma 3.1, let
lim,,, oo d(x,,, x*) = . From (3.2), (3.3), and (3.4) we obtain the following relation by taking
the limit superior through the inequalities:

[ = limsupd (%,41,5%) < limsup d(yusm—2,5")

n—00 n— 00

< limsupd (Yum-3,%")

n—00
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< limsup d(y,,+1, x*)

n—00

< limsup d(xn,x*) =1
n—oQ

This implies that for 2 < /# < m, we have limsup,_, ., d((1 — a,)x%, ® o T} Vpem-n-1,%*) <
. From this and from lim,_,  d(x,,x*) = [, using Lemma 2.5, we have lim,_, o, d(x,,
T} Ynem-n-1) = 0,2 < h < m. Observe that

d(xm_yr&m—h—l) = d((l - an)xn D oy, T}f;lyn+m—h—2) xn)

< and(T;’y,Hm_h_g,x,,) —0 asun— o0.
Thus,

d(xn: T]len) = d(xn: T}f,qywrm—h—l) + d(T:yner—h—h Tﬁxn)
< d(xm T]f,qyn+m—h—1) + (1 + uhnM)d(yn+m—h—1r xn)

+ Vi + U WUn(My) — 0 as n — 00, (3.9)
and

AXni1, %) = d((l — )%, D ay Tlnywrm—ern)

< 0y d (%, T} Ynim—2) = 0 asn— oo. (3.10)
Now

d(xnr Thxn) = d(xm Tzlxn) + d(Thnxm T]Zlyn+m—h—1)
+ d(lely;Hm—h—l, Thxn)
= d(xm lelxn) + (1 + MhnM)d(y;Hm—h—l: x}’l)

+ Vi + Upn Wh(Mh) + d(T;;,qyn+m—h—1; Thxn)- (311)
Consider the following:

d( Thn_lymm—h—l’ xn) = d( T;’:_lymm—h—ly xn—l)

+d(x,-1,%,) — 0 asn— oo. (3.12)

Since T} is uniformly continuous and d(T,:"ly,Hm,h,l,xn) — 0 as n — 00, we get
AT} Ynem-n-1, Tnxn) = 0 as n — oo. So from (3.11) we get

lim d(x,, Tyx,) = 0. (3.13)
O

Theorem 3.5 Let X be a uniformly convex hyperbolic space, and K be a closed convex
nonempty subset of X. Let Ty, T, ..., T, : K — K be uniformly L- Lipschitzian total asymp-
totically quasi-nonexpansive mappings with sequences and functions satisfying the condi-
tions of Lemma 3.1. Let {a,}3°, be a sequence in [€,1 — €], € € (0,1) and assume that each
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T; is demiclosed at 0O for each i € I. Let {x,,} be a sequence defined iteratively by (3.1). Then,

{x,} A-converges to an element of F.

Proof Let Wa({x4}) := Uy, cp,) A({}). We now show that Wa({x,}) C F and also that
Wa({x,}) consists only of a single point. Now let u € W ({x,}). Then there exists a subse-
quence say {u,} of {x,} such that A({u,}) = {#}. By Lemma 2.6 there exists a convergence
subsequence {v,} of {u,} such that A-limv, = v for some v € K. But lim,,_, o d(v,,, Tjv,,) = 0
for eachi € ({1,2,3,...,m}. By the demiclosedness property of each 7; we have v € F. Since
the limit lim,_, o d(v,, v) exists, u = v € F, and this implies W ({x,}) C F. Next, we show
that W ({«,}) is singletone. Let {u,,} be a subsequence of {x,} such that A({u,}) = {u}, and
let A({x,,}) = {x}. Since u € Wa({x,,}) C F, the limit lim,_. d(x,, #) exists, by Lemma 2.2,
x = u, and so W ({x,}) is singletone, which implies that {x,} A-converges to an element
of F. O

Next, we present A- and polar convergence theorems for finite families of total asymp-
totically nonexpansive mappings in the framework of a complete CAT(0) space. This next
result is a corollary of the previous Lemma 3.4, but we shall present them using a different

method of proof.

Corollary 3.6 Let X be a complete CAT(0) space, and K be a closed, convex, and nonempty
subset of X. Let T1, T, ..., Ty, : K — K be uniformly continuous total asymptotically non-
expansive mappings with sequences and functions satisfying the conditions of Lemma 3.1.
Let {a, )52, be a sequence in [€,1 - €], € € (0,1). Let {x,,} be a sequence defined iteratively
by (3.1). Then,

lim d(x,, T1x,) = lim d(x,, Tox,) = --- = lim d(x,, T,x,) = 0.

n—00 n—00 n— 00

Proof Since {x,} is bounded, for some x* € F, there exist positive real numbers y and M
with d%(x,,, x*) < y for all # > 1, and by using Lemma 2.3, the recursion formula (3.1), we

have

A (yux*) = d*((1 - o) %y ® @ T, x¥)
< (1 - an)d? (x5, 6%) + @ d® (Tl %)
— (1 — ,))d? (5, Tl
< (1= o) d? (200, 6%) + 0t (1 + puMipy ) (%0, )
+ [V + oV (M1)]]

—a,(1 - a,)d? (xn, Ts,x,,)

2

< (1= o) d? (0, %%) + o[ (1 + tpunM)*d® (0, x*)
2V + VM) ) (L + M) (% %7) + [V + UiV )]
— (L = o)A (%, Tlhixn)

= (L= n)d® (%0, x") + o[ d® (%0, 6%) + (26nMips + 112, M, ) d> (2, 5%)

2V + thoan W M) ) (L + M)A (% %°) + [Vi + oY M) ]
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—a,(1- an)dz (xm T, xn)

< dz(xn, *) + 70,0, M2y + a2 — o, (1 - o0y)d? (%> Tpootn).
Also,

d*(Yur1,%") = d* (1= o) @ 0 Tl 67)

< (1 - o) d* (%, %) + ud? (T2 s %) = (L = ) (0, Tl 19
< (1= o) d? (%0, %%) + o[ (1 + tpn1nMipu_1)d (0, x*)

+ [Vonctn + thnonVmes M 1)] ] = (L = ) (2 Ty 1)
< (- an)d? (%0, 6%) + @[ (1 + 17 My1)*d* (7, x7)

+ 2[Vinein + o1Vt Mon1) |4+ 15 Min1 ) (Y 5*)

[Vt + o 1n Vs Mo )] = a1 = 00)d? (0, T3
= (1 ap)d? (%, x") + t[d* (y %7)

+ (2upo1nMp + 1y, Moy )A (Y0, %")

+ 2[Vinein + o1V Mon1) |4+ 15 Mon1) A (Y 5*)

+ [Vonctn + thncn Vi M 1)) ] = (1= ) (% Ty 1)
< (1= o) d? (20, %%) + 0tud® (y, 5%) + 70,0, My + 2ty

= oty(1 = o) (0, T)_ 1Y)
< (1= o) d? (0, %%) + o[ d® (%, x") + Ttp0, My

+ 02 — (1 = 0ty )d? (260, Tt |

+ 70,0 MY + oy — oty (L= ot )d* (0, T 1)
< d (%0, 5%) + oy (70, My + 2) (1 + 1)

— (1 = ) [d? (%, T2 ) + 2 (%0 T2 ]-

Continuing in this fashion, we get, using x,,,1 = (1 — ot,)% ® & T1Y1m—2, that

m-1
dz(x,,,rl,x*) < d? (x,,, )+a,, w, +7a)2M2 Za
j=0

m—

- a:,n(l - an)|: X, T xn Z xn: _1yn+1 1)i|
j=1
so that

m-1
ay(l-ay) [dz (s Thpen) + Y d* (s T,’quyn+,-_1)}

j=1

m-1
< d*(xp,x") = d* (%1, %) + otu (), + 70 M?y ) Za{q.
=0
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This implies that

oo m-1
Z (aZ”(l —ay) |:d2 (%> Tpooen) + Z d? (% T;’”ynﬁ_l)]) <00,

n=1 j=1

and by the choice of the sequence {«,,} we have

lim d(x, Tjpxu) = lim d (0, T} 1Y)

n—00 n— 00

lim d(xn, T:yn+m—hfl)

n—00

= lim d (%, T{ Yuim—2) =0 (3.14)
n— 00
for2 <h<m.
The remaining part of the proof follows as in Lemma 3.4. g

Theorem 3.7 Let E be a complete CAT(0) space, and K be a closed convex nonempty
subset of E. Let T1, Ts,..., Ty : K — K be uniformly L-Lipschitzian total asymptotically
quasi-nonexpansive mappings with sequences and functions satisfying the conditions of
Lemma 3.1. Let {t,}52, be a sequence in [€,1—¢€], € € (0,1). Let {x,,} be the sequence defined
iteratively by (3.1). Then, {x,} A-converges to an element of F.

Proof Let Wa({x,}) := U{un}c{xn}A({M”})' We now show that W ({x,,}) C F and also that
Wa({x,}) consists only of a single point. Now let # € W ({x,,}). Then there exists a sub-
sequence say {u,} of {x,} such that A({u,}) = {u}. By Lemma 2.6 there exists a convergent
subsequence {v,} of {u,} such that A-limv, = v for some v € K. But lim,,_, o, d(v;,, T;v,,) = 0
foreachie {1,2,3,..., m}. By the demiclosedness property of each T; we have v € F. Since
the limit lim,,_, o, d(v,,, v) exists, u = v € F, and this implies Wy ({x,}) C F. Next, we show
that Wa ({x,}) is singletone. Let {u,} be a subsequence of {x,} such that A({u,}) = {#}, and
let A({x,}) = {x}. Since u € Wa({x,}) C F, the limit lim,,_, o, d(x,, u) exists, by Lemma 2.2,
x = u, and so W ({x,}) is singletone, which implies that {x,} A-converges to an element
of F. 0

Remark 3.8 The CAT(0) spaces are rotund metric (‘staple rotund, see [31]) spaces. The
polar and A-convergence coincide in a complete rotund metric space; see Lemma 3.6 of
[18].

As a consequence of Remark 3.8 and Theorem 3.7, we have the following theorem.

Theorem 3.9 Let E be a complete CAT(0) space, and K be a closed convex nonempty
subset of E. Let T1, Ty, ..., Ty, : K — K be uniformly L-Lipschitzian total asymptotically
quasi-nonexpansive mappings with sequences and functions satisfying the conditions of
Lemma 3.1. Let {a,}52, be a sequence in [€,1—€], € € (0,1). Let {x,,} be the sequence defined
iteratively by (3.1). Then, {x,} polar converges to an element of F.
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