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Abstract

This paper is devoted to the study of the existence of solution to the following system
of fractional hybrid differential equations:

YO, FyO), aetel
X0, x(@), aetel0<p<l,a>0,

where D¥ is the R-L fractional derivative of order o, /= [0, T], T > 0, and the functions
frJxRxR—>R,f(0,00=0andg:Jx R x R — R satisfy certain conditions.

The proof of the existence theorem is based on a coupled fixed point theorem of
Krasnoselskii type, which extends a fixed point theorem of Burton (Appl. Math. Lett.
11:85-88, 1998). Finally, our results are illustrated by a concrete example.

Keywords: hybrid initial value problem; Banach space; coupled fixed point theorem;
Riemann-Liouville fractional derivative

1 Introduction

Nonlinear differential equations are crucial tools in the modeling of nonlinear real phe-
nomena corresponding to a great variety of events, in relation with several fields of the
physical sciences and technology. For instance, they appear in the study of the air mo-
tion or the fluids dynamics, electricity, electromagnetism, or the control of nonlinear pro-
cesses, among others (see [2]). The resolution of nonlinear differential equations requires,
in general, the development of different techniques in order to deduce the existence and
other essential properties of the solutions. There are still many open problems related the
solvability of nonlinear systems, apart form the fact that this is a field where advances are
continuously taking place.

Perturbation techniques are useful in the nonlinear analysis for studying the dynamical
systems represented by nonlinear differential and integral equations. Evidently, some dif-
ferential equations representing a certain dynamical system have no analytical solution,
so the perturbation of such problems can be helpful. The perturbed differential equations
are categorized into various types. An important type of these such perturbations is called
a hybrid differential equation (i.e. quadratic perturbation of a nonlinear differential equa-
tion). See [3] and the references therein.

© 2016 Bashiri et al. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


http://dx.doi.org/10.1186/s13663-016-0511-x
http://crossmark.crossref.org/dialog/?doi=10.1186/s13663-016-0511-x&domain=pdf
mailto:baak@hanyang.ac.kr

Bashiri et al. Fixed Point Theory and Applications (2016) 2016:23 Page 2 of 11

Recently, the hybrid differential equations have been much more attractive [4-7], and
then there have been many works on the theory of hybrid differential equations. Addition-
ally, hybrid fixed point theory can be used to develop the existence theory for the hybrid
equations. We refer to the articles [8—12]. Dhage and Jadhav [13] discussed the following
first-order hybrid differential equation with linear perturbations of second type:

Zx(t) - f(t,x(0)] = g(t, (), ae.te],

x(ty) = x0 € R,

where J = [0, % + a), in R for some fixed f5,a € R with a > 0, and f,g € C(J x R,R). They
proved the existence of the maximal and minimal solution for this equation. Furthermore,
they established some basic results concerning the strict and nonstrict differential inequal-
ities.

Indeed, the fractional differential equations have recently been intensively used in mod-
eling several physical phenomena and have been studied by many researchers in recent
years [14—22]; therefore they seem to deserve an independent study of their theory paral-
lel to the theory of ordinary differential equations.

Lu et al. [23] developed this problem as regards the following FHDE involving the R-L
differential operators of order 0 < g < 1, with linear perturbations of second type:

Dix(t) — f(¢,x(2))] = g(t,x(2)), ae.te],

x(to) =X0 € R,

f,g € C(J xR, R). Beside that, using mixed Lipschitz and Carathéodory conditions allowed
them to prove existence theorem for fractional hybrid differential equations.

On top of that, the study of coupled systems involving fractional differential equations is
also important as such systems occur in various problems of applied nature, for instance,
see [24-29]. Lately, Su [30] discussed a two-point boundary value problem for a coupled
system of fractional differential equations. Gafiychuk et al. [31] analyzed the solutions of
coupled nonlinear fractional reaction-diffusion equations.

In line with the above works, our purpose in this paper is to prove the existence of solu-
tion to the following system of fractional hybrid differential equations of order 0 < p < 1:

DP[x(t) - f (&, ()] = g(t,y(2), 1*(¥(2))), ae.te€],
DPy(t) —f (&, y()] = g(t, x(£), I*(x(¢))), ae.te],0<p<l,a>0, 1)
x(0) =0, ¥(0) = 0.

The proof is rooted in a coupled fixed point theorem which is a generalization of a fixed
point theorem of Burton [1] in the Banach spaces.

2 Preliminaries
Let C(J x R x R,R) denote the class of continuous functions f: /] x R x R — R and let
C(J x R x R,R) denote the class of functions g: / x R x R — R such that
(i) the map ¢ — g(t,x,y) is measurable for each x,y € R,
(i) the map x — g(t,x,y) is continuous for each x € R,
(iii) the map y — g(¢,%,y) is continuous for each y € R.
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The class C(J x R x R,R) is called the Carathéodory class of functions on /] x R x R,
which are Lebesgue integrable when bounded by a Lebesgue integrable function on J.

We need some precise definitions of the basic concepts. The following is a discussion of
some of the concepts we will need.

Definition 1 [32] The form of the Riemann-Liouville fractional integral operator of order
a > 0, of function f € L}(R*) is defined as

1 t

I°f(t) = —/ (£ =) Yf(s) ds.
s I'(a) Jo s

Definition 2 [32] Let « be a positive real number, such that m —1 <o < m, m € N and

) (x) exists, a function of class C. Then the Caputo fractional derivative of f is defined as

1 t

Df) = —— / (= sy (s) dis.
I'(m—a) Jo

Definition 3 [32] The Riemann-Liouville fractional derivative of order @ > 0 of a contin-

uous function f : (0,00) — R is defined as

PP S A Y A
DPf) = (dt)/o(t_s) F(s)ds,

(n—o)
where n = [a] + 1.

Lemma 1 [32,33] Let 0 <« <1andf € L'(0,1). Then:
(K1) The equality D*I*f(t) = f(t) holds.
(K2) The equality
[D*f()]1=0 4

I"Df(t) = f(¢) - Wt

holds almost everywhere on J.
The following is a fixed point theorem in Banach spaces due to Burton [1].

Lemma 2 [1] Let S be a nonempty, closed, convex, and bounded subset of a Banach space
X andlet A:X — X and B: S — X be two operators such that
(i) A is a contraction with constant a < 1,
(i) B is completely continuous,
(iii) x=Ax+By=x €S forallyeS.
Then the operator equation Ax + Bx = x has a solution in S.

Now, we recall the definition of a coupled fixed point for a bivariate mapping.

Definition 4 [34] An element (x,y) € X x X is called a coupled fixed point of a mapping
T:XxX—XifT(x,y)=xand T(y,x) =y.

Let us denote by ® the family of all functions ¢ : R* — R* fulfilling ¢(r) < r for r > 0 and
¢(0) =0.
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By a solution of the FHDEs system (1) we mean a function (x,y) € AC(J,R x R) such
that:

(i) the function t — x — f(¢,x) is absolutely continuous for each x € R, and

(ii) (x,y) satisfies the system of equations in (1),
where AC(J,R x R) is the space of absolutely continuous real-valued functions defined
on/.

3 Main result
Throughout this section, let X = C(J, R) equipped with the supremum norm. Clearly it is
a Banach space with respect to pointwise operations and the supremum norm.

Define scalar multiplication and a sum on X x X as follows:

(1, 91) + (%2, 92) = (X1 + X2, 91 + ¥2)
and
a(x,y) = (ax, ay),

for a € R. Then X x X is a vector space on R.

In the following lemma we introduce a certain Banach space which is used in our results.

Lemma3 Let X :=X x X. Define
[ = il + 1y
Then X is a Banach space with respect to the above norm.
Proof Clearly)N( is a Banach space and || - || is a norm on X. O

Now, we prove a coupled fixed point theorem which is a generalization of Lemma 2 of
Dhage.

Theorem 1 Let S be a nonempty, closed, convex, and bounded subset of the Banach space
XandS=8xS. suppose that A : X — X and B : S — X are two operators such that
(C1) there exists g4 € ® such that for all x,y € X, we have

A% = Ayll < opa(llx =),

for some constant o > 0,
(C2) B is completely continuous,
(C3) x=Ax+By=xeSforallyes.
Then the operator T'(x,y) = Ax + By has at least a coupled fixed point in S whenever o <1.

Proof It is easy to check that S is a nonempty, closed, convex, and bounded subset of the
Banach space X.Define A:X — )N(, and B:S — X by

A(x,y) = (Ax, Ay),

E(x, y) = (By, Bx).
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It is sufficient to prove Z(x, y) + E(x, y) = (x,7) has at least one solution, because

(T(x,9), T(y,%)) = (Ax + By, Ay + Bx)
= (Ax, Ay) + (By, Bx)
= A(x,9) + Bx,9) = (x,9),
which implies that T'(x, y) has at least one coupled fixed point. We claim that the operators
Aand B satisfy all the conditions of Lemma 2 on the Banach space X. First, we show that
Ais Lipschitzian. By condition (C1), for every x = (x1,%2),y = (y1,%2) € X we have
1Ax - Ayl = [[(Ax1, Axa) — (g1, Ays) |

= |4z ~ Ay, Axs — Aps) |

|Axy — Ay1 | + [ Axy — Ay ||

IA

o (@(llx1 = y111) + @(llx2 = 321))
a(||x1 =5l + [lx2 —)’2||)

N

=0 || (%1 = y1, %2 —yz)”

ollx -yl

which implies that A is a contraction with constant o. Next, we show that B is a compact
and continuous operator on S.
Let (x,,) = (x1,,%2,) be a sequence in S converging to a point x = (x1,x,) € S, since B is

continuous we have

lim Bx, = (lim Bxy,, lim Bxl,,)

n—00 n—00 n—00

= (Bxy, Bx;) = B(x1,%,) = By,

so B is continuous.
Let x = (x1,%,) € S, we have

| B, %2)|| = || (Bx1, Bxo) |
= (I1Bx1 |l + | Bx2 )
<2|BSl,
for all x € S, where ||BS|| = sup{||Bx|| : x € S}. This shows that Bis uniformly bounded
onS.

Let ¢ > 0, since B(S) is an equi-continuous set in X, hence there exists § > 0 such that
for t1,t; €], |t1 — t2| < § implies that |Bx(¢;) — Bx(t;)| < ¢ for all x € S. Then for any x =
(x1,%,) € S, we have

|§x(t1) —Ex(t2)| = |(Bra(t1), Bx1(t1)) — (Bxa(t2), Bx1(82)) |

= |(Bx2(t1) — Bxa(t2), Bx1(t1) — By (t2)) |
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= \/(Bxl(tl) —B?Cl(tz))2 + (Bxa(t1) —sz(tz))2
< «/58,

soB (§) is an equi-continuous set in X. Thus, B (§) is compact by the Arzela-Ascoli theorem.
As a result, B is a continuous and compact operator on S.So0,Bis completely continuous
onS.

Next, we show that hypothesis (iii) of Lemma 2 is satisfied. Let x = (x1,%3) € X, y =
(y1,92) € S such that x = Ax+ By. Then by assumption (C3), we have

(21,22) = Z(961,962) + E(J’byz)
= (Ax1,Ax) + (Byz, By1)

= (Ax; + By,, Axy + Byy),
which implies that

x1 = Ax1 + Bys,

X = sz + B_)/l

So, by assumption (C3), we have x1,x;, € S. Thus, x € S. Then all conditions of Lemma 2
are satisfied and hence the operator equation Ax + Bx = x has at least one solution on 3.
Thus, T'(x,y) has at least one coupled fixed point and the proof is completed. O

Now by applying Theorem 1, we study the existence of solution for the FHDEs system
(1) under the following general assumptions.

(HO) The function x — x — f(¢, %) is increasing in R for all £ € J.

(H1) There exists a constant M > L > 0 such that

L(|x(t) — y()])
M + |x(t) - y(2)])’

[ (&:x(6) ~f (£3®)] = 3 (

forallt €/ and x,y e R.
(H2) Fix

FO = ntlga]X lf(lf, 0) |
(H3) There exists a continuous function # € C(J, R) such that
g(t,x(t),y(t)) <h(t), xyeRte].

As a consequence of Lemma 1 we have the following lemma which is useful in the exis-
tence results.

Lemma 4 [23] Assume that hypothesis (HO) holds, y € C(J,R),0<p<1,a >0, and f €
C(J x R,R) with f(0,0) = 0. Then the unique solution of the initial value problem

DP[x(t) —f(t,x(@)] =y(t), te€],
x(0) =0,

()
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Eoyls)
F(p . Slpds, te].

x(t) =f (£, x(t)) +

Now we are going to prove the following existence theorem for the FHDEs of system (1).

Theorem 2 Assume that hypotheses (H1)-(H3) hold. Then the FHDES of system (1) has a
solution defined on J.

Proof Set X = C(J,R) and a subset S of X defined by
§={xeXllxl <N},
where N > L + Fy + F(p+1 ||h||L1
Clearly S is a closed, convex, and bounded subset of the Banach space X. Now, we con-

sider the system (1). Obviously, x(¢) is a solution of the FHDEs system (1) if and only if x(¢)
satisfies the following system of integral equations:

) =f(bx(0) + r(p) Jo LeH2EO g,

o (3)
y(®) =f(&y(0) + 15 J‘Wa]& tel.

Define two operators A: X — X and B: S — X by

Ax(t) :f(f x(t)),
Bx(t) = fo(t — 5P g(s,x(5), I*(x(s))) ds, te€],

50, the system (3) is transformed into the system of operator equations as

x(t) = Ax(t) + By(¢),
y(t) = Ay(¢) + Bx(t), te].

We shall show that the operators A and B satisfy all the conditions of Theorem 1.
Let x,y € X, by hypothesis (H1) we have

i L) -y®) _ Llx-yl)
A0 = Ay(e)] = If (8.2(0) £ (e O) = 500~ i) = 2 + -y’

for all ¢ € J. Taking the supremum over £, we obtain

Ax -y < =)
= 2M o+ x- )

This shows that A is a nonlinear contraction on X with a control function %(p where ¢ is
defined by ¢(r) = MH
Next we show that B is compact and continuous operator on S.
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Let {x,} be a sequence in S converging to a point x € S. Then

lim Bux,(t) = L lim (/t(t—s)P_lg(s,x(S),la (%(5))) ds)
0

n—00 (P) n—>00

i =7 st o)

= FL(p) /o (t - s)p‘lg(s,x(s),l"‘ (x(s))) ds

= Bx(t),
for all ¢ € J, where the second equality holds by Lebesgue dominated convergence theo-

rem. So B is a continuous function on S.
Let x € S, by assumption (H2), for ¢ € ] we have

’Bx(t)| = FL(p)‘/o (t—s)”’lg(s,x(s),la(x(s))) ds

IR AP «
< F(p)/o (t—5s) |g(s,x(s),1 (x(s)))|ds

t

-1

< o Jo (£ —s)P " h(s)ds
>

= m”h”LL

Taking the supremum over ¢, we obtain

[l Bx| <

TP i
RIS 17201,

for all x € S, so B is uniformly bounded on S. Now let t;, ¢, € J, for any x € S one has

|Bx(t1) — Bx(t)| =

Fi(p) /0 1(tl — sy g(s,%(s), D* (x(s)))

- /‘0‘2(t2 — ) g(s,%(s), D* (x(s))) ds

/tl (t - s)p‘lg(s,x(s),D"‘ (x(s))) ds
0

1
<
~ ')

- /:1 (t — s)""g(s,%(s), D* (%(s))) ds

1 i -1 o
+F—(P)/o (&, — sy g(s,x(s),D (x(s)))ds
- /tz(tz — )’ g(s,%(s), D* (x(s))) ds
0
IRl (] (5 ot o 2o )
< l"(p)(/o (t1 — s) (tp —s)? ds+/n(t2 sP—ds
7]l 12

< (-] + (- ).
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Since #¥ is uniformly continuous on J for 0 < p < 1, for any ¢ > 0 there exists §; > 0 such
that if |£; — £5| < 8; we have

| B | . Cp+ 1)8
b 20l
Let § = min{4y, (2Hh|| +1) )1’17 L if [t — t1| < 8, we have

|Bx(t) - Bx(ty)| < (F(PH) F(p+1) )=

&+ &
TClp+1)\ 2||All 2||Al

This implies that B(S) is equi-continuous. Thus, B is completely continuous on S. To prove
hypothesis (C3) of Theorem 1, let x € X and y € S such that x = Ax + By, by assumptions
(H1) and (H2), we have

[x(®)| < |Ax(0)] + [By(®)|
< ([f(t,x(t)) —f(t,0)| + [f(t 0)|) F(p) (¢ —s)P |g(s,y(s),1°‘ (y(s)))!ds

<L+Fy+ Fi(p) /Ot(t—s)Plh(s) ds

<L+Fy+

TP i
m Al L.

Then by taking the supremum over ¢ on J and by (H2) we conclude that

<L+F h
Xl <L +Fo+ —— F(p D 7l <
which implies that x € S. So, the assumption (C3) of Theorem 1 has been proved. There-
fore, all the conditions of Theorem 1 are satisfied, hence the operator T'(x,y) = Ax + By has
a coupled fixed point on S. Asa result, the FHDE system (1) has a solution defined on /.

O
4 lllustrative example
Example 1 We discuss the following system of fractional hybrid differential equations:
()] 1y(t)
D3 [x(t) - a0 - ljy ot
tly()]
D [,Y(t) Sl;r‘;( Bl ] 1+\x(t tej= [0’77:]: (4‘)

)
x(0) =0, ¥(0) = 0.
Observe that this system of equations is a special case of the FHDEs of system (1) if we put

sin(#) |x(2)|
22 + x(0)N)’

. ty(t)
g(6y@),1(y®)) = 1 +y|y(t)|’

f(&x()) =
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for arbitrary x,y € X and ¢ € ] and we obtain

If (&,x(8) = £ (£,3(8))] < lx(®)] wm|}

2+ (O] 2+y(0)]
lx(0) —y@| + Y@ ly(8)] }
2+ [w(8) =y + y@)] 2+ [x() = ()] + |y(2)]
|x(2) - y(2)] }
2+ |x(2) = y(@)] + y(®)]
|x(2) - y(2)]
202+ [w(8) — (D))

=

IA
N = N= N

and g(¢,y(2), I“(y(¢))) < t. It is easy to see that Fp =0, L=1, M =2, T =m, h(t) = t. We
conclude that L + Fy + % Al =1+ w2 < 11. Thus N > 11. It follows that conditions
(H1)-(H3) are satisfied. Thus, by Theorem 2 we conclude that the problem (4) has a solu-

tion.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally and significantly in writing this article. All authors read and approved the final manuscript.

Author details
' Department of Mathematics and Computer Science, Amirkabir University of Technology, 424 Hafez Ave,, Tehran, Iran.
?Research Institute for Natural Sciences, Hanyang University, Seoul, 133-791, Korea.

Acknowledgements
The authors are grateful to the reviewers for their valuable comments and suggestions.

Received: 12 November 2015 Accepted: 28 February 2016 Published online: 05 March 2016

References
1. Burton, TA: A fixed point theorem of Krasnoselskii. Appl. Math. Lett. 11, 85-88 (1998)
2. Khan, JA, Zahoor, RMA, Qureshi, IM: Swarm intelligence for the problem of non-linear ordinary differential equations
and its application to well known Wessinger’s equation. Eur. J. Sci. Res. 4, 514-525 (2009)
3. Dhage, BC: Quadratic perturbations of periodic boundary value problems of second order ordinary differential
equations. Differ. Equ. Appl. 2, 465-486 (2010)
4. Dhage, BC: Nonlinear quadratic first order functional integro-differential equations with periodic boundary
conditions. Dyn. Syst. Appl. 18, 303-322 (2009)
5. Dhage, BC, Karande, BD: First order integro-differential equations in Banach algebras involving Caratheodory and
discontinuous nonlinearities. Electron. J. Qual. Theory Differ. Equ. 2005, 21 (2005)
6. Dhage, BC, O'Regan, BD: A fixed point theorem in Banach algebras with applications to functional integral equations.
Funct. Differ. Equ. 7, 259-267 (2000)
7. Dhage, BC, Salunkhe, SN, Agarwal, RP, Zhang, W: A functional differential equation in Banach algebras. Math. Inequal.
Appl. 8, 89-99 (2005)
8. Dhage, BC: On a-condensing mappings in Banach algebras. Math. Stud. 63, 146-152 (1994)
9. Dhage, BC, Lakshmikantham, V: Basic results on hybrid differential equations. Nonlinear Anal. Hybrid Syst. 4, 414-424
(2010)
10. Dhage, BC: A nonlinear alternative in Banach algebras with applications to functional differential equations.
Nonlinear Funct. Anal. Appl. 8, 563-575 (2004)
11. Dhage, BC: Fixed point theorems in ordered Banach algebras and applications. Panam. Math. J. 9, 93-102 (1999)
12. Afshari, H, Kalantari, S, Karapinar, E: Solution of fractional differential equations via coupled fixed point. Electron.
J. Differ. Equ. 2015, 286 (2015)
13. Dhage, BC, Jadhav, NS: Basic results in the theory of hybrid differential equations with linear perturbations of second
type. Tamkang J. Math. 44, 171-186 (2013)
14. Caputo, M: Linear models of dissipation whose Q is almost independent, Il. Geophys. J. R. Astron. Soc. 13, 529-539
(1967)
15. Diethelm, K, Ford, NJ: Analysis of fractional differential equations. J. Math. Anal. Appl. 265, 229-248 (2002)
16. Diethelm, K, Ford, NJ: Multi-order fractional differential equations and their numerical solution. Appl. Math. Comput.
154, 621-640 (2004)
17. Wang, G, Zhang, L, Song, G: Boundary value problem of a nonlinear Langevin equation with two different fractional
orders and impulses. Fixed Point Theory Appl. 2012, 200 (2012)



Bashiri et al. Fixed Point Theory and Applications (2016) 2016:23 Page 11 of 11

20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

32.

33
34.

Jleli, M, Karapinar, E, Samet, B: Positive solutions for multipoint boundary value problems for singular fractional
differential equations. J. Appl. Math. 2014, Article ID 596123 (2014)

De la Sen, M: About robust stability of Caputo linear fractional dynamic systems with time delays through fixed point
theory. Fixed Point Theory Appl. 2011, Article ID 867932 (2011)

De la Sen, M: Positivity and stability of the solutions of Caputo fractional linear time-invariant systems of any order
with internal point delays. Abstr. Appl. Anal. 2011, Article ID 161246 (2011)

Al-sawalha, MM, Shoaib, M: Reduced-order synchronization of fractional order chaotic systems with fully unknown
parameters using modified adaptive control. J. Nonlinear Sci. Appl. 9, 1815-1825 (2016)

Caraballo, T, Diop, MA, Ndiaye, AA: Asymptotic behavior of neutral stochastic partial functional integro-differential
equations driven by a fractional Brownian motion. J. Nonlinear Sci. Appl. 7, 407-421 (2014)

Lu, H, Sun, S, Yang, D, Teng, H: Theory of fractional hybrid differential equations with linear perturbations of second
type. Bound. Value Probl. 2013, 23 (2013)

Bai, C, Fang, J: The existence of a positive solution for a singular coupled system of nonlinear fractional differential
equations. Appl. Math. Comput. 150, 611-621 (2004)

Chen, Y, An, H: Numerical solutions of coupled Burgers equations with time and space fractional derivatives. Appl.
Math. Comput. 200, 87-95 (2008)

Gafiychuk, V, Datsko, B, Meleshko, V: Mathematical modeling of time fractional reaction-diffusion systems. J. Comput.
Appl. Math. 220, 215-225 (2008)

Gejji, VD: Positive solutions of a system of non-autonomous fractional differential equations. J. Math. Anal. Appl. 302,
56-64 (2005)

Lazarevic, MP: Finite time stability analysis of PD* fractional control of robotic time-delay systems. Mech. Res.
Commun. 33, 269-279 (2006)

Ahmad, B, Alsaedi, A: Existence and uniqueness of solutions for coupled systems of higher-order nonlinear fractional
differential equations. Fixed Point Theory Appl. 2010, Article ID 364560 (2010)

Su, X: Boundary value problem for a coupled system of nonlinear fractional differential equations. Appl. Math. Lett.
22, 64-69 (2009)

. Gafiychuk, V, Datsko, B, Meleshko, V, Blackmore, D: Analysis of the solutions of coupled nonlinear fractional

reaction-diffusion equations. Chaos Solitons Fractals 41, 1095-1104 (2009)

Kilbas, AA, Srivastava, HM, Trujillo, JJ: Theory and Applications of Fractional Differential Equations. Elsevier,
Amsterdam (2006)

Podlubny, I: Fractional Differential Equations. Academic Press, New York (1999)

Chang, SS, Cho, YJ, Huang, NJ: Coupled fixed point theorems with applications. J. Korean Math. Soc. 33, 575-585
(1996)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	A coupled ﬁxed point theorem and application to fractional hybrid differential problems
	Abstract
	Keywords

	Introduction
	Preliminaries
	Main result
	Illustrative example
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


