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Abstract
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conseqguences from our obtained results.
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1 Introduction and preliminaries

Markins [1] and Nadler [2] initiated the study of fixed point theorems for set valued opera-
tors. Since then, several other papers have been concerned with the study of multi-valued
operators in variant (generalized) metric space. We cite for example, Ali et al. [3, 4], Aydi
et al. [5, 6], Berinde and Berinde [7], Berinde and Pacurar [8], Boriceanu et al. [9], Bota
[10], Ciri¢ [11], Ciri¢ and Ume [12, 13], Czerwik [14], Daffer and Kaneko [15], Jleli et al.
[16], Mizoguchi and Takahashi [17], etc. In this paper, we are interested first to initiate the
concept of a Pompeiu-Hausdorff b-metric-like and to prove some best proximity points
and stability results.

On the other hand, metric-like spaces were considered by Hitzler and Seda [18] under
the name of dislocated metric spaces. In 2013, Alghamdi et al. [19] generalized the notion
of a b-metric [14] by introducing the concept of a b-metric-like and proved some related
fixed point results. After that, Hussain et al. [20] established some fixed point theorems
in the setting of b-metric-like spaces.

Definition 1.1 Let X be a nonempty set and s > 1 be a given real. A functiono : X x X —
R* is said to be a b-metric-like (or a dislocated b-metric) on X if for any x,y,z € X, the
following conditions hold:

(bmy) o(x,y)=0=x=y;

(bmy) o(x,9) =0 (y,x);
(bms) o(x,2) <s(o(x,y) +0(y,2)).

The pair (X, 0) is then called a b-metric-like space.
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Let (X,0) be a b-metric-like space. An open o-ball {B,(x,¢) : x € X, & > 0} is defined as
B,(x,e)={yeX:|o(xy)—oxx)| <e}, forallx € X and ¢ > 0.
A sequence {x,} in X converges to x € X if and only if

nli)rgoa(xn,x) =o(x,x). (1.1)

Mention that the limit for a convergent sequence is not unique in general. {x,} is Cauchy
if and only if limy; ;- 00 0 (%, %) €xists and is finite. We say that (X, o) is complete if and
only if each Cauchy sequence in X is convergent.

Lemma 1.2 Let (X,0) be a b-metric-like space and {x,} be a sequence that converges to u
with o (u,u) = 0. Then, for each y,z € X, one has

1
-0(u,z) <liminfo(x,,z) <limsupo(x,,z) <so(u,z) and o(z,z) <2s0(z,y).
N n—00 n—00

In 2015, Aydi et al. [21] introduced the following concept.

Definition 1.3 Let (X,d) be a rectangular b-metric space. We say that (X, d) satisfies the
property (S¢) if for every sequence {x,} in X and all x,y € X, we have

lim d(x,,x)=0 = lim d(x,,y) = d(x,y).
We extend Definition 1.3 to the class of b-metric-like spaces.

Definition 1.4 Let (X, o) be a b-metric-like space. We say that (X, o) satisfies the property
(Gc) if for all sequences {x,}, {y,} in X and all x,y € X, we have

lim o(x,,x) = lim 6c(¥,7) =0 = lim o(x,,y,) =o(x,).
n—0oQ n—0oQ n— 00

Remark 1.5

1. If (X, d) is a rectangular b-metric space satisfying the property (G¢), then it also
satisfies the property (Sc). Indeed, let {x,} be a sequence in X and «, y € X such that
lim,,, oo d(x,,, %) = 0. Take {y,} in X such that y, =y for all # > 0. Then
d(yu,y) =d(y,y) =0, and so lim,_, o d(y,,y) = 0. Since (X, d) satisfies the property
(Ge), it follows that lim,,_, o d(x,,, y,) = d(x,y), that is, lim,_, o d(x,,y) = d(x, ), and
so0 (X, d) satisfies the property (S¢).

2. Let (X, o) be a b-metric-like space satisfying the property (G¢). Take {x,} a sequence
in X and «, y € X such that o(y,y) = 0 and lim,,_, o, 0 (x,,,x) = 0. Then

1imn—>oo O(xn,y) = G(xry)~
The following examples make effective use of the property (Gc¢).

Example1.6 Let X = [0,1]. Consider the mappingo : X x X — [0, c0) defined by o (x,y) =
(x +y—xy)* forall x,y € X. Then (X, o) is a b-metric-like space with s = 2. Let {x,,} and {y,}
in X such that

lim o(x,,x) = lim o(y,,y) = 0.

n—00
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It follows that o (x,x) = o (y,¥) = 0, and so x = y = 0. Then we get

lim «2 = lim y% = 0.

n—00 n—00

This leads to
lim %, = lim y, =0.
n— 00 n— 00
Hence,

lim o (%, y) = lim (%, + ¥, — %,9,)> = 0 = (0, 0).

Consequently, (X, o) satisfies the property (G¢).

Example 1.7 Let X = {0,1,2}. Consider the mapping o : X x X — [0, 00) defined by

¢(0,0)=0, c(1,1)=0(2,2)=2, 0(0,1) =0(1,0) = 4,

0(1,2)=0(2,1)=2, 0(0,2)=0(2,0) =2.

Then (X, 0) is a b-metric-like space with s = 2. Let {x,} and {y,,} in X such that
lim o(x,,x) = lim o(y,) = 0.
n—00 n—00

It follows that o (x,x) = o(y,5) = 0, and so x = y = 0. Moreover, there exists N € N, such
that, for all #» > N,

1 1
G(xn’ O) = 5 and G(yn) 0) = E'
Therefore
0(x,,0)=0 and o(y,,0)=0, Vn>N.

Thus, for all #n > N, we have x,, = y,, = 0. This yields o (x,,y,) = 0(0,0) for all n > N, and
so lim,_, oo 0 (%, ¥») = 0 (%, 7). Hence, (X, o) satisfies the property (G¢).

Lemma 1.8 Let (X,0) be a b-metric-like space. Let {x,} and {y,} be two sequences in X
and x,y € X such that lim,_, o 0 (%, %) = lim,_, 00 6 (¥, ¥) = 0. Then one has

5720 (x,y) < liminfo (x,,y,) < limsup o (x,,y,) < s°0 (x,).
n—0oQ H— 00

We also have the following useful lemma.
Lemma 1.9 Any metric-like space satisfies the property (Gc).

Proof It suffices to take s = 1 in Lemma 1.8. O
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Recently, Aydi et al. [21, 22] introduced the concept of a Pompeiu-Hausdorff metric-
like. The aim of the first part of paper is to extend this concept to the class of b-metric-like
spaces and then to prove some results on best proximity points and stability for controlled
proximal contractions, so generalizing the very recent paper of Kiran et al. [23]. In the
second part of paper, the analogous of above results in the class of partial b-metric spaces
is studied.

From now on, let (X, o) be a b-metric-like space. Asin [21, 22, 24], let C;(X) be the family
of all nonempty, closed and bounded subsets of the b-metric-like space (X, o), induced by
the b-metric-like o. For A, B € Cp(X) and x € X, define

ox,A)= inf{a(x, a):ac A},
85(A,B) = sup{o(u,B) 1a GA},

85(B,A) = sup{o(b,A):b € B}.
Also
H2(A,B) = max{8, (4,B),8,(B,A)}. 1.2)

The above H? is called a Pompeiu-Hausdorff b-metric-like. For A and B two nonempty
subsets of a b-metric-like space (X, o), define

o(A,B) = inf{a(a,b) tacAb eB},
Ap = {a €A:o(a,b)=0(A,B),for some b e B},

By = {b € B:o(a,b) = o(A,B),for some a eA}.
As in [25], the concept of a weak P-property is stated as follows.

Definition 1.10 Let A and B be nonempty subsets of a b-metric-like space (X, o) with
Ao # 9. The pair (4, B) is said to have the weak P-property if and only if

= O'(xlij) SU()’I;)’Z),

G(xl,yl) = O(ArB);
G(x2ry2) = J(ArB)

where x;,x, € Ag and y1, 9, € By.

Example 1.11 Let X = {(1,2),(0,1),(1,3),(3,1)} be endowed with the b-metric-like o ((x;,
%2), (71,92)) = (%1 + % + y1 + y2)* for all (x1,%,), (51,52) € X. Let A = {(1,2),(0,1)} and B =
{(1,3),(3,1)}. Clearly,

o((0,1),(1,3)) =25=0(4,B) and 0((0,1),(3,1)) =0 (A, B).
Also

0((0,1),(0,1)) =4 <64 =0((1,3),(3,1)).

Moreover, Ay # ¥). Hence, the pair (A, B) satisfies the weak P-property.
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Example1.12 Let A and B be nonempty subsets of a b-metric-like space (X, o) with Ag # @
and o (4, B) = 0. Then the pair (A, B) satisfies the weak P-property.

On the other hand, the definition of a best proximity point is as follows.

Definition 1.13 Let (X, o) be a b-metric-like space. Consider A and B two nonempty sub-
sets of X. An element a € X is said to be a best proximity point of T: A — B if

o(a, Ta) = o (A,B).

It is clear that a fixed point coincides with a best proximity point if o (4, B) = 0. For more
results on best proximity points, see for example [26—31].

In this paper, we give first some properties of H2. Second, we establish some existence
results on best proximity points and some stability results for controlled proximal set val-
ued contractive mappings in the setting of two (generalized) metric spaces. We will sup-
port the obtained theorems by some concrete examples. We also provide many interesting

consequences and corollaries.

2 Properties and preliminaries
First, we present some useful properties of the Pompeiu-Hausdorff b-metric-like H?.

Lemma 2.1 [21, 22] Let (X, o) be a b-metric-like space and A any nonempty set in (X, o),
then

ifo(a,A)=0, thenacA. (2.1)
Lemma 2.2 Let (X,0) be a b-metric-like space. For x € X and A, B, C € Cy(X), we have
(i) H2(A,A)=6,(A,A) =sup{o(a,A):acA);
(i) H2(A,B) = H2(B,A);
(ili) H2(A,B) = 0 implies that A = B;
(iv) H(A,B) < s(H;(A, C) + Hy(C, B));
(V) o(x,4) <s(o(x,y) +0(y,4)).

Proof (i)-(iii) are clear.

(iv) Leta € A, b € B, and ¢ € C. By a triangular inequality
o(a,b) < s(cr(a, c)+olc b)).
The points b and c are arbitrary, so
o(a,B) < s(a(a, c)+ (T(C,B)) < s(a(u, C)+ SU(C,B)) < s(a(a, C) +6,(C, B)).
Again, a is arbitrary, so

8,(A,B) <5(3,(A,C) + 8,(C,B)) <sH.(A, C) +sH2(C, B).
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Similarly, by symmetry of H?, we have
8, (B, A) < s(H} (A, C) + H}(C, B)).

Combining the two above inequalities, we get (iv).
(v) For a € A and x,y € X, we have o(x,A) < o(x,a) <s(o(x,y) + 0(y,4)). Again, a is
arbitrary, then

o(x,A) <s(o(x,y) +o(,A)). O

The following two lemmas are very essential for best proximity points and stability re-
sults stated in the next section. The proofs are very classical.

Lemma 2.3 Let (X,0) be a b-metric-like space. Let A,B € Cy(X) and h > 1. For any x € A,
there exists y = y(a) € B such that

o(x,y) < hH’ (A, B). (2.2)

Lemma 2.4 Let (X,0) be a b-metric-like space. Let A,B € Cy(X) and a € A. Then, for all
& > 0, there exists a point y € B such that o (a,y) < Hf,’ (A,B) +¢.

3 Best proximity points and stability results on the class of b-metric-like spaces
3.1 Best proximity points
First, we need the following definition.

Definition 3.1 Let A and B be nonempty subsets of a b-metric-like space (X, o) such that
Ao #9. Let xg € Ag and r > 0. A mapping T : A — Cp(B) is called a proximal contraction
on B, (%9, 1), if there exists « € (0, %) such that

H2(Tx, Ty) < ao (x,y), (3.1)
for all x,y € B, (xo,7) N A.
Our first main result is the following theorem.

Theorem 3.2 Let A and B be nonempty closed subsets of a complete b-metric-like space
(X,0)andr>0.Let T : A — Cy(B) be a multi-valued mapping. Suppose that
(i) Ao #9;
(ii) for each x € Ay, we have Tx C By;
(iii) the pair (A, B) satisfies the weak P-property;
(iv) there exists xo € Ag such that T is a proximal contraction on By (xo,r) and
8o (Txo, {(%0}) + 0 (A, B) < 55— (1 - Jas)r;

(v) (X,0) satisfies the property (Gc).

Then T has a best proximity point in B, (xo,r) N A. We also have o (x*,x*) = 0.

Proof By assumption (iv), there exists xy € Ap such that T is a proximal contraction on
B, (x0,7) and

1
85 (Txo, {xo}) + O'(A,B) < 253 _s

> 1 - as)r.
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Let yo € Txo. By condition (ii), we have Txy € By. Then there exists x; € Ay such that
O'(xlyyo) = G(A;B) (3.2)
We have

o (%0, %1) < s[o (%0, %0) + 0 (¥0,%1) ]
< [8+ (Tx0, {x0}) + 0 (A, B)]

1
252 —s

< (1 - Vas)r. (3.3)
On the other hand, we have

o (%0,%0) — 0 (%0,%1) < (25 — 1)o (x0,%x1).
Also

o (x0,%1) — 0 (x0,%0) < 0 (0, %1) < (25 — 1)o (x0,x1).

Then

|o (%0, %1) — 0 (0, %0)| < (25 — 1)o (0, %1)

<D0 Jagr

252 —s

=511 - as)yr<r.
Thus, 1 € By (x0,7) N Ao. By Lemma 2.3, there exists y; € Tx; such that
(0, 31) = ——H? (T, T1) (34)
o (Yo, — X0, Tx1). .
0,J1) = Jas 0, 4X1

So, by (3.1), we get

o (yo,m) < \/gg (%0,%1). (3.5)
Since y1 € Tx; C By, there exists x; € Ag such that

o (x2,y1) =0 (A, B). (3.6)
From condition (iii), (3.2), and (3.6)

o (x1,%2) < 7 (y0, 1) (3.7)

Therefore,

o (x1,%7) < \/gff(xo,xl)' (3.8)
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We have

|0 (0, %) — 0 (%0, %0)| < (25 — 1)o (30, %2)
< s(2s = 1)[ 0 (x0,%1) + 0 (%1, %)) ]

< s(2s = 1)[o (%0, %1) + 50 (%1, %2) |

<s(2s-1)[1+ S\/g]ﬂ(xo:xl)

<s(2s = 1)[1 + as] 2s21—

=(1-as)r<r.

oWy, H Tx1, Tx>). 3.9
1,Y2) = o 1 2

So, by (3.1), we get

o
o(,y2) < \/;o(xl,xz). (3.10)
Since y, € Txy C By, then there exists x3 € Ag such that
U(xBryZ) = G(AyB) (3.11)

By condition (iii), (3.8), and (3.10)

2
S \/gom,m < (/g) o (x0,31). (3.12)

We have

|0 (%0, %3) — 0 (%0,%0) | < (25 —1)0 (30, %3)
< (25 = 1)[s0 (%0, %1) + 820 (1, %2) + 870 (2, 3)]

<(2s- 1)[50 (x0,%1) + s (%1, %) + SSO'(xz,X3)]

2
< S(2s—1)|:1 +s\/§+s2 (\/§> ]U(xo,m)
s s

<s(2s=D[1 +Vas+ (Vas)’] 1 Jas)r
= (1- (Vas)®)r<r.

232

Then x3 € B, (xo, ) N Ao.
Continuing this process, we complete two sequences {x,,} € B, (xo,7) N A and {y,,} < By
such that

O-(xmyn—l) =0(4,B),
0 (Xyy K1) < U@n—l;yn) =< (\/%)no'(xOrxl)»
Y € Tx,, forallm=12,....
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For m > n, we have

m-1 m-1
G(xnrxm) =< Zska(xerkﬂ) =< Z(\/ SOl)kO'(xo,xl)
k=n k=n
o0
< Z(«/sa)ko(xo,xl) —0 asn— 0.
k=n
We supposed that 0 < as < 1, s0 limy, ;00 0 (X, %) = 0. Hence, {x,,} is a Cauchy sequence
in B, (x9,7) N A. A similar reasoning shows that lim,, ;00 0 V4, ¥m) = 0 and so {y,} is

a Cauchy sequence in B. Since B, (x0,7) N A and B are closed subsets of the complete
b-metric-like space (X, o), there exist x* € B, (xo,7) N A and y* € B such that

lim a(x,,,x*) = a(x*,x*) = lim o(x,%,) =0 and

n—00 n,m— 00

lim o (y.,)") =0 (y",y") = n}yjinood(yn,ym) =0.

n—00

Since, for all n > 1, we have o (x,, y,-1) = 0 (A, B) and by condition (v), (X, o) satisfies the

property (Gc), by letting n — oo, we conclude that
o(x*,y*) =o(A,B).
On the other hand, since y, € Tx,,, we have, for all n > 1,

o (y", Tx*) < so (5", yn) + 50 (yu, Tx*) < 50 (y*,9u) + ng (T, Tx")

<so (y*,y,,) +sao (x,,,x*).
Letting n — oo, we obtain
o(y*, Tx*) <0,
and so o (y*, Tx*) = 0. By Lemma 2.1, we have y* € Tx* = Tx*. Also, we have
o(A,B) < a(x*, Tx*) < a(x*,y*) =0o(A,B).
Thus, x* is a best proximity point of 7. Moreover, we have o (x*,x*) = 0. O

The following example illustrates Theorem 3.2.

Example 3.3 Let X = [0,00) X [0, 00). Consider the mapping o : X x X — [0, 00) as fol-

lows:

(Ix1 =yl + %2 = y2)*  if (1, %2), (1, 92) € [0,10]%,
(%1 + 22 + 1 +2)? if not.

o ((x1,%2), 1,02)) =

It is easy to see that (X, o) a complete b-metric-like space with s = 2.



Felhi and Aydi Fixed Point Theory and Applications (2016) 2016:22 Page 10 of 23

Take A = {1} x [0,10] and B = {0} x [0,10]. Define the mapping T : A — C,(B) by

{(0,0),(0,3)} if0<x<8,

T(Lx) = { .
{0} x [0,1] if 8 <x <10.

Note that for all (1,x) € A, we have T(1,x) is closed and is bounded in (X, o). Remark that
0(A,B) =1, Ay = A and By = B. So, for each (1,x) € Ao, we have T(1,x) C By. Moreover, A
and B are closed subsets of X. Consider the ball B, (xg, r) with xg = (1,0) and r = 82. Now,
let (1,%1), (1,x2) € A and (0, 1), (0,2) € B such that

G((l:xl)x (0,)’1)) = G(A:B) = 1;
G((l:x2)¢ (O:J’z)) = U(A;B) =1.

Necessarily, (x; = y1 € [0,10]) and (x; = y € [0,10]). In this case,
o ((17 xl): (17 xZ)) =0 ((O1yl)) (Oryz)))
that is, the pair (4, B) has the weak P-property.
Now, we shall show that T is a proximal contraction on B, (xo, 7) with o = 1

Z.
It is easy to see that B, (xo,7) N A = {1} x [0,4/82 —2].
Let (1,x) and (1,%) € B, (xo, ) N A. Then x,y € [0, /82 — 2] C [0, 8]. In this case, we have

T(1,x) = {(0,0), (o, f) } T(,y) = {(o, 0), (o, Z) }
2 2
Then

5, (T(1,x), T(1,%))

-maxfo (0.0, {00 (03)})o((0). {00 (0)})]

:min{f, x—y)z} < (x—y)z.
2 <

4 4

Similarly, we have

5 (T, T,) < 522 ’

This yields

H2(T(,%), T(L,y)) = max{8,(T1,x), T(1,)),8,(T(1y), T1x))}

(x-9)7°
-

=<

ao ((L,x),(1,9)).

We also have &, (Txo, {xo}) + 0(A,B) =2 < ﬁ(l — J/as)r. Furthermore, (X, o) satisfies
the (G¢) property. In fact, let {(x,,, )}, {(zs, tn)} in X and (x,y), (z,£) € X such that

lim o (% yn), (%,9)) = nli}ngoa ((zns tn), (2, 1)) = 0.

n—00
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Then o ((x,y), (x, %)) = 0((z,£), (z,£)) = 0. It follows that (x, y), (z, £) € [0,10]2. There also ex-
ists N € N such that (x,,, y,,), (2, £4) C [0,10]? for all #n > N. This yields, for all # > N,

U((xmyn)7 (x’y)) = (lxn _x| + |yn —J/|)2 and

2
U((Zn) tn), (2, t)) = (|Zn -zl + |t = t|) .
So
lim |x, —x|= lim |y, —y| = lim |z, —2z| = lim ¢, —¢| = 0.
n— 00 n— 00 n—0o0 n—00
Thus

Tim o (9, @) = T (12 = 2al + = a])”

(lc—zl +1y- tl)2 =0 ((x), (2 1)).

Therefore, all conditions of Theorem 3.2 are verified. So, T has a best proximity point,
which is x* = (1,0). It also verifies o (x*,x*) = 0.

As consequences of our first result, we give the following immediate corollaries.

Corollary 3.4 Let A and B be nonempty closed subsets of a complete metric-like space
(X,0)andr>0.Let T : A — Cy(B) be a multi-valued mapping. Suppose that
(i) Ao #9;

(ii) foreach x € Ay, we have Tx C Bo;

(ili) the pair (A, B) satisfies the weak P-property;

(iv) there exists xo € Ao such that T is a proximal contraction on By (x,r) and

85 (Txo, {x0}) + 0(A,B) < (1 - JJa)r.

Then T has a best proximity point in B, (xo,r) N A. We also have o (x*,x*) = 0.

Proof 1t suffices to take s = 1 in Theorem 3.2. By Lemma 1.9, (X, o) satisfies the property
(Gc). O

Corollary 3.5 Let A and B be nonempty closed subsets of a complete metric-like space
(X,0)andr>0.Let T : A — B be a given mapping. Suppose that
(i) Ao #9;
(ii) for each x € Ay, we have Tx € By;
(iii) the pair (A, B) satisfies the weak P-property;
(iv) there exists xo € Ag such that T is a proximal contraction on By (xo,r) and
0 (x0, To) + 0/(A,B) < 55 (1~ V/as)r
(v) (X,0) satisfies the property (Gc).
Then T has a best proximity point in B, (xo,r) N A. We also have o (x*,x*) = 0.

Proof It suffices to take s = 1 and T as a single-valued mapping in Theorem 3.2. O

Corollary 3.6 Let A and B be nonempty closed subsets of a complete metric space (X, d)
andr>0.Let T : A — Cy(B) be a multi-valued mapping. Suppose that
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(i) Ao #9;
(ii) foreach x € Ay, we have Tx C B;
(ili) the pair (A, B) satisfies the weak P-property;
(iv) there exists xo € Aq such that T is a proximal contraction on By(xo,r) and
84(Txo, {x0}) + d(A, B) < (1 - Ja)r.
Then T has a best proximity point in By(xo,r) N A.

If we choose A = B = X, then we have the following fixed point theorem.

Corollary 3.7 Let (X,0) be a complete b-metric-like space, r >0, and T : X — Cp(X) be a
multi-valued mapping. Suppose there exist xo € X and o € (0, 1) such that

H:(Tx, Ty) < ao(x,9),

for all x,y € By (xo,7) and 8, (Txo, {x0}) < ﬁ(l — Jas)r. Then T has a fixed point.

Proof Following the proof of Theorem 3.2, we construct two sequences {x,,} C B, (xo,7)
and {y,} € X such that

U(xn:yn—l) = O’(X,X),
O'(xn:x;ﬁl) < O'(yn—lvyn) < (\/%)no’(xnyl)y
yn € ITxy, forallm=1,2,....
Moreover, there exist x* € B, (xo,7) and y* € X such that
lim o (x,,2") =0 (¥*,2") = lim o(%,%,) =0 and
n—00 H,m—> 00

Jim o (y,,") =0 (,5") = lim o (mym) = 0.

We have, for all n > 1,

o (5%, 7") < so(x",%,) + 50 (%0, )") < s0(x",x,) + 520 Xy Y1) + %0 (Vn-1,7")

= 50 (x*,%) + 5’0 (A, B) + 5°0 (yu-1,").
Letting n — oo, we obtain
o (x%,y%) <so(x%,x%) + 20 (X, X) + S0 (y*,") =0 (X, X). (3.13)
Also, forall n > 1,
0 (X, X) =0 (X Y1) < 50 (x0,5") + S0 (5%, 5") + 80 (¥, Yn1)-
We pass to the limit # — oo,

o(X,X) <50 (x%,y"). (3.14)
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Combining (3.13) and (3.14), we get
s20(X,X) <o (x%,y") <20 (X, X). (3.15)
On the other hand, since y, € Tx,,, we have, for all n > 1,

o (y", Tx*) < so (5", yn) + 50 (yu, Tx*) < 50 (y",yu) + sH? (T, Tx")

<so (y*,y,,) +sao (x,,,x*).
Letting n — oo, we obtain
o(y*, Tx*) <0,
and so o (y*, Tx*) = 0. By Lemma 2.1, we have y* € Tx* = Tx*. Again
o(X,X) < o(x*, Tx*) < a(x*,y*) < 20 (X, X).

We also have o (x*,x*) = 0. Thus, 0 (X, X) < o (x*,x*) = 0, and so o (X, X) = 0. It follows that
o (x*, Tx*) = 0. By Lemma 2.1, we get x* € Tx* = Tx*. Here, we do not need the conditions
(i), (ii), (iii) and (v) of Theorem 3.2. a

3.2 Stability results
In this paragraph, we extend and generalize the stability results due to Kiran ez al. [23] to
b-metric-like spaces.

Let A and B be nonempty subsets of a b-metric-like space (X,0) and T: A — Cy(B) be a
multi-valued mapping. Take the set B(T) = {a € A: 0(A,B) = o(a, Ta)}. It corresponds to
the set of best proximity points of 7'

Theorem 3.8 Let A and B be nonempty closed subsets of a complete b-metric-like space
(X,0) and r1,r, > 0. Let T; : A — Cy(B), i = 1,2, be two multi-valued mappings. Suppose
that
(i) Ao #9;

(ii) foreach x € Ao, we have Tix C By, i=1,2;

(ili) the pair (A, B) satisfies the weak P-property;

(iv) (X,0) satisfies the property (Gc);

(v) foreachi=1,2, there exists a; € Ag such that T; is a proximal contraction on
B, (a;,r) N A with the same Lipschitz constant o € (0, %), that is,

HY(Tyx, Tyy) < ao(x,9), (3.16)

forall x,y € B, (a;,r) N A and 8,(Tia;, {a;}) + 0 (A,B) < ﬁ(l — Jas)r.
Then

H(B(T),B(T»)) <

1- a5 I:ilelEHg(Tix, Tox) + (1 + s’l)o'(A,B)], (3.17)
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Proof Let ¢ >0 and xy € B(T1), then there exists zg € T1x such that
0 (x0,20) < o(xg, T1x9) + £ =0 (A,B) + €.

By Lemma 2.4, there exists yo € Toxo such that
0 (20,50) < H.(Tixo, Taxo) + €.

Then, from (3.18) and (3.19), we get

o (%0, ¥0) < [0 (x0,20) + 7 (20, %0) ]

< s[Hf,’(Tlxo, Trxo) + 0 (A, B) + 28].
Since yg € Toxg C By, there exists x; € Ag such that
U(xl;yo) = U(AJB)

By Lemma 2.3, there exists y; € Tox; such that

1
o (Yo, y1) < me(szoy Toxy).

VT

Without loss generality, we take a; = %o and r, = r such that

85 (Taxo, {x0}) + 0 (A, B) < L (1= A/as)r.

253 —s2

As (3.3), we have

|0 (%0, 1) — 0 (30, %0) | < (25 — 1) (%0, %1)

<@BD fanr=sta-vasr<r

282 -5

Thus, %, € B, (xo,7) N Ag. By Lemma 2.3, there exists y; € Tox; such that

1
o (Yo, y1) < ?Hg(szo» Tox1).

T

So, we get

oo, ) < \/ga(xo,xl).

Again, y; € Tox; C By, hence there exists x; € A such that
U(xZ)yl) = U(A:B)
By condition (iii), it follows that

o (x1,%2) < 0 (Yo, y1)-

Page 14 of 23

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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Applying (3.24),

o (x1,%) < /ga(xo,xl). (3.27)

Repeating the same process and similar to the proof of Theorem 3.2, we construct two
sequences {x,} C B, (xo,7) N Ag and {y,} C By such that

G(xn»yn—l) = U(A>B):

0 (%, %41) < 0 (Y1, Yn) < (\/%”U(xo,xl)f
Yu € Tox,, forallm=1,2,....

It follows that lim,, ;;— o0 0 (%, %) = 0. Thus, {x,} is a Cauchy sequence in B, (x,7) N A.
A similar reasoning shows that limy,;;— 00 6 (¥, Y1) = 0 and so {y,} is a Cauchy sequence
in B. Since B, (x9,7) N A and B are closed subsets of a complete b-metric-like space (X, o),
there exist u € B, (x9,7) N A and v € B such that

lim o(x,,u) =0 (u,u) = lim o(x,x,) =0 and

n—00 n,m—00

lim o(y,,v)=0(v,v)= lim oy Ym) =0.
n—00 1,Mm—> 00

Similarly, we have u € Tou and o (A, B) = o (u, Tou). Thus, u € B(T5).
On the other hand, forall n > 1

o (w0, ) < 50 (%0, %) + S0 (0, 1) < 5°0 (%0, %1) + 870 (%1, %) + SO (X, 1)

< $20 (0, %1) + 820 (1, %) + -+ + 8" 0 (1, %) + 50 (%, 1)
n-1

= SZ Z Ska (x/O xk+1) + S0 (xnr M)
k=0

<Y (Vs o (o, x1) + 50 (3, ).
k=0

Letting # — 00, we obtain

s2

1- /s

o (x0,%1).

o (x0,u) <5* ) (V/s0) 0 (0, 31) =
k=0

Thus, from (3.20),

SB

o (%o, u) < l_m[a(xo,yo) +U()/0,x1)]

S3

=

(S[Hﬁ(Tlxo, Trxo) + 0 (A, B) +2¢] + (A, B))

—_

“n
NS
5
S

[HE(Tix0, Toxo) + (1 +57")o (A, B) + 2¢].

&‘

— /S
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Similarly, if yo € B(T5), then there exists «’ € B(T7) such that

4

O—(yo’u/) =7 _ \/—

[Hb T1y0, Tayo) + (1 + s_l)a(A,B) + 28].

Consequently, we obtain

4

H? (B(Ty), B(Ty)) < [supHﬁ(Tlx, Tyx) + (1+57)o (4, B) + 28].

SO Lyea
The real € > 0 is arbitrary, so the proof is completed, that is, (3.17) is satisfied. d
We provide the following example.

Example 3.9 Let X = [0,00) x [0,00) be endowed with the b-metric-like o : X x X —
[0, 00) defined by

(lx1 =yl + %2 = y2)*  if (1, %2), (1, 92) € [0,10]%,
(X1 + %o + 91 + y2)? if not.

U((xlrx2): ()/hyz)) = {

Take A = {1} x [0,10] and B = {0} x [0,10]. Define the mapping 73, T5 : A — C,(B) by

Tl(l,x):{{(o,ox(o,g)} if0<x=8,
{0} x [0,1] if8<x <10
and
x+8 B
Ll i{(o 10),(0,5)) if0<x <8,
{0} x [0,5] if 8 <x < 10.

Note that Ag = A and B, = B. So, for each x € Ag, we have Tx C By. Moreover, A and B are
closed subsets of X. Consider the balls B, (a1, 1), B, (a2, 72) with a; = (1,0), a5 = (1,0.2) and
r1 =82, r, = 84. We know that the pair (A4, B) has the weak P-property. Moreover, it is easy
to prove that 7; is a proximal contraction on B, (a;,r;) for i = 1,2 with the same constant
= i. We also have 8, (Ta;, {a;}) + 0 (A,B) < 2531—_52(1 — JJas)r;, i =1,2. Furthermore, (X,0)
satisfies the (G¢) property.
Therefore, all conditions of Theorem 3.8 are verified. So, we have

H(B(Th),B(T»)) < V2 [supH (Tyx, Tox) + ]

16
\/i xeA

We derive the following interesting consequences from Theorem 3.8.

Corollary 3.10 Let A and B be nonempty closed subsets of a complete metric-like space
(X,0) and r1,ry > 0. Let T; : A — Cyp(B), i = 1,2, be two multi-valued mappings. Suppose
that
i) Ao #9;
(ii) for each x € Ay, we have Tix C By, i=1,2;
(iii) the pair (A, B) satisfies the weak P-property;
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(iv) foreach i=1,2, there exists a; € Ao such that T; is a proximal contraction on
B, (a;,r) N A with the same Lipschitz constant a € (0,1), that is,

H, (Tix, Tyy) < ao(x,), (3.28)

forall x,y € B, (a;,r) N A and 8,(Tia;, {a;}) + 0 (A,B) < (1 - Ja)r;.

Then
1
H, (B(Ty), B(Ty)) < [supH,,(Tlx, Tox) + 2a(A,B)]. (3.29)
1- «/& x€A
Proof It suffices to consider s = 1 in Theorem 3.8. O

Corollary 3.11 Let (X,0) be a complete b-metric-like space, r1,r, > 0, and let T; : X —
Cp(X), i = 1,2, be two multi-valued mappings. Suppose there exist o € (0,s™') and a; € X

such that, for each i =1,2, we have
HY(Tix, Tiy) < ao (x,9), (3.30)

for all x,y € By (a;,r) and 8, (Ta;, {a;}) < ﬁ(l — Jas)r;. Then

4
s
sup H, (T, Trx), (3.31)

1— /st e

HY(E(Th),F(T»)) <

where F(T;) is the set of fixed points of T;, i = 1,2.

Proof 1t suffices to consider A = B =X in Theorem 3.8. Here, we do not need the condi-
tions (i), (ii), and (iii) of Theorem 3.8. |

Corollary 3.12 Let A and B be nonempty closed subsets of a complete metric space (X, d)
and ry,ry > 0. Let T; : A — Cp(B), i = 1,2, be two multi-valued mappings. Suppose that
(i) Ao #9;
(ii) for each x € Ay, we have Tix C By, i=1,2;
(ili) the pair (A, B) satisfies the weak P-property;
(iv) foreach i=1,2, there exists a; € Ao such that T; is a proximal contraction on
By(a;, r) N A with the same Lipschitz constant a € (0,1), that is,

H(Tx, Tyy) < ad(x,y), (3.32)

for all x,y € By(a;,r) N A and 84(T;a;, {a;}) + d(A,B) < (1 — Ja)r;.
Then

H(B(T:), B(Ty) = - _1 = [igH(Tlx, Tyx) +2d(4, B)| (3.33)

Proof It suffices to consider o as a metric in Corollary 3.10. d
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4 Best proximity points and stability results on the class of partial b-metric
spaces

In 2014, Shukla [32] introduced a generalized metric space called a partial b-metric space

and established the Banach contraction principle as well as the Kannan type fixed point

theorem in partial b-metric spaces.

Definition 4.1 [32] Let X be a nonempty set and s > 1 be a given real number. A function
b: X x X — R"iscalled a partial b-metric on X iffor all , ¥, z € X, the following conditions
are satisfied:

(Pb1) b(x,x) = b(x,y) = b(y,), then x = y;

(Pb2) bx,x) < b(x,y);

(Pb3) b(,y) = bly,);

(Pb4) blx,2) + b(3,) < slb(@,y) + (3, 2)].
The pair (X, b) is then called a partial b-metric space.

Remark 4.2 Each partial b-metric space is a b-metric-like space, but the converse is not
true.

Example 4.3 Let X = [0,00). Consider the mapping o : X x X — [0,00) defined by
oxy) = (x +y)2 for all x,y € X. Then (X, 0) is a b-metric-like space with s = 2, but it is
not a partial b-metric space since o (x,x) > o (x,) for all x > y.

Lemma 4.4 Let (X, b) be a partial b-metric space. We have
(1) ifb(x,y) =0, thenx =y,
(2) ifx#y, then b(x,y) > 0.

Remark 4.5 If b is a partial b-metric, then By(x, &) = {y € X : b(x,y) — b(x,x) < &}.

Very recently, Felhi [33] introduced the concept of a partial Pompeiu-Hausdorff b-metric
and he obtained some fixed point results.

Remark 4.6 If b is a partial b-metric, for simplicity we denote H), = H| bb (defined as in

(1.2)).
Following [33], we have the following lemmas.

Lemma 4.7 [33] Let (X, b) be a partial b-metric space with coefficient s > 1. For A € Cp(X)
(Cp(X) is the set of bounded and closed subsets in the partial b-metric space) and x € X, we
have

b(x,A) =b(x,x) ifandonlyif =xe A=A, (4.1)
where A is the closure of A.

Lemma 4.8 [33] Let (X, D) be a partial b-metric space with coefficient s > 1. For A,B,C €
Cp(X), we have
(i) Hy(A,A) < Hy(A,B);
(i) Hp(A,B) = Hy(B,A);
(i) Hp(A,B) < s[Hy(A, C) + Hy(C,B)] —inf.cc b(c, ).
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4.1 Best proximity results
The main result of this paragraph is the analogous of Theorem 3.2 on the class of partial
b-metric spaces. It is stated as follows.

Theorem 4.9 Let A and B be nonempty closed subsets of a complete partial b-metric space
(X,b)andr>0.Let T: A — Cp(B) be a multi-valued mapping. Suppose that

(i) Ao #%;
(ii) for each x € Ay, we have Tx C By;
(ili) the pair (A, B) satisfies the weak P-property;
(iv) there exists xo € Ao such that T is a proximal contraction on By(xo,7) and
85(Txo, {%0}) + b(A, B) < s72(1 - JJas)r;
(v) (X, b) satisfies the property (Gc).
Then T has a best proximity point in Bj(xo,r) N A. We also have b(x*,x*) = 0.
Proof By assumption (iv), there exists xg € Ag such that T is a proximal contraction on
By (x0,7) and 8,(Txo, {x0}) + b(A, B) < s2(1 — Jas)r.
Let yo € Txo. By condition (ii), we have Txo € By. Then there exists x; € Ay such that

b(xliyo) = b(ArB)~ (42)
We have

b(x0,%1) — b(%0,%0) < blxo,x1) < s[b(%0,¥0) + b(y0,%1)] = b(y0, y0)
< s[85(To, {x0}) + b(A, B)]
<s[s?(1 - Vas)r] =s" 1 - Vas)r<r. (4.3)

Then x; € By(xo,7) N Ag. By Lemma 2.3, there exists y, € Tx; such that

b(yoy1) < \/%Hb(Txo; Tay). (4.4)

So, by (3.1), we get

b(yo,y1) < \/gb(xo,xl). (4.5)
Since y; € Tx; C By, there exists x, € Ag such that

b(x2, 1) = b(A, B). (4.6)
By condition (iii), (4.2), and (4.6)

b(x1, x2) < b(yo, ). (4.7)

The above inequality together with (4.7) implies that

b(x1,%7) < \/gb(xval)- (4.8)
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Using (4.3), we have

b(xo,%2) — b(x0,%0) < b(x0,%2) < sb(xo,%1) + sb(x1,%2) — b(x1,%1)

< sb(xo,%1) + 82b(x1, %) < 5[1 + S\/g] b(xo,x1)

< s[1 + as]lsH1 - Vas)r=1 - as)r<r.

Then x; € By(x0,7) N Ag. Again, by Lemma 2.3, there exists y, € Tx; such that

1
b(y1, < —Hyp(Tx1, Tx,). 4.9
O yz)_\/oc_s »(Tx1, Txz) (4.9)
So, by (3.1), we get
o
b(yl:yZ) = \/gb(xl:xZ)' (4'10)
Again, y, € Tx; C By, so there exists x3 € Ag such that
b(x3,y2) = b(A, B). (4.11)
From condition (iii), (4.10), and (4.8)
(4.12)

2
b(x2,%3) < b(y1,92) < \/gb(xbxz) =< (@) b(xo,x1).

We have
b(xo,x3) — b(x0,%0) < b(xo,x3) < sb(xo,%1) + 5°b(x1,%2) + s*b(x2, %1)

< sb(xo,%1) + Szb(xhxz) + Sgb(x2,x1)

2
< s|:1 + s\/g +s° (\/§> i|b(xo,x1)
s s

< S[l +Jas + (\/&)2]3_1(1 —Jas)r= (1 - («/(E)B)r <r.

Then x5 € Bp(x0,7) N Ay.
Continuing this process, we construct two sequences {x,,} < Bj,(xo,7) N A and {y,} C By

such that

b(xmyn—l) = b(ArB):
b(xy, Xp1) < b(YVt—l»yn) = (\/?)"b(xo,xl),

yu € Tx,, forallm=12,....

As in the proof of Theorem 3.2, there exist x* € By (xo,7) N A and y* € B such that

lim b(xn,x*) = b(x*,x*) = ml}goo b(x,,%,) =0 and

H—>0Q
S B0 =) =, B ) -0

By the same strategy, we see that x* is a best proximity point of T" and b(x*,x*) = 0
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As consequences, we may provide the following corollaries.

Corollary 4.10 Let A and B be nonempty closed subsets of a complete partial b-metric

space (X,b) and r > 0. Let T : A — B be a given single-valued mapping. Suppose that
(i) Ao #Y;
(ii) for each x € Ay, we have Tx € By;
(iii) the pair (A, B) satisfies the weak P-property;
(iv) there exists xo € Ag such that T is a proximal contraction on By(xo,r) and
b(xo, Txo) + b(A,B) < 572(1 — J/as)r;

(v) (X, b) satisfies the property (Gc).
Then T has a best proximity point in By (x0,7) N A. We also have b(x*,x*) = 0.

In the setting of b-metric spaces, we have the following.

Corollary4.11 Let A and B be nonempty closed subsets of a complete b-metric space (X, d),

r>0,and T : A — Cyp(B) be a multi-valued mapping. Suppose that
(i) Ao #Y;

(ii) foreach x € Ay, we have Tx C B;
(ili) the pair (A, B) satisfies the weak P-property;

(iv) there exists xo € Ao such that T is a proximal contraction on By(xo,r) and
84(Txo, {xo}) + d(A, B) < 57*(1 - JJas)r;
(v) (X,d) satisfies the property (Gc).
Then T has a best proximity point in By(xo,r) N A.

Corollary 4.12 Let (X,d) be a complete b-metric space and T : X — Cy(X) be a multi-
valued contractive non-self-mapping, that is,

H(Tx, Ty) < ad(x,y),

for some a € (0, %) and for all x,y € By(xo, ) and 8,(Txo, {x0}) < s72(1 - \/as)r. Then T has
a fixed point.

Corollary 4.13 ([2], Theorem 1) Let (X, d) be a complete metric space and T : X — Cp(X)
be such that

H(Tx, Ty) < ad(x,y),

for some o € (0,1) and for all x,y € X. Then T has a fixed point.

Corollary 4.14 ([26], Theorem 2.1) Let (A, B) be a pair of nonempty closed subsets of a

complete metric space (X,d) such that Ay # V) and (A, B) satisfies the P-property. Let T :
A — 2B be a multi-valued contraction non-self-mapping, that is,

H(Tx, Ty) < ad(x,y),

for some o € (0,1) and for all x,y € A. If T(x) is bounded and is closed in B for all x € A,
and T(x¢) C By for each xy € A, then T has a best proximity point in A.
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4.2 Stability results
As Theorem 3.8, we state the following stability result.

Theorem 4.15 Let A and B be nonempty closed subsets of a complete partial b-metric
space (X, b) and ry,ry > 0. Let T; : A — Cy(B) with i = 1,2, be two multi-valued mappings.
Suppose that
(i) Ao #Y;

(ii) for each x € Ay, we have Tix C By, i=1,2;

(ili) the pair (A, B) satisfies the weak P-property;

(iv) (X, D) satisfies the property (Gc);

(v) foreachi=1,2, there exists a; € Ag such that T; is a proximal contraction on

By (aj,r) N A with the same Lipschitz constant o € (0, %), that is,

Hy(Tix, Tiy) < ab(x, ), (4.13)

for all x,y € By(a;,r) N A and 8,(T;a;, {a;}) + b(A, B) < s72(1 — J/as)r;.

Then
Hy(B(Ty), B(Ty)) < s [sup Hy(Tyx, Tox) + (1 + s’l)b(A,B)]. (4.14)
T 1- \/‘ﬁ xX€EA
Proof The proof is similar to that of Theorem 3.8. g

Corollary 4.16 Let (X,d) be a complete b-metric space. Taker,r, > 0. Let T; : X — Cp(X),
i = 1,2, be two multi-valued mappings. Suppose there exist o € (0,s%) and a; € X such that,
foreachi=1,2,

Hy(Tix, Tiy) < ad(x,y), (4.15)

forall x,y € By(ay,r) and 84(T;a;, {a;}) < s7*(1 — \/as)r;. Then

4
Hy(F(Ty), F(T2)) < ——— sup Hy(Tyx, To). (4.16)
1- /st yea
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