Hussain et al. Fixed Point Theory and Applications (2016) 2016:14 ® Fixed Point Theory and Applications

DOI 10.1186/513663-016-0499-2

a SpringerOpen Journal

RESEARCH Open Access

@ CrossMark

Best proximity results for Suzuki and
convex type contractions

Nawab Hussain', Masoomeh Hezarjaribi?, MA Kutbi'” and Peyman Salimi?

“Correspondence:
mkutbi@yahoo.com

'Department of Mathematics, King
Abdulaziz University, PO. Box 80203,
Jeddah, 21589, Saudi Arabia

Full list of author information is
available at the end of the article

@ Springer

Abstract

The aim of the paper is to introduce new Suzuki and convex type contractions and
prove new best proximity results for these contractions in the setting of a metric
space. As applications, we deduce similar results for such type of contractions in
partially ordered metric spaces and derive new Suzuki type fixed point results. An
illustrative example is provided here to highlight our findings.
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1 Introduction and preliminaries
The background literature on best proximity theory and associated fixed point theory in
(ordered) metric spaces, Banach spaces and fuzzy metric spaces is very abundant in the
literature; see, for instance, [1-6] and references therein.

For any two nonempty sets A and B in a metric space (X, d), the point p € A is called
a best proximity point of the mapping T : A — B if d(p, Tp) = d(A, B), where d(A,B) =
inf{d(x,y) : x € A,y € B}. We shall denote the set of best proximity points of T' by Bpp(7).
For more details, we refer the reader to [7-11] and [4—-6, 12-31].

We define

Ao ={peA:d(p,q) =d(A,B)for some q € B},
(1.1)
By ={q € B:d(p,q) = d(A,B) for some p € A}.

Definition 1.1 [20] For nonempty subsets A, B of metric space (X, d) with Ay # ¥, we say
the pair (A, B) satisfy
(a) the P-property if

d(xlxyl) = d(A’B):

S d(xI’xZ) = d(yl;yz)
d(xy,y2) = d(A, B),
for all x1,x, € A and y1,y, € B,
(b) the weak P-property [22, 26] if for any x;,%, € Ao and y1, 2 € Bo,

d(xlryl) = d(A’B) and d(xzd’z) = d(A!B) = d(xler) = d(yl’yZ)' (12)
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We shall use ¥ = {1 : [0, +00) — [0,+00) : Y o2, ¥"(t) < +oo for all £ > 0}, where ¥ is
nondecreasing function.
Now we introduce new concepts of proximal mappings, for more details see [5].

Definition 1.2 If ¢ : A x A — [-00,00), then T : A — B is called proximal a*-admissible
if

a(x,%2) > 0,
d(ul’ Txl) = d(AJB)I = a(ul’ MZ) Z 0
d(ub sz) = d(A)B);

for all x1, x5, uq, 1y € A.

Definition 1.3 The mapping T : A — Bis called a Suzuki type o* 1/ -proximal contraction,
if

%d*(x, Tx) <d(xy) = alxy)+d(Tx, Ty) < ¥ (Mx,y)) (1.3)

for all x,y € A, where d*(x, Tx) = d(x, Tx) — d(A,B), 2 : A x A — [-00,00), ¥ € ¥, and
) T ) T y T y T
d(x, Tx) + d(y, Ty) _dAB), d(x, Ty) + d(y, Tx)

M(x,y) = max{d(x,y), 5 5

-d(A,B) }
In this manuscript, we propose new types of Suzuki and convex proximal maps to prove
best proximity results. We also derive similar results in ordered metric spaces. Several

interesting consequences of our obtained results are presented here.

2 Suzuki type a* ¥ -proximal maps
Now we prove our first main result.

Theorem 2.1 Suppose A and B are nonempty closed subsets of a complete metric space X
with Ag #9. Let T : A — B satisfy (1.3) together with the following assertions:
(i) T(Ao) S By and (A, B) satisfies the weak P-property,
(i) T is proximal a*-admissible,
(iii) there exist xq,x1 € Ag such that

d(x1, Txo) = d(A,B) and a(xg,x1) > 0,
(iv) T is continuous, or
(v) A is a-regular, that is, if {x,} is a sequence in A such that «(x,, x,.1) > 0 and
x, — x € A as n — 0o, then a(x,,x) > 0 for all n € N.

Then Bpp(T) is nonempty.

Proof Since T(Ag) C By, we have x; € Ay such that

d(xs, Ty) = d(A, B).
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As T satisfies (iii) and is proximal «* -admissible, we obtain «(x1, ;) > 0. That is,
d(xy, Txy) = d(A, B), a(xy,x;) > 0.
Again, since T(Ag) C By, there exists x3 € Ag such that
d(x3, Txy) = d(A, B).
Thus we have
d(xy, Tx1) = d(A, B), d(xs, Tx,) = d(A, B), a(x,x7) > 0.
Again since T is proximal o*-admissible, so a(x;,x3) > 0. Hence,
d(xs, Tx,) = d(A, B), a(xy,x3) > 0.
We continue this process, to get
d(x,.1, Tx,) = d(A, B), a(x,41,%,) >0 forallme NU{0}. (2.1)

By using the above observations we can write

1 1
Ed*(xn_p Txy_1) = 3 [d(®n-1, Txn-1) — d(A, B)|

< 2 [ 1,%0) + e, Ty 1) — (A, B)]

1
=—d n-1>%n
7 (%n-1,%n)

= d(xm xn—l)'
That is,
1
Ed*(xn—lr Txn—l) = d(xny xn—l)'
Now from (1.3) we get
d( Txn—lr Txn) = a(xn—ly xn) + d(Txn—ls Txn) = Ip(ZVI(xn—lx xn)) (22)

By a simple calculation we obtain (see for details [2, 5]),

(xn—lr Txn—l) + d(xnr Txn)

d
M(xy-1,%,) = maX{d(xn—bxn)' 2 ~ALB)
d(x, 1, Txy) ;r A, Tona) _ d(A,B)}

< max{d(x,_1,%), d (X, %ns1) }. (2.3)
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By the weak P-property and (2.1) one obtains

d(x,, %p41) < d(Tx,_1,Tx,) forallneN.
Equations (2.2) and (2.3) imply that

A, %pi1) < Y (M(xp-1,%0)) < ¥ (max{d(x,_1,%,), d(Xn, %01)}) forallmeN. (2.4)
If %, = Xpy+1 for some ny € N, from (2.1) one obtains

AKXy Thny) = A%y 11, Thny) = d(A, B),
that is, x,,, € Bpp(T'). Thus, we suppose that

d(x,41,%,) >0 forallm e NU{0}. (2.5)
If, max{d(x,_1,%,), d(x, %p11)} = (%, %41), then (2.4) implies

A %01) < Y (d@s X111)) < A K1),
which is a contradiction. Thus,

AKXy, xn41) < w(d(xn,l,x,,)) <d(x,-1,%,) forallneN. (2.6)
Applying the monotonicity of ¥, by induction, it follows from (2.6),

A, %p11) < Y (d(x1,%0)) forallnme NU{0}.
Suppose € is any positive real number. Then there exists N € N such that

Z v (d(x0,%1)) <€ forallmeN.

n>N

If m,n € N with m > n > N. We apply the triangle inequality to get

m-1 m-1
A 2m) < Ao xin) < Y WK (Ao, 21)) < YY" (d(wo, x)) <€
k=n k=n n>N

Consequently limy,;, — 100 d(%xy, %,,) = 0, which implies {x,} is Cauchy sequence. By com-
pleteness of X, x, — z € X. If (iv) holds, then Tx, — Tz as n — oo and

d(A’B) = lim d(xn+l’ Txn) = d(Z, TZ):
n— 00

as required. Next, assume that (v) holds. Then «(x,,z) > 0.

If the following inequalities hold:

1 1
Ed*(xm Txn) > d(xmz) and Ed*(xnﬂ: Txn+1) > d(xn+1; Z);
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for some n € N, then by using (2.6) and definition of d*, we obtain the following contra-

diction:

A% X)) < Xy, 2) + d(X11,2)

1
<3 [d* (e Ton) + d* (15 Thna1) ]

1
= 5 [d(xn: Txn) + d(anrlr Txn+1) - Zd(A: B)]

= d(xrnxnﬂ)'
Consequently, for any n € N, either
1 % 1 %
Ed (%, Txy) < d(xy,2) or Ed (%415 Txn41) < d(X41,2)

holds. Thus, we may pick a subsequence {x,, } of {x,} such that

1
Ed*(x”k’ Txnk) = d(xnkrz) and O{(xnk:xnkﬂ) = 0
for all k € N. By (1.3) we get
d(Tx,,, Tz) < W(M(x,,k,z)). (2.7)

Notice that

Ad(xy, T ) + d(z, Tz)

-d(A,B),
5 (4,B)

M(x,,,2) = max{d(x,,k,z),

A%, Tz) + d(z, Txy,)
2

—d(A,B)]

AWKy Xger1) + AXpys1, Tiewy) + d(z, T2)
2
d(xp,2) + d(z, T2) + d(z, %y 1) + Ky i1, Ty )
2
A%y Xp 1) + A(A, B) + d(z, Tz)
2
A(xp,2) + d(z, T2) + d(z, % 1) + d(A, B)
2

—d(A,B),

< maX{d(xnk,Z),

- d(A,B)}

= max{d(x,,k,z), —-d(A,B),

—d(A,B)},

which implies

d(z,Tz) — d(A, B)

5 (2.8)

lim M(x,,,,2) <
k—00

Further,

d(zl TZ) E d(zl xnk+l) + d(xnk+l: Txnk) + d(Txnkr TZ)

<d(z,%n1) + d(A, B) + d(Txy, T2),
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which gives

d(z, Tz) — d(z, %y 1) — d(A, B) < d(Txy,, TZ). (2.9)
As k — o0 in (2.9) we deduce

d(z, Tz) — d(A,B) < klgrolo d(Txy,, Tz). (2.10)
Therefore from (2.7), (2.8), and (2.10)

d(z,Tz) — d(A,B) < klim d(Txy,, Tz)
—00

. d(z,Tz) — d(A, B)
= v (Jim MCo,.2) < v <f) (211)
Now, if d(z, Tz) — d(A, B) > 0, then we get
,1z) —d(A,B ,1z) —d(A,B
d(z, Tz) — d(A, B) < w(d(z Z)2 a )> e Z)z d4.8) 2.12)
a contradiction. Hence, d(z, Tz) = d(A, B) as desired. O

Example 2.1 Suppose X = R? is equipped with the metric

d((p1,p2): (91, 92)) = |p1 - 1| + |2 — 421,

for all (p1,p2), (q1,42) € X. Let Ay = {(p, 9)lp = 1,0 < g < 3}, Ay = {(p, @) lp = 4,4 = 5}, A3 =
{p,g)p =5,9>4}, As ={(p,q)lp = 3,9 > 3} and A = A; U A, U A3 U A4. Further define

Bi={pqlp=%3<q=<1}, B ={(p,9)lp=0,q <4}, B3 = {(P,q)lp = 4,q < 0}, and B =
By UBy UBs.

Note that d(4,B) =1,40 = {(p,9)lp = 1,0 <q < 3},and By = {(p,q)|p = 5,5 <q <1}. Let,
forxy = (1,u1), 42 = (1, up) € Agand y; = (%,Vl),yz = (%,Vg) € By, us have d(xy,y,) = d(A,B) =
1and d(xy,y,) = d(A,B) = 1. Then

L | [=1

— 4|y -l =

2 1—"
and

L | [=1

— 4 |uy — 1o =1,

2 2=V

andso |u;—vy| = % and |uy —vs| = % Since vy, vy > U1, Uy, we have vy = % +u;and vy = % +Us.
This shows that d(x1,x,) < d(y1,72). So (A, B) satisfy the weak P-property. Let T: A — B

be defined by

%; %) lfpl =P2;
T(p1,p2) = (p1,0) if p1 <p2,

0,p2) ifp1>po.

Notice that T(Ag) C By.
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Define the functions ¥ : [0, +00) — [0,+00) and & : A x A — [-00,00) by

0, ifp,q€{(1,0),(45),54)}

—00, otherwise.

V0= 5t and alpa)-

Assume that 1d*(p, Tp) < d(p,q) and a(p,q) > 0, for p,q € A. Then

p=1,0, q-=@&5 or
p=(1,0), qg=(5,4) or
q=(1,0), p=(4,5) or
q=@1,0), p=(54).

Since d(Tp, 1q) = d(1g, Tp) and M(p,q) = M(q, p) for all p,q € A, we can suppose that
@) =(1,0),(4,5) or (p.q)=(1,0)(54).

Now, we discuss the following cases:
(i) if (v, q) = ((1,0),(4,5)), then

d(T(1,0),T(4,9) =4 7= © -8 =y(d((1,0).d4,5)) < ¥ (M(p, )
(i) if (p,q) = ((1,0), (5,4)), then
d(T(1,0),T(5,4)) =4 < g -8=v(d((1,0),(5,4))) < ¥ (M(p,q).
Consequently, we have

1
24 Ip)=dp.g) = dIp Ty = v (M(p,q)).
Thus all the assumptions of Theorem 2.1 are satisfied and Bpp(T) = {(1,0)}.

The next result can be deduced easily from Theorem 2.1.

Theorem 2.2 Let X, A, Ao, and B be as in Theorem 2.1. Assume that T : A — B satisfies

the assertions (i)-(v) in Theorem 2.1 and
a(p,q) +d(Ip, Tg) < ¥ (M(p,q))
holds for all p,q € A. Then Bpp(T') is nonempty.
If o =0 on A, in Theorem 2.1, we obtain the following new result.

Corollary 2.1 Suppose X, A, Ao, and B are as in Theorem 2.1 and T : A — B satisfies the

ollowing assumptions:
g p
(i) T(Ao) S By and (A, B) satisfies the weak P-property,
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(ii) forall p,q € A with %d* (p, Tp) < d(p,q) we have

d(Tp, Tg) < ¥ (M(p,q)).
Then Bpp(T) is nonempty.

3 at O-proximal maps
This section deals with best proximity theorems for Suzuki contractions involving the ®
function which was recently introduced by Jleli and Samet [27].

Let Ag denote the set of all functions © : (0, 00) — [1, 0o) with the following conditions:

(®1) O isincreasing;
(®3) for all sequences {&,} € (0,00), lim,_, ¢, = 0 if and only if lim,—, oo O(a,) = 1;

(®3) there exist 0 < 7 <1 and € € (0,00] such that lim,_, o+ 281 = ¢.
t

Definition 3.1 A mapping T : A — B is called a Suzuki type o*®-proximal contraction,
if for all x, y € A with %d* (%, Tx) < d(x,y) and d(Tx, Ty) > 0,

= aly)+O(d(Tx, 1)) < [0(M(x,)]", (3.1)
wherea: A x A — [-00,00),0 <k <1,and © € Ag.

Theorem 3.1 Assume that X, A, Ao, and B are as in Theorem 2.1 and T : A — B satisfy
(3.1) and the assertions (i)-(v) in Theorem 2.1. Then Bpp(T) is nonempty.

Proof As in the proof of Theorem 2.1, we can construct a sequence {x,} satisfying
d(x,.1, Tx,) = d(A, B), a(x,,%,.1) >0, neNU{0} (3.2)
and
1
Ed*(x"_l' Tx,-1) <d(x,,x,-1) and d(x,,x,.1)>0 forallneN.
Now (3.1) implies
O(d(Txp 1, Tn)) < @@ 1,%) + O(d(Tx 1, Tin)) < [O(Mo1,50)) ] (3.3)
In Theorem 2.1 we obtain
M(%p-1,%) < max{d(K,-1,%), A%, Xni1) } (3.4)
and

d(x,, %pe1) < d(Tx,_1, Tx,) foralln eN.
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Therefore from (3.3) and (3.4) we get

Q")(d(xrnxrﬁl)) = @)(d(Txn—l’ Txn))
< [OM1,5))]"

< [@(max{d(x, 1,%,), d(x,%,:1)})]* forallneN. (3.5)
Now if max{d(#,-1,%,), (% %r11)} = d( %,,1), then from (3.5) we get
O (A 5n1)) < [O (Al 2011))]" < O (A, %011)),
which is a contradiction. Hence,
O(d®n%nn1)) < [O(d(®,1,%,))]* forallneN. (3.6)
Therefore,

1 < O(d( Xn11)) < O(d(-1,%0))"
<0

2 n
(A %01)" < -+ < O(dlxo,x1))" . (3.7)
Taking the limit as # — oo in (3.7) we have

lim ©(d(x,,%441)) =1,

n—00

and since ® € Ag we obtain
lim d(x,,%,41) = 0. (3.8)
n— o0

Again since © € Ag, there exist 0 < r <1 and 0 < £ < oo with

®(d(xn: xn+1)) -1

n=00 [d(xnrxnﬂ)]r =t (39)

Assume that £ < 00. Let C = % Thus there exists 7y € N such that

C) (d(xnr xn+1)) -1

—-£¢| <C forall n>ng,
(A, %] = =

hence

®(d(xm xn+l)) -1

[ NG >{-C=C foralln=> ny,
Kns Xn+l

and so

n[d(xn,xml)]r < nD[@(d(x,,,xn+1)) - 1] for all n > ny,
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where D = % If £ = 00, then there exists 7y € N,

O(d(®y, %pe1)) — 1

> C forall n> ng,
[ %1) 0

which implies
n[d(xn,xml)]r < nD[@(d(x,,,xml)) - 1] for all n > ny,

where D = % Hence, in all cases there exist D > 0 and ny € N such that
n[d(x,,,x,,+1)]r < nD[@(d(x,,,x,Hl)) — 1] for all n > ny.

Now (3.7) implies
n[d(xn,xml)]r < nD[(—)(a,’(xo,xl))k’1 - 1] for all n > ny,

and on letting n — oo we obtain

lim n[d(xn,xnﬂ)]r =0. (3.10)

n—00

It follows from (3.10) that there is #; € N with
n[d e xn)] <1
for all # > n;. This implies

1
A% K1) < m

for all n > my. If m > n > ny, then
m-1 m-1 1
d(xnrxm) =< Zd(xirle) < Z l17

i=n i=n

Since 0 <r<1, Y zl% is convergent. Thus, d(x,,x,,) — 0 as m,n — oo, which shows

that {x,} is a Cauchy sequence. Thus there is z € X such that x,, — z as # — co. Assume
that (iv) holds. Thus Tx,, — Tz as n — oo, which implies

d(A’B) = lim d(xn+l’ Txn) = d(Z, TZ):

as required. Next, assume that (v) holds. As in the proof of Theorem 2.1 we can deduce
there is a subsequence {x,, } of {x,} satisfying

1
Ed*(x""’ Txp) <d(xp,2) and  o(xy,%n41) >0

for all k € N. By (3.1) we get

O(d(Txy,, T2)) < [O(M(x,,2))]" < O(M(x,,,2)),
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which implies
d( Tx,,k, TZ) < M(xnkrz)‘

As in Theorem 2.1 we obtain

d(z,Tz) — d(A, B)

lim M(x,,,z) <
dim M) < >

and
d(z,Tz) —d(A,B) < klim d(Txy,, Tz);

therefore,

d(z, Tz) — d(A,B
d(z, T2) - d(A, B) < %
which is a contradiction when d(z, Tz) > d(A, B). So, d(z, Tz) = d(A, B), that is, Bpp(T) is
nonempty. 0

Corollary 3.1 Suppose X, A, Ay, and B are as in Theorem 2.1 and T : A — B satisfies the
assertions (i)-(v) in Theorem 3.1. If

k
a(p,q) + O(d(Ip, Tg)) < [0(M(p,q))]
holds for all p,q € A where a : A X A — [-00,00) and © € Ag, then Bpp(T) is nonempty.

Corollary 3.2 Suppose X, A, Ay, and B are as in Theorem 2.1 and T : A — B satisfies the
following assertions:

(i) T(Ao) S By and (A, B) satisfies the weak P-property;

(ii) forall p,q € A with %d* (p, Ip) < d(p,q) we have

0(d(Tp, Ty) < [6(M(p.9)]",

where ® € Ag.
Then Bpp(T) is nonempty.

Remark 3.1
(a) The results proved in the above sections generalize the corresponding results of
Zhang et al. [26], Suzuki [22], Hussain et al. [2, 3] and many others.
(b) Several more best proximity point theorems can be obtained using more choices for
the function ©, and some other concrete choices of @ and ¥ € W in the results of
the above sections.

4 Best proximity results for convex type contractions
We discuss two new and general types of proximal convex contractions and establish cor-
responding best proximity results (see also [8]).
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Definition4.1 Suppose T : A — Bbe a mapping where A and B are two nonempty subsets
of a metric space X. Then T is an

(1) a*-convex proximal contractive map of the first type if, for x, y, u, u*,v € A,

alx,y) =0,

d(u, Tx) = d(A, B),

(u*, Tu) = d(A, B), = d(u*,v*) <nd(u,v) + ryd(x,y) (4.1)
(

(

QU

d(v,Ty) = d(A, B),
d(v*, Tv) = d(A, B)

holds where ri,ry > 0,1 + 15 < 1;

(2) a*-convex proximal contractive map of second type if for x, y, u, u*,v € A,

= d(u*, V*) <nd(x,u)+ rgd(u, u*) +r3d(y,v) + md(v, V*) (4.2)
holds where r1,r9,73,74 > 0,11 + 1y + 13 + 14 < 1.

Theorem 4.1 Suppose X, A, Ay, and B are as in Theorem 2.1 and T : A — B satisfy (4.1)
with T(Ao) C By and the conditions (ii)-(iv) in Theorem 2.1. Then Bpp(T) is nonempty.
Moreover, Bpp(T) is a singleton if a(x,y) > 0 for all x,y € Bpp(T).

Proof Following the technique of the proof in Theorem 2.1, one can find a sequence {x,}
such that

dx,1, Tx,) = d(A, B), a(x,,x,:1) >0 forallme NU{0}. (4.3)
For

X=X, U=%X,_1, u' =x,, Y =Xp1, v=x, and V"=x,,1,
equation (4.1) implies

d(xnrxnﬂ) =< a(xn—2’xn—1) + d(xmxn-d)

=< rld(xn—lrxn) + r2d(xn—2’xn—l)-
By taking o = d(xy,x1) + d(x1,%0) and r = r; + r, we have

d(xmrxmﬂ) = Vlﬁ,

Page 12 of 20
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where m =2/ or m =2l + 1. Let m = 2. Then for n =2p with p >2 and [ > 1 and m < n we
deduce

d(xm’xn) = d(xmrxmﬂ) + d(xm+1’xm+2) + d(xm+27xm+3) L d(xn—lyxn)

= d(xal,%2111) + d(%101, %0112) + d(Xo112,%2043) + - -+ + d(X2p_1,%0p)

<o +r9 + 79+ P

I

2r
=279 + 2P 4 29 < 1—19.
—-r

Similarly, for m =2/ and n=2p + 1 with p > 1and / > 1 and m < n we get

o
AWKy %,) < ——10.
1-r

Now, assume that m1 = 2/ + 1. Then for n = 2p with p > 2 and / > 1 and m < n we have

AKXy %) < AXy Xme1) + AKXt Xima2) + AXpa2s Xpa3) + -+ + A(Xu1, %)
= d@ol, %0101) + A(Xope1, %0102) + A(Xo1e2, Xo13) + -+ + d(pr—l’pr)

<9+ M9+ 79 4 P

!

2
<270 + 279 4o 4 2770 < l—rﬁ'
—-r

Similarly, for m=2/+1and n=2p + 1 with p >1and /> 1 and m < n we deduce

27t
d(xmyxn) S —19
1-r

Hence, for all 1, n € N with m < n we have

!

r
d(xmrxn) = —19’
1-r

which letting / — oo implies d(x,,,%,) — 0. That is, {x,} is a Cauchy sequence and hence
there is z € X such that x, — z as n — oo. Continuity of T implies Tx,, — Tz as n — oo.
Hence,
d(A,B) = nli)nolo d(x,.1, Tx,) = d(z, Tz).
Let w,z € Bpp(T) with w # z. Then a(w,z) > 0. Now with
w=x=u=u" z=y=v=v"
(4.1) implies
dw,z) <aw,z) + dw,z) < ndw,z) + rndw, z),
which is a contradiction and hence d(w,z) = 0. i.e., w = z. Thus Bpp(T) is a singleton. O

By taking, a(x,y) = 0, in the above theorem we deduce the following result.
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Corollary 4.1 Suppose X, A, Ay, and B are as in Theorem 2.1 and T : A — B is a con-
tinuous convex proximal contractive mapping of the first type satisfying T(Ao) C Bo. Then
Bpp(T) is nonempty.

Theorem 4.2 Suppose X, A, Ay, and B are as in Theorem 2.1 and T : A — B is an o*-
convex proximal contractive map of second type with T(Ao) C By and satisfying condi-
tions (ii)-(iv) in Theorem 2.1. Then Bpp(T) is nonempty. Moreover, Bpp(T) is a singleton if
a(x,y) > 0 for all x,y € Bpp(T).
Proof Asin Theorem 2.1, one may find a sequence {x,} such that

d(x,.1, Tx,) = d(A, B), a(xy,%,41) >0 forallme NUO. (4.4)
For

X =Xp-2, U==%Xu-1, u* = Xn» Y =%u-1, V=%Xy and v*= KXn+l

withr=r +r +r3, n=1-ry, and O = d(x,x1) + d(x1,%0), (4.2) implies

A%y, %p41) < (X, X-1) + AKX X41)

= rld(xn—Zr xn—l) + er(xn—hxn) + r3d(xn—1: xn) + }"461(96,,, xn+1)- (4'5)
Now if n = 2, then

d(x,%3) < nd(xo,x1) + rad(x1, %) + r3d(x1,%2) + rad(x2,%3)
< rd + rad(xy,%3),
which implies (1 — r4)d(xy,x3) < ror. That is, d(xy,x3) < %19. Again by taking n = 3 in (4.5)
we get
d(x3,x4) < 1d(x1,%2) + rad(x2,%3) + rad (9, X3) + rad(x3,%4)
<10 + rad(x3, Xa),

which implies d(x3, x4) < Z9. Similarly, d(x4, %5) < (%)219 and d(xs,x¢) < (%)219. By contin-

uing this process, we get d (X, %p41) < (%)119 when m =2l or m = 2] + 1. Let m = 2[. Then
for n = 2p with p > 2 and [ > 1 and m < n we deduce

d(xmrxn) = d(xm;xmﬂ) + d(xm+1:xm+2) + d(xm+2;xm+3) +0t d(xn—lyxn)

= d(xa, %011) + A(X2141, %0142) + A (K12, %2143) + - - - + A(X2p_1,%0p)
1 1 I+1 p-1
r r r r
(8 (o 0) ()
n n n n
r ! r I+1 r p-1 2(%)1
=2(=)o+2(-) ®+---+2(-) O< 0.
n n U 1-(3)
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Similarly, for m =2/ and n=2p + 1 with p > 1and [ > 1 and m < n we get

AKXy %) <

Now, assume that m = 2/ + 1. Then for n = 2p with p > 2 and / > 1 and m < n we have

A %) < AKXy K1) + AKX, Xs2) + A X2, Xpiaz) + - - + d (X1, %)

= d(xal, x01,1) + d(X2141, %0102) + A(Xo142,%2143) + - - - + d(X2p_1,%0p)
r ! r I+l r I+1 \?
<|(-=-)o+(—-) O+|—- v+ +|(—) 0
n n n n
\! r\! r\ 2(%)1
<2l —-)9+2(—-) O+---+2(—-) O 0.
n n U 1-(3)

Similarly, for m=2/+1and n=2p + 1 with p >1and /> 1 and m < n we deduce

n

2(2)
s

=%

2(
AKXy %) < 1—(

Letting [ — oo, we get d(x,,,x,) — 0. That is, {x,} is a Cauchy sequence and so there is

z € X such that x, — z as n — o0. BY continuity of T, Tx,, — Tz as n — 00. Hence,
d(A:B) = lim d(anrl) Txn) = d(Z, TZ)
n— 00

The proof that Bpp(T) is a singleton is similar to the above theorem and so is omitted.
O

By taking, «(x,y) = 0, in the above theorem, we deduce the following result.

Corollary 4.2 Suppose X, A, Ay, and B are as in Theorem 2.1 and T : A — B is a contin-
uous convex proximal contractive mapping of the second type satisfying T(Ao) € Bo. Then
Bpp(T) is a singleton.

5 Results in partially ordered sets
In this section, we deduce best proximity theorems for Suzuki and convex proximal maps

in partially ordered sets.
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Definition 5.1 [18] Let (X, d, <) be a partially ordered metric space. Amap 7 :A — B is

called proximally order-preserving if, for all x;, x5, 41, us € A,

X1 X X2,
d(u1, Tx1) = d(A, B), =  u1 X us.
d(u21 TxQ) = d(Al B)

Definition 5.2 A mapping T : A — B is said to be Suzuki type ordered v -proximal con-
traction, if for x,y € A

%d*(x,Tx)fd(x,y) and x=xy = d(Tx,Ty) <y (M)

Similarly, we can define order versions of other maps discussed in above sections.

Theorem 5.1 Let A and B be nonempty closed subsets of a complete partially ordered met-
ric space (X, d, <) such that Aq is nonempty and T : A — B be a Suzuki type ordered -
proximal map satisfying the following assertions:

(i) T(Ao) C By and (A, B) satisfies the weak P-property,

(i) T is proximally ordered-preserving,

(iii) there are xo and x, in Ag such that
d(x1, Txo) =d(A,B)  and xo < x4,

(iv) T is continuous, or
(V) if {xn} is a increasing sequence in A with x, — x € A as n — 00, then x, < x for all
nelN.
Then Bpp(T) is nonempty.

Proof Define «: A x A — [-00,+00) by

0, ifx <y,
O((x:y) =
—00, otherwise.

T is proximal o*-admissible mapping as follows.

a(x,y) >0,
d(u, Tx) = d(A, B),
d(v, Ty) = d(A,B)

implies

X fyr
d(u, Tx) = d(A, B),
d(v, Ty) = d(A, B).
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Since T is proximally ordered-preserving, u < v, that is, «(u,v) > 0. Further, by (ii) we

have
d(x1, Txg) =d(A,B) and a(xg,x1) > 0.

Note that, if x < y, then «(x,y) = 0 and otherwise, «(x,y) = —oc. Since T is a Suzuki type

ordered 1 -proximal map, we have the following inequality:

%d*(x, Tx) < d(x,y), a®y) =0 = alxy)+d(Tx, Ty) < ¥ (Mx,y)).

Further, let {x,} be a sequence, such that «(x,,x,,1) > 0 for all » € NU {0} with x,, — x
as 1 — oo, then x,, < x,,1 for all » € NU {0} with x,, — x as # — o0. That is, {x,,} is an
increasing sequence, with x, — x as n — 00. So from (v) we have x,, < x for all » € NU{0}.
That is, a(x,, x,) > 0 for all » € NU{0}. Thus all the assumptions of Theorem 2.1 hold and
Bpp(T) is nonempty. 0

Similarly we can prove the following theorems.
Theorem 5.2 Suppose X, A, Ay, and B are as in Theorem 5.1 and T : A — B is a Suzuki
type ordered ®-proximal contraction where we have the assumptions (i)-(v) of Theorem 5.1.
Then Bpp(T) is nonempty.
Theorem 5.3 Suppose X, A, Ay, and B are as in Theorem 5.1 and T : A — B is an or-
dered convex proximal contractive mapping of the first type (or the second type) satisfying

T(Ao) C By and the conditions (ii)-(iv) of Theorem 5.1. Then Bpp(T) is nonempty. More-
over, Bpp(T) is singleton if a(x,y) > 0 for all x,y € Bpp(T).

6 Application to fixed point theory
Here we deduce certain new and general fixed point results for Suzuki and convex con-
tractions. Our results contain properly the main theorem due to Suzuki [24] and many of
its extensions [23] (see also [28]).
If A = B = X, then definition (1.2) reduces to the following.
Definition 6.1 A map T : X — X, is called o*-admissible if
axy) >0 = a(Tx,Ty)>0

forall x,y € X.

Definition 6.2 A mapping 7 : X — X is called a Suzuki type a*v-contraction, if
1
Ed(x, Tx) <d(x,y) = ay) +d(Tx, Ty) < ¢ (Mx,))

forall x,y € X.
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Definition 6.3 A mapping 7 : X — X is called a Suzuki type a*®-contraction, if

1
Ed(x, Tx) <d(x,y) = oaxy)+ @(d(Tx, Ty)) < [@(M(x,y))]k
forallx,y e X, o : X x X - [-00,00) and © € Ag.
Now from Theorems 2.1, 2.2 and 3.1, we derive the following new fixed point theorems.

Theorem 6.1 Assume that X is a complete metric space and T : X — X is a Suzuki type
a*yr-contraction with the following assertions:
(i) T isa*-admissible,
(ii) there is xoy with a(xg, Txg) > 0,
(iii) T is continuous or,
(iv) X is a-regular.
Then F(T) is nonempty.

Theorem 6.2 Assume that X is a complete metric space and T : X — X is a Suzuki type
at O-contraction satisfying the conditions (i)-(iv) in Theorem 6.1. Then F(T) is nonempty.

Theorem 6.3 Suppose X is a complete metric space and T : X — X is an a™-convex con-
tractive mapping of the first (or the second) type with the following assertions:
(i) T isa*-admissible,
(ii) there exists xo such o(xg, Txo) > 0,
(iii) T is continuous.
Then F(T) is nonempty.

By taking «(x,y) = 0 for all x,y € X in the above theorem, we obtain the main results of

Istratescu [29] as corollaries.

Definition 6.4 A mapping 7 : X — X is called a Suzuki type ordered v -contraction, if

1
Ed(x, Tx) <d(x,y) and x=<y = d(Ix Ty) < w(M(x,y))
forx,ye X, € .

Definition 6.5 A mapping 7 : X — X is called a Suzuki type ordered ®-contraction, if

%d(x, Tx) <d(xy) and x<y = O(d(Tx, 7)) <[0(Mx)]
forx,y € X and ©® € Ap.

Theorem 6.4 Suppose (X,d, <) is a complete partially ordered metric space and T : X —
X is a Suzuki type ordered v -contraction with the following assertions:
(i) T is an increasing mapping,
(i) there is xy € X such that xo < Txo,
(iii) T is continuous or,
(iv) X is regular.
Then F(T) is nonempty.
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Theorem 6.5 Suppose (X,d, <) is a complete partially ordered metric space and T : X —
X is a Suzuki type ordered ®-contraction satisfying the conditions (i)-(iv) in Theorem 6.4.
Then F(T) is nonempty.

Theorem 6.6 Assume that (X,d, <X) is a complete partially ordered metric space and T :
X — X is an ordered convex contractive mapping of the first (or the second) type with the
following assertions:
(i) T is increasing,
(ii) there is xg such xg < Tx,,
(iii) T is continuous.
Then F(T) is singleton.

Remark 6.1 Several more fixed point theorems can be obtained using more choices for
function ©, and/or some other concrete choices of « and ¥ € V.
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