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1 Introduction and preliminaries
Let E be a Banach space over R (or C) with respect to a certain norm || - ||. For any subsets
X and Y of E, we have the following notations:

X denotes the closure of X;

conv(X) denotes the convex hull of X;

P(X) denotes the set of nonempty subsets of X;

X + Y and AX (A € R) stand for algebraic operations on sets X and Y.
We denote by Br the family of all nonempty bounded subsets of E. Finally, if X is a
nonempty subset of E and T : X — X is a given operator, we denote by Fix(7) the set
of fixed points of T, that is,

Fix(T)={x € X : Tx = x}.

Banas and Goebel [1] introduced the following axiomatic definition of the concept of a

measure of noncompactness.

Definition 1.1 Let o : By — [0,00) be a given mapping. We say that o is a BG-measure
of noncompactness (in the sense of Banas and Gobel) on E if the following conditions are
satisfied:
(i) Forevery X € Bg, o(X) =0 iff X is precompact.
(ii) For every pair (X, Y) € Be x Bg, we have
XCY = oX)<o(Y).

© 2016 Jleli et al. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


http://dx.doi.org/10.1186/s13663-016-0497-4
http://crossmark.crossref.org/dialog/?doi=10.1186/s13663-016-0497-4&domain=pdf
mailto:bsamet@ksu.edu.sa

Jleli et al. Fixed Point Theory and Applications (2016) 2016:11 Page 2 of 17

(iii) For every X € Bg, we have
oX)=0(X)= O'(COIIV(X)).

(iv) For every pair (X, Y) € Bg x Bg and A € (0,1), we have
oc(AX+1-1)Y)<ric(X)+(1-No(Y).

(v) If {X,} C Bk is a decreasing sequence (w.r.t. C) of closed sets such that o(X,,) > 0
as n — 00, then X« := (2, X, is nonempty.

Let X be a nonempty, bounded, closed, and convex subset of the Banach space E.
We denote by Dy the set of self-mappings D : X — X satisfying the following condi-
tions:
(i) D is a continuous mapping.
(i) There exist o : B — [0,00), a BG-measure of noncompactness on E, and a
constant k € (0,1) such that

o(DW) <ko (W), W eP(X).
The following result is known as Darbo’s fixed point theorem (see [1, 2]).

Theorem 1.2 Let D: X — X be a mapping that belongs to Dx. Then D has at least one
fixed point. Moreover, the set Fix(D) is precompact.

Many generalizations and extensions of Darbo’s fixed point theorem can be found in the
literature (see, for example, [3—9] and the references therein). Using the BG-measure of
noncompactness, Aghajani et al. [4] obtained the following generalization of Darbo’s the-
orem. Let Fx be the set of self-mappings D : X — X satisfying the following conditions:

(i) D is a continuous mapping.

(i) There exists o : Bp — [0,00), a BG-measure of noncompactness on E, such that for

all & > 0, there exists some 8, > 0 for which

WePX), e<o(W)<e+ds, — oDW)<es.

Theorem 1.3 (Aghajani et al. [4]) Let D: X — X be a mapping that belongs to F x. Then
D has at least one fixed point.

Observe that Dy C Fx.In fact, let D: X — X be a given mapping that belongs to Dy.
Let & > 0. From the definition of Dy, there is some k € (0,1) such that

o (DW) < ko (W),

for any nonempty subset W of X'. Let §, = (% —1)e. Then for any nonempty subset W of X',

we have
g<o(W)<e+d, :/f —  o(DW)<ko(W)<s,
K

soDe Fy.
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In [6], Dhage introduced the following axiomatic definition of the measure of noncom-
pactness.

Definition 1.4 Let o : B — [0, 00) be a given mapping. We say that o is a D-measure of
noncompactness (in the sense of Dhage) on E if the following conditions are satisfied:

(i) Forevery X € Bg, o(X) =0 iff X is precompact.

(i) For every pair (X, Y) € Bg x B, we have

XCY = oX)<o(Y)
(ili) For every X € Bg, we have
oX)=0(X)= o(conV(X)).

(iv) If {X,} € B is a decreasing sequence (w.r.t. €) such that o (X,,) - 0 as n — oo,
then the X, := (°, X, is nonempty.

Observe that if o : B — [0,00) is a BG-measure of noncompactess on E, then o is a
D-measure of noncompactess on E.

In this paper, using the axiomatic definition of the measure of noncompactness given
by Dhage, we obtain new generalizations of Theorem 1.2. Finally, an existence result for a
certain class of fractional integral equations will be given as an application.

2 Main results
Let X be a nonempty, bounded, closed, and convex subset of a Banach space E. We con-
tinue to use the same notations presented in the previous section of this paper.
Let 77, be the set of self-mappings D: X — X’ satisfying the following conditions:
(i) D is a continuous mapping.
(i) There exists o : Bg — [0, 00), a D-measure of noncompactness on E, such that for
all & > 0, there exists some &, > 0 for which

WePX), e<o(W)<e+ds, — oDW)<es.
We have the following result.

Theorem 2.1 Let D: X — X be a mapping that belongs to F',. Then D has at least one
fixed point.

The result of Theorem 2.1 can be obtained using the same arguments of the proof of
Theorem 1.3 in [4]. By Theorem 2.1, we want just to mention that Theorem 1.3 is still
valid for any D-measure of noncompactness.

Let G be the set of mappings D: X' — & such that

(i) D is continuous.

(ii) There exists a function w : [0, 00) — [0, 00) such that

(1) w(t)=0ifft=0;
(w2) w is nondecreasing and right continuous;
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(ws) for every e > 0, there exists y, > 0 such that
WePX), &< a)(o(W)) <E+Y, = a)(o(DW)) <e,

where o : B — [0, 00) is a D-measure of noncompactness.

The following lemma can be proved using a similar argument as in the proof of Theo-
rem 2.6 in [4].

Lemma 2.2 We have
Gx C Fh.
Using Theorem 2.1 and Lemma 2.2, we obtain the following result.

Corollary 2.3 Let D: X — X be a mapping that belongs to Gx. Then D has at least one
fixed point.

Let @ be the set of functions ¢ : [0, 00) — [0, 00) satisfying the conditions:

(@1) ¢ €L [0,00);

loc
(®y) for every & > 0, we have

&
/ o(s)ds > 0.
0

Let H x be the set of mappings D : X — X such that

(H1) D is continuous;
(Hz) for every € > 0, there exists some y, > 0 such that

o (W) o (DW)
W e P(X), 85/(; ps)ds<e+y. — /(; p(s)ds<e,
where ¢ € ® and o : Bg — [0, 00) is a D-measure of noncompactness.
Lemma 2.4 We have
Hx CGx.

Proof Take

w(t) = /tgo(s) ds, t>0,
0

we obtain the desired result. O
Using Corollary 2.3 and Lemma 2.4, we obtain the following result.

Corollary 2.5 Let D: X — X be a mapping that belongs to H x. Then D has at least one
fixed point.
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Let Zy be the set of mappings D: X — X such that

(Z1) D is continuous;
(Z,) there exists some ¢ € ® such that

a(DW) a(W)
/ o(s)ds < kf o(s)ds, W eP(X),
0 0

where k € (0,1) is a constant and o : Bg — [0, 00) is a D-measure of noncompactness.

Lemma 2.6 We have
Ix CHy.

Proof LetD: X — X be amapping that belongs to Zy. Let ¢ > 0 be fixed. Let y, = (% —1)e.
Take W € P(X) such that

a(W) P
85/ ps)ds<e+y:. = —
0 k

From (Z,), we obtain

o (DW) a(W) e
/ go(s)dsfkf p(s)ds<k— =¢,
0 0 k

soDeHy. O
Using Corollary 2.5 and Lemma 2.6, we obtain the following result.

Corollary 2.7 Let D: X — X be a mapping that belongs to Zx. Then D has at least one
fixed point.

Remark 2.8 Take ¢(£) = 1, t > 0 in Corollary 2.7, we obtain Theorem 1.2.

Let Jx be the set of mappings D: X — X such that

(J1) D is continuous;
(J>) there exists a function 7 : (0,00) — R such that

(m) for each sequence {o,} C (0,00), we have
lim n(a,)=-00 = lim o, =0;
n—>00 00
(n2) there exists T > 0 such that
WePX), oc(W)o(DW)>0 = 1+ n(o(DW)) < n(a(W)),
where o : B — [0, 00) is a D-measure of noncompactness.

Theorem 2.9 Let D: X — X be a mapping that belongs to Jx. Then D has at least one
fixed point.
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Proof Consider the sequence {X),} of subsets of E defined by

Xo = X,
X1 :=conv(DX,), n=0,12,....

By induction, we observe easily that

X CA, n=0,12,....
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(2.2)

If for some N, we have o (Xy) = 0, then by the property (i) of the D-measure of noncom-

pactness, X) is compact. Since D(Xy) C Xy (from (2.2)), Schauder’s fixed point theorem

applied to the self-mapping D : Xy — X}y gives the desired result. So, without loss of the

generality, we may assume that

o(X,)>0, n=0,12,....

For n =0, since o (Xp) > 0 and o (DAp) = o (X)) > 0, from the property (112) we have

7 +1(0 (D)) < n(0 (X)),
which yields

(o (X)) <n(o (X)) - .
Similarly, for 7 = 1, we have

(0 (X)) < n(o(X1) - T < n(o (X)) -2t
By induction, we obtain

(o (X)) <n(o(Xp)) —nt, n=0,1,2,....
Since

lim n(o (X)) - nt = —o0,

n—00

we deduce that
lim n(o(X,)) = -0,
n—00
so from the property (17;) we have

lim o (X,) = 0.

n—00

(2.3)

From the property (iv) of the D-measure of noncompactness, the set M := (2, X, is

nonempty. Moreover, for every p = 0,1,2,..., we have

MCX,

(2.4)
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which implies from (2.2) that
DM C DX, C X,y € X, p=0,1,2,....

Then D : M — M is well defined. On the other hand, from (2.4) and the property (ii) of
the D-measure of noncompactness, we have

oM)<o(X,), p=0,1,2,....
Passing to the limit as p — 0o and using (2.3), we obtain
o(M)=0,
which implies from the property (i) of the D-measure of noncompactness that M = M is
compact. Applying Schauder’s fixed point theorem to the mapping D : M — M, we obtain
the desired result. O
Remark 2.10 Observe that Dy C Jx. In fact, if D: X — X belongs to Dy, that is,
o(DW) <ka (W), W eP(X),
then

WePX), o(W)o(DW)>0 = Ino(DW)-Ink <Ino(W).

Then D € Jx with 5(¢) = Int, ¢ > 0. Therefore, Theorem 2.9 is a generalization of Theo-
rem 1.2.

Let KCx be the set of mappings D : X — & such that

(K1) D is continuous;

(KC2) there exists a function 0 : (0, 00) — (1, 00) such that

(6,) for each sequence {u,} C (0,00), we have
lim 6(u,)=1 = lim u,=0;
n—00 n—00

(67) there exist k € (0,1) and a D-measure of noncompactness o : B — [0, 00) such
that

WePX), o(W)o(DW)>0 = 6(a(DW))<[0(c(W))]"
We have the following result.

Theorem 2.11 Let D: X — X be a mapping that belongs to K x. Then D has at least one
fixed point.
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Proof Consider the sequence {&X,} of subsets of E defined by (2.1). As in the proof of The-

orem 2.9, without loss of the generality, we may assume that
o(X)>0, n=0,1,2,....

For n = 0, since o(Xp) > 0 and o (DX}) = o (A7) > 0, we have
0 (0 (DXo)) < [0(c(X0))]",

that is,
6(c (X)) < [6(c (X))]"

Again, for n =1, since o (X}) > 0 and o (DA&}) = o(&3) > 0, we have
6(c(DX) < [6(c(A0)]",

that is,
6(0 (X)) < [6(c ()],

50
8(0(A) < [0(o (X))

Therefore, by induction, we get
1<0(c (X)) <[0(c(X)]", n=0,1,2,....

Passing to the limit as # — oo, we obtain
lim 0(o(X,)) =1,

n—00

so from the property (6;) we have

lim o(X,) =0.
H—0Q
The rest of the proof is similar to that in the proof of Theorem 2.9. d

Corollary 2.12 Let D: X — X be a continuous mapping. Suppose that there exist a con-
stant k € (0,1) and a D-measure of noncompactness o : Bg — [0,00) such that

2 2
2 — — arctan 2 — — arctan

2 () < 2~ 2 )|

forany W e P(X) with c(W)o (DW) > 0. Then D has at least one fixed point.
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Proof Taking

2 1
0(t)=2— —arctan|{ — |, >0,
® T <«/7f>

in Theorem 2.11, we obtain the desired result. O
Remark 2.13 Observe that Dy C Kx. In fact, if D: X — X belongs to Dy, that is,
o(DW) <ko (W), W eP(X),
then
WeP(X), o(Wo(DW)>0 = @ <[eW]"
Therefore D € Ky with 8(¢) = €’

Let L be the set of mappings D: X' — & such that

(L£1) D is continuous;
(L,) there exists a function ¢ : [0,00) x [0,00) — R such that

Q1) ¢(z1,22) <zp — 21, forall z1, 25 > 0;
(&2) if {u,} and {v,} are two sequences in (0, 00) such that lim,,_, o, u;, = lim,—, oo v, =
£ >0, then

limsup ¢ (4, vy,) <0,

n—00

(¢3)
t(c(DW),0(W)) =0, W ePX),
where o : Bg — [0, 00) is a D-measure of noncompactness.

Theorem 2.14 Let D: X — X be a mapping that belongs to Lx. Then D has at least one
fixed point.

Proof Consider the sequence {X),} of subsets of E defined by (2.1). From the property (¢3),
we have

¢(0(Xn1),0(X)) =0, n=0,1,2,.... (2.5)
As before, without loss of the generality, we may assume that

o(X,)>0, n=0,1,2,.... (2.6)
From the property (¢), (2.5) and (2.6), we get

G(Xn) ZU(X}’I+1); n=0,1,2,....
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Then there is some r > 0 such that

lim o(X),) =r.

n— o0

If r > 0, then from the property (£3), we have

lim sup ; (U(X}’Hl): U(Xn)) <0,

n—0oQ

which contradicts (2.5). As consequence, we have
lim o(X,) =0.
n>00
The rest of the proof is similar to the proof of Theorem 2.9. O
Remark 2.15 Taking
{(z1,22) = kzo — 2,
where k € (0,1) is a constant, we obtain Theorem 1.2.
Corollary 2.16 Let D: X — X be a continuous mapping such that
o(DW) <o (W) -d(c(W)), W ePX),

where @ : [0,00) — [0, 00) is a lower semi-continuous function with ®(0) = {0} and o :
B — [0,00) is a D-measure of noncompactness. Then D has at least one fixed point.

Proof Taking
{(z1,20) =22 — P(z) — 21
in Theorem 2.14, we obtain the desired result. 0
Corollary 2.17 Let D: X — X be a continuous mapping such that
s (DW) <y (c(W)), W eP(X),
where ¥ : [0, 00) — [0,00) is an upper semi-continuous function with y(t) < t forall t >0

and o : B — [0,00) is a D-measure of noncompactness. Then D has at least one fixed

point.

Proof Taking

$(z1,22) = Y(z) — 21

in Theorem 2.14, we obtain the desired result. O
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3 An existence result for a fractional integral equation
The measure of noncompactness argument is a useful tool in Nonlinear Analysis. In par-
ticular, such argument can be used to obtain existence results for various classes of integral
equations. For more details on the applications of the measure of noncompactness con-
cept, we refer the reader to [1, 3, 4, 6, 8—15] and the references therein.

In this section, we discuss the existence of solutions to the fractional integral equation

fy@0) [F g (s)uls,y(s))
=30 /0 20 gy teT (3.0)

where 7> 0,2 € (0,1), u,f :[0,T] x R—> Rand g:[0,7] — R.
We suppose that the following conditions are satisfied.
(i) The function f: [0, T] x R — R is continuous.
(i) There exists an upper semi-continuous function ¥ : [0, 00) — [0, c0) such that
¥(0) =0, ¥(t) <t forall £ >0,  is nondecreasing, and

[f&.2) - f&n| < (lx-y), (@&xy) €0, T] x RxR.

(iii) The function u : [0,00) — [0, 00) is continuous and there exists a nondecreasing
function w : [0, 00) — [0, 00) such that

\u(t,z)| < a)(|z|), (t,2) € [0, T] x R.

(iv) The function g: [0, 7] — R is C! and nondecreasing.

(v) There exists rg > 0 such that

(¥(ro) + F)ao(ro) (¢(T) - g(0))* < rol' (@ +1)

and

w(ro)
Mo +1)

(g(T)-g(0))" <1,
where F = max{|f(¢,0): ¢ € [0, T]}.
Let E = C([0, T]; R) be the set of real continuous functions defined in [0, T]. The set E
endowed with the norm

llz]| = max{|z(t)| :te|o, T]}, zZ€E,

is a Banach space. Let W be a nonempty and bounded subset of E. Let us define the map-
ping y : W x [0, 00) — [0, 00) by

y(z,p) = sup{|z(a)—z(b)’ :a,be[0,T],la-b| < p}, zeW,p>0.
Set

y(W,p)=sup{y(zp):ze W}, p=0.
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Let Br be the set of all nonempty bounded subsets of E. Then the mapping
o : Bg — [0,00)
defined by

o(W)= lim y(W,p), W ebB,
p—0%

is a BG-measure of noncompactness (then it is a D-measure of noncompactness) on the
space E (see [1]).
We have the following existence result.

Theorem 3.1 Under the assumptions (i)-(v), equation (3.1) has at least one solution y* € E.
Moreover, we have || y*|| < ro.

Proof Let us consider the operator D defined on E by

fy@) [F g (s)uls,y(s))
(D)0 =125 fo 20 o ds, (y,t)eE x [0,T]. (3.2)

)

At first, we show that the operator D maps E into itself. Set

t

g (s)uls, y(s))

WO ), o= gty

ds, (y,t)€Ex[0,T). (3.3)

From the assumption (i), we have just to show that H maps E into itself. In order to prove
this fact, let us fix some y € E. Observe that Hy: [0, T] — R is a well-defined function. In
fact, using the assumptions (iii) and (iv), for all £ € [0, T'] we have

HO] = | e - gtpe

t g/(S)
<ol |, gy gy

o oy
o
that is,
H)0)| < “’('('Xy D (4t - g(0))* <00, te[0,T1 (3.4)

Let us prove the continuity of Hy at 0. To do this, let {£,} be a sequence in [0, T'] such that
t, — 0% as n — 00. From (3.4), for all # we have

Ee)] = “ ) - g0)).

Passing to the limit as # — oo and using the continuity of g at 0, we obtain
lim (Hy)(z,) = 0 = (Hy)(0).

Then Hy is continuous at 0.
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Now, let ¢ € (0, T] be fixed and {¢,} be a sequence in (0, T'] such that ¢, — t as n — 0.
Without restriction of the generality, we may assume that ¢, > ¢ for n large enough. For

every 1, we have

g (s)uls,y(s)) g (s)uls, y(s)) ’
n) - = =2 g 761 :
(H e - )0 0 @) —go= " Jo @ -gly=®

For n large enough, we can write

t( g s)uls,ys)  g'(s)uls,y(s)) )dr’
g(t) gt (g(t) —gs)'

b g (s)u(s, y(s)) ‘
SR g
. @) -gor "

O O {0 >
=< a)(||)’||)/ ((g(t)—g(s))l_" (g(t,) — g(s))- ds

g
””/ @) - ®

- @ ((e(®) - g(0)" + (g(t) - g(8)" ~ (g(tn) — g(0))")

|(Hy) (&) - (Hy)(0)| <

LD )

o

Since g is continuous in [0, T], we have

i w(llyll)(( (1)-g(0))° +(g(tn)_g(t))a_(g(tn)—g(O))a)+w(ly ”)(g(tn)—g(t))“=0,

n—00

which yields lim,_, o |(Hy)(¢,) — (Hy)(¢)| = 0. Then Hy is continuous at t. As consequence,
HyeE, forally e E,and D: E — E is well defined.
On the other hand, using the assumptions (ii) and (iii), for an arbitrarily fixed y € E and

t €[0,T], we have

[f&Y@) [ g($)luls, y())] Js
F(@) Jo (g() —g(s)'™

<w<»mouwmv S (lys))
. F(@) ¢ gy~

W (ly@))) + F)o(llyl)
- Mo +1)

- W lyll) + Fo(liyll)
- Mo +1)

(DY) <

(g(®) - £(0))"

(¢(T) - (0))".

Then

(W lyl) + F)o(lyll)
IMNa+1)

1Dyl = (¢(T)-g(0))", yeE.

Using the above inequality, the fact that the functions ¥, : [0,00) — [0, 00) are nonde-
creasing, and the assumption (v), we infer that the operator D maps B(0, 1) into itself,
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where

B(0,rg) = {z eE:|z||l < ro}.

Now, we claim that the operator D : B(0,ry) — B(0, rp) is continuous. From (3.2), we can

write D in the form

1
Dy=——Gy- Hy, €L,
Y () y -4y, Y

where

(@)@) =f(ty(®), O,8)€Ex]0,T],

and Hy is defined by (3.3). In order to prove our claim, it is sufficient to show that the
operators G and H are continuous on B(0, o). First of all, we show that G is a continuous
operator on B(0,75). To do this, we take a sequence {y,} C B(0,ro) and y € B(0, o) such
that ||y, — y]| = 0 as n — 00, and we have to prove that |Gy, — Gy|| - 0 as n — o0. In
fact, for all ¢ € [0, T'], using the condition (ii), we have

[(Gya)(8) = (GY)(®)]

I (£:90(8) = £ (£, 5(2))|

< ¥ (|lyu@® - y(®)])
< ¥ (lly.—ll)
<y -l

Thus we have
1Gyn = Gyll < llyn—yll, foralln.

Passing to the limit as # — oo in the above inequality, we obtain
lim |Gy, — Gyl = 0.

This proves that G is a continuous operator on B(0, (). Next, we show that H is a con-
tinuous operator on B(0, 7). To do this, we fix a real number ¢ > 0 and we take arbitrary

functions x,y € B(0,r9) such that ||x — y|| < €. For all ¢ € [0, T], we have

b g/ (s)|u(s, x(s)) — u(s, y(s))| s

|(Hx)(t) — (Hy)(t)| < /0 (g(2) — g(s))t~

Lg)
= ”(”"’8)/0 QO g
< @(g(ﬂ -g(0))%,
where

u(rg, &) = sup{{u(t,v) - u(r,w)’ :t€[0,T],v,we [-rg,1ol,|lVv—w| < 8}.
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Therefore,

I Hy) < 20

&(T) - g(0))".

Since u is uniformly continuous on the compact [0, T'] X [—rg, ro], we have u(rg,e) — 0 as

& — 0" and, therefore, the last inequality gives us
lim |[Hx—Hy| =0
e—07"

Then H is continuous on B(0, rp) and D maps continuously the set B(0, rp) into itself.
Further, let W be a nonempty subset of B(0, 7). Let p > 0 be fixed, y € W, and ,t; €

[0, T] be such that |f; — £,] < p. Without restriction of the generality, we may assume that
t1 > t,. We have

|(Dy)(t1) = (Dy)(82)]

_fay@) [ g s)uls y(s) ds_f(tz,y(tz)) 2 g (s)uls, y(s)) ds‘
| T Jo (g(tl)—g(S))l‘“ L) Jo (glt2)—gls)t
<’f(t1yt1) f ng(s)uls, y(s) f,y(t)) [ g (s)uls,¥(s)) '
< ds — ds
[(a) (g(tn) - g(S))” L) Jo (gt)—gls)~

s [f (2, y @)1 | [ g ()uls, y(s)) s — 2 g (s)uls,y(s)) o
I'a) o (glt) —gls)~ o (g(t) —g(s)t
- f(t,y(0)) — f (1, y(E))] + [f (B, 9(82)) — f (2, ¥(£2))] /tl &' (s)|u(s, y(s))| s
= ['() (g(t1) — g(s)
. [f (2, ¥(£2)) = f (£2, 0)| + [f (82, O)| | [T &' (s)uls, ¥(s)) X
I'(a) o (g(t) —g(s))—

[ gOulss) ’
) @) -goy=
. [f (t2, y(t2)) — f(t2,0)| + |f(¢2,0)
I'(a)
[ g$)uls y(s)) ‘
L @) —goe
t1) — y(¢& , o
< IS0 L) 1) ) - 10)
+(1/f(Vo)+F)w(Vo) f g(s) :
@) L (@) —g)
(W (r0) + F)o(ro) . . .
+ %((ﬂm —g(0))" + (g(ty) - g(t2))" — (g(t1) - 2(0))*)
- Yy, ) + wr(ro, p)
- e +1)

- Yy, p)) + wr(ro, p)
- N +1)

2 g(s)uls,y(s)) :
o (g(t) —gls)t-

o, 2000 + Bolr)
@) (g(1) ~g(0))" + =

2(Y (ro) + F)o(ro)
I +1)

(gt) -g(t))"

w(r0)(¢(T) - g(0))" + [y@n]",
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where

wr(ro, p) = sup{V(t, u) —f(s, u)| cu € [-ro,r9l,t,s€[0,T], |t —5s| < ,o}.
Therefore,

V(v (W, p)) + wy(ro, p)
INa+1)

2(y (o) + F)w(ro)
Mo +1)

y(DW, p) < w(ro)(g(T)-g(0))" + [0, 0)]"

Passing to the limit superior as p — 0* and using the fact that v is upper semi-continuous,
we obtain

_ (W)

oOW) = oD

w(ro) (¢(T) - g(0))".

Then, from the assumption (v), we obtain
o(DW) < ¢ (a(W)).

As a consequence, for any nonempty subsets W of m, we have
¢ (o(DW),0(W)) =0,

where ¢ : [0,00) x [0,00) — R is defined by

;(ZDZZ) = 1;ZI(ZZ) -2, (er ZZ) € [07 OO) X [O’ OO)

Under the assumptions on the function v, the operator D : B(0,ry) — B(0, 7o) belongs to
the family of operators £ x, where X = B(0,r¢). Then by Theorem 2.14, we deduce that D
has at least one fixed point y* € B(0, ry), which is a solution to equation (3.1). d
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