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Abstract

The purpose of this paper is to introduce the notions of ®-type contractions and
®-type Suzuki contractions and to establish some new fixed point theorems for these
two kinds of mappings in the setting of complete metric spaces. The results
presented in the paper are an extension of the Banach contraction principle, the
Suzuki contraction theorem, and the Jleli and Samet fixed point theorem. As an
application, we utilize our results to study the existence problem of solutions of
nonlinear Hammerstein integral equations.
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1 Introduction and preliminaries
Let (X, d) be a complete metric space and T : X — X be a mapping. If there exists k € (0,1)
such that for all x,y € X, d(Tx, Ty) < kd(x,y), then T is said to be a contractive mapping.
In 1922, Polish mathematician Banach [1] proved a very important result regarding a con-
traction mapping, known as the Banach contraction principle. It is one of the fundamental
results in fixed point theory. Due to its importance and simplicity, several authors have ob-
tained many interesting extensions of the Banach contraction principle (see [2—8] and the
references therein).

In 2009, Suzuki [2] proved the following generalized Banach contraction principle in

compact metric spaces.

Theorem 1.1 [2] Let (X, d) be a compact metric space and T : X — X be a mapping. As-
sume that, for all x,y € X withx # y,

1
Ed(x, Tx) <d(x,y) = d(Tx, Ty) <d(x,v).

Then T has a unique fixed point in X.

In 2014, Jleli and Samet [9, 10] introduced the following notion of a 6-contraction.
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Definition 1.2 [10] Let (X,d) be a metric space. A mapping 7 : X — X is said to be a
6 -contraction, if there exists k € (0,1) such that

xyeX, dTxT)#0 = 6(d(Tx 1) <[6(dex)] (11)

where 6 : (0,00) — (1,00) is a function satisfying the following conditions:

(®1) 0 is non-decreasing;

(®,) for each sequence {t,} C (0,00), lim,_, o, 0(t,) = 1 iff lim,_, o £, = 0;
(®3) there exist r € (0,1) and [ € (0, 0o] such that lim,_, o+ 9(?,_1 =1

(®4) 0 is continuous.

In the sequel we denote by © the set of all functions satisfying the conditions (©;)-(®4).
By using the notion of a 0-contraction, Jleli et al. [10] proved the following fixed point
theorem.

Theorem 1.3 (Jleli et al. [10]) Let (X, d) be a complete metric space and T : X — X be a
0-contraction, then T has a unique fixed point in X.

Remark1.4 Itis obvious that Theorem 1.3 is a modified version of the Banach contraction
principle. In fact, if T : X — X is a Banach contractive mapping with a contractive constant
A €(0,1), ie.,

d(Tx, Ty) < AMd(x,y), VYx,yeX.

Since B(t) =e¥' € ©, ¢ >0, by passing it to the above inequality, we arrive at
eV AT < o/ M) _ oy ‘i(’“’”]‘/X = e d(x’y)]k, Vx,y € X,

where k = +/A. It follows from Theorem 1.3 that T has a unique fixed point in X.
From Theorem 1.3 it is natural to put forward the following open question.

Open question Could we obtain some fixed point theorems for -contractive mappings
without the conditions (®,) and (©3)?

In order to give an affirmative answer to this open question, we first analyze the condi-
tions (®,) and (©3).

Itis easy to see that the condition (®3) is so strong that there exist a lot of functions which
satisfy the conditions (0,), (0,), and (643 but they not the condition (®3). For example,

we can prove that the function 6(¢) = e 7 p > 0 satisfies the conditions (©,), (®,), and
(®4), but, for any r > 0,

’% L 1

. 0(n)-1 et —1 . e . -
lim ® = lim ——— = lim = lim 5 =0,

=0t 7 t—0t " =07 7 >0t L

i.e., it does not satisfy the condition (®j).
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Furthermore, the condition (®;) can be replaced by an equivalent but a more simple

condition inf;e(,00) 0(¢) = 1. This fact can be seen from the following lemmas.

Lemma 1.5 [11] If {t;}x is a bounded sequence of real numbers such that all its convergent
subsequences have the same limit I, then {ti}i is convergent and limy_, o ty = I.

Lemma 1.6 Let 0 : (0,00) — (1,00) be a non-decreasing and continuous function with
infye(0,00) 0(t) = 1 and {ti}x be a sequence in (0,00). Then the following conclusion holds:

lim O(t) =1 <= lim £ =0.
k—o00 k—o00

Proof (1) (Necessity) If limg_, o 0 (¢x) = 1, then we claim that the sequence {z;} is bounded.
Indeed, if the sequence is unbounded, we may assume that £y — oo, then for every M > 0,
there is ko € N such that # > M for any k > ko. Hence we have (M) < 6(t), and so

O(M) < lim 6(t) =1,
k— 00

which is a contradiction with 8(M) > 1. Therefore {#;} is bounded. Hence there exists a
subsequence {tx, } C {tx} such that lim,_, £, = o (some nonnegative number). Clearly
a>0.

If & > 0, then there exists ny € N such that #, € (3, 37"‘) for all n > ny. As 0 is non-
decreasing, we deduce that 6(5) < lim,,_, » 6(t,) = 1 which contradicts with 6(%) > 1. Con-
sequently & = 0. By Lemma 1.5, we know that limy_, o £x = 0.

(2) (Sufficiency) Since inf;e(0,00) 6(t) = 1, if £x — 0, then for any given € > 0, there is« > 0
such that («) € (1,1 + €) and there exists k; € N such that #; < « for all k > k. Therefore
1<0(tx) < 0(a) <1+e¢, for k > k;. This shows that 6(¢;) — 1.

The conclusion of Lemma 1.6 is proved. d

In the sequel, we denote by © the set of functions 6 : (0,00) — (1,00) satisfying the

following conditions:
(®1)" 6 is non-decreasing and continuous;

(®y) infte(O,oo) 0(t) =1.

Examples of functions belonging to @ It is obvious that the following are examples of

the functions belonging to ©:

R

0:(¢) := e 7 p>0; 0,(t) := e¥t, t>0; (1.2)
03(t):=1+¢t, t>0; 04(2) ::2—%arctan(%), O<a<1,t>0.
Based on the above argument, now we are in a position to give the following definition.

Definition 1.7 Let (X, d) be a complete metric space and 7 : X — X be a mapping.
(1) T is said to be a O-type contraction, if there exist k € (0,1) and 6 € ® such that

Vx,yeX, d(Ix,Ty)>0 — G(d(Tx, Ty)) < [9 (M(x,y))]k. (1.3)
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(2) T is said to be a O-type Suzuki contraction, if there exist k € (0,1) and 8 € © such
that for all x,y € X with Tx # Ty,

%d(x, Tx) <dx,y) = 0(d(Tx, Ty)) < [0 (M(x,y))]k, (1.4)
where
M(x,y) = max{d(x,y), d(x, Tx), d(y, Ty), %d(x, Ty),d(y, Tx)}. (1.5)

The purpose of this paper is to prove some existence theorems of fixed points for 6-type
contraction and 6-type Suzuki contraction in the setting of complete metric spaces. The
results presented in the paper improve and extend the corresponding results in Banach [1],
Suzuki [2], Jleli and Samet [9, 10]. As an application, we shall utilize our results to study the
existence problem of solutions for a class of nonlinear Hammerstein integral equations.

2 Existence theorems of fixed point for -type Suzuki contractions and 0-type
contractions

In this section, we are going to give some existence theorems of fixed point for 0-type

Suzuki contractions and 6-type contractions.

Theorem 2.1 Let (X,d) be a complete metric space and T : X — X be a 0-type Suzuki
contraction, i.e., there exist 0 € © and k € (0,1) such that for all x,y € X with Tx # Ty,

%d(x, Tx) <d(xy) = 60(d(Tx, Ty)) < [0(Mx)]", 1)
where
M(x,y) := max{d(x,y), d(x, Tx), d(y, Ty), %d(x, Ty),d(y, Tx) }, (2.2)

then T has a unique fixed point z € X and for each x € X the sequence {T"x} converges to z.

Proof Letxbe an arbitrary point in X. If for some positive integer p such that 77'x = T?x,
then TP 1x will be a fixed point of T. So, without loss of generality, we can assume that
d(T" %, T"x) > 0 for all m > 1.
Therefore,
1
Ed(T”‘lx, T"x) <d(T" "%, T"x), VYn=>1. (2.3)
Hence from (2.1), for all # > 1, we have
0(d(TT" %, TT"x)) = 6(d(T"x, T"*'%)) < [6(M(T" %, T"x))]", (2.4)
where

M ( T x, T"x) = max { d (T"‘lx, T"x) ,d (T"‘lx, T”x) ,d (T"x, T"+1x),

%d(T”_lx, T””x), d(T”x, T”x) }
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= max{d(T”-lx, T"x),d(T"x, T""x), %d(T”‘lx, T""x) }
= max{d(T"'x, T"x),d(T"x, T""x)}. (2.5)
If M(T"'x, T"x) = d(T"x, T"*'x), then it follows from (2.4) that
6(d(T"x, T"'%)) < [6(d(T"x, T""x))]".
This implies that

ln[Q (d(T”x, T”*lx))] < kln[@ (d(T”x, T”*lx))],

which is a contradiction with k € (0,1). Hence, from (2.5) we have M(T" 'x, T"x) =
d(T"'x, T"x). This together with inequality (2.4) yields

0 (d(T"x, T"1%)) < [0(d(T" %, T"x))|© < [0(d(T" 2%, T" %)) ]
<. <[0(dlx, )] (2.6)
Since 6 : (0,00) — (1, 00), it follows from (2.6) that

1< lim 6(d(T", T"'x)) < lim [0(d(x, )] = 1.

n—00 n— 00

Therefore we have lim,,_, o, 0(d(T"x, T"*'x)) = 1. This together with (®,)" and Lemma 1.6
gives
lim d(T"x, T""x) = 0. (2.7)

n—00

Now, we claim that {7"x}32, is a Cauchy sequence. Arguing by contradiction, we assume
that there exist € > 0 and a sequence {p,}°; and {g,};°; of natural numbers such that

Pn>qn>H, d(TP"x, Tq”x) > ¢, d(Tp”_lx, Tq”x) <€, VmeN. (2.8)
So, we have

€< d(T”"x, Tq”x) < d(Tp"x, T””_lx) + d(T””_lx, Tq”x)
< d(Tp”x, Tp”_lx) +e€.
It follows from (2.7) and the above inequality that
lim d(T””x, Tq”x) =€. (2.9)

From (2.7) and (2.9), we can choose a positive integer 79 > 1 such that

%d(Tp”x, TTp”x) < %e < d(T"’”x, T"”x), Vn > np.
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So, from the assumption of the theorem, we get
6(d(T7"'x, T"*x)) < [0(M(T?"x, Tx))]", Vn=> no, (2.10)
where

M(Tp”x, anx) — max{d(Tp”x, anx), d(Tpnx, TPn*lx), d(Tq”x, an+1x),

%d(Tan’ an+1x)’d(anx’ Tp"*lx)}
< max{d(T?"x, T""*'x),d(T%"x, T"*'x),

d(TPx, TP 'x) + d(TP" ', T %) + d(T*'x, T?x) }. (2.11)

Substituting (2.11) into (2.10), then letting # — oo and by using the condition (®,)’, (2.7),
(2.9), we get
lim 0(d(T?"'%, T% %)) < lim [0(d(T?" ", Tq””x))]k.

n—00 n—00

This is a contradiction. Therefore {T"x}32, is a Cauchy sequence. By the completeness of
(X, d), without loss of generality, we can assume that {T”x}3°, converges to some point
zeX,ie,

lim d(T"x,z) = 0. (2.12)
n—0o0
Now, we claim that

%d(T"*lx, T"+2x) < d(T"*lx, z), VneN. (2.13)

Suppose to the contrary that (2.13) is not true. Therefore the following inequality is also

not true:
%d(T"x, T"'x) <d(T"x,z), VneN. (2.14)
It follows from (2.13) and (2.14) that there exists an 7 € N such that
ST T ) 2 d(T0) and Jd(T"% T 2 d(Teg). (15)
Therefore,
2d(T"%,z) <d(T"x, T""'x) <d(T"x,z) +d(z, T"""x).
This implies that
d(T"x,z) <d(z, T""'x). (2.16)
This together with (2.15) shows that

d(T"x,z) <d(z, T"'x) <

< %d(T’”*lx, T"2x). (2.17)
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Since %d(T”’x, T"*x) < d(T™x, T"*'x), by the assumption of the theorem, we get
6(d(T""x, T"x)) < [6(M(T"x, T"'x))]", (2.18)

where
M(T"x, T %) = max{d(T'”x, %), d(T"x, TT"x),d(T""x, TT" %),
%d(me, TT"%),d(T"" %, TT"x) }
= max{d(T"‘x, T %), d(T"x, T"*'x),d(T" "%, T"x),
%d(T”’x, ") +d(T" ', T'"+2x)}
= max{d(T"x, T""'x),d(T""'x, T""x)}.
If M(T™x, T x) = d(T™*'x, T"**x), then from (2.18) we have
6(d(T"x, T"x)) < [0(d(T" %, T"**%)) ] < 6(d(T" %, T"**x)).
This is a contradiction. Therefore we have
M(T"x, T" %) = d(T"x, T"'%).
Consequently, from (2.18) we have
0(d(T"x, T"x)) < [0(d(T"x, T"x))]". (2.19)
Since k € (0,1), we have
[6(d(T"x, T"'%))]" < 6(d(T"x, T"*'x)).
Hence from condition (©;)' and (2.19) we have
d(T" %, T"**x) <d(T"x, T"'x). (2.20)
This together with (2.17) shows that

d(T”’“x, T”‘*zx) < d(me, Tm“x)
<d(T"x,z) +d(z, T""'x)
< %d(TWl+lx, Tm+2x) + %d(Tme’ Tm+2x)

= d(T"™"%, T""x), (2.21)

which is a contradiction. Therefore the inequality (2.13) is proved.
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By the assumption of Theorem 2.1 and (2.13) we have, for every n € N,
6(d(TT"x, Tz)) < [0(M(T""'%,2))]". (2.22)
On the other hand, from (2.12) we know that T"”x — z, hence we have
M(T"'x,z) = max {d(T””x, 2),d(T"'%, TT"'x),d(z, Tz2),
1
74 (T"'%, Tz), d(Tz, TT"*'x) }
— d(z,Tz) (asn— o). (2.23)

Now, we claim that d(z, Tz) = 0.
In fact, if d(z, Tz) > 0. Letting n — o0 in (2.22), and by using (2.12), (2.23), and the con-
dition (©;), we obtain

0(d(z, Tz)) = lim 6(d(TT""x, Tz))

n—00

< lim [6(M(T""%,2))]"

n—00

= [6(d(z T2))|*
< 0(d(z, Tz)).

This is a contradiction. Hence, z = 7%, i.e., z is a fixed point of T

Now we prove that z is the unique fixed point of T'in X. In fact, if z, u € X are two distinct
fixed points of T, that is 7z = z # u = Tu, then d(z, u) = d(1z, Tu) > 0. Since 0 = %d(z, Tz) <
d(z, u), as follows from the assumption of the theorem, we obtain

0(d(z,u)) = 0(d(Tz, Tw)) < [0(M(z,u))]", (2.24)
where

M(z,u) = max{d(z, u),d(z, Tz), d(u, Tu), %d(z, Tu), d(u, Tz)} =d(z,u).

This together with (2.24) shows that
0(d(z, 1)) = 0(d(Tz, Tw)) < [6(d(z,u))]* < 6(d(z ), (2.25)

which is a contraction. Hence we have u = v.
This completes the proof of Theorem 2.1. d

Remark 2.2 Theorem 2.1 is a generalization and improvement of the main results in
Suzuki [2].

It follows from Definition 1.7 that if T: X — X is a 0-type contraction, then T : X —
X is a 0-type Suzuki contraction. Hence from Theorem 2.1 we can obtain the following
existence theorem of fixed point for 0-type contractions.
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Theorem 2.3 Let (X, d) be a complete metric space and T : X — X be a 0-type contractive
mapping, i.e., there exist 6 € ® and k € (0,1) such that

xyeX, dIxT)#0 = 6(d(Tx D)) <[6(Mx)]", (2.26)
where
M(x,y) := max{d(x,y), d(x, Tx), d(y, Ty), %d(x, Ty),d(y, Tx)}, (2.27)

then T has a unique fixed point z € X, and for each x € X the sequence {T"x} converges
to z.

Remark 2.4 Theorem 2.3 is a generalization and improvement of the Banach contraction
principle [1] and some recent results in Jleli and Samet [9, 10].

3 Some consequences
Corollary 3.1 Let (X,d) be a complete metric space and T : X — X be a mapping. If there
exists A € (0,1) such that

d(Tx, Ty) < AM(x,y), Vx,y€X, (3.1)
where
M(x,y) = max{d(x,y), d(x, Tx), d(y, Ty), %d(x, Ty),d(y, Tx)}, (3.2)

then T has a unique fixed point z € X and for any given x € X, the sequence {T"x} converges
to z.

Proof Denote by 0(¢) := eVt (0,00) — (1,00). It is easy to check that 6 ©. Hence from
(3.1) we have

eVATET)) < [o/3Me)] [e\/M(x,y)]ﬁ‘

This implies that T is a 6-type contractive mapping with k = /A. Therefore the conclusion
of Corollary 3.1 can be obtained from Theorem 2.3 immediately. O

The following corollary can be obtained from Corollary 3.1 immediately.

Corollary 3.2 Let (X, d) be a complete metric space and T : X — X be a mapping. Suppose
that there exist A, (i, v,&,n >0 with A + i+ v + & + n <1 such that

1
d(Tx, Ty) < Md(x,y) + pd(x, Tx) + vd(y, Ty) + éid(x, Ty) + nd(y, Tx), Vx,y € X.

Then T has a unique fixed point z and, for each x € X, the sequence {T"x} converges to z.

B

We note that if p > 0, then 6(¢) = ¢¢ ¥ € @. Hence from Theorem 2.3 we can obtain the

following corollary.
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Corollary 3.3 Let (X, d) be a complete metric space and T : X — X be a mapping. Suppose
that there exist p > 0, k € (0,1) such that

1 1
" (T )P " MEy)P
oo WEDP [ee ) ]k’

Vx,y e X, Tx # Ty,

where M(x,y) is given by (3.2). Then T has a unique fixed point z and, for each x € X, the

sequence {T"x} converges to z.

4 Application to nonlinear Hammerstein integral equations

Asan application, in this section, we shall use the fixed point theorems proved in Section 2
to study the existence and uniqueness problem of solutions for some kind of nonlinear
Hammerstein integral equations.

Let us consider the following nonlinear Hammerstein integral equation:

x(t) = h(t) + /tl((t,s)f(s,x(s)) ds, (4.1)
0

where the unknown function x(¢) takes real values.
Let X = C([0, E]) be the space of all real continuous functions defined on [0, E]. It is well
known that C([0, E]) endowed with the metric

d(x,y) = lx -yl = tg[%!x(t) - ()]

is a complete metric space. Define a mapping 7': X — X by

T(x)(t) = h(2) + ‘/otl((t, s)f (s,x(s)) ds, Vtel0,E] (4.2)

Assumption 4.1
(I) f e C([0,E] x (—00,+00)), h € X, and K € C([0, E]) x ([0, E]) such that K(t,s) > 0;
(II) f(¢,-): (—00,+00) = (—00, +00) is increasing for all t € [0, E];
(III) there exists T € [1, +00) such that

[f(t,x) —f(t,y)‘ <7e'Qxy), VYx,yeX,tel0,E]

where Q(x,y) := max({|x — y|, |x — Tx|, |y — Tyl, 3 1x — Ty|, |y — Tx|};
(IV) maxgseqo,r IK(8 )| <1.

T

For x € X, we defined ||x||; = max.cpo g |¥(t)|e”™*, where T > 1 is chosen arbitrarily. It is

easy to check that || - ||; is a norm equivalent to the maximum norm | - || in X, and X
endowed with the metric d; defined by

dr (%) = lx =yl = ;‘%&’;{ |x@) -y@®)|e™}, xyeX,

is a complete metric space.
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Theorem4.1 Let X = C([0,E]), (X,d.), T,f, K(¢,s) be the same as above. If Assumption 4.1
is satisfied, then the nonlinear Hammerstein integral equation (4.1) has a unique solution
x* € C([0, E]), and for each x € C([0, E]) the iterative sequence {x, = T"x} converges to the
unique solution x* € X of equation (4.1).

Proof We first show that the mapping 7 : X — X defined by (4.2) is a 6-type contraction.
Indeed, from the conditions (III) and (IV), for each x,y € C([0, E]), ¢ € [0, E], we have

|Tx(t) - Ty(t)| = ’/o K(t, s)(f(s,x(s)) —f(s,y(s))) ds
< /0 |K(t,s)| [f(s,x(s)) —f(s,y(s)) ‘ ds
< /o [f(s,x(s)) —f(s,5(5)) | ds

5/ te‘fQ(x(s),y(s))ds

0

=te" /teS’ max{ |x(s) —y(s)!e’”, x(s) — Tx(s)|e’“,
0
(6) = TY6) e~ (9~ T ™, y(9) - Tats)|e™ } ds
<te" /te” max{dr (0, 9), d- (x, Tx),
0

1
d.(y, Ty), Ed, (%, Ty), d-(y, Tx)} ds

t
= te"M(x,y)/ e ds
0

re_IM(x,y)eT” =e "I M(x, y),
where

M) = ma d(59), e 5 T, s 3 5, 0 T 0, ) .
This implies that | Tx(¢) — Ty(¢)|e”™* < e " M(x,y). Hence we have

_ _ —Tt -7
d.(Tx, Ty) = tIEI‘E(E)i’)E(]”Tx(t) Ty(t)\e } <e "M(x,y).

Since 6(t) = eVt e ®, t >0, we have

eV (TT) < o/e " Mxy) _ [e\/M““y)]k, Vx,y € X, (4.3)

where k = \/e~*. Since T > 1, k € (0,1). Therefore the mapping 7 is a f-type contraction.
By Theorem 2.3, T has a unique fixed point x* € X, i.e., x* is the unique solution of the
nonlinear Hammerstein integral equation (4.1) and, for each x € X, the sequence {x, =
T"x} converges uniformly to x*. d
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