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Abstract

Some new iterative algorithms with errors for approximating common zero point of
an infinite family of m-accretive mappings in a real Banach space are presented.

A path convergence theorem and some new weak and strong convergence
theorems are proved by means of some new techniques, which extend the
corresponding works by some authors. As applications, an infinite p-Laplacian-like
differential system is investigated, from which we construct an infinite family of
m-accretive mappings and discuss the connections between the equilibrium solution
of the differential systems and the zero point of the m-accretive mappings.
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1 Introduction
Let E be a real Banach space with norm | - || and let E* denote the dual space of E. We use
‘—’and ‘—’ (or ‘w-lim’) to denote strong and weak convergence, respectively. We denote
the value of f € E* atx € E by (x,f).

Define a function of : [0, +00) — [0, +00) called the modulus of smoothness of E as
follows:

%+l + llx =y

pe(t) = SUP{ 2

—l:x,yeE x|l =1L |lyll < t}'

A Banach space E is said to be uniformly smooth if ”ET(” — 0,ast— 0.

A Banach space E is said to be strictly convex if and only if ||lx|| = |||l = |[(1—A)x + Ay|| for
%,y € E and 0 < A <1 implies that x = y. A Banach space E is said to be uniformly convex if
for any ¢ € (0, 2] there exists § > 0 such that

x+y
llxll = llyll = L, lx=ylze = HT <1-3.

It is well known that a uniformly convex Banach space is reflexive and strictly convex.
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An operator B: E — E* is said to be monotone if (u — v, Bu— Bv) > 0, for all u,v € D(B).
The monotone operator B is said to be maximal monotone if the graph of B, G(B), is not
contained properly in any other monotone subset of E x E*.

A single-valued mapping F : D(F) = E — E* is said to be hemi-continuous [1] if
w-lim,_, o F(x + ty) = Fx, for any x,y € E. A single-valued mapping F : D(F) = E — E* is
said to be demi-continuous [1] if w-lim,,_, » Fx, = Fx, for any sequence {x,} strongly con-
vergent to x in E.

Following from [1] or [2], the function # is said to be a proper convex function on E if
h is defined from E onto (—00, +00], & is not identically +oo such that #((1 — A)x + Ly) <
(1 - A)h(x) + Ah(y), whenever x,y € E and 0 < A < 1. k is said to be strictly convex if /((1 -
Ax + Ay) < (1= A)h(x) + Ah(y), for all 0 < A <1 and x,y € E with x # y, h(x) < +00 and
h(y) < +00. The function % : E — (—00, +00] is said to be lower-semi-continuous on E if
liminf,_,, h(y) > h(x), for any x € E.

A continuous strictly increasing function ¢ : [0, +00) — [0, +00) is called a gauge func-
tion [2] if ¢(0) = 0 and ¢(£) — o0, as t — oo. The duality mapping J, : E — 2E" associated
with the gauge function ¢ is defined by [2]

Jo@) = {f € E*: () = Ixllo(Il), IIf 1l = ¢ (Ilx])},  x€E.

It can be seen from [2] that the duality mapping J,, has the following properties:
(i) Jo(—x) = —J,(x) and J, (kx) = "’(””/;x”” Jo(x), for Vx € E and k > 0;
(ii) if E* is uniformly convex, then J, is uniformly continuous on each bounded subset
in E;
(iii) the reflexivity of E and strict convexity of E* imply that J, is single-valued,
monotone and demi-continuous.
In the case ¢(t) = ¢, we call J, the normalized duality mapping, which is usually denoted
by J.
For the gauge function ¢, the function @ : [0, +c0) — [0, +00) defined by

®(t) = fo o(s)ds (11)

is a continuous convex strictly increasing function on [0, +00).

Following the result in [3], a Banach space E is said to have a weakly continuous duality
mapping if there is a gauge ¢ for which the duality mapping J,(x) is single-valued and
weak-to-weak* sequentially continuous (i.e., if {x,,} is a sequence in E weakly convergent to
a point %, then the sequence J, (x,) converges weakly™ to J,(x)). It is well known that /# has
a weakly continuous duality mapping with a gauge function ¢(t) = ##~! for all 1 < p < +00.

Let C be a nonempty, closed and convex subset of E and Q be a mapping of E onto C.
Then Q is said to be sunny [4] if Q(Q(x) + t(x — Q(x))) = Q(x), for all x € E and £ > 0.

A mapping Q of E into E is said to be a retraction [4] if Q%> = Q. If a mapping Q is a
retraction, then Q(z) = z for every z € R(Q), where R(Q) is the range of Q.

A mappingf : C — Cis called a contraction with contractive constant k € (0, 1) if ||f(x) —
FO)I < kllx~yll, for Va,y € C.

A mapping T : C — C is said to be nonexpansive if || Tx — Ty|| < ||x—y||, for Vx,y € C. We
use Fix(T') to denote the fixed point set of T That is, Fix(T) := {x € C: Tx = x}. A mapping
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T:EDD(T)— R(T) C E is said to be demi-closed at p if whenever {x,} is a sequence in
D(T) such that x,, — x € D(T) and Tx,, — p then Tx = p.

A subset C of E is said to be a sunny nonexpansive retract of E [5, 6] if there exists a
sunny nonexpansive retraction of E onto C and it is called a nonexpansive retract of E if
there exists a nonexpansive retraction of E onto C.

A mapping A : D(A) C E — E is said to be accretive if ||x; — x| < [la1 — 22 + r(y1 — y2) I,
for Vx; € D(A), y; € Ax;, i =1,2, and r > 0. For the accretive mapping A, we use N(A) to
denote the set of zero points of it; that is, N(A) := {x € D(A) : Ax = 0}. If A is accretive,
then we can define, for each r > 0, a nonexpansive single-valued mapping J4 : R(I + rA) —
D(A) by J4 := (I + rA)™!, which is called the resolvent of A [1]. We also know that, for an
accretive mapping A, N(A) = Fix(J4). An accretive mapping A is said to be m-accretive if
R(I + AA) = E, for YA > 0.

It is well known that if A is an accretive mapping, then the solutions of the problem
0 € Ax correspond to the equilibrium points of some evolution equations. Hence, the
problem of finding a solution x € E with 0 € Ax has been studied by many researchers
(see [7-15] and the references therein).

One classical method for studying the problem 0 € Ax, where A is an m-accretive map-
ping, is the following so-called proximal method (¢f. [7]), presented in a Hilbert space:

%0 €H, X ~Jokn n>0, 1.2)

where ];: := (I +r,A)". It was shown that the sequence generated by (1.2) converges weakly
or strongly to a zero point of A under some conditions.

An explicit iterative process to approximate fixed point of a nonexpansive mapping 7 :
C — C was introduced in 1967 by Halpern [16] in the frame of Hilbert spaces:

ueCuxyeC, xpq=ou+l-a,)Tx,, n=>0, (1.3)

where {«,} C [0,1].
In 2007, based on (1.2) and (1.3), Qin and Su [9] presented the following iterative algo-

rithm:

x1 € C chosen arbitrarily,
Yn = Bun + (1= ﬂn)];«ixnr (1.4)
Xn+l = Opll + (1 - an)yn'

They showed that {x,} generated by (1.4) converges strongly to a zero point of an
m-accretive mapping A.

Motivated by iterative algorithms (1.2) and (1.3), Zegeye and Shahzad extended their
discussion to the case of finite m-accretive mappings {4,}._,. They presented in [17] the
following iterative algorithm:

% €C, xy=a,u+(1-0,)Sx, n=>0, (1.5)
where S, = apl +aija, +axja, +- - - +aya, with Ju, = (I+A;)and Zﬁ:o a;=1. Ifﬂile(A,-) 4

@, they proved that {x,} generated by (1.5) converges strongly to the common zero point
of A; (i=1,2,...,1) under some conditions.
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The work in [17] was then extended to the following one presented by Hu and Liu in
[18]:

x0 € C,  Xpy1 = ulh + Buxy + 0y Sp, %0, n>0, (1.6)

where S,, = aol + allﬁql + 42]22 4ot allf,:’ with ]f}j = + r,A)" and Zﬁ:o a; = 1.
{o,}, {Bn}, {9} € (0,1) and o, + B, + O, = 1. If ﬂleN(A,') # ), they proved that {x,} con-
verges strongly to the common point in N(4;) (i =1,2,...,/) under some conditions.

In 2009, Yao et al. presented the following iterative algorithm in the frame of Hilbert
space in [19]:

X1 € C,
Yn = PC[(l - an)xn]: (17)
X1 = (1 - ﬁn)xn + B Tyn; n>1,

where T : C — C is nonexpansive with Fix(T) # @. Suppose {«,} and {8,} are two real
sequences in (0, 1) satisfying

(@) Y02 ay = +00 and lim,_, & @, = 0;

(b) 0<liminf, . B, <limsup,_, . B, <1.

Then {x,} constructed by (1.7) converges strongly to a point in Fix(T).

Motivated by the work in [17] and [19], Shehu and Ezeora [5] presented the following it-
erative algorithm and the discussion is undertaken in the frame of a real uniformly smooth
and uniformly convex Banach space:

X1 € C,
IYn = QC[(I - an)xn]’ (18)
Xn+l = (1 - ,Bn)xn + ﬁnSNym n>1.

Here Qc is the sunny nonexpansive retraction of E onto C. A; : C — E is m-accretive
mapping with (Y, N(A)) #@. Sx = aol + aia, + axla, + -+ + anJay with Ju, = (I + A)7,
fori=1,2,...,N.O<ar<1,fork=0,1,2,...,N, and ZkN=o“k =1. {a,}, {B.} € (0,1). Then
{x,} converges strongly to the common zero point of A;, where i =1,2,...,N.

In 2014, by modifying iterative algorithm (1.8) and employing new techniques, Wei and
Tan [20] presented and studied the following three-step iterative algorithm:

X1 € C,

u, = Qcl(1 — ay)(xy + e4)],

Vu = (L= B)%u + BuSnhn,

Xne1 = Vukn + (1= V)Suvn, n2>1,

(1.9)

where Q¢ is the sunny nonexpansive retraction of E onto C, {e,} C E is the error sequence
and {A,-}f\:[1 is a finite family of m-accretive mappings. S, := aol + m]% + 612]2‘,22 + o+
anTiNe Tk = (I + riA)™ for i =1,2,...,N, Y gax =1, 0 <ax <1, for k= 0,1,2,...,N.
And, some strong convergence theorems to approximate common zero point of A; (i =
1,2,...,N) are obtained.

In 2015, Wang and Zhang [21] extended the discussion of the finite family of m-accretive

mappings {A;}Y, to that of infinite family of m-accretive mappings {4,}%%,. They presented
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the following two-step iterative algorithms with errors {e,} C E:

x1 € (N D(A;) chosen arbitrarily,
V= 0y + By Dot Onifrin + Voens (1.10)
Xne1 = f (%) + Bun + VY 1 =1,
where f is a contraction on (5 D(A;).Fori=1,2,... T = T+1A) ™ Ao} Bad (v e}
{8}, and {y,} are real number sequences in (0,1). Some strong convergence theorems to
approximate common zero point of A; (i =1,2,...) are obtained under some conditions.
Inspired by the work in [5, 9, 17-21], we shall design a four-step iterative algorithm with
errors in a Banach space in Section 3. Some weak and strong convergence theorems for
approximating common zero point of an infinite family of m-accretive mappings are ob-
tained. Some new proof techniques can be found. In Section 4, we shall present an example
of infinite p-Laplacian-like differential systems, to highlight the significance of the studies
on iterative construction for zero points of accretive mappings in applied mathematics
and engineering. We demonstrate the applications of the main results in Section 3.
Our main contributions are:

(i) a new four-step iterative algorithm is designed by combining the ideas of famous
iterative algorithms such as proximal methods, Halpern methods, convex
combination methods, and viscosity methods;

(ii) three sequences constructed in the new iterative algorithm are proved to be
weakly or strongly to the common zero point of an infinite family of m-accretive
mappings;

(iii) the characteristic of the weakly convergent point of the new iterative algorithm is
pointed out;

(iv) under the new assumptions, a path convergence theorem for nonexpansive
mappings is proved;

(v) some new techniques are employed, for example, the tool || - || for estimating the
convergence of the iterative sequence {x,} in most of the existing related work is
partly replaced by function & defined by (1.1);

(vi) the discussion is undertaken in the frame of a Banach space, which is more general
than that in Hilbert space; the assumption that ‘the normalized duality mapping J
is weakly sequentially continuous’ in most of the existing related work is weakened
to ‘J, is weakly sequentially continuous for a given gauge function ¢’;

(vii) compared to (1.10), /;; is replaced by /,, .; compared to (1.9), a contraction f is
considered; compared to the work in [5, 9, 17-20], an infinite family of
m-accretive mappings is discussed;

(viii) in Section 4, the applications of the main results in Section 3 on approximating
the equilibrium solution of the nonlinear p-Laplacian-like differential systems are

demonstrated.

2 Preliminaries
Now, we list some results we need in the sequel.

Lemma 2.1 (see [22]) Let E be a real strictly convex Banach space and let C be a nonempty
closed and convex subset of E. Let T,, : C — C be a nonexpansive mapping for each
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m > 1. Let {a,,} be a real number sequence in (0,1) such that y .. | a,, = 1. Suppose that
Mowey FIX(T) # B. Then the mappingy . | am T is nonexpansive with Fix(3_ 1 amT) =
Mooey FiX(T0).

Lemma 2.2 (see [23]) Assume that a real Banach space E has a weakly continuous duality
mapping J, with a gauge ¢. Then ® defined by (1.1) has the following properties.

@) @z +yl) < @(lxll) + 1 Jp(x +)), Vx,y € E.

(i) Assume that a sequence {x,} in E converges weakly to a point x € E. Then

lim sup ®(|[x, — yIl) = limsup ®(||lx, — x||) + D(|ly—x|l), VyeE.
n—00 n—0o0
Lemma 2.3 (see [24]) Let {a,} and {c,} be two sequences of nonnegative real numbers
satisfying

n1 < (1 —ty)ay +b,+c,, Vn=>1,

where {t,} C (0,1) and {b,} is a number sequence. Assume that (i) Y., t, = +00, (ii) either

limsup,,_, o };—: <O0and ) 2, cy < +00. Then lim,_,  a, = 0.

Lemma 2.4 (see [20]) Let {x,} and {y,} be two bounded sequences in a Banach space
E such that x4, = Buxy + (1 — Bu)yu, for n > 1. Suppose {B,} C (0,1) satisfying 0 <
liminf,_, ;o B, < limsup,_, . B, <L Iflimsup, , ,  (yue1 = Yull = %1 — x4ll) < O, then

lim,,_, ;o0 lyn =%l = 0.

Lemma 2.5 (see [25]) Let E be a real uniformly convex Banach space and let C be a
nonempty, closed, and convex subset of E. Let T : C — C be a nonexpansive mapping such
that Fix(T) # 0, then I — T is demi-closed at zero.

Lemma 2.6 (see [1]) Let E be a Banach space and let A be an m-accretive mapping. For
A>0,u>0,andx € E, we have

Jix =], (%x ¥ (1 - %)Ax),

where J; = (I + YA) Y and ], = (I + pA)™.

Lemma 2.7 (see [20]) Let E be a real uniformly smooth and uniformly convex Banach
space. Let C be a nonempty, closed, and convex sunny nonexpansive retract of E, and let
Qc be the sunny nonexpansive retraction of E onto C. Let T : C — C be a nonexpansive
mapping with Fix(T) # 0. If for each t € (0,1), define T, : C — C by

Tx := TQC[(I - t)x].
Then T, is a contraction and has a fixed point z;, which satisfies ||z, — Tz;|| — 0, as t — 0.

3 Weak and strong convergence theorems
Lemma 3.1 Let E be a real strictly convex Banach space and C be a nonempty, closed, and
convex subset of E. Let A; : C — E be m-accretive mappings, wherei=1,2,....Suppose D :=
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NS N(A) #98 and {r,;} C (0,+00) for i =1,2,.... If {a;}35, C (0,1) satisfies Y o a; = 1.
Then (aol + ) 1 ai]f;fl.) : E — E is nonexpansive and

o0
Fix (aol + Zai]r’:"i) =D,

i-1
where ];ifi =(I+ryA) forn>1andi=1,2,....

Proof If weset Ty =1 and T, = ];1‘:1., then (aol + Y o i f:;fl.) =Y o aiTi. Since both 1

A . T A .
and /., are nonexpansive, Lemma 2.1 implies that (ol + Y o, a;J;,’,) is nonexpansive and

(0] [e¢] [e]
Fix <a01 + Zai],’:lfi) = (Fix() = (\N) = D.
i=1 i=1

i=1
This completes the proof. O

Theorem 3.1 Let E be a real strictly convex Banach space which has a weakly contin-
uous duality mapping J,. Let C be a nonempty, closed, and convex sunny nonexpansive
retract of E, and Q¢ be the sunny nonexpansive retraction of E onto C. Let f : C — C be a
contraction with contractive constant k € (0,1). Let A; : C — E be m-accretive mappings,
fori=1,2,.... Let D:= (2 N(A;) # 0. Suppose {ctn}, {Bu}, {1n} (¥} {8} {En} C (0,1), and
{rni} C(0,+00) fori=1,2,.... Suppose {a;}35, C (0,1) with Y -, a; =1 and {e,} C E is the
error sequence. Let {x,} be generated by the following iterative algorithm:

X1 € C,
Uy = QC[(]- - an)(xn + en)]:
Vi = (L= B + Bulaol + 355 aifoni)itn, (3.1)

Wi = fnf (Xn) + Vnkn + 8,V
Xn+l = (1 - é-n)wn + {nxn: n= 1.

Further suppose that the following conditions are satisfied:
(i) ¢y —0,8,— 0, u, — 0,asn— oc;
(i) pn+yn+dn=Ln>1
(iii) 0 <liminf,_ 0 By <limsup,_, . B <1land
0 <liminf, o ¢, <limsup,_, . ¢, <1;
(iv) Yoo st = Tuil < 400 and r,; > e >0, forn>1andi=1,2,...;
V) Y1 =¥n— 0, Bus1 = B —> 0, as n — 00;
(vi) Y02 llenll < +oo.
Then the three sequences {x,}, {u,}, and {w,} converge weakly to the unique element q, €
D, which satisfies, for Vy € D,

lim sup @ (||x, — qoll) = min limsup @ (||x, — y1). (3.2)

n—00 y n—o00

Proof We shall split the proof into five steps.
Step L. {xu}, {ua}, (Do ai];:fiu,,}, {v,,}, and {f(x,,)} are all bounded.
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We shall first show that Vp € D,

n
I —pll <My + Y el (3.3)
=1
where M; = max{|lx, - p, L22L |Ip||}.

By using Lemma 3.1 and the induction method, we see that, forn =1, Vp € D,

lz = pll < X =&)lIwr —pll + &1llx - pll

<@ -a)[m|f@) -p| + nillae = pll +81lvi = pll] + Gl - pll

<(1- cl){kmnxl =pl+wm|fp)-p| + nlx -pl

+681(1- B llx1 —pll + 8181

o0
(uol £y aJ;?_Q) U —p

i=1

j|+§1||x1—19||

< (L= g)[kw + 1+ 811 = )]l = pll + (L= D [ ) - p|| + a1l =
+ (1= &)d1pillu - pll

< (1 -a)[kps +y1+ 80 = B)]lx1 = pll + (1= 2D [f @) - p| + &allx - pll
+ (1= 81811 - o) (1 + 1) - p|

<[1-A-0Bum-a)-apidi@-a)]llx - pl + A= &)1 -a1)Bidille |

)Ilf(P) -l

+ (1 -)apidilipll + A - )l -k %

<M + |lel]].
Suppose that (3.3) is true for n = k. Then, for n =k +1,

lx%ki2 = pll < (1 = See)IWia1 — Pl + Cs1 1%ke1 =PI
< (1= ge) [ 1asn [ @okar) = 2| + Viert Iiar = Pl + St lviss = plI]

+ Sl — ol

< (- k) |:/<Mk+1 %61 =PIl + picar [ ) = || + Vit Il = Pl

+ 8ki1 (1 = Bra)1%ks1 — Pl + Sk1Bran

o0
(do] + Z ai]jliil,i) U1 =P

i=1

|

+ (1= Sra1) a1 Hf(l?) —P” + Crat a1 =PIl + (1 = Eaa1) Sk Brar 1t — p|

+ Sl — ol

<(@1- §k+1)[kﬂk+1 + Vies1 + g (1 /3k+1)] %k = Pl

= {(1 - §k+1)[k:u/k+1 + Vir1 + Sk (1 - ﬁk+1)] + §k+1} k1 = Pl
+ (1 - §k+1)u“k+1 ”f(p) _p”

+ (1 - Ck+1)8k+1,3k+1 || (1 - 0lk+1)(xk+1 + ek+1) _p“
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= [1 = (= k)1 = ki) = Aks1 Brr1Sis (1 - §k+1)] s — Il + llexll

If @) - pll

+ (1 - Ck+1)(¥k+1l3k+15k+1||19|| + (1 - §k+1):uk+l(1 - k) 1—k

k+1

<M+ el
i=1

Thus (3.3) is true for all n € N*. Since Y ., |leq|l < +00, (3.3) ensures that {x,} is
bounded.

For Vp € D, from |lu, — pll < (1 - a,)(x, + €)= pll < x|l + lleall + l|pll, we see that {u,}
is bounded.

. Aj Aj Aj

Since || 335 aif,itnll < 1 X5 airyitn = 35 aidnipll + (U= ao)llpll < llun = pll + lIp)
-3 a,'];ifiu,,} is bounded. Since both {> "} uijéfiun} and {x,} are bounded, {v,} is
bounded. From the definition of a contraction, we can easily see that {f(x,)} is bounded.

Set M = sup{||ul|, ”]r,,,un” I35 a rn,un“ If Gen)ll, ”Vn” llcnll,: m > 1,0 > 1},

Step 2. limy, oo ||, — Wy || = 0 and limy,— oo |41 — %4 || =

In fact, if r,,; < ry41,i, then, using Lemma 2.6,

o0
A.
i r"l,rl’iunﬂ - § ﬂllrmun
i=1

A,
|]rn+l Lun+l ]rnl,i Un ||

Vi A;
rnt( Uni1 + (1 - )Jr;ﬁltuVHl ]rnt
Tn+li Tn+li

Tn,i A;
un+1 + (1 - )Irniu””“ — Uy
Tn+l,i Tn+l,i !

oo
< (1 -ao)lltns1 — un| +Zﬂl< )H rn+1zu”+l Mn”

i

i=1
2M) &
=< (1 - ﬂO)”urHl - un” + 72 Z(rnﬂ,i - rn,i)' (34‘)
i=1

If 7,41, < 1y, then imitating the proof of (3.4), we have

o0
rn+1zun+1 - Zal]rnlu"

2M, &

2

< (1 -ao)lltna — uall + T Z(rn,i - rn+1,i)~ (3.5
i=1

Combining (3.4) and (3.5), we have

o0
JAi
rn+lzun+1 - Zal]"n,i Un

2M
< (A -ao)llttna — uall + — Z |7, = Treril- (3.6)
i1
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On the other hand,

”Mn+1 - un” = ||xn+1 _xn” + an+1||xn+l|| + aonn”

+ ||an+len+l - anen” + ||en+1 - en||~
In view of (3.6) and (3.7), we have

”Vn+1 - Vn” = (1 - ,Bn+1)”xn+1 _xn” + aO/gn+1”Mn+l - un”

o0 o0
Aj A;
+ B Z ail,) | Una— Zai],nfiun
i=1 i=1

[ee]
A.
1Bt = Bulllull + @olBusr = Bulllaull + | Busr = Bul | Y ailii

i=1
< (L= Bus) %1 — x|l + aolgn+1[”xn+l = %nll + pe1 %041

+ oty x| + llens1 — enll + las1enia — anen”]

2M, &
+ :3n+l (1 _aO)”unﬂ - un” + T Z |rn,i - rn+1,i|
i=1

o0
A,
+ | Bus1 = Bulllxull + @0l Bus1 — Bullltbnll + |Bus1 — Bl Zﬂz’]rnl,iun

i=1

< i =%l + %]l + 1 %0e1ll + ltir€pin — anenll + e — eqll

o0
A.
+|Bus1 — Bul Zﬂi]rnfiun + 1 Bus1 = Bulllxull + aolBus1 — Bulllunll

i=1
o0
2M,
+ T,Bnﬂ Z |70 = Tl
i=1
Thus in view of (3.8), we have

Wiir = Wall < (K1 + Vst + 8na) 11 — Xl + |1 — Hf(xn) ”

+ |yn+1 - an”xn” + 8n+1"xn” + 8n+1”xn+1” + |5n+1 - 8n| ”Vn”

+8us1llens1 — enll + Snsllotnsienir — anenll + 811l Brsr — Bulllxnll

o0
A.
+ 8t Bt = Bul| D a2 | + 810l Buer = Bul e

i=1

2M,
+ 8u41Bns1 T Z |70 = Tl
i=1

= (1 -(1- k),“«nﬂ) %41 = %l
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(3.7)

(3.8)

+2M>8,4 +M2(|,Uvn+1 = Wl + Vns1 = Val + |8us1 = 8ul + 31 Bui1 — ﬂnl)

+ ||en+1 - en” + ||an+len+1 - anen”

oo

2M,
+ 8n+1,3n+17 Z |70 = Tusil-
i1

(3.9)
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Using Lemma 2.4, we have from (3.9) lim,_, « ||x, — w,| = 0 and then lim,_, « [|%41 —
xull = 0.
Step 3. limy, o 1%, — #,|| = 0 and limy,, 0 |6 — (@0l + > 1 a,f]f:,fl.)unll =0.

We compute the following:

Vo1 —vall < (1 - ﬂn+l)”xn+l —%ull + [Bas1 = Bulllull

o0 o0
aol + ) _aJi’ Nt —|aol+ ) aill |ua

i=1 i=1
00
i=1

= (1 - ,Bn+1)||xn+1 _xn” + 2|,3n+1 - lgn |M2

o0 o0
Aj Aj
aol+ Y gt N - aol+ Y aJk |u,
i=1

i=1

+ /3;'1+1

+ |,Bn+1 - /gn|

+

Using the result of Step 2 and Lemma 2.4, we have

oo
lim (zzol + 21: ai];tfl) Uy — V| = 0. (3.10)
Since

= (l_ﬂn)

and 0 < liminf,_, B, <limsup,_, B, <1, (3.10) implies that

o0
A,
aol + E ui],n’l_ Uy —Vy
i=1

o0
A,
Xy — aOI+E ai],n‘i Uy,
i=1

[ee]
lim |, - (aol + Za,-];:f,)u,, =0. (3.11)
i=1
Moreover,
ln — %l = H QC[(l = 0) (0 + en)] - Qcxy ” < apllxull + (1 —an)lleall,
then
lim ||x, — u,|| = 0. (3.12)
n— 00
Noticing (3.11) and (3.12), we have
o0
Tim s, (aol ¥ Zai],’::i>un =0. (313)
i=1

Step 4. w(x,) C D, where w(x,) is the set of all of the weak limit points of {x,}.
Since {x,} is bounded, there exists a subsequence of {x,}, which is denoted by {x,, }, such
that x,, — qo, as k — oo. From (3.12), we have u,, — qo, as k — 0o0. Then Lemma 2.2(ii)
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implies that

limsup ® (||u,,, — xl) = limsup S (||, — qoll) + P(llgo —x[), Vx€E. (3.14)

k— 00 k— 00

Lemma 3.1, Lemma 2.2(i), and (3.13) imply that

oo
lim sup @ — | aol + Za,]f" g0
k— 00 "t
o0
< lim sup CD( ,] (aol + Za,'];i; l,)qo + Aol )
k— 00 -1 ’

oo
+lim sup<(1 ao) Uy, — Z a,],n U T (unk (aOI + Z ai]f:;’l.)qo>>
i=1

k— o0

<limsup ® (||, — qoll). (3.15)

k— 00

From (3.14) and (3.15), we know that ®(||(aol + Y ﬂi/;:i(,,-)qo —qoll) < 0, which implies
that

aoqo + E aiJ rnkl% =4o-

Then Lemma 3.1 ensures that go € D.

Step 5. x, — qo, as n — 00, where go € D is the unique element which satisfies (3.2).

Now, we define A(y) = limsup,,_, ., ®(|lx, — y|)), for y € D. Then h(y) : D — R* is proper,
strictly convex, lower-semi-continuous, and A(y) — +00, as ||y|| = +o0o. Therefore, there
exists a unique element go € D such that 4(qo) = min,ep h(y). That is, g, satisfies (3.2).

Next, we shall show that x,, — go, as n — oo.

In fact, suppose there exists a subsequence {x,,,} of {x,} (for simplicity, we still denote it
by {«x,}) such that x,, — vo, as n — 00, then vy € D in view of Step 4. Using Lemma 2.2(ii),
h(qo) = h(vg) + ®(||vo — qoll), which implies that ®(|lvg — gol|) = 0, and then vy = go.

If there exists another subsequence {x,, } of {x,} such that x,, — po, as k — oco. Then
repeating the above process, we have pg = go.

Since all of the weakly convergent subsequences of {x,,} converge to the same element gy,
the whole sequence {x,} converges weakly to go. Combining the results of Steps 2 and 3,
Uy — qo, Wy — qo, @S 1 — OO.

This completes the proof. d

Remark 3.1 Compared to the work in [20], the smoothness of E is not needed. The iter-
ative algorithm (3.1) is more general than those discussed in [5, 9, 17-21].

Remark 3.2 The properties of the function ® defined by (1.1) are widely used in the proof
of Steps 4 and 5, which can be regarded as a new proof technique compared to the existing
work.

Remark 3.3 Three sequences are proved to be weakly convergent to the common zero
point of an infinite family of m-accretive mappings. The characteristic of the weakly con-

vergent point gy of {x,} is presented in Theorem 3.1.

Page 12 of 23
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Remark 3.4 The assumptions imposed on the real number sequences in Theorem 3.1 are

. 2,
reasonable if we take o, = %, Uy = n%, Vi = ”n—;“, 8, = nLZ’ and B, =¢, = ”2—;1, forn>1.

Lemma 3.2 Let E be a real uniformly smooth and uniformly convex Banach space. Let
C be a nonempty, closed, and convex sunny nonexpansive retract of E, and Q¢ be the
sunny nonexpansive retraction of E onto C. Let T : C — C be a nonexpansive mapping
with Fix(T) # (. Let T, : C — C be defined by Tyx := TQc[(1 — t)x], x € C. Then:
(i) T¢isa contraction and has a fixed point z;, which satisfies | z; — Tz|| — 0, as t — 0;
(ii) further suppose that E has a weakly continuous duality mapping J,, then
lim;_,q z; = zo € Fix(T).

Proof Lemma 2.7 ensures the result of (i).

To show that (ii) holds, it suffices to show that, for any sequence {¢,} such that ¢, — 0,
we have lim,_, » 2;, = 2o € Fix(T).

In fact, the result of (i) implies that there exists z; € Fix(T') such that z; = TQc[(1 - t)z],
t € (0,1). For Vp € Fix(T), since

lze - pll = || TQc[(1 - H)z:] - TQcp| < llze —p - tz:ll < A =)z - pll + tlipll,

{z:} is bounded. Without loss of generality, we may assume that z;, — z,. Using (i) and
Lemma 2.5, we have z, € Fix(T).
Using Lemma 2.2, we have, for Vp € Fix(T),

(| TQc[@ - t)z] - TQcp|)

(llze - pll) = &

(@ -0z-pl)
(
(

IA

< ®(llz - pll) - tlze Jo (2t — p — t22))
s

lze = pll) — tlze — p — tze, )y (2e — p — t20)) — t{p + t20, ], (2 — p — t21)),
which implies that
lze —p - tzello(lze — p - tzell) < (. Jp(p + tz — z2)) + tzes T (0 + tze — 22)).

In particular,

22, — P = tuze, @ (1|26, — P — tuze,|l)

< (S + tuz, — 21,)) + talze, o 0 + tuzs, — 21,))-

Thus

122, — 20 = tuzu, 9 (1120, — 20 — tuzs, ||)
< (20, J (20 + tuzt, — 21,)) + tul2e, Jo (20 + tuzs, — 21,)). (3.16)
Since E has a weakly continuous duality mapping J,, (3.16) implies that z;, — zo — t,z;, —

0,as n — oo.
From ||z, — zoll < ||z, — 20 — tuze, || + tullzs, ||, we see that z;, — zo, as n — oo.
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Suppose there exists another sequence z;,, — xo, as t,, — 0 and m — oco. Then from (i)
llz¢,, — Tz, || = 0 and I — T being demi-closed at zero, we have x, € Fix(T). Moreover,
repeating the above proof, we have z;,, — %o, as m — 00. Next, we want to show that
Z0 = X0.

Similar to (3.16), we have

1z¢,, — 20 — timzs,, ||</’(||Ztm - 2o — tmzy, ||)

< (20,14 (20 + bzt — Z2))) + tn(Ztmr o (20 + bty — Z0y,))-

Letting m — o0,

ll%0 — Zoll (0 — zoll) < (20, /(20 — %0)). (3.17)
Interchanging x, and 2o in (3.17), we obtain

llzo = %olle (120 — %o0ll) < (%0, ]y (%0 — 20))- (3.18)
Then (3.17) and (3.18) ensure

2llx0 — zollo (o — 20l) < (%0 — 20, Jp (%0 — 20)) = llxo — 2ol (0 — 20 1),

which implies that xy = zo.

Therefore, lim,_, ¢ z; = zo € Fix(T).
This completes the proof. O

Remark 3.5 Compared to the proof of Lemma 2.7 in [20], a different method is used in
the proof of the result (ii) in Lemma 3.2.

Theorem 3.2 Further suppose that E is real uniformly convex and uniformly smooth and
(Vi) Y02 (1= &u)atuBudy = +00; (viii) py = 0(ctnBudn). The other restrictions are the same as
those in Theorem 3.1, then the iterative sequence {x,} generated by (3.1) converges strongly
topo €D.

Proof We shall split the proof into six steps. The proofs of Steps 1, 2, and 3 are the same
as those in Theorem 3.1.

Step 4. limsup,,_, , .. (po,J,(Po — x,)) < 0, where py is an element in D.

From Lemma 3.2, we know that there exists y; € C such that

¥ =aoQc[A-t)y] + Zdi/f:i Qc[A-t)y]
i1

for t € (0,1). Moreover, y; — pg € D, as t — 0.
Since ||y¢]l < lye — poll + llpoll> {y:} is bounded. Using Lemma 2.2, we have

¢(||)’t _xn”) f CI)(” (1_ t)yt —Xn ”)

+ <<6101 + Zai];il:i>xn _xmjfp(yt _xn)>
i=1
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< @ (llye — xull) = tyes Jo [(1 = O)ye — %))

[o¢]
A.
aol + E a,']rnli Xy — Xn

i=1

+ [(1

’

where Kj = sup{¢(|ly; — x,||) : » > 1,¢ > 0} and from the result of Step 1 we know that K is
a positive constant.

Thus (v, J[1—t)y: —x,]) < ? (a0l +> i a,»]f:l’:i )%, —%,||. Noticing (3.12) and (3.13), we
have

o0
A.
aol + E a,»]rn’i Xy — Xn
i=1
o0 o0
I J4i x, — | a0l JAi
aol + aif,! |%n— | a0l + aif,!. |un
i=1 i=1
[o¢]
I JA
aol + “er» Uy — Uy
i=1
o0
aol + E a']Ai U, —U
0 Sy n n
i=1

=

+ + ”un_an

<2||x, — uy,ll + — 0,

as n — 00. Therefore,

lim lim sup(y,, J,, [(1 - £)y; = x4 ]) < 0.

=0 y— 4100

From the assumption on J, and the following fact:

(pO:]fp(pO _xn)) = (pO:]w(pO _xn) _]w [(1 - t)yt _xn])
+{po =y Jo[(L = O)ye = %)) + (e T [ (L = D)y — x4 ]),

we have limsup,,_, , . (p0,J, (o — %,)) < 0.
Then

lim sup(po,]q) [po —-x,— 1 -ay,)e, + a,,x,,])
<lim sup(po,]w [po —xp— 1 —aye, + oz,qu,] —Jo(po — xy,)) + lim sup(po,](p(po - xn)>
n—00 n—00

=lim sup(po,](p(po - xn)> <0. (3.19)

Step 5. @ defined by (1.1) satisfies ®(kt) < k®(¢), for ¢ € [0, +00), where k € [0,1].

In fact, let F(¢) = fokt<p(s) ds—kfot @(s)ds, for t € [0, +00). Then F'(t) = ko(kt) — ko(t) <0,
since k € (0,1) and the gauge function ¢ is increasing. Thus F is decreasing on [0, +00).
That is, F(¢) < F(0), for t € [0, +00). Then f(ftgo(s) ds < kfot ¢(s)ds, for t € [0, +00), which
implies that ®(kt) < k®(t), for £ € [0, +00).

Step 6. x,, — pg, as 1 — +00, where py € D is the same as that in Step 4.

Since ® is convex, we have

D (lxne1 = poll) < (1= &) (Ilwn = poll) + £ ® (1%, = poll)- (3.20)
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Using Lemma 2.2 and the result of Step 5, we have

qD(”Wn —P0||) = ,U«n@(“f(xn) —Po ”) + an>(||xn —P0||) + 8nq>(||Vn —P0||)
=< (/’Lnk + Vn)(p(”xn —P0||) + MnV(Po) _pO:]w (f(xn) —P0)>
+8,®(|lvs - poll).- (3.21)

Similarly, we have

O(Iva—poll) < A= B)® (% — poll) + Bu®(llstn — poll)
< (@=B)P(Ilx: — poll) + Bu(1 = ) (lls — poll)
+ Bul(L = ctn)en — atupo, J (1 = ) (% + €4) = po))
= (1= Buot) @ (||%n — poll)
+ Bl = &) e S (1= ) (6n + €4) = o))
+ Buttn(po,Jy (Do — % — (L — ap)ey + ctuxy)). (3.22)

Let K3 = sup{o(||(1 — a,)x, + €4) — poll), o(|[f (x4) — poll) : » > 1}. Then Kj is a positive
constant. Using (3.20)-(3.22), we have

O ([lxn1 = poll) < {1 = A= &) [n(L = k) + 0B | } P (I1%n — poll)
+ (1= &) Bu(L = n)dulen o[ (1 = o) + €4) — po])
+ @ Buu(1 = Cu)Pos Jo [P0 — %n — (1 = atn)en + at])
+ (1= &) inlf (o) = Pos T (f () = Po))
< [1 = auBubu(l = )] (124 = poll)
+ (1= ) (1 = 0) Budukz [l el
+ @ Budn(l = £)pos Ty [P0 — %n = (L= )y, + oy, )
+ (L= &) nlf (Po) = po, Jy (f (%) = po))- (3.23)

Let ¢, = 0,84,8,(1 — &), then (3.23) reduces to ®(||lx,1 — poll) < 1 — )P (%, — poll) +

Cn{<p0;](p [pO — Xy — (1 - an)en + anxn]) + anl/;:Sn KZ”f(pO) —Po ”} + I<2”en”
From Lemma 2.3, the assumptions (vii) and (viii), (3.19), and (3.23), we know that

®(||x, — poll) — 0, which implies that x, — po, as n — +00. Combining the results in
Steps 2 and 3, we can also know that w,, — py, u,, — po, as 1 — +00.
This completes the proof. d

Remark 3.6 Actually, the three sequences {x,}, {w,}, and {u,} are proved to be strongly
convergent to the common zero point pg of an infinite family of m-accretive mappings.
The po in Theorem 3.2 also satisfies (3.2).

Remark 3.7 The assumptions imposed on the real sequences in Theorem 3.2 are reason-

1

. 3
able if we take &ty =8, = 4,y = &, yu=1- 5 - 4, 5, = 4%, and B, = 242 forn > 1.

n3 n3 2n3
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4 Example: infinite p-Laplacian-like differential systems

Remark 4.1 In the next of this paper, we shall present an example of infinite p-Laplacian-
like differential systems. Based on the example, we shall construct an infinite family of
m-accretive mappings, present characteristic of the common zero point of theirs, and
demonstrate the applications of Theorems 3.1 and 3.2.

Now, we investigate the following p-Laplacian-like differential systems:

—div[(C() + [Vu?) 3 Va1V ] =f(x), ae.ing,
-9, (C(x) + |Vu|2)sil |[Vu|"i'Vy) =0, a.e.onT, (4.1)
i=1,2,...,

where Q is a bounded conical domain of the Euclidean space RN (N > 1) with its boundary
I e C'[26].

m;+s;+1=p;, m; >0and Az/_z;/l <pi<+00,fori=1,2,.... || is the Euclidean norm in RV
and (-, -) is the Euclidean inner-product. ¢ is the exterior normal derivative of I'. C(x) > 0
and C(x) € LPi(Q2),i € N*.

Weuse || - ||, and || - [l1,5, to denote the norms in L7 (2) and W'#i(S2), respectively. Let
1,11

pi P

Remark 4.2 If s; = 0 and m; = p; — 1, i € N*, then (4.1) is reduced to the case of infinite
p-Laplacian differential systems.

Remark 4.3 ([27]) The mapping J,, : L{(Q2) — LPZ‘(Q) defined by J,,u = |u|Pi~t sgn u, for
u € LP1(Q), is the duality mapping with the gauge function ¢(r) = #i"! for i € N*. This
presents a vivid example of a duality mapping in L7 (2).

Lemma 4.1 ([28]) Let E be a real Banach space and E* be its duality space. If B: E — E*
is maximal monotone and coercive, then B is a surjection.

Lemma 4.2 ([29]) For each i € N*, define the mapping B; : WPi(Q) — (WPi(Q))* by
(v, Biu) = /((C(x) + |Vu|2)7i |Vul" 7 Vu, Vv)dx
Q

for any u,v € WYi(Q). Then B; is everywhere defined, monotone, and hemi-continuous.

Remark 4.4 Based on B;, we shall construct two groups of mappings Zi (L2(Q) — L)
and A; : LPi(2) — L%{(R2) in the following. Since B; may not be coercive, different proof
methods are employed while showing that both A; and A; are m-accretive mappings, com-
pared to the work done in [29].

Definition 4.1 For each i € N*, define the mapping A; : L2(R) — L2() in the following
way:

D(A;) = {u(x) € L*(R) : there exists h;(x) € L2(R) such that /;(x) = B;u}, for any

ue DA, A = hi(x).

Proposition 4.1 The mapping A, is m-accretive.
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Proof First, for every A > 0, the mapping T}, : H(Q) — 2" defined by T}, = u + AAu
is maximal monotone and coercive. It follows from the fact that L2(Q2) c (H'(2))* and
Lemma 4.1 that R(I + )in) = 12(Q) for every A > 0.

Secondly, for any u; € D(;Xi), (U — uz,ziul —ziuz) = (uy — Uy, Bijuy — B;u») > 0 since B; is
monotone.

This complete the proof. d

Lemma 4.3 Iff,g € L*(Q) and there exist u,v € L*(Q) such that f = u+ A\, g = v+ AAv.
Then

/|u—v|p"dx§/[f—g|pidx,
Q Q

where p; > 2. (Functions u(x) and v(x) exist from Proposition 4.1.)

Proof Define ¢ : R— Rby ¥ () = i_ |£Pi, let 3y : R — R denote its subdifferential and for
u>0,let (0y), : R — R denote the Yosida approximation of dv. Let v, be an indefinite
integral of (3v),, so that (3v),, = dv,,. We write 9y, = x,, : R — R and observe that y,, is
monotone, Lipschitz with constant i and differential everywhere except at ¢ = 0.

Since

Y (f () = g(x)) = Y () = v(x)) = [0 (ux) = v)) ][ (f®) — g(®)) = (u(x) - v(x))]

for x € 2, we have

/w#(f—g)dxz/ wﬂ(u—v)dx+/[Xﬂ(u—v)][(f—g)—(u—v)]dx.
Q Q Q

So, to prove the lemma, it suffices to prove that
/ Xl = V) (A - A)dx > 0
Q

for every pu > 0 in view of the fact that v, (t) 1 ¥(¢) for every ¢ € R and the monotone
convergence theorem.

Now, since

/Q X (= V) (Agu — A) dx
= (X, (u —v), Bju— By)
> /Q[(C(x) + |Vu|2)% |Vu| " — (C(x) + |Vu|2)%|Vu|”’"|Vv|
- (C) + |VV|2)% |VV"™ V| + (Clx) + |Vv|2)% Vv x ) (= v) da
= /Q [(C) + 1Val)? 1Vl = (o) + 1V¥P) 2 [V (Vi = 19v1) (= v)
>0,

the last inequality is available since yx,, is monotone and x,(0) = 0.
This completes the proof. d
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Definition 4.2 For i € N*, define the mapping A; : L?i(Q2) — L?i(R2) in the following way:
(i) if p; =2, D(A;) = {u(x) € LPi(2) : there exists /;(x) € LPi(2) such that h;(x) = B;u},
for any u € D(A;), A;u = h;(x);

(ii) if % < p; <2, we define A; : L¥i(Q2) — LPi(Q2) as the LPi-closure of

/Ti 1 L%(Q) — L*(R) defined in Definition 4.1.

Proposition 4.2 For2 < p; < +00, the mapping A; : LPi(Q2) — LPi(2) is m-accretive, where
ieN*.

Proof First, we show that
R(I +AA;) = LP(Q)

for every A > 0.

In fact, since p; > 2, then Proposition 4.1 implies that
R(I + AA;)) = [2(Q) D [Fi(Q).

Then for any f(x) € LPi(R2), thereisa u € D(Z,») such that f = u + )Jl,»u. Since 0 =0 + AZiO,
by Lemma 4.3, we have

/|u|”"dx§/[f|pidx<+oo.
Q Q

That is, # € LPi(2) and so R(I + LA;) = LPi(R2) in view of the definition of A;.
Secondly, we shall show that A; is accretive.
For any u; € D(A;), j = 1,2, we are left to show that

(lr — ua P~ sgn(uy — uy), Ay — Aja) > 0.
It suffices for us to show that
(lux = ua 1P~ sgn(uy — u), Biuy — Bjup) > 0.
To this aim, take for a constant k > 0, define x4 : R — R by

pi—

xi(8) = (£ A k) Vv (=K) "sent.

Then x4 is monotone, Lipschitz with xx(0) = 0, and x; is continuous except at finitely
many points on R. This shows that

(lur — ua P~ sgn(uy — up), Biuy — Bjuts)

= lim ((C(x) + |Vu|2)37i|Vu|”’f’1Vu - (C(x) + |Vv|2)% |V VY, Vi — Vv)

k—+00 Jo

X Xty — up) dx

= /Q[(C(x) " |V”|2)% [Va™ — (Clx) + |VV|2)% |Vv)™]
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x (IVul = |Vv]) xi (w1 — up) dx

>0.
This completes the proof. d

Proposition 4.3 For % < pi <2, the mapping A; : LPi(Q) — LPi(Q2) is m-accretive, where
ieN™.

Proof For f(x) € L7(R2), we may choose a sequence {f,;} C L2(R2) such that f,(x) — f(x) in
LPi(2), as n — oo.
Proposition 4.1 implies that there is a u,, € L?(R) such that u,, + )»Ziu,, =fy, forn>1.
Using Lemma 4.3, we have

/|un—um|pidx§/[fn—fm|pidx.
Q Q

This implies that there is a u(x) € L?(2) such that u, — u in L”i(2) and then Defini-
tion 4.2 ensures that R(I + AA;) = LPi(RQ).

The nonexpansive property of (I + AA;)™! : L7((Q) — LPi(Q) follows from Lemma 4.3,
which implies that A; is accretive.

This completes the proof. O

Lemma 4.4 ([30]) Let Q be a bounded conical domain in RN. If mp > N, then
W"P(Q) << Cp(2); if 0 < mp < N and qo = Nli[—frw, then W™P(Q) << L1(Q2), where
1 < g < qo and ‘<" means compact embedding.

Lemma 4.5 ([31]) Let Xy denote the closed subspace of all constant functions in W (Q).
Let X be the quotient space W (Q)/Xo. For u € W (Q), define the mapping P : WP (Q) —
Xo by Pu = —L_ fQ udx. Then there is a constant C > 0, such that Yu € W (Q),

meas(2)

lue = Pull, < ClIVull go@yn-
Theorem 4.1 Forie R, N(A;) = {u € LP(Q) : u(x) = constant on Q}.

Proof (i) p; > 2.

Let u(x) € N(A4;), then 0 = (u, Biu) = [,(C(x) + IVu2) ¥ |Vu"+ dx > Jo IVulPidx > 0,
which implies that u(x) = constant. That is, N(4;) C {u# € L*i(S2) : u(x) = constant on }.

On the other hand, suppose u(x) = constant. Then 0 = (v, Bju), for Vv € W*i(Q). Then
u € N(A;). The result follows.

(ii) % <p;<2. B

Suppose u € L7i(2) and u(x) = constant. Let u, = u, then A;u, = 0 in view of (i). Thus
{u € L7i(Q2) : u(x) = constant on Q} C N(A;) in view of the definition of A;.

On the other hand, let # € N(4;). Then there exist {u,} and {f,} in L?(R2) such that u, —
u, fy — 0 in L?(2) and Ziun = f,. Now, define the following functions:

|tlPitsgnt, if|¢] > 1,

£) =
1) t, if [t| <1
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and

2-2 .
_ ) 1t” Pisgnt, if |t >1,

50 t, if [¢] < 1.

Then for u € L*(R2), the function t € R — fQ &(m + t)dx € R is continuous and
lim,_, +00 [, & (4 + £) dx = L00. Therefore, there exists £, € R such that [, £(u +t,)dx = 0.
So, for u, € L*($2), we may assume that there exists t, € R such that fQ Eu, +ty)dx =0
and Ziun =fu, for n > 1. Let v, = u, + t,, then Zivn :Ziun =fu, form>1.

Now, we compute the following:

pi-1
pi-1

; 2, \ 7
”fn”pi [valPi dx + [V,|® dx
[vnl=1 [vn|=1
/ i
> |fullp; (/ [V, lPi dx+/ [V | dx)
[vn| <1 [vn|>1

= ”fn”p, ?, > <7](Vn):fn)

n(vn)
ot = [ 190,17 0,)
> const. fﬂ |V (EWD)) | dx. (4.2)
Using Lemma 4.5,

bi
Ly (4.3)

/Q‘V(S(V,,)) ’pi dx > const.|€(v,)

Then Lemma 4.4 implies that

bi
v}

i
22y 7l
const.(/ |v,,|p;'dx+/ |v,,|( piPi dx) !
[vnl=1 [vnl=1
2
pv
const.(/ v, [Pt dx+/ |vn|2dx) " (4.4)
[vnl=1 [vnl=1

From (4.2)-(4.4), we know that ||§'(V,,)||ﬁgi‘9 < const.||full,, = 0, as n — oo. Then
£(v,) — 0 in LZi(). Since the Nemytskyi mapping u € 17{(Q) — £ () € LPi(Q) is con-
tinuous, v, — 0 in L?($2). Then u(x) = constant. Thus N(A;) C {u € LPi(Q2) : u(x) =
constant on 2}.

|5 T, o = const.[|§(v,)

This completes the proof. d

Remark 4.5 Two infinite families of m-accretive mappings related to nonlinear p-Lap-
lacian-like differential systems are constructed, which emphasizes the importance of the
study on approximating common zero points of infinite nonlinear m-accretive mappings.

Remark 4.6 Theorem 4.1 helps us to see the assumption that ()5, N(A;) # @ in Theo-
rems 3.1 and 3.2 are valid.
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Definition 4.3 If f(x) = 0 in (4.1), then the solution u#(x) of (4.1) is called the equilibrium
solution to the p-Laplacian-like differential systems (4.1).

Theorem 4.2 For i € N*, u(x) € N(A;) if and only if u(x) is the equilibrium solution of
(4.1).

Proof 1t is easy to see that if u(x) € N(A;), then u(x) is the equilibrium solution of (4.1).
On the other hand, if u(x) is the equilibrium solution of (4.1), then

—div[(C@) + |Vul?) 2 VU™ 'Vu] =0, aeinQ.
Thus for Yo € C3°(£2), by using the property of generalized function, we have

0 =l ~div[(C) + [Val®) | Vu" V)

:f —div[(C(x) + |Vu|2)%|Vu|mi_1Vu]g0dx

Q

- /((C(x)+ |Vu|2)s2l|vM|mt-1vM, Vo)dx = (¢, Biu),
Q

which implies that u(x) € N(A;).
This completes the proof. 0

Remark 4.7 Based on Theorem 4.2, Theorems 3.1 and 3.2 can be applied to approximate
the equilibrium solution of (4.1).
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