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Abstract

We prove two strong convergence results of the Ishikawa iteration for a multivalued
quasi-nonexpansive mapping in a complete geodesic space with curvature bounded
above. Our results improve significantly the recent results of Panyanak (Fixed Point
Theory Appl. 2014:1, 2014) in the sense that many restrictions in his results are
weakened. In particular, we can conclude that the convergence result of the Mann
iteration which cannot be deduced from Panyanak’s results.
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1 Introduction
For a metric space X, a point p € X is said to be a fixed point of a multivalued mapping
T:X — 2% if p € Tp. The set of all fixed points of T is denoted by F(T). The purpose of
this paper is to discuss an iterative scheme to approximate a fixed point of a multivalued
mapping.

For a geodesic space X, there have been many algorithms for approximating fixed points
of the multivalued mapping 7. We are interested in an iterative sequence {x,} generated
by the Ishikawa algorithm [2], that is,

x1 € X is arbitrarily chosen;
Y = Buvy ® (1 - B,)x, where v, € Tx,; (1.1)
Xpi1 = ity © (1 — ay)x, where u, € Ty,;

for all n € N. If B8, = 0, then such a sequence {x,} is said to be generated by the Mann
algorithm [3].
In 2009, Shahzad and Zegeye [4] proved the following result.

Theorem 1.1 ([4], Theorems 2.3 and 2.5) Let K be a closed convex subset of a uniformly
convex Banach space, T : K — CB(K) be a quasi-nonexpansive multivalued mapping with
the endpoint condition, and let {x,} be defined by (1.1). Assume that one of the following
holds:

(A") T satisfies condition (1) with respect to K, and {o,}, {B,} C [a,b] C (0,1);
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(A*) T is hemicompact and continuous, and {a,},{B,} C [0,1), lim, o B, = 0, and

ZZil oy, = 00.

Then {x,} converges to a fixed point of T

Recall that the mapping T satisfies the endpoint condition if F(T) # @ and Tp = {p} for
all p € F(T).

Recently, Panyanak [1] presented the analog result of Shahzad and Zegeye in the frame-
work of a CAT(1) space whose diameter is less than 77/2 and whose metric is convex. (See

the relevant definitions in Section 2.) We quote all his main results as follows.

Theorem 1.2 ([1], Theorems 3.2 and 3.3) Let X be a complete CAT(1) space, T : X —
CB(X) be a quasi-nonexpansive mapping with the endpoint condition, and let {x,} be the
Ishikawa algorithm. Assume that one of the following holds:

(A') T satisfies condition (1) with respect to X, and {a,}, {Bn} C [a,b] C (0,1);
(A*) T is hemicompact and continuous, and {o,},{B,} C [0,1), lim,— o B, = 0, and

21 & = 00,

If the metric is convex and diam(X) < 7w /2, then {x,} converges to a fixed point of T.

In this paper, we improve both Theorems 3.2 and 3.3 of Panyanak (see Theorem 1.2
above) in the following aspects. (1) We do not assume that the metric is convex. (2) The
restrictions on the mapping 7 and the parameters {«,}, {8,,} are relaxed. (3) The condition
diam(X) < 7 /2 is replaced by a more general one and this condition is sharp. Note that the
Mann algorithm is nothing but the Ishikawa algorithm (1.1) with 8, = 0. We also show
that our result can conclude the convergence for the Mann algorithm while this is not the

case in Theorem 1.2.

2 Preliminaries

For a real number «, we denote by M, the following: (i) M, is the spherical space (1/4/«)S?
if k¥ > 0; (ii) M, is the Euclidean space R? if « = 0; (iii) M, is the hyperbolic space
(1//=Kk)H? if k < 0. In particular, D, := diam(M, ) = oo if k <0 and D, = w//«k if k > 0.

A metric space X is a geodesic space if for every u,v € X, there exists a geodesic part
from u to v, that is, g : [0,/] — X is an isometry such that g(0) = # and g(I) = v. A geodesic
triangle A(u,v,w) consists of three points u,v,w € X and all the images of each geodesic
part joining two of them. We say that a geodesic triangle A(x, v, w), where u,v,w € X and
d(u,v) + d(v,w) + d(w, u) < 2D, satisfies the CAT(x) inequality if there exist three corre-
sponding points u, v, w € M, such that

o d(u,v) =dy, @, 7), d(v,w) = dy, (v, w), and d(u, w) = dp, (U, w);

o dp,q) <dm,(p,q) forall p,q € A(u,v,w) and p,q € A, v, w).

A geodesic space X is a CAT (k) space if every geodesic triangle in X with perimeter less
than 2D, satisfies the CAT(«) inequality. If X is a CAT(k) space, then it is D, -uniquely
geodesic, that is, there exists a unique geodesic part from u to v forall u, v € X with d(u, v) <
D,.. In this case, for @ € [0,1] and u, v € X with d(u,v) < D, we denoteby w = au @ (1 — t)v
the point on the image of the geodesic part from u to v such that d(u, w) = (1 — @)d(u, v)
and d(v, w) = ad(u, v). Moreover, if CAT(«) space with diam(X) < D, /2, then the metric d
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is convex (see [5]), that is,
d(p,au d(1- a)v) <ad(p,u)+ (1 -a)d(p,v)

for all u,v,p € X and « € [0,1]. But the converse is not true in general. In the recent
work of Panyanak [1], it was assumed that X is a CAT(1) space whose metric is convex
and diam(X) < 77/2. The convexity of its metric is actually a consequence of the condition
diam(X) < /2.

The following lemma, proved by Kimura and Sat6 [6], gives a very important property
of CAT(1) spaces.

Lemma 2.1 Let « € [0,1] and A(u,v,w) be a geodesic triangle in a CAT(1) space such that
d(u,v) + d(v,w) + dw,u) < 2. Then

cosd(au @ (1 - a)v,w)sind(u,v)

> cosd(u, w) sin(ad(u, v)) +cosd(v,w) sin((l —a)d(u, V)).
In particular, cosd(au @ (1 — a)v,w) > acosd(u, w) + (1 — @) cosd(v, w).

For a metric space X, we denote by CB(X) the family of all nonempty closed bounded
subsets of X. For u € X and @ # A C X, we write d(u, A) := inf{d(u, a) : a € A}. We denote
by H the Hausdorff distance on CB(X); that is, for each 4, B € CB(X),

H(A,B) = max{sup d(a, B)sup d(b,A)}.
acA eB

Recall that a multivalued mapping T : C — 2%, where @ # C C X, is said to:

« be quasi-nonexpansive if F(T') # @ and H(Tu, {p}) < d(u,p) for all u € C and p € F(T);

+ be closed at zero if each strongly convergent sequence {u,} in C satisfying
d(u,, Tu,,) — 0 has its limit in F(T);

+ be hemicompact if each bounded sequence {u,} in C satisfying d(u,, Tu,) — 0 has a
strongly convergent subsequence;

« satisfy condition (I) with respect to C [7] if F(T) # @ and there exists a nondecreasing
function f: [0, 00) — [0, 00) such that f vanishes only at zero and
fld(u,E(T))) <d(u, Tu) for all u € C.

Remark 2.2 (1) F(T) is a closed set if T is quasi-nonexpansive. (2) Every continuous map-

ping is closed at zero.

The following lemma is taken from the result of Senter and Dotson [7]. However, it is
established for a multivalued mapping in a metric space, while the original result is for a

single-valued mapping in a Banach space.

Lemma 2.3 Let K be a bounded closed subset of a metric space X, and let T : K — 2X\ {@&}
be a multivalued mapping with a fixed point. If T is hemicompact and closed at zero, then
it satisfies condition (1) with respect to K.
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Proof Letting a := sup{d(u,F(T)) : u € K}. The result is obvious if a = 0. Suppose that
a > 0. Putting Ky, := {u € X : d(u,F(T)) > o} for all « € (0,a). Notice that K, is nonempty,
bounded, and closed. Next, we define f : [0, 00) — [0, 00) by

0 ifa=0;
flo) = §infyex, d(u, Tu) ifa € (0,a);
SUPge(0,0) INfuck, d(u, Tu)  ifa > a.

It is easy to see that f is a nondecreasing function and f (d(u, F(T))) < d(u, Tu) forallu € C.
Finally, we prove that f(«) > 0 for all « € (0,a). Assume that f(y) = 0 for some y € (0,4).
Thus there exists a bounded sequence {v,} in K, such that d(v,, Tv,) — 0. Since T is
hemicompact and closed at zero, there exists a subsequence {v,, } of {v,} such that v, —
v € E(T). By the closedness of K; and v,, — v, we get v € K,,. Hence 0 = d(u,F(T)) > y is
a contradiction and the proof is finished. d

3 Main results
We first introduce the concept of Fejér monotonicity in a metric space. Let F be a
nonempty subset of a metric space X and let y > 0. A sequence {u,} in X is called (y, F)-

Fejér monotone if whenever d(uy, p) < y for some k € N and p € F it follows that
d(uy,p) <d(u,,p) foralln>k.

Obviously, every subsequence of a (y,F)-Fejér monotone sequence is also (y,F)-Fejér

monotone.

Lemma 3.1 Let F be a nonempty closed subset of a complete metric space X and let y > 0.
Suppose that {u,} C X is (v, F)-Fejér monotone. Then {u,} converges to an element of F if
and only if liminf,_, o, d(u,, F) = 0.

Proof The necessity is obvious. We now prove the sufficiency. Assume that

liminfd(u,, F) = 0.

n—00
Let 0 < € < y. Then there exist a subsequence {v,,} of {u,} and a sequence {p,} in F such
that d(v,,, p,) < £/2"! <y for all n € N. Since {v,} is (y, F)-Fejér monotone, d(V,..;, pn) <
d(vy,py) for all n,1 € N. Consequently,

AWVpsts Vi) < d(VnJrl:Pn) + d(VmPn) = 2d(Vn;Pn) <e/2"

for all n,/ € N. Hence, {v,} is a Cauchy sequence in X. By the completeness of X, we get
v, — p for some element p € X. Since d(v,, p,) — 0 and F is closed, we have p, — p € F.
We finally show that the whole sequence {u,} converges to p. Since v, — p and {v,} is the
subsequence of {u,}, there exists k € N such that d(u,p) < y. Since {u,} is (y, F)-Fejér
monotone, we get d(u,,1,p) < d(u,,p) for all n > k, and hence lim,_, o, d(u,,, p) exists. In

particular, lim,,_, o d(u,, p) < lim,_, o, d(v,, p). This implies that lim,_, o d(u,,,p) =0. O
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Lemma 3.2 Let K be a subset of a metric space X and let {u,} be a bounded sequence
in K. Let T : K — 2%\ (@} be a multivalued mapping with a fixed point. If T satisfies
condition (1) with respect to {u,} and lim,,_, o, d(u,, Tu,) = 0, then lim,,_, o, d(u,, F(T)) = 0.

Proof Let f be the nondecreasing function in the condition (I) of T with respect to {u,}.
Then f(d(u,, F(T))) < d(uy, Tu,) for all n € N. This implies that

limsupf(d(u,, F(T))) < lingod(un, Tu,) = 0.

n—00

Since f vanishes only at zero, the conclusion follows. O

Lemma 3.3 Let {u,}, {v,,} be two sequences in a CAT(1) space X and p € X. Suppose that
{a,} is a real sequence in [0,1], X € [0,7/2), and d(u,,v,) < 7 for all n € N. Suppose that
the following conditions hold:
(@) limy— oo d(aptty, ® (1 — )V, p) = A
(ii) limsup,,_, o, d(uy,p) < 4;
(iii) limsup,_, ., d(vu,p) <A.
Ifliminf,, o o, (1 — @) > 0, then lim,,_, oo d(u,,v,) = 0.

Proof Let {ni} be an increasing sequence of positive integers such that the following limits
exist: limy_, oo Ay, Vi) = @, Mg o0 A1ty , p) = b, limy_, oo d(vyyy, p) = ¢, and limy_, o a0y, =
a € (0,1). We show that a = 0. Note that b < A < /2 and ¢ < A < /2. We may assume

that d(u,,,p) < w/2 and d(v,,,p) < 7/2 for all k € N. In particular, d(u,,,p) + d(p,vy) +
AV ) < 2 for all k € N. Using Lemma 2.1 gives

cos d(ankunk ®1- ot,,k)vy,k,p) sind(ty,, Vi)

> cos d(tny, p) Sin (@, d(tny, Vi) + €08 AV, p) sin((1 = o)Aty 5 vy ))-
Consequently,
cos Asina > cos bsin(aa) + coscsin((1 — a)a) > cos A(sin(aa) + sin((1 - a)a)).

It follows that sina > sin(xa) + sin((1 — «)a) and hence a = 0.
By the double extract subsequence principle, we have lim,,_, oo d(14,,, v,,) = 0. O

Lemma 3.4 Let u, v, q be three elements of a CAT(1) space X such that
du,q) <m/2 and d(v,q)<m/2.

Ifw=av® (1 -a)u for some o € [0,1], then d(w,q) < max{d(u, q),d(v,q)}.

Proof Note that the element w is well defined. By Lemma 2.1, we have
cosd(w,q) = cosd(av® (1 -a)u,q) > acosd(v,q) + (1 — a) cosd(u, q).

Since a cosd(v, q) + (1 — &) cos d(u, q) > min{cos d(v, q), cos d(u, q)}, we get

cosd(w,q) > min{cos d(v,q),cosd(u, q)}.
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This implies that

d(w,q)
< min{d(w,u) + d(u,q),dw,v) + d(v,q)}
= min{ad(v,u) + d(u,q), (1 - &)d(v,u) + d(v,q)}

< min{a,1 - a}d(v,u) + %

< d(V,u)+%<n.

N =

Using elementary trigonometry gives d(w, q) < max{d(u, q),d(v,q)}. O
Lemma 3.5 Let X be a CAT(1) space, T : X — CB(X) be a quasi-nonexpansive mapping

with the endpoint condition, and let {x,} be defined by (1.1) and be such that d(x,,p) < 7w /2
for some p € E(T). Then

dxp,p) <dxn,p) and d(y,p) <dx,p) forallneN.

In particular, {x,} is (7 /2, F(T))-Fejér monotone.

Proof Letp € F(T) be such that d(x, p) < /2. Since z; € Tx; and T is quasi-nonexpansive,
we get d(z1,p) < H(Txy, {p}) < d(x1,p) < w/2. By Lemma 3.4, we see that y; is well defined
and d(y1,p) < d(x1,p). Thus d(z,p) < H(Th, {p}) < d(n,p) < 7/2. Again, by Lemma 3.4,
we see that x; is well defined and d(x;, p) < d(x1, p). Hence, the result follows from math-
ematical induction. O
Lemma 3.6 Let X, T, and {x,} be the same as Lemma 3.5.

(i) IfY o2 enBu(l = By) = 00, then liminf,_. o0 d(x,, v,) = 0.

(i) IfY o2, au(l — o) = 00, then liminf,_, o0 d(x,,, ) = 0.

Proof We first show the assertion (i). Suppose that liminf,_, o d(x,, v,) > 0. So, we may

assume that
0<d<d(x,v, <m forallneN.
By Lemma 2.1, we get

08 d (X1, p) = €08 d(ctutty ® (1 — 0t,)%, p)

> a, cosd(uy, p) + (1 - a,) cosd(x,, p).

Since u,, € Ty, and T is quasi-nonexpansive, d(u,, p) < H(Ty,, {p}) < d(y,, p). This implies
that

cosd(xy41,p) = aycosd(y,, p) + (1 —ay,) cosd(x,, p).
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It follows from Lemma 2.1 that

cosd(y,, p) sind(x,, vy,)

> o8 d(Vy, p) sin(Bud (%, vin)) + cos d(x, p) sin((1 - B)d (X, V).
In particular,

cos d(x,41, p) sind(x,, v,,)
> a,, €08 d(vy, p) sin(Bud(x, Vi) + aty cos d(x, p) sin((1 - B)d (X, vn))

+ (1 - ) cosd(xy, p) sind(x,, v,,).
Consequently,

Cos d(xn+1:p) —Cos d(xmp)
sin(B,d (%, V) + sin((L = B,)d (x4, V) _ 1)

>y, cosd(xn,P)( sind(x,,,v,)

Since 0 < § < d(x,,v,) <, we have

sin(Bud (%, V) + sin((1 = By)d (%u, vu))
sind(x,,v,)

2 8in( B, d (%, v,,)/2) sin((1 = B,)d(x,, v,)/2)
- cos(d(x,, v,)/2)
sin(8,,8/2) sin((1 — B,)8/2)

cos(8/2)
_ Bl = B)sin’(8/2)
cos(8/2) ’

-1

Since d(x,, p) < d(x1,p), we have

Ba(1 - By) sin®(8/2)
cos(8/2) )

- 20, 8,(1 - B,) cosd(xy, p) sin*(8/2)

- cos(8/2) '

Cos d(anrl;p) —Cos d(xn;p) = oy, COos d(xmp)<

By Lemma 3.5, we get > -, (cos d (%11, p) — cos d(x,, p)) < 0o. Notice that sin(8/2), cos(8/2),
cosd(x;, p) are positive. Consequently, > - a,8,(1 — B,) < 00, which is a contradiction.

We next show the assertion (ii). Suppose that liminf,_, - d(x,, u,) > 0. Thus, we may
assume that

0<8<dx,u,)<n forallmeN.
It follows from Lemma 2.1 and d(u,, p) < d(y,,p) < d(x,, p) that

oS d(%11, p) Sind (%, 1)

=cos d(anun ®01- oz,,)x,,,p) sind(x,,, u,)
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> cos d(tuy, p) sin(ud(x, un)) + €08 d(%, p) sin((1 — at,)d (%, 1))

> cos d(xn,p)(sin(a,,d(x,,, u,,)) + sin((l —a,)d (%, u,,))).
Hence

cos d(xn41,p) = cos d(x, p)

sin(a,,d(x,, u,)) + sin((1 — a,,)d(x,,, u,,)) 1
sind(x,, u,) - >

> cosd(xn,p)(

Since 0 < § < d(x,, u,) <, we get

sin(ot,d (%, u,)) + sin((1 — e, )d (%, 10,)) - 20, (1 — ey sin?(8/2)

sind(x,, u,) - cos(8/2)
This implies that

20,1 — @y, cos d(xy, p) sin®(8/2)
cos(8/2)

Cos d(xn+1¢p) —Cos d(xn:p) =

oo

o1 9n(1 — @) < 00, which is a contradiction. |

Consequently, Y

Now, we obtain the following convergence theorem, which improves the results of Pa-

nyanak [1].

Theorem 3.7 Let X be a complete CAT(1) space, T : X — CB(X) be a quasi-nonexpansive
mapping with the endpoint condition, and let {x,} be the Ishikawa algorithm. Assume that
(A) T satisfies condition (I) with respect to each bounded subset of X, and
Yot &nBu(l = By) = 00;
(B) d(x1, F(T)) <m/2.
Then {x,} converges to an element of F(T).

Proof By Lemma 3.5, we see that {x,} is bounded. Then T satisfies condition (I) with re-

spect to {x,}. Using Lemma 3.6 gives liminf,,_, » d(x,,v,) = 0. In particular,

liminfd(x,, Tx,) = 0.
n— 00
Notice that F(T) is closed. It follows from Lemma 3.2 that liminf,,_, o, d(x,, F(T)) = 0. Then
the result follows from Lemma 3.1. O

Remark 3.8 Our Theorem 3.7 improves both Theorems 3.2 and 3.3 of [1] (see Theo-
rem 1.2) in the following aspects.
(1) We do not assume convexity of the metric.
(2) The restrictions on the mapping T and the parameters {«,}, {8,} are relaxed. In
fact, it is easy to see that either the condition (A”) or (A*) implies the condition (A).
(3) The condition diam(X) < 7r/2 is weakened. It is clear that the condition

diam(X) < 7r/2 implies the condition (B).
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Remark 3.9 Our condition (B) is sharp in the sense that the condition d(x;, F(T)) < /2
cannot be improved to d(x;, F(T)) < /2.

There exist a quasi-nonexpansive single-valued mapping 7 and an iterative sequence
{x,} generated (1.1) such that

o d(x, F(T)) =7 /2;

« T satisfies condition (I) with respect to {x,};

« {x,} does not converge to a fixed point of 7.

Example 3.10 Let T be a mapping from the unit sphere S? into itself defined by

u-v u+v

V2T V2

T(u,v,w) = < ,w> for (u,v,w) € S%.
Obviously, T is quasi-nonexpansive with F(T) = {(0, 0, -1), (0, 0,1)}. Define a sequence {x,,}
by x; = (1,0,0) and

Kpsl = a,,T(ﬂ,, Tx, ® (1 - ,B,,)x,,) ®(01-a,x, forallmeN,

where {a,},{8,} C [0,1]. Then d(x1,F(T)) = 7 /2 and

Xyl = (cos (Z W),sin(Z W),O)xn forallm e N.

i=1 i=1

Notice that {x,} is bounded. Let {x,, } be a convergent subsequence of {x, }. We may assume
that

klim %u, = (a,b,0) for somea,b € [0,1].
—00

Hence, {x,} does not converge to a fixed point of 7.

Based on Lemma 3.6(ii), we present a convergence theorem which can be reduced to

the Mann algorithm.

Theorem 3.11 Let X, T, and {x,} be the same as Theorem 3.7. Assume that
« T satisfies condition (1) with respect to each bounded subset of X, and
Yoo oy(1 =) = 00 and limsup,,_, B <1;

o dx, F(T)) <7 /2.
Then {x,} converges to an element of F(T).

Proof By Lemma 3.6(ii), we have liminf,_, o d(x,, u,) = 0. Let {n;} be an increasing se-
quence of positive integers such that limy_, oo d(%y,, %) = 0.

Case 1: liminfy_, o, B, = 0. Without loss of generality, we may assume that limy_, o, 8, =
0. It follows that limyg_, o0 (Y » %) = i o0 By A(Viry s %) = 0. Then limy, oo AWy s thy) =
0, and so limy_, o d(yp,, Ty, ) = 0. Notice that F(T) is closed, {y,} is bounded, and T sat-
isfies condition (I) with respect to {y,}. Using Lemma 3.2 gives limy_, o, d(x,,, F(T)) = 0.
Consequently, the conclusion follows from Lemma 3.1.
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Case 2: liminfy_, o By, > 0. In this case, liminfy_, o B, (1 - B,,) > 0. Let p € F(T) be such
that d(x1, p) < w/2. By Lemma 3.5, we have

d(xy1,p) <d(x,,p) and d(y,,p) <d(x,p) forallmeN.
Then r :=lim,,_, o d(x,, p) exists and
A1y, p) < d(y,,p) <d(x,,p) forallneN.

Since limy_, oo d(Xy,, Uy, ) = 0, we get limy_, oo d(u4y, p) = 7, and hence

lim d(y,,,p) =r. (3.1)
k—00
We have
limsupd(v,,,p) < lim d(x,,p) =r. (3.2)
k—>00 n—>00

Using (3.1), (3.2), and Lemma 3.3 gives
klim AWV %n,) = 0.

Therefore, the proof of the remaining part follows from that of Theorem 3.7. d
The next result follows as an immediate consequence of the above theorem.

Corollary 3.12 Let X and T be the same as Theorem 3.7, and let {x,} be the Mann algo-
rithm. Assume that
o T satisfies condition (1) with respect to each bounded subset of X, and
> a1 - ) = o
o d(x, F(T)) <7 /2.
Then {x,} converges to an element of F(T).

The following result is a strong convergence theorem in a CAT (k) space where « is any
real number. It should be noted that if k < 0, then D, = 0o and the condition d(x1, F(T)) <
D, /2 is automatically satisfied.

Theorem 3.13 Suppose that X is a complete CAT (k) space where k is a real number. Let
T : X — CB(X) be a quasi-nonexpansive mapping with the endpoint condition, and let {x,}
be generated by (1.1) where d(x1,E(T)) < D, /2. Assume that the following conditions hold:
o T satisfies condition (1) with respect to each bounded subset of X
o either (i) Y ey uBu(l = By) = 00 or (i) Do) u(l — o) = 00 and limsup,_, ., B, < 1.
Then {x,} converges to an element of F(T).
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