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Abstract

Under some weaker conditions, some coincidence point and common fixed point
theorems are established in partially ordered fuzzy metric spaces using weakly
compatible mappings. By using the theorems, we obtain some coupled and
multidimensional fixed point results, which are generalization and improvement of
very recent theorems in the corresponding literature. In order to illustrate our main
results, we give three examples.

MSC: 47H10; 54H25

Keywords: fuzzy metric spaces; weakly compatible mappings; common fixed
points; coupled coincidence points; multidimensional coincidence points; partially
ordered

1 Introduction

In 1987, the notion of coupled fixed point was first introduced by Guo and Lakshmikan-
tham [1]. Recently, Gnana-Bhaskar and Lakshmikantham [2] established some coupled
fixed point theorems in partially ordered metric space. The fuzzy version of the results
of Gnana-Bhaskar and Lakshmikantham [2] was studied by Sedghi et al. [3]. After that,
common coupled fixed point results in fuzzy metric spaces were established by Hu [4] and
Hu et al. [5]. Very recently, Choudhury et al. [6] established coupled coincidence point
and fixed point results for compatible mappings in partially ordered fuzzy metric spaces.
Later, Roldan et al. [7] obtained multidimensional coincidence point theorems for nonlin-
ear mappings in any number of variables in partially ordered fuzzy metric spaces. Their
results generalize, clarify and unify several classical and very recent related results in the
literature in the setting of metric spaces.

But many results (see, e.g., [4—7]) are obtained under the assumptions: (a) ¢(t) = kt for
all £ >0, where k € (0,1); or (b) Y 7, ¢"(¢) < oo forall £ > 0. It is obvious that the condition
(a) is special. In [8], Ciri¢ [8] has pointed out, the condition (b) is very strong and difficult
for testing in practice. Then Ciri¢ introduced the condition (CBW): ¢(0) = 0, ¢(£) < t and
liminf,_, .+ ¢(£) < ¢ for all £ > 0. Later, Jachymski [9] presented the condition (c): 0 < ¢(£) < ¢
and lim,,_, » ¢"(¢t) = 0 for all ¢ > 0. In order to weaken the condition (c) further, Fang [10]
introduced the condition (d): for each ¢ > 0 there exists r > ¢ such that lim,_, o, ¢"(r) =
0 in the context of Menger probabilistic metric spaces and fuzzy metric spaces. In this
paper, under the condition (d), we present some coincidence point and common fixed
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point results for weakly compatible mappings in partially ordered fuzzy metric spaces. By
using the theorems, we obtain some coupled and multidimensional fixed point results,
which are generalization and improvement of very recent theorems in the corresponding

literature. In addition, we illustrate our main results with three examples.

2 Preliminaries
In order to fix the framework needed to state our main results, we recall the following
notions. Let 7 € N, X be a non-empty set and X" be the Cartesian product of # copies of X.

For brevity, g(x), (1, Y2, - »¥n)s O Y20 o V%), (2L 220 28, (21,225 o0 Z0), (VI Vay ey Vi)
and (x),2,...,x4) will be denoted by gx, Y, Y,,, Zu, Z, V, and X, respectively.
Throughout this paper, let {A, B} be a partition of the set A, = {1,2,...,n},i.e, AUB=
A, and AN B =0. Let 01,09,...,0, : A, = A, be n mappings from A, into itself. We
denote Qup ={0: Ay — Ay:0(A) SAando(B) S B}, Q,,=1{0: Ay — Ay:0(A) C
Bando(B) CA},Ng={0,1,...,n,...};,N={1,...,n,...}, R* =[0,00),and I = [0,1]. If (X, <)
is a partially ordered space, we use the following notation from [11], for y,v € X andi € A,

- N y=xv, ifieA,
y=iv
y>v, ifieB.

Consider on X" the next natural partial order: for Y,V € X"
Y=<,V & yi=iv @)
foralli. IfY <, VorY >, V,thentwo points Y and V are comparable (denoted by Y < V).

Proposition 2.1 ([12]) If Y <, V, it follows that (Y51);Y5@)s-- Vo) =n Ve@)rVo@)r---»
Va(n)) éfc € QABr (yo(l);ya(z);--'rya(n)) Zn (Va(1)¢Va(2):~'rVo(n)) lfO' € Q,AB

Definition 2.2 ([13]) Let (X", <,) be a partially ordered set, and 7" and G be self-mappings
of X”. It is said that T is a G-isotone mapping if, for any Y3, Y, € X"

G(Y1) =%, G(Yy) = TM)=x,TYo).

Definition 2.3 ([14]) Let (X, <) be a partially ordered set and F : X2 — X. We say F has
the mixed g-monotone property if F is monotone non-decreasing in its first argument and

is monotone non-increasing in its second argument, that is, for any x,y € X,
x,% €X, gx) =gxy) implies gF(x1,y) < F(x2,),
and
2 €X, gOn) 2g(2) implies  F(x,y1) = F(%,2).
Definition 2.4 ([11]) Let (X, <) be a partially ordered space. We say that F has the mixed g-
monotone property if F is g-monotone non-decreasing in arguments of A and g-monotone

non-increasing in arguments of B, i.e., for all x1,x,,...,%,,7,z € X and all §

gy ﬁgZ = F(xl)-~~1xi—1;y;xi+1r~--;xn) ﬁi F(xlrn-;xi—lrz,xi+1"~)xn)'
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Definition 2.5 ([13]) An element Y € X" is called a coincidence point of the mappings
T:X"— X"and G: X" — X" if T(Y) = G(Y). Furthermore, if T(Y) = G(Y) = Y, then we
say that Y is a common fixed point of 7' and G.

Definition 2.6 Let F: X" — X and g: X — X be two mappings. A point (x1,%,...,%,) €
X" is:
(i) A coupled coincidence point ([14]) if n = 2, F(x1,%5) = g(x1), and F(x,x71) = g(xz). If
g is the identity mapping on X, then (x;,%,) € X is called a coupled fixed point of
the mapping F ([2]). A coupled common fixed point of F and g ([15]) if n = 2,
F(x1,%) = g(x1) = x1, and F(x2, %) = g(%) = x2.
(i) A Y-coincidence point ([16]) of F and g if

F(xai(l)’ xa,'(2): e rxai(n)) = gxi

for i € A,. If g is the identity mapping on X, then (x,%5,...,%,) € X" is called a
T -fixed point of the mapping F.

Definition 2.7 ([17]) A triple (X, 7, <) is called a partially ordered topological space if t
is a Hausdorff topology on X and < is a partial order on X. A partially ordered topological
space (X, t, <) is said to have the sequential g-monotone property if it verifies:

(i) If {x,,} is a non-decreasing sequence and {x,,} — x, then gx,,, < gx for all m.

(ii) If {y,} is a non-increasing sequence and {y,,} — y, then gy,, > gy for all m.
If g is the identity mapping, then X is said to have the sequential monotone property.

Definition 2.8 ([18]) A triangular norm (also called a £-norm) is a map * : I x [ — I that
is associative, commutative, non-decreasing in both arguments and has 1 as identity. A

t-norm is continuous if it is continuous in I? as mapping. If a,a,...,a, €[, then
m pa—
KA = Ak kK Ay

For each a € [0,1], the sequence {*"a}>_, is defined inductively by *'a = a and *"*'a =
(*"a) * a for all m > 1.

Definition 2.9 ([19]) A t-normissaid to be of H-type if the sequence {*"a};5_, is equicon-
tinuous at a = 1, i.e., for all ¢ € (0,1), there exists n € (0,1) such that if a € (1 — n,1], then
#"aq>1-¢ forall m e N.

Definition 2.10 ([20]) A fuzzy metric space in the sense of Kramosil and Michdlek
(briefly, a FMS) is a triple (X,M,*) where X is a non-empty set, * is a £-norm and
M: X x X x R* — T is a fuzzy set satisfying the following conditions for all x,7,z € X
and £,s > 0:

(FM-1) M(x,y,0) = 0;

(FM-2) M(x,y,t) =1, for all £ > 0 if and only if x = y;

(FM-3) M(x,y,t) = M(y,x,t);

(FM-4) M(x,y,t) * M(y,2,8) < M(x,z,t +5);

(EM-5) M(x,y,-) : R* — T is left continuous.

Remark 2.11 Note that * is continuous in the original definition in [20].
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Definition 2.12 ([21]) A triple (X, M, ) is called a fuzzy metric space (in the sense of
George and Veeramani) if X is an arbitrary non-empty set, * is a continuous ¢-norm and
M: X x X x R* — L is a fuzzy set satisfying, for each x,7,z € X and ¢,s > 0, conditions
(FM-2), (EM-3), (EM-4), (GV-5): M(x,y,-) : (0,00) — I is continuous, and (GV-1):
M(x,y,t) > 0.

Definition 2.13 ([21]) Let (X, M, %) bea FMS. A sequence {x,,} in X is said to be convergent
tox € X iflim,,, oo M(x,,%,£) =1 for all £ > 0. A sequence {x,} in X is said to an M-Cauchy
sequence, if for each ¢ € (0,1) and ¢ > 0 there exists ng € N such that M(x,,x,,,£) >1 —¢
for all m, n > ny. A fuzzy metric space is called complete if every M-Cauchy sequence is
convergent in X.

Lemma 2.14 ([22]) If (X, M) is a FMS under some t-norm and x,y € X, then M(x,y,-) isa
non-decreasing function on (0, 00).

Definition 2.15 ([7]) A partially ordered fuzzy metric space (for short, poFMS) is a
quadruple (X, M, %, <) such that (X, M, *) is a FMS and < is a partial order on X.

Definition 2.16 ([7]) Let p € N and let (X, M, x) be a FMS. A mapping G : X¥ — X is said
to be continuous at a point Y, € X? if, for any sequence {Y,,,}>0 in X¥ converging to Yy,
the sequence {G(Y;,)}m>0 converges to G(Yp). If G is continuous at each Y, € X7, then G
is said continuous on X?.

Definition 2.17 ([4]) Let (X, M, ) be a FMS. The mappings F and g where F: X?> — X
and g: X — X, are said to be compatible if for all £ > 0

lim M(g(F(xn,yn)):F(g(xn):g()’n))'t) =1

n—00

and

lim M(g(F(ymxn)):F(g(yn)’g(x”))’t) =1

n—00

whenever {x,} and {y,} are sequences in X such that lim,_, o F(x,, y,,) = lim,_ o g(x,,) = x
and limy,_, oo F (¥, %) = limy,—, o0 g(¥,,) = y for some x,y € X.

Definition 2.18 ([7]) Let (X, M, *, <) be a poFMS and let ® = (01,05,...,0,) be an n-
tuple of mappings from A, into itself. Two mappings F : X" — X and g: X — X are
said to be ®-compatible if, for all sequences {x.,},=0, {x2,}n>0; - - {2/ =0 C X such that

{gx) b0, 1852 m=0, - - -, 1%, } =0 are monotone and

i (1) 012 i - i i ;
3 lim F(x7 ), i ),...,x‘,’n(”)) = mh_r)noogx’m eX foralli

m—> 00 m

we have

lim M(gF(xf,;'(l),fo;’(z), . ,x;‘yj’(”)),F(gx""(l),gx;ﬁ(z), o gxsi ), f) =1

m— 00 m

forall >0 and all i.
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Remark 2.19 If n = 1 in Definition 2.18, then F,g : X — X are compatible w.r.t. (X, M,
#, <),

Definition 2.20 ([23]) We will say that the maps f,g : X — X are weakly compatible (or
the pair (f,g) is w-compatible) if fgx = gfx for all x € X such that fx = gx.

Let @' denote the family of all functions ¢ : R* — R* such that lim,,_, o ¢"(¢) = 0 for all
t >0, and let ®,, denote the family of all functions ¢ : R* — R* verifying the condition
(d), that is, for each ¢ > 0 there exists > ¢ such that lim,,_, ., ¢"(r) = 0.

It is evident that the condition lim,_, ,, ¢"(f) = 0 for all £ > 0 implies the condition
(d). However, the following example shows that the reverse is not true in general. Hence
' CP,.

Example 2.21 ([10]) Let the function ¢ : R* — R* be defined by

=, ifo<t<l,
pl)=1-£+%, ifl<t=<2, 2)
t-%,  if2<t<oo.

Notice that ¢ € @, but ¢ ¢ @'.
Lemma 2.22 ([10]) Let ¢ € ®,,, then for each t > O there exists r > t such that ¢(r) < t.

3 Main results
In this section we establish our main results and use them to obtain some coupled and
multidimensional fixed point theorems.

Lemma 3.1 If (X, M, %) is a FMS with M(x,y, ) : R* — Lis continuous, then M is a contin-

uous mapping on X* x (0, 00).

Proof The proof is the same as that for a fuzzy metric space in the sense of George and
Veeramani (see Rodriguez-Lopez and Romaguera [24], Proposition 1). O

Lemma 3.2 Let (X, M, x) be a FMS such that « is a t-norm of H-type. Let {x,} be a sequence
in (X, M, %). If there exists a function ¢ € ®,, satisfying
(i) ¢()>0forallt>0;
(i) Mxp %, @(2)) = M(xy_1,%-1,t) for all n,m € N and t > 0;
(i) limy_ 00 M(x0,%1,2) =1,
then {x,,} is a Cauchy sequence.

Proof We proceed with the following steps:
Step 1. We claim that for any ¢ > 0,

M(x,,%,.1,t) > 1 asn— oo. 3)

By (iii), for any ¢ € (0,1), there exists £y > 0 such that M(xo,x1,%) > 1 — €. Since ¢ € O,
there exists #; > £y such that lim,_, o, ¢"(t;) = 0. Thus, for each ¢ > 0, there exists 7y € N
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such that ¢"(#;) < ¢ for all n > ny. It is evident that (ii) implies that
M(x,,,x,,+1, d)(t)) > M(x,_1,%,,t) forallmeNandt¢>O0. (4)

It follows from (i) that ¢"(¢) > 0 for all » € N and ¢ > 0. By induction, it follows from (4)
that

M(x,,,xml, ¢>"(t)) > M(xg,x1,t) forallmeNandt>O0. (5)
So, by (5) and the monotonicity of M(x,y,-), we have
M(xn)xn+lx t) = M(xmxrwl) (;bn(tl)) = M(x01x17 tl) = M(x():xl) tO) >l-¢

for all n > ny. Taking into account that ¢, ¢ > 0 are arbitrary, we conclude that (3) holds.
Step 2. We claim that for any ¢ > 0,

M, X0, 8) > *’”_”M(xn,xnﬂ, t— ¢(r)) forallm>n+1, (6)

where r > t. Since ¢ € ®,,, for any ¢ > 0, there exists » > ¢ such that ¢(r) < ¢t by Lemma 2.22.
Since M(%,, X1, t) = M(%, Xyi1, £ — O(F)) = XM (%, 011, £ — @(r)), then (6) holds for m =
n + 1. Suppose now that M(x,, x,,, £) > *"™ " M(x,, %,41,t — ¢(r)) holds for some fixed m >
n + 1. By (FM-4), (ii) and the monotonicity of *, we get

M (%, X1, 8) = M Xy X, £ = $(r) + B (1))
> M(x Kt — O ) * M(xn+1vxm+17 ¢(V))
> M(x yXnal, E— P(r ) * M (%), X0y 1)
M(xn,x,m, t— qb(r)) * M(%,1, Xy £)
> M (% X1, t = P(r)) s (5" M (%0, X1, t — $(1)))
= "M%y a1, £ — (7).
Thus, we prove that if (6) holds for some m > n + 1, then it also holds for m + 1. By induc-
tion, we conclude that (6) holds for all m > n + 1.

Step 3. We claim that {x,} is a Cauchy sequence. As * is a z-norm of H-type, for any
£ € (0,1) there exists n € (0,1) such that

ifae(1-n,1], then ¥a>1-¢ forall/eN. (7)

It follows from (3) that there exists #; € N such that M(x,,x,.1,t — ¢(r)) >1 — n for all
n> n. So, by (7), we have

KM (0, X1, £ — P(r)) >1— (8)

for all m > n > ;. By (6) and (8), we get for each £ > 0 and ¢ € (0,1), M(x,,, %, £) > 1 — ¢ for
all m > n > my, which implies that {x,} is a Cauchy sequence. g
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Now, we state and prove some fixed point results for weakly compatible mappings in
partially ordered fuzzy metric spaces.

Theorem 3.3 Let (X, M, *, <) be a complete poFMS such that x is a t-norm of H-type.
Let T: X — X and G : X — X be two mappings such that T is a G-isotone mapping and
T(X) C G(X). Assume that there exists ¢ € ©,, such that, for all t > 0 and y,v € X with
G(y) 2 G),

M(T0), T0), 9(1)) = M(G0), G ). ©)

Also suppose that either
(C1) T and G are continuous and compatible and M(x,y,-) : R* — 1 is continuous or
(C2) (X, Ty, X) has the sequential monotone property and G(X) is closed.
If there exists yo € X such that G(yo) < T(yo) and lim;_, .o M(G(¥0), T(yo),t) =1. Then T
and G have a coincidence point.

Proof Let yo € X such that G(yo) < T(y0) and lim;_, oo M(G(y0), T (%0),£) = 1. Since T(X) €
G(X), there exists y; € X such that G(y1) = T(yo). Recursively, we see that, for every m € Ny,
there exists y,,,1 € X such that G(y,,41) = T (¥,)- Set zo = G(yo) and 2,41 = GWs1) = T(Ym)
for every m € Ny.

Since G(y0) < T(y0), we suppose that G(y) < T(yo0), i.e., zo < z1 (the case G(yo) = T (y0)
is treated similarly). Assume that z,,1 < z,, for some m € Ny, that is, G(y;u-1) < G(V).
Since T is a G-isotone mapping, we get z,; = T (¥-1) < T (¥m) = Zm+1- This actually means

that the sequence {z,,} is non-decreasing. Using (9) and monotonicity of {z,,}, we get
M (22> 9(8)) = M(T Y1)y T Y1), D(2))

> M(GO/n1), GOm1)s t)

= M(Zn—ly Zm-1, t)

for all m,n € N and ¢ > 0. Obviously, the inequality (9) implies that ¢(¢) > 0 for all £ > 0.
Indeed, if there exists some £y > 0 such that ¢ () = 0. It follows from (9) that

0=M(T(), T(y),d(to)) = M(G(), G, t0) =1,

which is a contradiction. Since lim;—, o M(G(y0), T(¥0),t) = 1, we have lim;_, oo M(zo, 21,
t) =1. So, by Lemma 3.2, {z,,} is a Cauchy sequence.

Now suppose that the condition (C1) holds. Since (X, M, %, <) is complete, there exists
z € X such that lim,,_, . z, = 2, that is,

lim T(y,) = lim G(y) =Z. (10)

m— 00

Since T and G are compatible, we have

lim M(G(GWmi1)), T(Gym)),£) = lim M(G(T(ym)), T(Gym)),t) =1 (11)

m— 00 m— 00
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for all £ > 0. As G is continuous, we have

rr}gnoo G(Glym)) = G(2). (12)
Using Lemma 3.1, we find that M is a continuous mapping on X2 x (0, 0o). By the continu-
ity of M and (10)-(12), we have 1 = lim,,_, 0o M(G(G(¥;11)), T(G(ym)), t) = M(G(2), T (2), )
for all ¢ > 0, which implies that G(2) = T'(2) and Z is a coincidence point of T and G.

Now suppose that the condition (C2) holds. Since (X, M, *, <) is complete and G(X) is
closed, there exists z € X such thatlim,,,_, oo T(y,,) = lim,,— oo G(¥) = G(2). Since (X, 71, <)
has the sequential monotone property, we have G(y,,) < G(z) for all m € Ny. Since ¢ €
®,,, for each ¢ > 0 there exists r > ¢ such that ¢(r) < ¢t by Lemma 2.22. So, by (9) and the
monotonicity of M(x, y,-), we have

M(T (), T(2),8) = M(T (), T2, (1)) = M(Gyn), G(2),7) = M(Gy,), G(2), )

for all £ > 0 and m € Ny. Letting m — oo in the above inequality, we get T'(y,,) — T(z) as
m — oo. By the uniqueness of the limit, we conclude that G(z) = T'(z) and z is a coincidence
point of T"and G. g

Theorem 3.4 In addition to the hypotheses of Theorem 3.3, let G be weakly compatible
with T if assumption (C2) holds. Suppose that for all coincidence points y,v € X of mappings
T and G, there exists u € X such that

(C3) G(u) is comparable to G(y) and G(v);

(C4) limy, 0o M(G(u), G(y), t) = lim;_, 0o M(G(1r), G(v), £) = 1.
Then T and G have a unique common fixed point.

Proof Putug = uand define a sequence {G(u,,)} by G(t41141) = T (u,,,) for m € N. We may as-
sume that G(y) < G(uo) (the case G(y) = G(up) is treated similarly). Since T is a G-isotone
mapping, we have G(y) = T(y) < T(uo) = G(11). By induction we obtain G(y) < G(u,,) for
all m € Ny. Owing to lim;_, .o M(G(1), G(¥),¢t) = 1, for any € € (0,1), there exists ¢, > 0 such
that M(G(up), G(¥),£) >1 - ¢. Since ¢ € D, there exists t3 > £, such that ¢”(t3) — 0 as
m — 00. Thus, for each ¢ > 0, there exists mo € N such that ¢™(t3) < ¢ for all m > my. So,
by (9) and the monotonicity of M(x,y, -), we get for all m > m, and £ > 0,

M(T (1), T(9), 9™ (83))

M(G(um)¢ G(y): t) > M(G(Mm), G()/), ¢m(t3))
= M(G(um—l)r G()’)» ¢m71 (t?»))

> M(G(uo), G(y), t3)
> M(G(MO)r G()’): tZ)
>1-—e.
Since ¢,¢ > 0 are arbitrary, we deduce that M(G(u,,), G(y),t) — 1 as m — oo. This shows

that lim,,—, o G(¢4,,) = G(»). Similarly, we find that lim,,_, . G(u,,) = G(v). The uniqueness
of the limit proves that G(y) = G(v).
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Denote w = T(y) = G(y). Since T and G are weakly compatible mappings, we have T'(w) =
TG(y) = GT(y) = G(w). So, w is also a coincidence point of T and G. Therefore, G(w) =
G(y) = w and w is a common fixed point of T and G. In order to prove the uniqueness,
assume that w* is another common fixed point of 7" and G. Then we have w* = G(w*) =
G(w) = w. This completes the proof. d

Example 3.5 Let (X, <) be the partially ordered set with X = [0,1] and the natural order-
ing < of the real numbers as the partial ordering <. Define M : X x X x R* — I by

0, ift=0,
e, ift>0.

Then M(x,y,-) : R* — [ is continuous. Let x * y = min{x, y} for all x,y € X. Then (X, M, x)
is a complete FMS with M(x,y,t) — 1 as t — oo, for all x,y € X. Consider 7,G: X — X
defined by T'(x) = %2 + % and G(x) = x.

It is easy to verify the following statements.

(i) T(X) € G(X) and T is a G-isotone mapping.

(ii) The condition (C1) holds.

(iii) There exists yo = 0 such that G(yg) =0 < % =T (o).

Let y,v € X such that G(y) < G(v), that is, y < v. Next, we show that the inequality (9) is
satisfied with ¢(¢) = %t, for all ¢ > 0. If (9) does not hold, then there exists ¢ > 0 such that

A(T@Jmsz<M«mmawﬁ,

that is,

_132/3-42 e
e BV BIIBHY)  gb-vilt
that is,
4
2 2
2> v

Since y,v € [0,1],

4 4 8
W—W<§U%ﬁﬂ:§W—W@+WS§W—%

which is impossible. Hence (9) holds.
By Theorems 3.3 and 3.4, T and G have a unique common fixed point, which is z = 1.

In this example, computing according to zo = G(y) and zy41 = G(Yms1) = T(ym) for every

1942

. 2 22
m € Ny, we obtain {20 = 0,21 = 5,220 = 35,23 = 53555

..}. Thus the sequence {z,} is a non-
trivial sequence.

Example 3.6 Let X ={0,0.25,0.5,1.5,1.75,2} and define M : X x X x R* — I as follows:

1, if lx—y| <t
M(x,y,t) = (13)

t .
m, if |x—y| >t.
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As Gregori et al. have pointed out in [25], any FMS(X, M) is equivalent to Menger space
in the sense that M(x,y,t) = F,,(t) for all x,y € X and ¢ > 0. Thus, (X, M) is a FMS under
+ = min (see Example in [8]).

Let 7 be the discrete topology on X. Note that the metric space (X,d) is complete,
where d is defined by d(x,y) = |x — y|. Next, we claim that if {x,} is a Cauchy sequence
in (X, M, %), then {x,} is also a Cauchy sequence in (X, d). Indeed, if {x,} is not a Cauchy
sequence in (X, d), then there exist &y > 0 and two sequences {#;} and {m;} such that m; >
n; > i and d(x,,,, %,;) > &¢ for all i € N. Taking Ao € (0, %], it follows from (13) that

& 1
M (Kps;s Xnys €0) = S — <-<1-2xp forallieN,
€0 + [, — %y, | T 2

which contradicts that {x,} is a Cauchy sequence in (X, M, *). So, {x,} is also a Cauchy
sequence in (X, d). Since (X, d) is complete, there exists x € X such that x, — x as n — o0,
and so for any ¢ > 0 there exists n; € N such that |x, — x| < ¢ for all # > n,. Thus, for any
t>0and ¢ € (0,1), by (13), we have M(x,,x,t) =1>1— ¢ for all n > n,, which implies that
(X, M, %) is complete.

Endow X with the following partial order:

xyeX,xxy & x:yor(x,y)e{(0,0.5),(0,0.25)}.

Let ¢ : R* — R* be defined by (2). Consider T, G : X — X defined by

0, if x € {0,0.5},
0, if x € {0,0.25,0.5,1.75,2},
T(x) = Gx)=105, ifx=15,

0.25, ifx=15;
0.25, ifx e {0.25,1.75,2}.

It is not difficult to prove the following statements.
(i) T(X) € G(X).
(ii) The condition (C2) holds (since ) is the discrete topology on X).
(iii) There exists yo = 0 such that G(yo) < T'(yo) and lim;—, .o M(G(¥0), T (o), t) = 1.
(iv) All conditions of Theorem 3.4 hold. In fact, y = 0 and v = 0.5 are all coincidence
points of T and G. Since TG(0) = GT(0) and TG(0.5) = GT(0.5), by
Definition 2.20, G is weakly compatible with T'. In addition, there exists = 1.5
such that G(y) < G(u) and G(v) < G(u). It follows from (13) that (C4) holds.
(v) T isa G-isotone mapping. Indeed, let y,v € X such that G(y) < G(v).
(a) If G(y) = G(v) theny =vor y,v € {0,0.5} or y,v € {0.25,1.75,2}. Thus,
T(y)=TW).
(b) If (G(y), G(v)) = (0,0.25), then y € {0,0.5} and v € {0.25,1.75,2}. Thus,
T(y)=TW).
(o) If(G(y), G(v)) = (0,0.5), then y € {0,0.5} and v = 1.5. Thus,
(T(y), T(v)) =(0,0.25).
Therefore, T(y) < T(v).
Next, we shall prove that (9) holds. Let y,v € X such that G(y) < G(v). It follows
from (a) and (b) that 0 = |T(y) — T(v)| < ¢(¢) for all £ > 0. Thus, M(T(y), T(v),d(¢)) =
1> M(G(y), G(v),?) for all £ > 0, i.e., (9) holds. By (c), we have |T(y) - T(v)| = 0.25 and
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|G(y) — G(v)| = 0.5. If ¢(t) > 0.25, by (13), it is evident that (9) holds. Suppose that ¢(t) <
0.25. From (2), it is easy to see that ¢(¢) > ﬁ for all £ > 0. So, we have ¢t < % Therefore,
|G(y) — G(v)| > t. By (13), we have

¢() ﬁ L t
> = > =M(G yGV,t,
Tig  T+L eyl (G, GW),2)

M(T(y)v T(V)) ¢(t)) =

i.e., (9) holds.

By Theorems 3.3 and 3.4, T and G have a unique common fixed point, which is z = 0.
However, the totally ordered version of Theorems 3.3 and 3.4 cannot be applied to this
example (since (9) does not hold). In fact, if (G(y), G(v)) = (0.5,0.25), then y=1.5and v €
{0.25,1.75,2}. Taking ¢ = %, by (2), we have ¢(¢) = % < % =|T(y) — T(v)|. By (13), we have

B(t) 28
M(T(y), T(v), (1)) = T0) T + 60 =55 < 1=M(G(y), G),t).

So, (9) does not hold.

If G is the identity mapping on X in Theorems 3.3 and 3.4, then the following corollary
is obtained immediately.

Corollary 3.7 Let (X, M, *, <) be a complete poFMS such that x is a t-norm of H-type. Let
T : X — X be a non-decreasing mapping. Assume that there exists ¢ € ®,, such that, for all
t>0andy,veXwithy<v,

M(T(y), T(v),$(8)) = M(y,v,2).

Also suppose that either T and M(x,y,-) : R* — 1 are continuous or (X, ty, X) has
the sequential monotone property. If there exists yo € X, such that yo < T(yo) and
lim;—, 0o M(yo, T(y0),t) = 1, then T has a fixed point.

Furthermore, suppose that for all fixed points y,v € X of T, there exists u € X such that
u is comparable to y and v and lim;_, oo M(u,y,t) = lim;_, oo M(u,v,t) = 1. Then T has a
unique fixed point.

Remark 3.8 Corollary 3.7 can be considered as a partially ordered version of Theorem 4.1
in [10].

Example 3.9 Let (X, M, <,%), T, ¢ be the same as in Example 3.6. Using a similar argu-
ment to Example 3.6, we deduce that the conditions of Corollary 3.7 are satisfied. So, T
has a unique fixed point, which is z = 0. However, Theorem 4.1 in [10] cannot be applied
to this example because the condition ‘M(T'(y), T(v), $(t)) = M(y, v,t) for all y,v € X and
t > 0’ does not hold. In fact, if (y,v) = (1.75,1.5), then | T(y) - T(v)| = i. Taking ¢ = i, by (2),
we have ¢(t) = % Thus, by (13), we have

o(t)

M(TO.TW:90) = T 6@

=M(y,v,t).

N =

4
=—<
9

Next, we give some basic concepts and results that we will need to obtain some coupled
and multidimensional fixed point results.
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Definition 3.10 Let F: X" — X and g : X — X be two mappings. A point (x1,%,...,%,) €
X" is a common fixed point of F and g if F(Xs, 1), X0;(2)s - - - » X)) = &% = %; for i € A,

Definition 3.11 Given n > 2, the mappings F : X” — X and g : X — X are weakly com-
patible (or the pair (F, g) is w-compatible) if

F(xa,'(l):xa,v@); .. ')xo,v(n)) = g%, Vie A,

= gF(xai(l))xa,-(Z): cee 7xU,'(VI)) = F(gxa,-(l)’gxoi@): cee ;gxa,-(n))t Vie Ay,

Lemma 3.12 Let (X, M, *) be a FMS such that % is a continuous t-norm. Let M" : X" x
X" x R* — 1 be given by

Mn(A;B) t) = *;’q:lM(ai) bir t) (14)

forall A =(ay,as,...,a,), B=(b1,by,...,b,) € X", and all t > 0. Then the following proper-
ties hold:
(i) (X", M",%) is also a FMS.
(ii) Let {A,, = (ak,a2,...,a")} be a sequence on X" and let A = (a1, as,...,a,) € X".
Then {A,} — A if, and only if, {a',} — a; forall i € {1,2,...,n}.
(iti) If (X, M, *) is complete, then (X", M", ) is complete.

Proof The proofs of (i) and (ii) in Lemma 3.12 are the same as Lemma 13 in [15]. Next, we
shall prove that (iii) holds. Suppose that {Y,,} is a Cauchy sequence in (X", M", x). Thus, for
any ¢ € (0,1) and ¢ > 0, there exists n3 € N such that M"(Y},, Y, t) > 1 — ¢ for all n,m > ns.
By (14), we have

1Tii<nnM(yi7’y;"t) > * MYy, t) >1—¢  forall mm > ns.
Thus, for n,m > n3, we have M(y', 5", ,t) > 1—¢ for each i € A,,. Therefore, {y, } is a Cauchy
sequence in (X, M, x) for each i € A,,. Since (X, M, ) is complete, then {y’,} converges to a
point y; of X for each i € A,,. Thus, {Y,,} converges to a point Y of X”. That is, (X", M", x)
is complete. This completes the proof. O

The following multidimensional fixed point theorem is an immediate consequence of
Theorems 3.3 and 3.4.

Theorem 3.13 Let (X, M, *, <) be a complete poFMS with a continuous t-norm = of H-
type. Let ® = (01,09,...,0,) be an n-tuple of mappings from A, into itself verifying o; € Qap
ificAando; e Q;l,B if i € B. Suppose that F : X" — X and g : X — X are two mappings
such that F has the mixed g-monotone property on X and F(X") C g(X). Assume that there
exists ¢ € ©,, such that

M(F(xlrx27 e rxn)iFO/l!yL o ’yn)r ¢(t)) 2 Y (*?=1M(gxi’gyi’ t)) (15)

for all t >0 and all x1,%2,...,%,Y1,Y2,-..,Ya € X with gx; <; gy; for i € A,, where y :
[0,1] — [0,1] is @ mapping such that x"y(a) > a for each a € [0,1]. Suppose that

Y (K M (€%, €00y 1)) = ¥ (¥ M (g1, €Y1, t))  forj € A, (16)
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forall x1,%9,...,%0,91, Y2, - - -»Yu € X with gx; <; gy; for i € A,. Suppose that either
(C5) F and g are continuous and ®-compatible and M(x,y,-) : R* — 1 is continuous, or
(C6) (X, Tar, <) has the sequential monotone property and g(X) is closed.

If there exist x},x3, ..., x5 € X satisfying

gxd <, F(xgi(l),xg"(z), . ,xg‘(")) and
o . 17)
i Mgy F 0, 5,7, ) =1

forie A, then F and g have, at least, one Y -coincidence point.

Furthermore, assume that for all pairs of Y-coincidence points (x1,%2,...,%4), V1,2,
..»¥n) € X" of F and g there exists (uy, us, ..., u,) € X" such that

(C7) (guy,gus,...,gu,) is comparable to (gxy,gxo, ..., 8%,) and (gy1,8Y2 - -»LVn);

(C8) limy_, oo M(gu;, gx;, t) = limy_, oo M(gu;, gyi, t) =1 fori € A,,.
Also, assume that F is weakly compatible with g if assumption (C6) holds. Then F and g
have a unique common fixed point.

Proof Since (X, M, *, <) is a complete poFMS such that * is a continuous ¢-norm of H-
type, so is (X", M", %, <,) by Lemma 3.12. Let T : X" — X" and G : X" — X" be two map-
pings defined by

T(Y) = (FWoy)s Yor @+ - Yor00)s - - s F Vi) Yoi(@)s -+ Vors(m)s - -5
F(yﬂ'n(l)’yan(z)’""yo'n(”))) (18)

and

G(Y) = (g91,8)2:-+-&Vn) (19)

for Y € X". It follows from F(X") C g(X) that T(X") € G(X"). By (14), (17) and the conti-
nuity of x, there exists Xy such that G(Xy) <, T(Xo) and lim;_, .o M"(G(Xy), T (Xo), ) = 1.

Suppose that {Y},},u>0 C X" such that {G(Y,,)}u>0 is monotone and the following limit
exists: lim,,,_, oo T(Y;,) = lim,,_, o G(Y,,) € X". From (18) and (19), we see that, for se-
quences {1 =0, 172, mz0 -, (¥ m=0 C X such that {gy! }=0, {€V2, 00 - - - 1€V im0 are
monotone and the following limit exists: for all i € A, lim,;, 00 F (yf,ﬁ(l), yf,ﬁ(z), s yf,ﬁ(")) =
lim,, 00 g, € X. Since F and g are ®-compatible, we have

lim M"(GT(Y,n), TG(Y,), £) = #1, lim M(gF (50,551, .. yei),

m— 00
F(gygyn®,...0n"), 1) = 1.

Therefore, T and G are compatible.

Now, we show that T is a G-isotone mapping. Suppose that G(Y) <, G(V) for Y,V e X".
By (1) and (19), we have gy; < gv; when j € A and gy; > gv; when j € B. For each i € A, we
have o; € Q4.5. So, for fixed i € A, we have gy,,;) < gVs,;) When j € A and gy,,() = gVo,()
when j € B. Thus, by the mixed g-monotone property of F, for fixed i € A, we have

FWoy(1)s - - s Yoi(j=1)s Yoi(j)s Yoi(j+1)s - - »» V()

2 FWoyyr- -2 Yoij-1s Yoy Yoi1)s - - > Vory(m)) (20)
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when j € A. Similarly, if j € B, then inequality (20) holds for fixed i € A. So, for fixed i € A,
inequality (20) holds for all j. From this, we have

F(o;00:Y0i(2)s -+ Vo) = F Vo1 Y0120 Yoi(3)s -+ Voy(m))
= F(Vo,v(l)r Voi(2)s Yoi(3)r++ yyai(n))

=<...

< F(Vo,1)s Voy @) - - - Vory(m)) (21)

for i € A. Similarly, we have

F(o;00: V01205 -+ Yoym) 2= F Vo, 1), Vo2 - - > Voy(m)) (22)

for i € B. Thus, by (18), (21), and (22), we deduce that 7 is a G-isotone mapping.

The conditions (C7) and (C8) imply that (C3) and (C4) hold w.r.t. (X", M",x*,<,). It
is easy to deduce that T and G are weakly compatible if assumption (C2) holds w.r.t.
(X", M", %, <,). If F and g are continuous, then 7 and G are continuous.

Given G(Y) <, G(V), by Proposition 2.1, (€V5;1), £5;(2)s - - - &Voi(w)) AN (&Vi5,(1)5 &Vo;(2)
&Vs,(n)) are comparable by <,,. Therefore, (15) and (16) can be applied to these points, and
it follows that for all ¢ > 0,

(T(Y) T(V) ¢ t)) = *‘—1M(F(y0i(1)’ytfi(2)’""ydi(n))’F(Voi » Vo (2)) ;VU,(n)) ¢(t))
> 17/( LM (gYo,() chri(i)’t))
(* L M(gy) gV t))

1 ly(M (G(Y),G(V),1))

| \/

y(M (G(Y),G(V),t))
M"(G(Y),G(V),t). (23)

Next we shall prove that the condition (C2) of Theorem 3.3 holds w.r.t. (X", M", %, <,,).
Since g(X) is closed, so is G(X). Suppose that {Z,,} is a non-decreasing sequence in X” such
that Z,, — Z (m — 00). Using Lemma 3.12, we have z., — z' (m — oo) foralli € A,,. Since
Zm =n Zma for all m € Ny, then (Z )meNo is a non-decreasing sequence when i € A and
(2%,)meny, is a non-increasing sequence when i € B. If i € A, as (X, Tar, <) has the sequential
monotone property, then we have z{, <z’ for all m € Ny. Similarly, if i € B, then 7/, > 7'
for all m € Ny. That is, Z,, <, Z for every m € Ny. The other case is treated similarly.

Therefore, all conditions of Theorems 3.3 and 3.4 hold w.r.t. (X", M",%,=<,). Theo-
rem 3.3 implies that 7" and G have a coincidence point, which is a T-coincidence point
of F and g. Moreover, it follows from Theorem 3.4 that T and G have a unique common
fixed point, which is a unique common fixed point of F and g. O

Remark 3.14 Theorem 3.13 improves Theorems 18 and 26 in [7]:
(i) Weuse ¢ € ®,, and P, is a class of more general functions than ¢(t) = k¢, k € (0,1).
(i) The continuity of g and ®-compatible of F and g are omitted if assumption (C6)
holds. The continuity of y is not necessary.
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(iii) The condition lim,_, oo M(x,y,t) =1 for all x,y € X is weakened by conditions (17)
and (C8).

(iv) Our result is valid for fuzzy metric spaces in the sense of Kramosil and Michalek, so
it is also valid for fuzzy metric spaces in the sense of George and Veeramani. The
completeness is a weaker kind of completeness in Theorem 3.13 (see [26]).

Taking n = 2, A = {1}, and B = {2} in Theorem 3.13, we deduce the following coupled
fixed point theorem improving Theorem 3.1 in [6].

Corollary 3.15 Let (X, M, *, <) be a complete poFMS such that * is a continuous t-norm
of H-type. Let F: X* — X and g : X — X be two mappings such that F has the mixed
g-monotone property on X and F(X?) C g(X). Assume that there exists ¢ € ®,, such that

M(F(x1,%2), F(y1,52), ¢ (2)) = v (M(g(x1), g0, £) 5 M(g(x2),8(32), 2))

forall t >0 and x1,%5,y1,y2 € X with g(x1) < glyn) and g(x;) = g(y,), where y : [0,1] —
[0,1] is a mapping such that y(a) * y(a) > a for each a € [0,1]. Suppose that either F
and g are continuous and compatible and M(x,y,-) : R* — 1 is continuous or condi-
tion (C6) holds. If there are x},x3 € X such that g(xy) < F(x,x3), g(x3) = F(x3,x)) and
limy_, oo M(g(xp), F(xb,%3), ) = lim;_, oo M(g(x3), F(x3,%0),t) = 1, then F and g have a cou-
pled coincidence point in X.

Furthermore, assume that for all pairs of coupled coincidence points (x1,%,), (y1,y2) € X?
of F and g there exists (u1,u;) € X? such that (guy,gu,) is comparable to (gx1,gx;) and
(gy1,2y2), limy, oo M(gu;, gxi, t) = limy_, 0o M(gu;, gy, t) = 1 for i € A,. Also, assume that F
are weakly compatible with g if assumption (C6) holds. Then F and g have a unique com-
mon coupled fixed point.

Remark 3.16 Corollary 3.15 is better than Theorem 3.2 in [5] in two senses.
(i) In Corollary 3.15, we use ¢ € ®,,, and ®,, is a class of more general functions than &
in Theorem 3.2 of [5].
(ii) Corollary 3.15 is valid for partially ordered fuzzy metric spaces in the sense of
Kramosil and Michalek, so it is also valid for fuzzy metric spaces in the sense of
George and Veeramani.
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