
Budhia et al. Fixed Point Theory and Applications  (2016) 2016:2 
DOI 10.1186/s13663-015-0480-5

R E S E A R C H Open Access

Extensions of almost-F and F-Suzuki
contractions with graph and some
applications to fractional calculus
Lokesh Budhia Budhia1, Poom Kumam2,3*, Juan Martínez-Moreno4 and Dhananjay Gopal1

*Correspondence:
poom.kum@kmutt.ac.th
2Theoretical and Computational
Science Center (TaCS) &
Department of Mathematics,
Faculty of Science, King Mongkut’s
University of Technology Thonburi
(KMUTT), 126 Pracha Uthit Road,
Bang Mod, Thung Khru, Bangkok
10140, Thailand
3China Medical University, No. 91,
Hsueh-Shih Road, Taichung, Taiwan
Full list of author information is
available at the end of the article

Abstract
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1 Introduction
In recent years two interesting but different generalizations of the Banach-contraction
theorem have been given by Samet et al. [] and Wardowski []. These two results have
become of recent interest of many authors (see [–] and references therein).

Most recently, Piri and Kumam [] (respectively, Minak et al. []) extended the results
of Wardowski [] by introducing the concept of an F-Suzuki contraction (respectively,
almost-F-contraction) and obtained some interesting fixed point results. Following this
direction of research, we introduce the new concepts of an α-type almost-F-contraction
and an α-type F-Suzuki contraction and prove some fixed point theorems concerning
such contractions. Moreover, some examples and an application to a nonlinear fractional
differential equation are given to illustrate the usability of the new theory.

2 Preliminaries
The aim of this section is to present some notions and results used in the paper. Through-
out the article N, R+, and R will denote the set of natural numbers, positive real numbers,
and real numbers, respectively.

Definition . [] Let F : R+ → R be a mapping satisfying:
(F) F is strictly increasing, that is, α < β ⇒ F(α) < F(β) for all α,β ∈R

+,
(F) for every sequence {αn} in R

+ we have limn→∞ αn =  iff limn→∞ F(αn) = –∞,
(F) there exists a number k ∈ (, ) such that limα→+ αkF(α) = .

We denote with F the family of all functions F that satisfy the conditions (F)-(F).
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Example . The following function F : R+ →R belongs to F :

F(α) = lnα, F(α) = lnα + α, F(α) = –
√
α

where α > .

Definition . [] Let (X, d) be a metric space. A mapping T : X → X is called an F-
contraction on X if there exist F ∈F and τ >  such that, for all x, y ∈ X with d(Tx, Ty) > ,
we have

τ + F
(
d(Tx, Ty)

) ≤ F
(
d(x, y)

)
.

Definition . [] Let (X, d) be a metric space, T : X → X be a mapping. Then the map-
ping T is said to be an almost-F-contraction if there exist F ∈ F and τ > , L ≥  such
that

d(Tx, Ty) >  	⇒ τ + F
(
d(Tx, Ty)

) ≤ F
(
d(x, y) + Ld(y, Tx)

)
and

d(Tx, Ty) >  	⇒ τ + F
(
d(Tx, Ty)

) ≤ F
(
d(x, y) + Ld(x, Ty)

)

for all x, y ∈ X.

Definition . [, ] Let us denote by G the set of all functions F : R+ → R satisfying
the following conditions:

(G) F is strictly increasing, that is, α < β ⇒ F(α) < F(β) for all α,β ∈R
+,

(G) there is a sequence {αn} of positive real numbers such that limn→∞ F(αn) = –∞, or
inf F = –∞,

(G) F is continuous on (,∞).

Example . The following function F : R+ →R belongs to G :

F(α) = –

α

, F(α) = –

α

+ α, F(α) = lnα where α > .

Lemma . [] Let F : R+ →R be an increasing function and {αn} be a sequence of posi-
tive real numbers. Then the following holds:

(a) if limn→∞ F(αn) = –∞, then limn→∞ αn = ;
(b) if inf F = –∞, and limn→∞ αn = , then limn→∞ F(αn) = –∞.

Definition . [] Let (X, d) be a metric space. A mapping T : X → X is said to be an
F-Suzuki contraction if there exists τ >  such that for all x, y ∈ X with Tx 
= Ty




d(x, Tx) < d(x, y) 	⇒ τ + F
(
d(Tx, Ty)

) ≤ F
(
d(x, y)

)
,

where F ∈ G .

Definition . [] Let T : X → X and α : X × X → [,∞) be two given mappings. Then
T is called an α-admissible if

x, y ∈ X, α(x, y) ≥  	⇒ α(Tx, Ty) ≥ .
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3 Fixed point results for α-type almost-F-contraction and α-type
F-Suzuki contraction

In this section, we first introduce the concepts of an α-type almost-F-contraction and
an α-type F-Suzuki contraction and then we prove some fixed point theorems for these
contractions in a complete metric space.

We begin with the following definitions.

Definition . Let (X, d) be a metric space, T : X → X be a mapping, and α : X × X →
{–∞} ∪ (,∞) be a symmetric function. Then the mapping T is said to be an α-type
almost-F-contraction if there exist F ∈F and τ >  and L ≥  such that

d(Tx, Ty) >  	⇒ τ + α(x, y)F
(
d(Tx, Ty)

) ≤ F
(
d(x, y) + Ld(y, Tx)

)
and

d(Tx, Ty) >  	⇒ τ + α(x, y)F
(
d(Tx, Ty)

) ≤ F
(
d(x, y) + Ld(x, Ty)

)

for all x, y ∈ X.

Example . Let X = [, ] ∪ [, ] with the usual metric, T : X → X be defined as

Tx =

⎧
⎨

⎩
 if x ∈ [, ],

 if x ∈ [, ],

and F(α) = lnα.
Then T is not an almost-F-contraction. Since at x =  and y = , d(Tx, Ty) >  but τ +

F(d(Tx, Ty)) = τ + F(), whereas F(d(x, y) + Ld(x, Ty)) = F().
Define

α(x, y) =

⎧
⎨

⎩
 if x, y ∈ [, ] or x, y ∈ [, ],

. otherwise.

Then T is an α-type almost-F-contraction with τ = . and L = .

Definition . Let (X, d) be a metric space T : X → X be a mapping and α : X × X →
{–∞}∪ (,∞) be a symmetric function. A map T : X → X is said to be an α-type F-Suzuki
contraction if there exists τ >  such that for all x, y ∈ X with Tx 
= Ty




d(x, Tx) < d(x, y) 	⇒ τ + α(x, y)F
(
d(Tx, Ty)

) ≤ F
(
d(x, y)

)
,

where F ∈ G .

Example . Let X = [, ] ∪ [, ] with the usual metric and F : R+ → R be defined as
F(α) = – 

α
. Define a mapping T : X → X as

Tx =

⎧
⎨

⎩
, x ∈ [, ],

, x ∈ [, ].
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Then T is not F-Suzuki contraction as the condition




d(x, Tx) < d(x, y) 	⇒ τ + F
(
d(Tx, Ty)

) ≤ F
(
d(x, y)

)

fails for x =  and y = .
Define α : X × X → {–∞} ∪ (,∞) as

α(x, y) = , for all x, y ∈ X.

Then T is α-type F-Suzuki contraction i.e.




d(x, Tx) < d(x, y) 	⇒ τ + α(x, y)F
(
d(Tx, Ty)

) ≤ F
(
d(x, y)

)

holds for all x, y ∈ X with τ = 
 .

Now, we prove our first result.

Theorem . Let (X, d) be a complete metric space and T : X → X be an α-type almost-
F-contraction where F ∈F , satisfying the following conditions:

(i) T is α-admissible,
(ii) there exists x ∈ X such that α(x, Tx) ≥ ,

(iii) if {xn} is a sequence in X such that α(xn, xn+) ≥  for all n ∈N∪ {} and xn → x ∈ X
as n → ∞ then α(xn, x) ≥  for all n ∈N∪ {}.

Then T has a fixed point x∗ ∈ X.

Proof Let x ∈ X be such that α(x, Tx) ≥ . Define the sequence {xn} in X by xn+ = Txn,
for all n ∈ N ∪ {}. If xn+ = xn for some n ∈ N, then x∗ = xn is a fixed point of T . Let us
assume that xn+ 
= xn for all n ∈ N∪ {}.

Since T is α-admissible, we have α(x, x) = α(x, Tx) ≥ , which implies α(Tx, Tx) =
α(x, x) ≥ . Continuing in this way we have in general

α(xn, xn+) ≥  for all n ∈ N. (.)

Now, F(d(xn+, xn)) = F(d(Txn, Txn–)) ≤ α(xn, xn–)F(d(Txn, Txn–)).
Therefore,

τ + F
(
d(Txn, Txn–)

) ≤ τ + α(xn, xn–)F
(
d(Txn, Txn–)

)

≤ F
(
d(xn, xn–) + Ld(xn, Txn–)

)
.

So F(d(xn+, xn)) = F(d(Txn, Txn–)) ≤ F(d(xn, xn–)) – τ . In general we get

F
(
d(xn+, xn)

)
= F

(
d(Txn, Txn–)

) ≤ F
(
d(x, x)

)
– nτ . (.)

Thus as n → ∞, we have limn→∞ F(d(xn+, xn)) = –∞, then by (F) we have limn→∞ d(xn+,
xn) = . Now, from (F), there exists k ∈ (, ) such that limn→∞(d(xn+, xn))kF(d(xn+,



Budhia et al. Fixed Point Theory and Applications  (2016) 2016:2 Page 5 of 14

xn)) = . From (.) it follows that

(
d(xn+, xn)

)kF
(
d(xn+, xn)

) ≤ (
d(xn+, xn)

)k(F
(
d(x, x)

)
– nτ

)
.

Then as n → ∞ we get

lim
n→∞ n

(
d(xn+, xn)

)k = .

Therefore, there exists n ∈N such that

n
(
d(xn+, xn)

)k ≤ , ∀n ≥ n,

i.e.

d(xn+, xn) ≤ 
n/k , ∀n ≥ n.

Now, for m > n > n,

d(xn, xm) ≤ d(xn, xn+) + d(xn+, xn+) + · · · + d(xm–, xm)

≤
∑

n≥n


n/k ,

which is convergent as k ∈ (, ). Therefore as m, n → ∞ we get d(xn, xm) → . Hence {xn}
is a Cauchy sequence. From the completeness of X we then have x∗ ∈ X such that xn → x∗.

Now we claim that d(xn+, Tx∗) = d(Txn, Tx∗) →  as n → ∞. If x∗ = Tx∗, then the proof
is finished. Assume that x∗ 
= Tx∗. If xn+ = Txn = Tx∗ for infinite values of n ∈N∪{}, then
the sequence has a subsequence that converges to Tx∗ and the uniqueness of the limit
implies x∗ = Tx∗. Then we can assume that Txn 
= Tx∗ for all n ∈ N ∪ {}. Now using (iii),
we have

τ + F
(
d
(
Txn, Tx∗)) ≤ τ + α

(
xn, x∗)F

(
d
(
Txn, Tx∗)) ≤ F

(
d
(
xn, x∗) + Ld

(
Txn, x∗)).

Then, as n → ∞ we get

τ + lim
n→∞ F

(
d
(
Txn, Tx∗)) ≤ –∞,

which will lead to a contradiction of the assumption that limn→∞ d(Txn, Tx∗) >  (in re-
spect of (F)). Thus we have xn+ = Txn → Tx∗ as n → ∞ and hence Tx∗ = x∗. �

Theorem . We further assume that α(x, y) ≥  for all x, y ∈ Fix(T) and suppose T also
satisfies the following condition: there exist G ∈ F and some L ≥ , τ >  such that for all
x, y ∈ X

τ + α(x, y)G
(
d(Tx, Ty)

) ≤ G
(
d(x, y) + Ld(x, Tx)

)

holds. Then the fixed point in the above result is unique.
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Proof Let y∗ ∈ X, y∗ 
= x∗ such that Ty∗ = y∗. Then d(Tx∗, Ty∗) > , which implies

τ + G
(
d
(
Tx∗, Ty∗)) ≤ τ + α

(
x∗, y∗)G

(
d
(
Tx∗, Ty∗)) ≤ G

(
d
(
x∗, y∗) + L

(
x∗, Tx∗)).

Therefore we have

τ + G
(
d
(
x∗, y∗)) = τ + G

(
d
(
Tx∗, Ty∗)) ≤ G

(
d
(
x∗, y∗)),

which is a contradiction as τ > . �

The following example is illustrative of Theorem ..

Example . Let X = [, ] ∪ [, ] with usual metric and F : R+ →R be defined as F(α) =
lnα. Define a continuous map T : X → X as

Tx =

⎧
⎨

⎩
x + , x ∈ [, ],

, x ∈ [, ].

Then T satisfies all the conditions of Theorem . for τ ≤ . and L = , and hence T
has a unique fixed point x∗ = .

If α(x, y) =  for all x, y ∈ X then we have following result as in [].

Corollary . Let (X, d) be a complete metric space and T : X → X be an almost-F-
contraction. Then T has a fixed point x∗ in X.

If α(x, y) =  for all x, y ∈ X and L =  then we have following result of Wardowski’s [].

Corollary . Let (X, d) be a complete metric space and T : X → X be an F-contraction.
Then T has a unique fixed point x∗ in X.

To prove our next result, we first give the following.

Definition . [] An α-admissible map T is said to have the K-property whenever for
each sequence {xn} ⊂ X with α(xn, xn+) ≥  for all n ∈ N∪ {}, then there exists a natural
number k such that α(Txm, Txn) ≥  for all m > n ≥ k.

Theorem . Let (X, d) be a complete metric space and T : X → X be an α-type F-Suzuki
contraction satisfying the following conditions:

(i) T is α-admissible,
(ii) there exists x ∈ X such that α(x, Tx) ≥ ,

(iii) T has the K -property,
(iv) if {xn} is a sequence in X such that α(xn, xn+) ≥  for all n ∈N∪ {} and xn → x ∈ X

as n → ∞, then α(xn, x) ≥  for all n ∈N∪ {}.
Then T has a fixed point x∗ ∈ X.
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Proof Let x ∈ X be such that α(x, Tx) ≥ . Define the sequence {xn} ⊆ X by xn+ = Txn,
for all n ∈N∪{}. Since T is α-admissible we have α(x, x) = α(x, Tx) ≥ , which implies
α(Tx, Tx) = α(x, x) ≥ . Continuing in this way we have in general

α(xn, xn+) ≥  for all n ∈ N∪ {}. (.)

If xn+ = xn for some n ∈ N ∪ {}, then x∗ = xn is a fixed point of T . Let us assume that
xn+ 
= xn for all n ∈ N ∪ {}. Therefore 

 d(xn, Txn) < d(xn, Txn) for all n ∈ N ∪ {} and
hence

τ + F
(
d
(
Txn, Txn

)) ≤ τ + α(xn, Txn)F
(
d
(
Txn, Txn

))

≤ F
(
d(xn, Txn)

)
for all n ∈N∪ {}.

So F(d(Txn, Txn)) ≤ F(d(xn, Txn)) – τ and repeating this process in general we get

F
(
d
(
Txn, Txn

)) ≤ F
(
d(x, x)

)
– nτ .

As n → ∞ we obtain

lim
n→∞ F

(
d(xn+, xn+)

)
= –∞,

which together with (G) and by Lemma ., gives

lim
n→∞ d(xn+, xn+) = .

Suppose {xn} is not a Cauchy sequence. Then there exist ε >  and p(n) > q(n) > n ≥ k
such that d(xp(n), xq(n)) ≥ ε and d(x(p(n)–), xq(n)) < ε.

Now

ε ≤ d(xp(n), xq(n)) ≤ d(xp(n), xp(n)–) + d(xp(n)–, xq(n)) < d(xp(n), xp(n)–) + ε.

Therefore

lim
n→∞ d(xp(n), xq(n)) = ε. (.)

Again we have

d(xp(n), xq(n)) ≤ d(xp(n), xp(n)+) + d(xp(n)+, xq(n)+) + d(xq(n)+, xq(n))

and

d(xp(n)+, xq(n)+) ≤ d(xp(n)+, xp(n)) + d(xp(n), xq(n)) + d(xq(n), xq(n)+).

So as n → ∞, from the above two inequalities we have

lim
n→∞ d(xp(n)+, xq(n)+) = ε. (.)
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Therefore there exists k ∈N such that 
 d(xp(n), xq(n)) < d(xp(n), xq(n)) for all n ≥ k. Using the

K-property we have

τ + F
(
d(Txp(n), Txq(n))

) ≤ τ + α(xp(n), xq(n))F
(
d(Txp(n), Txq(n))

)

≤ F
(
d(xp(n), xq(n))

)
.

So as n → ∞ and by (G), we get τ + F(ε) ≤ F(ε), which is a contradiction. Hence {xn} is
a Cauchy sequence in X and so it converges to some x∗ in X.

Next, we claim that




d(xn, Txn) < d
(
xn, x∗) or




d
(
Txn, Txn

)
< d

(
Txn, x∗) for all n ∈N.

Assume there exists m ∈N such that




d(xm, Txm) ≥ d
(
xm, x∗) and




d
(
Txm, Txm

) ≥ d
(
Txm, x∗).

Then,

d
(
xm, x∗) ≤ d(xm, Txm) ≤ d

(
xm, x∗) + d

(
x∗, Txm

)

and hence

d
(
xm, x∗) ≤ d

(
x∗, Txm

) ≤ 


d
(
Txm, Txm

)
. (.)

Since 
 d(xm, Txm) < d(xm, Txm), we have

τ + F
(
d
(
Txm, Txm

)) ≤ τ + α(xm, Txm)F
(
d
(
Txm, Txm

)) ≤ F
(
d(xm, Txm)

)
,

which implies F(d(Txm, Txm)) < F(d(xm, Txm)) and so d(Txm, Txm) < d(xm, Txm). Now

d
(
Txm, Txm

)
< d(xm, Txm)

≤ d
(
xm, x∗) + d

(
x∗, Txm

)

≤ 


d
(
Txm, Txm

)
+




d
(
Txm, Txm

)
= d

(
Txm, Txm

)
.

Thus, for every n ∈ N either

τ + F
(
d
(
Txn, Tx∗)) ≤ τ + α

(
xn, x∗)F

(
d
(
Txn, Tx∗)) ≤ F

(
d
(
xn, x∗)) or

τ + F
(
d
(
Txn, Tx∗)) ≤ τ + α

(
xn+, x∗)F

(
d
(
Txn, Tx∗)) ≤ F

(
d
(
xn+, x∗)).

As n → ∞ we get from the above

lim
n→∞ F

(
d
(
Txn, Tx∗)) = –∞ and
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lim
n→∞ F

(
d
(
Txn, Tx∗)) = –∞,

respectively. This further gives

lim
n→∞ d

(
Txn, Tx∗) =  and lim

n→∞ d
(
Txn, Tx∗) = .

Then

 ≤ d
(
x∗, Tx∗) ≤ d

(
x∗, Txn

)
+ d

(
Txn, Tx∗),

which as n → ∞ gives d(x∗, Tx∗) =  and hence Tx∗ = x∗. �

Theorem . If we further assume that α(x, y) ≥  for all x, y ∈ Fix(T), then the fixed point
is unique in the above result.

Proof Let y∗ ∈ X, y∗ 
= x∗ such that Ty∗ = y∗. Then 
 d(Tx∗, x∗) =  < d(x∗, y∗), which implies

τ + F
(
d
(
Tx∗, Ty∗)) ≤ τ + α

(
x∗, y∗)F

(
d
(
Tx∗, Ty∗)) ≤ F

(
d
(
x∗, y∗)).

Therefore, we have

τ + F
(
d
(
x∗, y∗)) = τ + F

(
d
(
Tx∗, Ty∗)) ≤ F

(
d
(
x∗, y∗)),

which is a contradiction as τ > . �

The following example illustrates Theorem ..

Example . Let X = [, ] ∪ [, ] with the usual metric and F : R+ → R be defined as
F(α) = – 

α
. Define a continuous map T : X → X as

Tx =

⎧
⎨

⎩
x + , x ∈ [, ],

, x ∈ [, ].

Then T is not a F-Suzuki contraction as the condition




d(x, Tx) < d(x, y) 	⇒ τ + F
(
d(Tx, Ty)

) ≤ F
(
d(x, y)

)

fails for x =  and y = .
Now, we distinguish following cases:
Case . If x, y ∈ [, ] then there are no points for which 

 d(x, Tx) < d(x, y) holds, so we
are through.

Case . If x, y ∈ [, ] then Tx = Ty so we are done.
Case . Let x ∈ [, ] and y ∈ [, ]. In this case we have d(Tx, Ty) ≤  and  ≤ d(x, y).

Therefore τ + α(x, y)F(d(Tx, Ty)) ≤ τ + α(x, y)F() = τ – α(x,y)
 and F() ≤ F(d(x, y)) by (F).

So for given α(x, y) we can choose τ for which τ ≤ α(x,y)–
 holds. Then for that α(x, y) and

τ >  we are done.
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In particular, if we define α : X × X → (,∞) ∪ {–∞} as

α(x, y) =  for all x, y ∈ X.

Then T satisfies all the conditions of the above theorem with τ = 
 and hence T has an

unique fixed point x∗ = .

If α(x, y) =  for all x, y ∈ X then we have following result

Corollary . Let (X, d) be a complete metric space and T : X → X be an F-Suzuki con-
traction. Then T has a unique fixed point x∗ in X.

4 Consequences
In this section we will show that some existing results in the literature can be deduced
easily from our theorems proved in Section .

4.1 Fixed point with graph
Following Jachymski [], let (X, d) be a metric space and � = {(x, x) : x ∈ X}. Consider
a graph G with the set V (G) of its vertices equal to X and the set E(G) of its edges as
a superset of �. Assume that G has no parallel edges, that is, (x, y), (y, x) ∈ E(G) implies
x = y. Also, G is directed if the edges have a direction associated with them. Now we can
identify the graph G with the pair (V (G), E(G)).

Denote

G :=
{

G : G is a directed graph with V (G) = X and � ⊆ E(G)
}

.

Definition . A mapping T : X → X is called G-continuous, if we have a given x ∈ X and
a sequence {xn} such that xn → x, as n → ∞, (xn, xn+) ∈ E(G), ∀n ∈N imply Txn → Tx.

Theorem . Let (X, d) be a metric space endowed with a graph G and let T be a self-
mapping on X. Suppose that the following assertions hold:

(i) for all x, y ∈ X , (x, y) ∈ E(G) ⇒ (Tx, Ty) ∈ E(G);
(ii) there exists x ∈ X such that (x, Tx) ∈ E(G);

(iii) there exist a number τ > , L ≥  and F ∈F such that

d(Tx, Ty) >  ⇒ τ + F
(
d(Tx, Ty)

) ≤ F
[
d(x, y) + Ld(y, Tx)

]
and

d(Tx, Ty) >  ⇒ τ + F
(
d(Tx, Ty)

) ≤ F
[
d(x, y) + Ld(x, Ty)

]

for all (x, y) ∈ E(G);
(iv) for any sequence {xn} ⊂ X , x ∈ X with xn → x as n → ∞ and (xn, xn+) ∈ E(G) we

have (xn, x) ∈ E(G) or T is G-continuous.
Then T has a fixed point.

Proof Define α : X × X → {–∞} ∪ (,∞) by

α(x, y) =

⎧
⎨

⎩
 if (x, y) ∈ E(G),

–∞ otherwise.
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First we prove that T is α-admissible. If α(x, y) ≥ , then (x, y) ∈ E(G). As, from (i), we have
(Tx, Ty) ∈ E(G), α(Tx, Ty) ≥ . So T is an α-admissible mapping. From (ii) there exists
x ∈ X such that (x, Tx) ∈ E(G), i.e. α(x, Tx) ≥ .

Let α(x, y) ≥ , then (x, y) ∈ E(G). Now, from (iii) we have

τ + F
(
d(Tx, Ty)

) ≤ F
[
d(x, y) + Ld(x, Ty)

]
and

τ + F
(
d(Tx, Ty)

) ≤ F
[
d(x, y) + Ld(y, Tx)

]
i.e.

α(x, y) ≥  ⇒ τ + F
(
d(Tx, Ty)

) ≤ F
[
d(x, y) + Ld(x, Ty)

]
and

τ + F
(
d(Tx, Ty)

) ≤ F
[
d(x, y) + Ld(y, Tx)

]
.

Now, let {xn} ⊂ X be a sequence such that xn → x as n → ∞ and α(xn, xn+) ≥ .
Then, (xn+, xn) ∈ E(G) and then from (iv) (xn, x) ∈ E(G) i.e. α(xn, x) ≥ . Thus, all the

conditions of Theorem . are satisfied and hence T has a fixed point in X. �

If L = , then Theorem . reduces to Corollary . given in [].

4.2 Fixed point with partial order
Let (X, d,�) be a partially ordered metric space. Define the graph G by

E(G) =
{

(x, y) ∈ X × X : x � y
}

.

For the graph condition (i) in Theorem . means that T is nondecreasing with respect to
this order []. From Theorem . we derive the following important results in partially
ordered metric spaces.

Theorem . Let (X, d,�) be a partially ordered metric space and let T be a self-mapping
on X. Suppose that the following assertions hold:

(i) T is a nondecreasing map.
(ii) There exists x ∈ X such that x � Tx.

(iii) There exist a number τ > , L ≥ , and F ∈F such that

d(Tx, Ty) >  ⇒ τ + F
(
d(Tx, Ty)

) ≤ F
[
d(x, y) + Ld(y, Tx)

]
and

d(Tx, Ty) >  ⇒ τ + F
(
d(Tx, Ty)

) ≤ F
[
d(x, y) + Ld(x, Ty)

]

for all x, y ∈ X with x � y.
(iv) Either for any sequence {xn} ⊂ X and x ∈ X with

xn → x, as n → ∞ and

xn � xn+, ∀n ∈N∪ {}, we have xn � x,

or T is continuous. Then T has a fixed point.

Corollary . [] Let (X, d,�) be a partially ordered complete metric space and let T :
X → X be a continuous, nondecreasing self-mapping such that x � Tx for some x ∈ X.
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Assume that

d(Tx, Ty) ≤ rd(x, y)

holds for all x, y ∈ X with x � y where  ≤ r < . Then T has a fixed point.

5 Some applications to fractional calculus
First, let us recall some basic definitions of fractional calculus (see in [–]). For a con-
tinuous function g : [,∞) → R, the Caputo derivative of fractional order β is defined
as

CDβ
(
g(t)

)
=


�(n – β)

∫ t


(t – s)n–β–gn(s) ds

(
n –  < β < n, n = [β] + 

)

where [β] denotes the integer part of the real number β and � is a gamma function.
In this section, we present an application of Theorem . in establishing the existence

of solutions for a nonlinear fractional differential equation:

CDβ
(
x(t)

)
+ f

(
t, x(t)

)
=  ( ≤ t ≤ ,β < ) (.)

via the boundary conditions x() =  = x(), where x ∈ C([, ],R) (C([, ],R) is the set of
all continuous functions from [, ] into R), CDβ denotes the Caputo fractional derivative
of order β , and f : [, ] ×R → R is continuous function (see []). Recall that the Green
function associated to the problem (.) is given by

G(t, s) =

⎧
⎨

⎩
(t( – s))α– – (t – s)α– if  ≤ s ≤ t ≤ ,
(t(–s))α–

�(α) if  ≤ t ≤ s ≤ .

Now, we prove the following existence theorem.

Theorem . Consider the nonlinear fractional differential equation (.). Let ζ : R×R →
R be a given function. Suppose that the following conditions hold:

(i) |f (t, a) – f (t, b)| ≤ e–τ |a – b| (τ > ) for all t ∈ [, ] and a, b ∈R with ζ (a, b) ≥ .
(ii) There exists x ∈ C([, ],R) such that ζ (x(t),

∫ 
 Tx(t) dt) ≥  for all t ∈ [, ]

where T : C([, ],R) → C([, ],R) is defined by

Tx(t) =
∫ 


G(t, s)f

(
s, x(s)

)
ds

for all t ∈ [, ].
(iii) For each t ∈ [, ] and x, y ∈ C([, ],R), ζ (x(t), y(t)) >  implies ζ (Tx(t), Ty(t)) > .
(iv) For each t ∈ [, ], if {xn} is a sequence in C([, ],R) such that xn → x in C([, ],R)

and ζ (xn(t), xn+(t)) >  for all n ∈N, then ζ (xn(t), x(t)) >  for all n ∈ N.
Then the problem (.) has at least one solution.

Proof First of all, we let X = C([, ],R). It is well known that X is a Banach space endowed
with the supremum norm ‖x‖∞ = supt∈[,] |x(t)| for all x ∈ X. It is easy to see that x ∈ X is a
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solution of (.) if and only if x ∈ X is a solution of the equation x(t) =
∫ 

 G(t, s)f (s, x(s)) ds
for all t ∈ [, ]. Then the problem (.) is equivalent to finding x∗ ∈ X which is a fixed
point of T .

Now let x, y ∈ X such that ζ (x(t), y(t)) ≥  for all t ∈ [, ]. By (i) we have

∣∣Tx(t) – Ty(t)
∣∣ =

∣
∣∣
∣

∫ 


G(t, s)

[
f
(
s, x(s)

)
– f

(
s, y(s)

)]
ds

∣
∣∣
∣

≤
∫ 


G(t, s)

∣
∣f

(
s, x(s)

)
– f

(
s, y(s)

)∣∣ds

≤
∫ 


G(t, s) · e–τ

(∣∣x(s) – y(s)
∣∣)ds

≤ e–τ‖x – y‖∞ sup
t∈I

∫ 


G(t, s) ds

≤ e–τ‖x – y‖∞.

Thus for each x, y ∈ X, with ζ (x(t), y(t)) >  for all t ∈ [, ] we have

‖Tx – Ty‖∞ ≤ e–τ‖x – y‖∞ or d(Tx, Ty) ≤ e–τ d(x, y).

By passing through a logarithm, we write ln d(Tx, Ty) ≤ ln(e–τ d(x, y)) and hence τ +
ln d(Tx, Ty) ≤ ln d(x, y).

Now consider the function F : R+ →R defined by F(u) = ln u for each u ∈ X, then F ∈F .
Also, define α : X × X → {–∞} ∪ (,∞) by

α(x, y) =

⎧
⎨

⎩
 if ζ (x(t), y(t)) > , t ∈ [, ],

–∞ otherwise.

Therefore,

τ + α(x, y)F
(
d(Tx, Ty)

) ≤ F
(
d(x, y)

) ≤ F
[
d(x, y) + Ld(y, Tx)

]
and

τ + α(x, y)F
(
d(Tx, Ty)

) ≤ F
(
d(x, y)

) ≤ F
[
d(x, y) + Ld(x, Ty)

]

for all x, y ∈ X with d(Tx, Ty) >  and L ≥ . This implies that T is an α-type almost-F-
contraction. From (ii) there exists x ∈ X such that α(x, Tx) ≥ . Next, by using (iii), we
get the following assertions holding for all x, y ∈ X

α(x, y) ≥  	⇒ ζ
(
x(t), y(t)

)
>  for all t ∈ [, ]

	⇒ ζ
(
Tx(t), Ty(t)

)
>  for all t ∈ [, ]

	⇒ α(Tx, Ty) ≥ ;

hence T is α-admissible. Finally, from condition (iv) in the hypothesis, condition (iii) of
Theorem . holds. Therefore, as an application of Theorem . we conclude to the ex-
istence of x∗ ∈ X such that x∗ = Tx∗ and so x∗ is a solution of the problem (.). This
completes the proof. �
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6 Conclusions
In the present work we introduced the new concepts of an α-type almost-F-contraction
and an α-type F-Suzuki contraction, which are generalizations of the concepts given in
[, ]. Next, we established some fixed point theorems for these contractions. Further,
the attached examples and an application to a nonlinear fractional differential equation
illustrate the usability of the obtained results.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally and significantly in writing this article. All authors read and approved final manuscript.

Author details
1Department of Applied Mathematics & Humanities, S.V. National Institute of Technology, Surat, 395007, India.
2Theoretical and Computational Science Center (TaCS) & Department of Mathematics, Faculty of Science, King Mongkut’s
University of Technology Thonburi (KMUTT), 126 Pracha Uthit Road, Bang Mod, Thung Khru, Bangkok 10140, Thailand.
3China Medical University, No. 91, Hsueh-Shih Road, Taichung, Taiwan. 4Department of Mathematics, University of Jaén,
Campus Las Lagunillas, s/n, Jaén, 23071, Spain.

Acknowledgements
The authors thank the referees for many perceptive comments that led to improvement of the work.

Received: 11 September 2015 Accepted: 3 December 2015

References
1. Samet, B, Vetro, C, Vetro, P: Fixed point theorems for α-ψ -contractive type mappings. Nonlinear Anal. 75, 2154-2165

(2012)
2. Wardowski, D: Fixed points of a new type of contractive mappings in complete metric spaces. Fixed Point Theory

Appl. 2012, 94 (2012). doi:10.1186/1687-1812-2012-94
3. Sgroi, M, Vetro, C: Multi-valued F-contractions and the solution of certain functional and integral equations. Filomat

27, 1259-1268 (2013)
4. Karapinar, E, Samet, B: Generalized (α-ψ ) contractive type mappings and related fixed point theorems with

applications. Abstr. Appl. Anal. 2012, Article ID 793486 (2012)
5. Mohammadi, B, Rezapour, S, Shahzad, N: Some results on fixed points of α-ψ -Ciric generalized multifunctions. Fixed

Point Theory Appl. 2013, 24 (2013). doi:10.1186/1687-1812-2013-24
6. Salimi, P, Latif, A, Hussain, N: Modified (α,ψ )-contractive mappings with applications. Fixed Point Theory Appl. 2013,

151 (2013). doi:10.1186/1687-1812-2013-151
7. Batra, R, Vashistha, S: Fixed points of an F-contraction on metric spaces with a graph. Int. J. Comput. Math. 91(12),

2483 (2014). doi:10.1080/00207160.2014.887700
8. Gopal, D, Abbas, M, Vetro, C, Patel, DK: Some coincidence and periodic points results in a metric space endowed with

a graph and applications. Banach J. Math. Anal. 9(3), 128-139 (2015)
9. Cosentino, M, Vetroa, P: Fixed point results for F-contractive mappings of Hardy-Rogers-type. Filomat 28(4), 715-722

(2014)
10. Karapınar, E, Kutbi, MA, Piri, H, O’Regan, D: Fixed points of conditionally F-contractions in complete metric-like spaces.

Fixed Point Theory Appl. 2015, 126 (2015). doi:10.1186/s13663-015-0377-3
11. Alsulami, HH, Karapınar, E, Piri, H: Fixed points of generalized F-Suzuki type contraction in complete b-metric spaces.

Discrete Dyn. Nat. Soc. 2015, Article ID 969726 (2015)
12. Alsulami, HH, Karapınar, E, Piri, H: Fixed points of modified F-contractive mappings in complete metric-like spaces.

J. Funct. Spaces 2015, Article ID 270971 (2015)
13. Secelean, NA: Iterated function systems consisting of F-contractions. Fixed Point Theory Appl. 2013, 277 (2013).

doi:10.1186/1687-1812-2013-277
14. Piri, H, Kumam, P: Some fixed point theorems concerning F-contraction in complete metric spaces. Fixed Point

Theory Appl. 2014, 210 (2014). doi:10.1186/1687-1812-2014-210
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