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1 Introduction

In recent years two interesting but different generalizations of the Banach-contraction
theorem have been given by Samet et al. [1] and Wardowski [2]. These two results have
become of recent interest of many authors (see [3—13] and references therein).

Most recently, Piri and Kumam [14] (respectively, Minak et al. [15]) extended the results
of Wardowski [2] by introducing the concept of an F-Suzuki contraction (respectively,
almost-F-contraction) and obtained some interesting fixed point results. Following this
direction of research, we introduce the new concepts of an «-type almost-F-contraction
and an «-type F-Suzuki contraction and prove some fixed point theorems concerning
such contractions. Moreover, some examples and an application to a nonlinear fractional
differential equation are given to illustrate the usability of the new theory.

2 Preliminaries
The aim of this section is to present some notions and results used in the paper. Through-
out the article N, R*, and R will denote the set of natural numbers, positive real numbers,

and real numbers, respectively.

Definition 2.1 [2] Let F: R* — R be a mapping satisfying:
(F1) F is strictly increasing, that is, « < 8 = F(a) < F(B) for all o, 8 € R*,
(F2) for every sequence {a,} in R* we have lim,,_, o @, = 0 iff lim,,_, o F(at,,) = —00,
(F3) there exists a number k € (0,1) such that limy_, o+ «*F(e) = 0.

We denote with F the family of all functions F that satisfy the conditions (F1)-(F3).
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Example 2.1 The following function F : R* — R belongs to F:

1
Fla) =Ina, Fla)=na +a, F(a)=———= wherea >0.

Ja

Definition 2.2 [2] Let (X,d) be a metric space. A mapping T : X — X is called an F-
contraction on X if there exist F € F and 7 > 0 such that, for all x, y € X with d(Tx, Ty) > 0,
we have

T+ F(d(Tx, Ty)) < F(d(x,y)).

Definition 2.3 [15] Let (X, d) be a metric space, T : X — X be a mapping. Then the map-
ping T is said to be an almost-F-contraction if there exist F € F and 7 > 0, L > 0 such
that

d(Tr, Ty) >0 = 7 +F(d(Tx, Ty)) < F(d(x,y) + Ld(y, Tx)) and

d(Tx,Ty)>0 = 1+ F(d(Tx, Ty)) < F(d(x,y) + Ld(x, Ty))
forall x,y € X.

Definition 2.4 [13, 14] Let us denote by G the set of all functions F : R* — R satisfying
the following conditions:
(G1) F is strictly increasing, thatis, @ < 8 = F(«) < F(8) for all o, B € R,
(G2) there is a sequence {«,,} of positive real numbers such that lim,,_, o, F(a,) = —00, or
infF = —o0,
(G3) F is continuous on (0, 00).

Example 2.2 The following function F : R* — R belongs to G:

1 1
Flo)=——, Fl@)=-—+a, F(o)=Ina wherea > 0.
o o

Lemma 2.1 [14] Let F: R* — R be an increasing function and {«,} be a sequence of posi-
tive real numbers. Then the following holds:

(@) iflim,_, oo F(a,) = —00, then lim,,_, o, o, = 0;

(b) ifinf F = —o0, and lim,,_, o &, = 0, then lim,,_, » F(a,,) = —00.

Definition 2.5 [14] Let (X,d) be a metric space. A mapping 7 : X — X is said to be an
F-Suzuki contraction if there exists T > 0 such that for all x,y € X with Tx # Ty

%d(x, Tx) <d(x,y) = t+F(d(Tx, Ty)) < F(d(x,9)),
where F € G.

Definition 2.6 [1] Let T: X — X and « : X x X — [0, 00) be two given mappings. Then
T is called an «-admissible if

xyeX, axy)>1 = o(lx,Ty)>1
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3 Fixed point results for «-type almost-F-contraction and a-type

F-Suzuki contraction
In this section, we first introduce the concepts of an a-type almost-F-contraction and
an a-type F-Suzuki contraction and then we prove some fixed point theorems for these
contractions in a complete metric space.

We begin with the following definitions.
Definition 3.1 Let (X,d) be a metric space, T : X — X be a mapping, and o : X x X —

{—o0} U (0,00) be a symmetric function. Then the mapping 7 is said to be an «-type

almost-F-contraction if there exist F € F and t > 0 and L > 0 such that

d(Ix, Ty) >0 — 71+ a(x,y)F(d(Tx, Ty)) < F(d(x,y) + Ld(y, Tx)) and

d(Tx,Ty)>0 = T +axy)F(d(Tx, Ty)) < F(d(x,y) + Ld(x, Ty))

forallx,y € X.

Example 3.1 Let X = [0,3] U [5, 6] with the usual metric, 7: X — X be defined as

0 ifxe[0,3],
3 ifxe[5,6],

Tx =

and F(a) = Ina.

Then T is not an almost-F-contraction. Since at x = 3 and y = 5, d(Tx, Ty) > 0 but 7 +
F(d(Tx, Ty)) = © + F(3), whereas F(d(x,y) + Ld(x, Ty)) = F(2).

Define

1 ifx,y € [0,3] orx,y € [5,6],
alx,y) =
0.1 otherwise.

Then T is an a-type almost-F-contraction with t = 0.5 and L = 3.
Definition 3.2 Let (X,d) be a metric space T : X — X be a mapping and o : X x X —

{—00}U(0, 00) be a symmetric function. A map 7 : X — X is said to be an a-type F-Suzuki

contraction if there exists 7 > 0 such that for all x,y € X with Tx # Ty

%d(x, Tx) <d(x,y) = 1 +alxy)F(d(Tx, Ty)) < F(d(x,)),
where F € G.

Example 3.2 Let X = [1,3] U [5,9] with the usual metric and F : R* — R be defined as
F(a) = —é. Define a mapping 7': X — X as

5 x¢€[L,3],
8, x¢€[59]

Tx =
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Then T is not F-Suzuki contraction as the condition
1
Ed(x, Tx) <d(x,y) => 1+F(d(Ix,Ty)) < F(d(%,))

fails forx =3 and y = 5.
Define o : X x X — {—00} U (0,00) as

a(x,y)=2, forallx,yeX.

Then T is a-type F-Suzuki contraction i.e.
1
S I <dxy) = T+ay)F(d(Ty Ty)) < F(d(x))

holds for all x,y € X with 7 = é.

Now, we prove our first result.

Theorem 3.1 Let (X, d) be a complete metric space and T : X — X be an a-type almost-
F-contraction where F € F, satisfying the following conditions:
(i) T is a-admissible,
(ii) there exists xy € X such that a(xy, Txo) > 1,
(ili) if {x,} is a sequence in X such that o (%, %,1) > 1 foralln e NU{0} and x, > x € X
as n — oo then a(x,,x) > 1 for all n € NU {0}.
Then T has a fixed point x* € X.

Proof Let xy € X be such that «(xg, Txo) > 1. Define the sequence {x,} in X by x,,,; = Tx,,
for all n € NU {0}. If x,,,; = %, for some #n € N, then x* = x, is a fixed point of T. Let us
assume that x,,,; # x,, for all » € NU {0}.

Since T is a-admissible, we have a(xg,x1) = a(xg, Txo) > 1, which implies a(Txg, Tx1) =

a(x1,x7) > 1. Continuing in this way we have in general
o(x,,%,41) >1 forallmeN. (3.1)

Now, F(d(xy+1,%1)) = F(d(Tx, Txp-1)) < 0t %u—1)F (d(Txy, Txy—1)).

Therefore,

T+ F(d(T%y, Tu-1)) < T + (%, %51)F (d(Tx, Ttp-1))

< F(d®n%4-1) + Ld(xy, Txp)).
So F(d(xp41,%4)) = F(d(Txy, Txp-1)) < F(d(x4,%4-1)) — 7. In general we get
F(d(xml,xn)) = F(d(Tx,,, Tx,,,l)) < F(d(xl,xo)) - nr. (3.2)

Thus as n — 0o, we have lim,,_, o F(d(x,,41,%,,)) = —00, then by (F2) we have lim,,_, oo d(x41,
%) = 0. Now, from (F3), there exists k € (0,1) such that lim,_, oo (d(Xs1, %)) F(d(Xyr41,
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%,)) = 0. From (3.2) it follows that

(AGrs1,%0)) F (@1, %0)) < (dGona1,20)) (F(dx1,%0)) = ).
Then as n — oo we get

lim n(d(x,,+1,xn))k =0.

n—00

Therefore, there exists ng € N such that

n(d(xn+1’xn))k <1, Vm=>ny,

1
AdXpi1,%0) < —=, VYn>no.
Uk
Now, for m > n > ny,

d(xnrxm) = d(xmxn+1) + d(xn+1:xn+2) t--t d(xm—l: xm)

1
S eIl
Z nl/k

n=ngo

which is convergent as k € (0,1). Therefore as m,n — oo we get d(x,,, x,,) — 0. Hence {x,}
is a Cauchy sequence. From the completeness of X we then have x* € X such that x,, — x™.

Now we claim that d(x,,;, Tx*) = d(Tx,, Tx*) — 0 as n — oo. If x* = Tx*, then the proof
is finished. Assume that x* # Tx*. If x,,,1 = Tx, = Tx* for infinite values of # € NU {0}, then
the sequence has a subsequence that converges to 7x* and the uniqueness of the limit
implies x* = Tx*. Then we can assume that Tx, # Tx* for all n € N U {0}. Now using (iii),

we have
T+ F(d(Tx,,, Tx*)) <7+ o:(x,,,x*)F(d(Txn, Tx*)) < F(d(xn,x*) + Ld(Tx,,,x*)).
Then, as n — 0o we get

T+ lim F(d(Tx,, Tx")) < —00,

n— 00

which will lead to a contradiction of the assumption that lim,,_, o, d(7x,, Tx*) > 0 (in re-
spect of (F2)). Thus we have x,,,; = Tx, — Tx* as n — oo and hence Tx* = x*. O

Theorem 3.2 We further assume that o(x,y) > 1 for all x,y € Fix(T) and suppose T also
satisfies the following condition: there exist G € F and some L > 0, T > 0 such that for all
x,yeX

T +a(xy)G(d(Tx, Ty)) < G(d(x,y) + Ld(x, Tx))

holds. Then the fixed point in the above result is unique.
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Proof Let y* € X, y* #x* such that Ty* = y*. Then d(Tx*, Ty*) > 0, which implies

4+ G(d(Tx", Tv)) <7 +a(x',y")G(d(Tx", T¥)) < G(d(x",") + L(x", Tx")).
Therefore we have

T+ G(d(x",y%)) = T + G(d(Tv", Ty")) < G(d(x*,5")),
which is a contradiction as 7 > 0. O

The following example is illustrative of Theorem 3.2.

Example 3.3 Let X = [1,3] U [5,9] with usual metric and F : R* — R be defined as F(«) =

In. Define a continuous map 7: X — X as

2x+3, x€e[1,3],
Tx =
9, x €[5,9].

Then T satisfies all the conditions of Theorem 3.2 for T <1.9408 and L =1, and hence T

has a unique fixed point x* = 9.
If (x,y) = 1 for all x,y € X then we have following result as in [15].

Corollary 3.1 Let (X,d) be a complete metric space and T : X — X be an almost-F-
contraction. Then T has a fixed point x* in X.

If e(x,y) =1forall x,y € X and L = 0 then we have following result of Wardowski’s [2].

Corollary 3.2 Let (X,d) be a complete metric space and T : X — X be an F-contraction.
Then T has a unique fixed point x* in X.

To prove our next result, we first give the following.

Definition 3.3 [16] An o-admissible map T is said to have the K-property whenever for
each sequence {x,} C X with «(x,,x,,1) > 1 for all » € NU {0}, then there exists a natural
number k such that a(Tx,,, Tx,) > 1 for all m > n > k.

Theorem 3.3 Let (X, d) be a complete metric space and T : X — X be an a-type F-Suzuki
contraction satisfying the following conditions:
(i) T is a-admissible,

(ii) there exists xo € X such that o(xg, Txg) > 1,

(ili) T has the K-property,

(iv) if {xu} is a sequence in X such that o(x,, x4.1) > 1 for alln e NU {0} and x, > x € X

as n — oo, then a(x,,x) > 1 for all n € NU {0}.

Then T has a fixed point x* € X.
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Proof Let xy € X be such that a(xg, Tx¢) > 1. Define the sequence {x,} C X by x,,; = Tx,,
forall » € NU{0}. Since T is «-admissible we have «(x¢,x1) = a(xg, Txo) > 1, which implies
a(Txo, Tx;) = a(x1,%5) > 1. Continuing in this way we have in general

a(x,,x041) >1 forallme NU{0}. (3.3)
If x,,,1 = x,, for some n € N U {0}, then x* = x,, is a fixed point of T. Let us assume that

Xn41 7 %, for all m € N U {0}. Therefore %d(x,,, Tx,) < d(x,, Tx,) for all n € N U {0} and
hence

T+ F(d(Tx,,, sz,,)) <71 +alx, Txn)F(d(Txn, T2xn))
< F(d(xy, Tx,)) forallm e NU{0}.
So F(d(Txy,, T*x,)) < F(d(x,, Tx,)) — T and repeating this process in general we get
F(d(Txu, T?x,)) < F(d(x0,%1)) — nt.
As n — oo we obtain
lim F(d(xn+1’xn+2)) = -0,
n—0oQ
which together with (G2) and by Lemma 2.1, gives
lim d(xn+1’xn+2) =0.
n—0oQ

Suppose {x,} is not a Cauchy sequence. Then there exist ¢ > 0 and p(n) > q(n) >n >k
such that d(x,(,), %4() = € and d(x((m)-1), Xgm) < €.
Now

& < dXp(n)> Xg(m) < Ap(), Xp(m)-1) + AXp(m)-1, %q() < AXp(), Xp()-1) + €
Therefore

nlgglo AKX p(ny Xqm)) = €. (3.4)
Again we have

AXp()s Xq(n) < AXp(nys Xpmy+1) + AXp(n)+1, Xg(n)+1) + A Xg(n)+15 Xg(n))
and

AXpn)+1, %q(m)+1) < AXp(n)+1, Xp(m)) + AXp()s Xq(m) + A Xg(n)s Xg(m)1)-

So as n — o0, from the above two inequalities we have

lim d(xp(n)+1: xq(n)+l) =é. (3.5)

n—00
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Therefore there exists k € N such that d (%), %r)) < d(%p(n) Xq(m) for all n > k. Using the
K-property we have

T+ F(d(Top(m) Tog) < T + & p(m)s %g(m) F (A Top(m) Toogm)

< F(dXp()» %4(m))-
So as n — oo and by (G3), we get T + F(g) < F(¢), which is a contradiction. Hence {x,} is
a Cauchy sequence in X and so it converges to some x* in X.
Next, we claim that
1
Ed(x,,, Tx,) < d(x,,,x*) or
1
Ed(Tx,,, T2x,,) < d(Txn,x*) forall m e N.
Assume there exists m € N such that
1 * 1 2 *
5d(xm, Tx,,) > d(xm,x ) and 5d(TxW,, T xm) > d(Txm,x )
Then,
Zd(xm,x*) < dXp, Thpm) < d(xm,x*) + d(x*, Txm)
and hence
1
A(xp,x") < d(x*, Tap) < Ed(Txm, T?%). (3.6)
Since %d(xm, Tx,,) < A%, Tx,,), we have
T+ F(d(Txm, szm)) <71 +alx,, Txm)F(d(Txm, szm)) < F(d(xm, Txm)),

which implies F(d(T%, T?%,,)) < F(@m, Txn)) and s0 d(Tx, T*%,) < A%, Ty). Now

Thus, for every n € N either

T+ F(d(Txn, Tx*)) <T+ ot(x,,,x*)F(d(Tx,,, Tx*)) < F(d(xn,x*)) or

T+ F(d(szn, Tx*)) <T+ oz(xml,x*)F(d(szn, Tx*)) < F(d(xml,x*)).
As n — oo we get from the above

lim F(d(Tx,,, Tx*)) =—-oc0 and

n—00
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lim F(d(T?x,, Tx*)) = o0,

n—00

respectively. This further gives

lim d(Txn, Tx*) =0 and Ilim d(sz,,, Tx*) =0.

n—00 n— 00

Then
0 <d(x*, Tx*) < d(x*, Tx,) + d(Tx,,, Tx"),
which as n — oo gives d(x*, Tx*) = 0 and hence Tx* = x*. 0

Theorem 3.4 Ifwe further assume that o(x,y) > 1 for all x,y € Fix(T), then the fixed point
is unique in the above result.

Proof Lety* € X,y* #x* such that Ty* = y*. Then 1d(Tx*,x*) = 0 < d(x*,y*), which implies
T+ F(d(Tx", Ty")) < T + a(x*,y*)F(d(Tx", Ty*)) < F(d(x*,y%)).

Therefore, we have
T+ F(d(x*,y%)) = T + F(d(Tx*, Tv*)) < F(d(x*,5")),

which is a contradiction as 7 > 0. 0

The following example illustrates Theorem 3.4.

Example 3.4 Let X = [1,3] U [5,9] with the usual metric and F : R* — R be defined as
Fla) = —é. Define a continuous map 7: X — X as

2x+3, x€[L,3],
9, x € [5,9].

Tx =

Then T is not a F-Suzuki contraction as the condition
1
Ed(x, Tx) <d(x,y) — 71+ F(d(Tx, Ty)) < F(d(x,y))

fails forx=1and y = 5.

Now, we distinguish following cases:

Case 1. If x, y € [1, 3] then there are no points for which %d(x, Tx) < d(x,y) holds, so we
are through.

Case 2. If x,y € [5,9] then Tx = Ty so we are done.

Case 3. Let x € [1,3] and y € [5,9]. In this case we have d(Tx, Ty) < 4 and 2 < d(x,).
Therefore t + a(x, y)F(d(Tx, Ty)) < T + a(x, y)F(4) = T — @ and F(2) < F(d(x,y)) by (F2).
So for given «(x,y) we can choose 7 for which 7 < % holds. Then for that «(x, y) and
7 > 0 we are done.
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In particular, if we define o : X x X — (0, 00) U {—00} as
alx,y)=3 forallx,yeX.

Then T satisfies all the conditions of the above theorem with t = i and hence T has an

unique fixed point x* = 9.
If a(x,y) = 1 for all x,y € X then we have following result

Corollary 3.3 Let (X,d) be a complete metric space and T : X — X be an F-Suzuki con-
traction. Then T has a unique fixed point x* in X.

4 Consequences
In this section we will show that some existing results in the literature can be deduced
easily from our theorems proved in Section 3.

4.1 Fixed point with graph
Following Jachymski [17], let (X, d) be a metric space and A = {(x,x) : x € X}. Consider
a graph G with the set V(G) of its vertices equal to X and the set E(G) of its edges as
a superset of A. Assume that G has no parallel edges, that is, (x,), (y,x) € E(G) implies
x =y. Also, G is directed if the edges have a direction associated with them. Now we can
identify the graph G with the pair (V(G), E(G)).

Denote

Gg:= {G : G is a directed graph with V(G) =X and A C E(G)}.

Definition 4.1 A mapping T : X — X is called G-continuous, if we have a given x € X and
a sequence {x,} such that x, — x, as n — 00, (%, x,41) € E(G), Yn € N imply Tx, — Tx.

Theorem 4.1 Let (X,d) be a metric space endowed with a graph G and let T be a self-
mapping on X. Suppose that the following assertions hold:
(i) forallx,y € X, (x,y) € E(G) = (Ix, Ty) € E(G);
(i) there exists xo € X such that (xy, Txg) € E(G);
(iii) there exist a number t >0, L > 0 and F € F such that

d(Tr, Ty) >0 = 1+ F(d(Tx, Ty)) < F[d(x,y) + Ld(y, Tx)] and
d(IxD)>0 = v+F(d(Tx D) < Fld(xy) + Ld(x 1))
Jforall (x,y) € E(G);
(iv) for any sequence {x,} C X, x € X with x, — x as n — 00 and (x,, xX,+1) € E(G) we

have (x,,,x) € E(G) or T is G-continuous.
Then T has a fixed point.

Proof Define «: X x X — {—00} U (0, 00) by

1 if (x,y) € E(G),
a(x,y) = ,
—o0  otherwise.
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First we prove that T is a-admissible. If a(x, y) > 1, then (x,y) € E(G). As, from (i), we have
(Tx, Ty) € E(G), a(Tx,Ty) > 1. So T is an «-admissible mapping. From (ii) there exists
xo € X such that (xg, Txo) € E(G), i.e. a(xg, Txg) > 1.

Let a(x,y) > 1, then (x,y) € E(G). Now, from (iii) we have

T+ F(d(Tx, Ty)) < F[d(x,y) + Ld(x, Ty)] and
T+ F(d(Tx, Ty)) < F[d(x,y) + Ld(y, Tx)] i.e.
axy)>1 = 1+ F(d(Tx, Ty)) < F[d(x,y) + Ld(x, Ty)] and
T+ F(d(Tx, Ty)) < F[d(x,y) + Ld(y, Tx)].

Now, let {x,,} C X be a sequence such that x,, — x as n — 0o and a(x,, x,,41) > 1.

Then, (x,.1,%,) € E(G) and then from (iv) (x,,x) € E(G) i.e. a(x,,x) > 1. Thus, all the
conditions of Theorem 3.1 are satisfied and hence T has a fixed point in X. d

If L = 0, then Theorem 4.1 reduces to Corollary 2.9 given in [7].

4.2 Fixed point with partial order
Let (X, d, <) be a partially ordered metric space. Define the graph G by

EG) = {(x,y)eXxX:xjy}.

For the graph condition (i) in Theorem 4.1 means that T is nondecreasing with respect to
this order [18]. From Theorem 4.1 we derive the following important results in partially

ordered metric spaces.

Theorem 4.2 Let (X, d, X) be a partially ordered metric space and let T be a self-mapping
on X. Suppose that the following assertions hold:
(i) T is a nondecreasing map.
(ii) There exists xg € X such that xq < Txg.
(iii) There exist a number t >0, L > 0, and F € F such that

d(Ix, Ty) >0 = 71+ F(d(Tx, Ty)) < F[d(x,y) + Ld(y, Tx)] and

d(Tx, T9) >0 = 1 +F(d(Tx, Ty)) < F[d(x,y) + Ld(x, T)]

Sforall x,y e X withx < y.
(iv) Either for any sequence {x,} C X and x € X with

X, —> X%, asn— oo and

Xy <Xni1, VmeNU({0}, wehave x,=<x,

or T is continuous. Then T has a fixed point.

Corollary 4.1 [19] Let (X, d, X) be a partially ordered complete metric space and let T :
X — X be a continuous, nondecreasing self-mapping such that xo < Tx, for some xo € X.
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Assume that
d(Tx, Ty) < rd(x,y)
holds for all x,y € X with x <y where 0 <r <1. Then T has a fixed point.
5 Some applications to fractional calculus
First, let us recall some basic definitions of fractional calculus (see in [20—22]). For a con-

tinuous function g : [0,00) — R, the Caputo derivative of fractional order g is defined
as

CDﬂ(g(t)) = F(nl— 5 /(; (t—s)"P1g"(s)ds (n —-1<B<nmn=[B]+ 1)

where [8] denotes the integer part of the real number  and T' is a gamma function.
In this section, we present an application of Theorem 3.2 in establishing the existence

of solutions for a nonlinear fractional differential equation:
“DP (x(8)) +f(t,x()) =0 (0<t<1,B<1) (5.1)

via the boundary conditions x(0) = 0 = x(1), where x € C([0,1], R) (C([0,1], R) is the set of
all continuous functions from [0,1] into R), D? denotes the Caputo fractional derivative
of order B, and f : [0,1] x R — R is continuous function (see [23]). Recall that the Green
function associated to the problem (5.1) is given by

(A =s)*1—(t-5)*1 f0o<s<t<l,

(t1-s)*t
I'(«)

G(t,s) =

ifo<t<s<l
Now, we prove the following existence theorem.

Theorem 5.1 Consider the nonlinear fractional differential equation (5.1). Let { : R xR —
R be a given function. Suppose that the following conditions hold:
(i) Ift,a)—ft, D) <e"la—Db|(r >0)forallte0,1] and a,b € R with {(a,b) > 0.
(if) There exists xg € C([0,1],R) such that ¢ (xo(t), fol Txo(t)dt) > 0 forall t € [0,1]
where T : C([0,1],R) — C([0,1],R) is defined by

1
Tx(t) =/ G(t,s)f(s,x(s)) ds
0

forall t €[0,1].
(ili) Foreach t € [0,1] and x,y € C([0,1],R), ¢ (x(2), y(2)) > 0 implies ¢ (Tx(t), Ty(t)) > 0.
(iv) Foreach t € [0,1], if {x,,} is a sequence in C([0,1],R) such that x, — x in C([0,1],R)
and ¢ (x,(t), %441(2)) > 0 for all n € N, then ¢ (x,(¢),x(¢)) > 0 for all n € N.
Then the problem (5.1) has at least one solution.

Proof First of all, we let X = C([0,1], R). It is well known that X is a Banach space endowed
with the supremum norm |[|x[|o = sup,c(o1; [#(£)| for all x € X. Itis easy to see thatx € X isa
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solution of (5.1) if and only if x € X is a solution of the equation x(£) = fol G(t,5)f (s, x(s)) ds
for all £ € [0,1]. Then the problem (5.1) is equivalent to finding x* € X which is a fixed
point of T.

Now let x,y € X such that ¢ (x(£), y(¢)) > 0 for all £ € [0,1]. By (i) we have

1
|Tx(t) - Ty(t)| = ‘/0 G(t, s)[f(s,x(s)) —f(s,y(s))] ds

1
< fo G(t,5)|f (s,x(5)) = f (s:7(5))| s
1
< / G(t,s)-e " (|x(s) —y(s)|) ds
0

1
< ¢ = ylloo sUP / G(t,5)ds
0

tel

<e " llx=yllo.
Thus for each x, y € X, with ¢ (x(¢), y(¢)) > 0 for all £ € [0,1] we have
ITx - Tyl <€ llx =yl or d(T, T9) < e "d(x,).

By passing through a logarithm, we write Ind(Tx, Ty) < In(e "d(x,y)) and hence t +
Ind(Tx, Ty) < Ind(x,y).

Now consider the function F : R* — R defined by F(u) = Inu for each u € X, then F € F.
Also, define @ : X x X — {—00} U (0, 00) by

(5.9) 1 if £ (x(2),y(2)) > 0,¢ € [0,1],
a(x,y) =
Y —-00 otherwise.

Therefore,

T+ oz(x,y)F(d(Tx, Ty)) < F(d(x,y)) < F[d(x,y) + Ld(y, Tx)] and
T+ a(x,y)F(d(Tx, Ty)) < F(d(x,y)) < F[d(x,y) + Ld(x, Ty)]
for all x,y € X with d(Tx, Ty) > 0 and L > 0. This implies that T is an «a-type almost-F-

contraction. From (ii) there exists xy € X such that a(xo, Txo) > 1. Next, by using (iii), we

get the following assertions holding for all x,y € X

ay) =1 = ¢(x(),y(®)>0 forallse[0,1]
= {(Tx(t), Ty(t)) >0 foralltel0,1]
=  o(Tx, Ty) > 1;
hence T is a-admissible. Finally, from condition (iv) in the hypothesis, condition (iii) of
Theorem 3.1 holds. Therefore, as an application of Theorem 3.1 we conclude to the ex-

istence of x* € X such that x* = Tx* and so x* is a solution of the problem (5.1). This
completes the proof. O
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6 Conclusions

In the present work we introduced the new concepts of an «-type almost-F-contraction
and an a-type F-Suzuki contraction, which are generalizations of the concepts given in
[14, 15]. Next, we established some fixed point theorems for these contractions. Further,
the attached examples and an application to a nonlinear fractional differential equation
illustrate the usability of the obtained results.
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