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1 Introduction
The notion of 2-metric spaces can be dated back to the work of Gahler, who established
some fixed point theorems in 2-metric spaces in [1-3]. In 1976, Sharma et al. in [4] investi-
gated the existence and uniqueness of the fixed points of a family of mappings in 2-metric
spaces as follows.

Theorem 1.1 Let (X, d) be a complete bounded 2-metric space (namely, there exists a con-
stant K such that d(a,b,c) < K for all a,b,c € X) and let {T;}°, be a family of mappings
from X to itself. Suppose that there exists a non-negative integer sequence {m;}°, such that
for all positive integers i, j and for all x,y,a € X, we have

d(T!"x, Y"jm/y, a) <a(d(x,T;"x,a) +d(y, ij,'y’ a)) + Bd(x,y,a)

L L
Sfor non-negative constants o, g with 2o + g < 1. Then {T;} share a unique fixed point in X.
In 1979, Rhoades [5] obtained the following.

Theorem 1.2 Let (X, d) be a complete 2-metric space. Suppose the mapping T : X — X
satisfies

d(Tx, Ty,a) < hmax{d(x,y,a),d(x, Tx,a),d(y, Ty, a), d(x, Ty, a), d(y, Tx, a)}

for 0 <h<1 Then T has a unique fixed point x in X and for every xy € X, the it-
erative sequence {T"xy} converges to x. Besides, the following error estimate formula

© 2015 Wang et al. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

L]
@ Sprlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and

indicate if changes were made.


http://dx.doi.org/10.1186/s13663-015-0459-2
http://crossmark.crossref.org/dialog/?doi=10.1186/s13663-015-0459-2&domain=pdf
mailto:yjdaxf@163.com

Wang et al. Fixed Point Theory and Applications (2015) 2015:204 Page 2 of 13

holds:

n

d(T"xo,x,a) < T hd(xo, Txg,a).

In 2007, by defining the distance d(x, y) as a vector in an ordered Banach space E, Huang
and Zhang [6] introduced the concept of cone metric spaces and gave the new version of
the Banach contraction principle in the setting of cone metric spaces. Since then, a few
fixed point results have been proven on cone metric spaces (see [7-11] for more details).
Moreover, Liu and Xu [12] introduced the concept of cone metric spaces over Banach
algebras and showed that cone metric spaces over Banach algebras are not equivalent to
metric spaces. Based on the work of Liu and Xu [12], the authors of [13, 14] obtained some
interesting results on cone metric spaces over Banach algebras. By combining the concepts
of 2-metric spaces and cone metric spaces, Singh et al. [15] introduced a new space, which
is called a cone 2-metric space and established some fixed point theorems of a contractive
mapping on cone 2-metric spaces.

Enlightened by these thoughts, we define a new space in this paper, which is called
the cone 2-metric space over a Banach algebra and prove some fixed point theorems of
some mappings satisfying certain contractive conditions. Our main results extend Theo-
rem 1.1 and Theorem 1.2 to cone 2-metric spaces over Banach algebras. Moreover, some
frequently used conditions as the normality of a cone and the boundedness of a metric
space are not needed in our results. In addition, the proofs of our results are quite differ-
ent from those of some known results since a given pair of elements in a Banach algebra

may not be compared.

2 Preliminaries
Let A always be a real Banach algebra, that is, A is a real Banach space in which an op-
eration of multiplication is defined, subject to the following properties (for all x,y,z € A,
aeR):
(i) (xy)z =x(y2);

(i) x(y+2) =xy+xzand (x + )z =xz + yz;

(i) a(xy) = (ax)y = x(oy);

(i) llayll < Iyl

Throughout this paper, we shall assume that a Banach algebra has a unit (i.e., a mul-
tiplicative identity) e such that ex = xe = x for all x € A. An element x € A is said to be
invertible if there is an inverse element y € A such that xy = yx = e. The inverse of x is
denoted by x7L. For more details, we refer to [16].

The following several lemmas about spectral radius are needed in this paper.

Lemma 2.1 (see [16]) Let A be a Banach algebra with a unit e and x € A. If the spectral
radius r(x) of x is less than 1, i.e.,

1 1
r(x) = lim Hx” H "= inf”x” ” "<,

n—00 n>1

then e — x is invertible. Actually

(e—x)'= ixi.
i=0
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Remark 2.1 If r(x) < 1, then ||x"]| — 0 (n — o0).

Lemma 2.2 (see [17]) Let A be a Banach algebra and let x, y be vectors in A. If x and y
commute, then the following hold:
(©) rxy) < rx)r(y);
(il) rx+y) <rx)+rQy);
(iii) [r(x) —r(y)| < r(x—y).

Lemma 2.3 (see [17]) Let A be a Banach algebra and let k be a vector in A. If0 < r(k) <1,

then we have
r(e=k)™) < (1-rk) ™.

Now let us recall the concepts of cone and partial ordering for the Banach algebra A.
A subset P of A is called a cone of A if:
(i) Pisnon-empty closed and {6,e} C P;
(ii) P+ BP C P for all non-negative real numbers «, §;
(iii) P> =PP C P;
(iv) PN (-P)={0},
where 6 denotes the null of the Banach algebra .A. For a given cone P C A, we can define
a partial ordering < with respect to P by x < y if and only if y —x € P. x < y will stand for
x <y and x # y, while x < y will stand for y — x € intP, where int P denotes the interior
of P. If int P # ¥, then P is called a solid cone.
In the following we always assume that P is a cone in A with int P # { and < is the partial
ordering with respect to P.

Definition 2.1 (see [1]) Let X be a non-empty set. Suppose that the mapping d : X x X x
X — R* satisfies:
(i) for every pair of distinct points x, y € X, there exists a point z € X such that
dx,y,z) #0;

(i) d(x,y,2) =0 if and only if at least two of x, y, z are equal;

(ili) d(x,y,2) =d(p(x,y,z2)) for all x,y,z € X and for all permutations p(x,y,z) of x, ¥, z;

(iv) d(x,y,2) <d(x,y,w) +d(x,w,z) + dw,y,z) for all x,y,z,w € X.
Then d is called a 2-metric on X, and (X, d) is called a 2-metric space.

Definition 2.2 Let X be a non-empty set. Suppose that the mappingd: X x X x X - A
satisfies:
(i) for every pair of distinct points x,y € X, there exists a point z € X such that
d(x,y,2) 7 0;
(i) 0 =xd(x,y,2) for all x,y,z € X and d(x,y,z) = 0 if and only if at least two of x, y, z are
equal;
(ili) d(x,y,2) =d(p(x,y,z2)) for all x,y,z € X and for all permutations p(x,y,z) of x, ¥, z;
(iv) d(x,y,2) <d(x,y,w) +d(x,w,z) +dw,y,z) forall x,y,z,w € X.
Then d is called a cone 2-metric on X, and (X, d) is called a cone 2-metric space over the
Banach algebra A.

See [15] for some special examples of cone 2-metric spaces over Banach algebras.
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Definition 2.3 Let (X, d) be a cone 2-metric space over the Banach algebra A, x € X, and
let {x,} be a sequence in X. Then:
(i) {x,} converges to x whenever for each ¢ € A with 6 « ¢ there is a natural number
N such that d(x,,x,a) < ¢ for all a € X and for all # > N. We denote it by
lim,, s %, =X Or X, — x as 1 — Q.
(ii) {x,} is a Cauchy sequence whenever for each ¢ € A with 6 « ¢ there is a natural
number N such that d(x,,,%,,,a) < c for all @ € X and for all n,m > N.
(iii) (X,d) is a complete cone 2-metric space if every Cauchy sequence is convergent
in X.

Lemma 2.4 (see [18]) IfE is a real Banach space with a solid cone P and if 6 < u < c for
each 0 < c, thenu=26.

Lemma 2.5 (see [18]) If A is a real Banach space with a solid cone P and if ||x,| — 0
(n — 00), then for any 0 K c, there exists N € N such that, for any n > N, we have x, < c.

Now, we review some facts on c-sequence theories.

Definition 2.4 (see [19, 20]) Let P be a solid cone in a Banach space A. A sequence {x,} C
P is a c-sequence if for each 6 « ¢ there exists N € N such that x, < ¢ for all n > N.

Lemma 2.6 (see [20]) Let P be a solid cone in a Banach space A and let {x,} and {y,}
be sequences in P. If {x,} and {y,} are c-sequences and o, > 0, then {ax, + By,} is a

c-sequerce.

Lemma 2.7 (see [17]) Let P be a solid cone in a Banach space A and let {x,} be a sequence
in P. Suppose that k € P is an arbitrarily given vector and {x,} is a c-sequence in P. Then
{kx,} is a c-sequence.

3 Main results and proofs
In this section, we will give some fixed point theorems in the setting of cone 2-metric
spaces over Banach algebras.

Proposition 3.1 Let (X, d) be a complete cone 2-metric space over the Banach algebra A
and let P be the underlying solid cone in A. Let {x,} be a sequence in X. If {x,} converges to
x € X, then we have:

(i) {d(x,,x,a)}isa c-sequence forall a € X.

(ii) Forany p € N, {d(%y, %y.p,a)} is a c-sequence for all a € X.

Proof The proof of this proposition is easy, so we omit it here. d

Proposition 3.2 Let P be a solid cone in the Banach algebra A and let x be a vector in A.
Suppose that k € P is an arbitrarily given vector and x < c for any 0 < c, then we have
kx < cforany 6 < c.

Proof Fix ¢ > 6, then i > 60 for all m € N. It is clear that x < i for all m € N. So kx < %
Since % — 6 as m — 00, there exists M € N such that kx < % <« ¢ when m > M. This
completes the proof. O
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Theorem 3.1 Let (X, d) be a complete cone 2-metric space over the Banach algebra A and
P be the underlying solid cone and {T;}°, be a family of mappings from X to itself. Suppose
that there exists a non-negative integer sequence {m;};° such that for all positive integers i,
j and for all x,y,a € X, we have

d(T!"x, ijjy, a) <kid(x, T" x,a) + kod (y, :l"/mjy, a) + ksd(x,y, a) (3.1)

14 1

Sfor ki, ka, ks € P with r(ky) + r(ks) + r(ks) < 1 and ki, ky, and ks commute. Then {T;}°, share
a unique fixed point in X.

Proof Writeg;=T,",i=1,2,.... Then for all ;, j, by (3.1), we have

d(gi(%),g (), a) < kd(x,gi(x),a) + kod(y,g (), a) + ksd(x,y,a).

Pick xp € X and set x,, = g,,(x,_1), n > 1. Then

d(xnﬂr Xn» 61) = d(gm—l (xn)’gn (xn—l); ﬂ)

5 kld(xrlr Xn+ls ﬂ) + kZd(xn—ly Xn» ﬂ) + k3d(xn’ Xn-1» ﬂ);
which together with Lemma 2.1 yields

d(anrly Xns ﬂ) = kd(xm Xn-1» 61)

f k2d(xn—lr Xn-2» 61)

=< k"d(x1, %0, a),
where k = (e — k1) (ky + k3). In this case, for all [ < 1, one has

d(xm Xn-1» xl) = kd(xn—ly Xn-25 xl)

= kn_l_ld(le! Xl xl)-
It means that d(x,,x,_1,%;) = 0 for all [ < n. Thus, for n > m, we have

d(xnrxm: ﬂ) = d(xn:xm:xn—l) + d(xmxn—lr (l) + d(xn—l;xmra)
= kn_ld(xl; X0, 6{) + d(xn—l; KXm» xn—Z) + d(xn—lx Xn-25 ﬂ) + d(xn—Z: KXm» ﬂ)

< (k”—1 + k"_z)d(xl,xo,a) +d(Xy_2, X, a)

< (k”_1 Iy I /<'”+1)d(x1,xo,a) + d(Xpis1y Xy 4)

IA

(kn—l Ty S AT S0 km)d(xl;xOra)
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= (e+k+- + K"K d(x1,x0,a)
< (Zk")k’”d(xl,xo,a)
=0

= (e~ k)K" d(x1, %0, a).
On the other hand, it follows from Lemma 2.2 and Lemma 2.3 that

r(k) = r(e— ki) (ko + k3) < r((e— ki) ™")r(ka + ks)
_ k)
— 1-r(k)
_ k) + (k)
1-r(k)

Hence, from Lemma 2.5 and the fact that ||(e — k) 'k d(x1, %9, a)|| = 0 (1 — 00), it follows
that, for any c € A with 6 < ¢, there exists N € N such that for any n > m > N, we have

A%, %y @) < (e — k)K" d (31, %0, a) < c.

So {«x,} is a Cauchy sequence in X. As X is complete, there exists x € X such that x, — x
(m — 00). We claim that x is the unique fixed point of T; for all i > 1. In fact

d(gn(x);x’ ﬂ) = d(gn(x):xrgmﬂ(xm)) + d(gn(x)’gmﬂ(xm)’ ﬂ) + d(gmﬂ(xm),x; ﬂ)
= A1, %, @) + kid (%, (%), %) + kod (%1 Gms1 (), X) + k3d (%, %, X)
+ kid (X i1 (Xm), @) + kod (%, 4(x), @) + kzd (X, %, @),

which implies
(6 - kZ)d(gn (JC), X, ﬂ) = d(xm+1’ X, ﬂ) + kZd(xm; Xim+1s x) + kld(xmjxmﬂ’ ﬂ) + de(xm; X, ﬂ)'

Therefore, it follows from Lemma 2.6, Lemma 2.7, and Proposition 3.1 that (e — k»)d(g,(x),
x,a) < y,,, where {y,,} is a c-sequence in P. In this case, we have (e —k,)d (g, (x), %, a) < c for
any ¢ >> 6, which together with Proposition 3.2 implies that 6 < d(g,(x),x,a) < c for any
ae€X,neN,and c¢> 0 as e — k; is invertible. Therefore, by Lemma 2.4, d(g,(x),x,a) = 0
for any n € N. Namely, g,(x) = x for any n € N.

Suppose that y is another fixed point of g, in X, then

d(x,y,a) < kd(x,x,a) + kad(y,y,a) + ksd(x, y, a).

That is (e — k3)d(x,y,a) < 6, which means d(x, y,a) = 0 for any a € X because of the invert-
ibility of e — k3. So x = y. That is, the fixed point of g, is unique. As x = g,,(x) = T (x), we
have T),(x) = T,,(T)"(x)) = T)"*(Tu(x)) = g4(Tx(x)). It is easy to see that T),(x) = x. Similarly,
the uniqueness of the fixed point of T}, can be proven. d

Remark 3.1 If we replace the Banach algebra A with the real numbers field R in Theo-
rem 3.1, then we get a similar result as Theorem 1.1. Moreover, it should be noted that, in
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this case, we do not need the bounded property of the underlying space (X, d), so Theo-
rem 3.1 generalizes and extends Theorem 1.1.

Corollary 3.1 Let (X,d) be a complete cone 2-metric space over the Banach algebra A
and P be the underlying solid cone and let {T;}{2, be a family of mappings from X to itself.
Suppose that there exists a non-negative integer sequence {m;};>, such that for all positive
integers i, j and for all x,y,a € X, we have

d(T!"x, ijjy, a) < kd(x,y, a)
for some fixed k € P with r(k) < 1. Then the {T;} share a unique fixed point in X.

Corollary 3.2 Let (X,d) be a complete cone 2-metric space over the Banach algebra A
and P be the underlying solid cone and let {T;}{%, be a family of mappings from X to itself.
Suppose that there exists a non-negative integer sequence {m;};>; such that for all positive
integers i, j and for all x,y,a € X, we have

d(T"'x, ij’y, a) < k(d(x, T"x,a) +d(y, ij’y, a))
for some fixed k € P with r(k) < % Then the {T;} share a unique fixed point in X.

Proof Note that r(k + k) < 2r(k) < 1 according to Lemma 2.2, so the proof is rightward
from Theorem 3.1. O

In the following, we will present some notations. Let a;, b;, %, y, k € A. Write:
(i) ® 2V isolai} & there exists i > 0 such that x < a;.
(il) Violai} = \/jzo{b/} & for any i > 0 there exists j > 0 such that a; < b;.
(i) Vjzolai} <% % foranyi> 0, we have a; < x.
)

(iv k\/izo{“i} = \/izo{k“i}~

Lemma 3.1 (see [17]) Let A be a Banach algebra with a unit e, P be a cone in A, and < be
the partial ordering generated by P. Suppose that x is invertible and that x™' > 0 implies
x> 0. Let ) € P. If the spectral radius r(X) of A is less than 1, then for any integer n > 1, we
have \" < L <e.

Lemma 3.2 Let (X, d) be a complete cone 2-metric space, P be a cone in the Banach algebra
A and < be the partial ordering generated by P. Let {x,} and {y,} be two sequences in X

with lim,_, oo X, = x and lim,,_, » y, = y. Then for any ¢ > 6, there exists N € N such that
forany n >N, we have

—¢ X d(&p, yn,a) —d(x,y,a) < ¢
forallaeX.
Proof The proof is easy, so we omit it here. O

Lemma 3.3 Let (X, d) be a complete cone 2-metric space over the Banach algebra A and
P be the underlying solid cone.
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(1) Suppose that x is invertible and that x™* > 0 implies x > 6.
(2) Suppose the mapping T : X — X satisfies

d(Tx, Ty,a) < k\/{d(x,y, a),d(x, Tx, a), d(y, Ty, a)d(x, Ty, a), d(y, Tx, a)} (3.2)

for an invertible k € P with r(k) < 1.
Then for any positive integers n and any xo € X, the following assertions hold:
@) \/lgi,jgn{d(TixO’ Tixg,a)} <k \/Ogi,jgn{d(TixO’ Tixy,a)}.
(ii) \/lfi,jfn{d(TixO’ Tixy,a)} < k Vo<j<nld(xo, Tixy,a)}.
(iii) Foralli,j=1,2,...,n, we have d(T'xo, T/xo,%0) = 6.
(iv) ForanyneN,

\/ {d(Tixo, T/xo,a)} < ((e ) MNe-k)t+(e— k)_l)d(xo, Txo,a).

0<ij<n

Proof According to (3.2), for all i, j, 1 <i,j < n, we have

d(Tixo, zjo,a) = d(TTHxO, TTj’lxo,zz)
<k \/{d(Ti_lxo, T x, a), d(Ti_lxo, Tixo,a),d(Tj_lxo, zjo,a),
d(Ti’lxo, T'xo, a), d(Tj’lxo, Tixo, a)}

<k \/ {d(Tixo,zjo,a)}.

0<ij<n

So (i) is true.

From (i), we know that

\/ {d(Tixo,zjo,a)}jk\/{ \/ (T Txoa)), \/ [d(o, T/xo,a)}}.

1<ij<n 1<ij<n 0<j=<n

We claim that VISian{d(Tixo, Tixg,a)} < k \/ijsn{d(xo, Tixo,a)}.In fact, forany 1 < j,j <
n, there exist 1 < i,V < » such that d(T"xy, Txo,a) < kd(T™ xo, T/ x0, @) (otherwise
d(Tixo, T'xg, a) < kd(xo, T''xo,a) for some 0 < j; < n, then the claim is true). Also, there
exist 1 < i?,j? < u such that AT %0, T %0, a) < kd(T™ %9, T'” 9, a) (otherwise, by
Lemma 3.1, d(T%xq, T/xg,a) < k(kd(xo, T'2x¢,a)) = k*d(xo, T2x¢,a) < kd(x, T2x0,a) for
some 0 < j, < n; so the claim is true). As the procedure continues, we obtain

d(Tixo, zjo,a) =< /<d(Ti(1)xo, Tj(l)xo,a)

) o)
5/(2d(T’ x0, T” xo,a)

< ktd(Ti<t)xo, Tj(t)xo,u).

Otherwise, the claim is true. Besides, there exists 0 < s < ¢ such that i = {®, j(s) =
j®, where i® = i, j© = j. Then we have ksd(Ti(s)xo, T/(s)xo,a) < ktd(Ti(t)xo, Tf(t)xo,a) =
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K d(T™ xo, T %0, @), which implies
(& = k) d(T" %0, T x9,a) < 6.

Since k* — k* is invertible, we can obtain d(T™ xo, T/ x, a) = 6 by multiplying (k° — k%)~ in
both sides. This means d(T%xg, T/xg,a) = 0 for any i, j, a, which contradicts the definition
of cone 2-metric spaces over Banach algebras. Hence, our claim is true. Namely, (ii) is
proven.

Now, take a = xo, for any 1 <i,j < n, by (ii), there exists 0 < m < n such that
d(Tixo, zjo,xo) < kd(xo, meO,xo) =0,
which gives (iii).
According to (ii) and (iii), for fixed n € N and for any 1 < i,j < #n, there exists 0 <

jY,7?,...,j® < n such that

d(Tixo, zjo,a) < kd(xo, Tj(l)xo,a)
< k(d(Txo, Tj(l)xo, a) + d(x0, TX0,a) + d(xo, Tj(l)xo, Txo))
= k(d(Txo, Tj(l)xo, a) + d(xo, Txo, a))
=< k2d(x0, T’mxo,a) + kd(xo, Txq, a)
< k2 (d(Txo, Tj(z)xo, a) + d(xo, Txo, a) + d(xo, T/(z)xo, Txo))
+ kd(x9, Txo, a)
= k*d(Txo, Tj(z)xo,a) + (K* + k) d(xo, Txo, )

< /<3d(xo, Tj(g)xo,a) + (k2 + k)d(xo, Txo, a)

< Kk d(xo, Tj(t)xo,a) + (K" + -+ + k) d(xo, Tro, @)

There exists 1 < s < ¢ such that /¥ = j®, then

Kd (%0, T’mxo,a) + (K7 4 -+ k) d(o, T, a)

< K'd(xo, T x0,a) + (K + -+ + k) d(xo, Tio, @),
which implies
(K = K")d (x0, T x9,@) < (K + -+ + &) d(xo, Txo, ).
Hence,

d(Tixo, zjo,a) < ks(ks —kt)_1 (kH oot ks)d(xo, Txo,a) + (ks’1 I +k)d(xo, Txo,a).
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On the other hand, by Lemma 3.1, we have

Kk —k) T =k ((e—k=)k) T = (e~ k)T =Y (k) =Y K =(e—k),
i=0 i=0

Kt K=o+ k+- -+ k) 2 Ke- k) < (e—k)7\
Also, we can get (k! +--- + k) < (e — k)™! in a similar way. So we have
d(T'x0, T'xo,a) < ((e = k) (e = k)™ + (e = k)™")d(x0, Txo, ).

In fact, we can obtain d(xo, T/xo,a) < ((e — k) (e — k)™ + (e — k) D)d(xo, Txo, a) for any

1 <j < n by using the same approach. Then (iv) is given. O

Theorem 3.2 Let (X, d) be a complete cone 2-metric space over the Banach algebra A and
P be the underlying solid cone.

(i) Suppose that x is invertible and that x™* = 0 implies x = 0.

(ii) Assume the mapping T : X — X satisfies

d(Tx, Ty,a) < k \/{d(x,y, a),d(x, Tx,a),d(y, Ty, a), d(x, Ty, a), d(y, Tx,a)} (3.3)

for an invertible k € P with r(k) < 1.
Then T has a unique fixed point x in X and for every xo € X, the iterative sequence {T"x}

converges to x. Besides, the following error estimate formula holds for any ¢ > 0:
d(T”xo,x, a) < k" ((e k) He-k)+(e- k)‘l)d(xo, Txg,a) + c.

Proof Take xy € X. Set x, = T"x9, i = 1,2,.... For any n, m, n < m, it follows from
Lemma 3.3 and (3.3) that

d(xnr Xm» ﬂ) = d(Txn—l) Tm_n+1xn—ly ﬂ)

<k \/ {d(T' %1, T'xpor,a) )

0<ij<m-n+1

=k \/ {d(Tixo,zjo,a)}

n-1<ij<m
< k2 \/ {d(Tixo, zjo,a)}
n-2<ij<m

< k" \/ {d(Tixo,zjo,a)}

0<ij<m

< k" ((e k) Me-k)+(e— k)_l)d(xo, Txg, ).

Hence, by Lemma 2.5 and the fact that ||k ((e — k)~ (e — k)™! + (e — k) D d(x0, Txo,a)|| — 0
(n — 00), we see that, for any ¢ € A with 6 < ¢, there exists N € N such that for any
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m >n>N, we have
A%y Xy a) < K" ((e - N e-k)™+(e— k)_l)d(xo, Txg,a) K c.

So {«x,} is a Cauchy sequence in X. As X is complete, there exists x € X such that x, — x
(n — 00). Let m — oo and by Lemma 3.2, we have

A, %, @) 2 Ay, %y @) + ¢ < K" (e = k) e = k)™ + (e — k) ) d(x0, Txo, a) + ¢

for all » > 1 and any ¢ 3> 6, which gives the error estimate formula.

For all 2 € X, we have
dx,, Tx,a) < k\/{d(x,,,x, a),d(x,, Xp41, a), d(x, Tx, a), d(x,41, %, a), d(x,,, Tx, x)}.
By Proposition 3.2, for any § < ¢ there exists N € N such that for all 7 > N,

4 C
kd(x,,,x, ﬂ) < 5! kd(xmerl,a) < 5;

Kl 300) < 5, Kl Tid) < 5.
Hence, we have d(x,.1, Tx,a) < 5 or d(x,.1, Tx,a) < kd(x, Tx,a) for all n > N. By Lem-
ma 3.2, it is easy to see that d(x, Tx,a) < c or (e — k)d(x, Tx,a) < ¢, which together with
Proposition 3.2 implies that d(x, Tx, a) = 0 for any a € X as e— k is invertible. Furthermore,
Tx = x.

Suppose that y is another fixed point of T in X, then

d(x,y,a) < k\/{d(x,y, a),d(x,x,a),d(y,y,a),d(x,y, a),d(y,x,a)},
which gives d(x,y,a) < 6 or d(x,y,a) < kd(x,y,a). So d(x,y,a) = 0. Then x = y. O

Remark 3.2 If we replace the Banach algebra A with the real numbers field R in The-
orem 3.2, then we get Theorem 1.2, so Theorem 1.2 is just a corollary of Theorem 3.2.
Moreover, it should be noted that, in a cone 2-metric space over the Banach algebra A,
for any pair of given elements, they may not be comparable, which is the key difficulty for
us in proving Theorem 3.2. Fortunately, we found an effective way for it, and our way may
be helpful for other researchers to deal with similar problems.

We conclude the paper with an example, which can illustrate the result of Theorem 3.1.

Example 3.1 Let A = R2. For each (x1,%;) € A, ||(x1,%2)|| = [%1] + |x2]. The multiplication
is defined by xy = (o1, %2)(y1,¥2) = (¥171, %192 + x291). Then A is a Banach algebra with unit
e=(1,0). Let P = {(x, %) € R%|x;,% > 0}. Then P is a cone in .A.

Let X = {(x,0) € R?|0 < x <1} U {(0,x) € R?|0 < x < 1}. The mapping is defined by
d(ay, o, 03) = di(B1, B2) where oy, 00,3 € X and By, By € {a1, a2, a3} are such that |8 —
B2l = min{lloy — aal, [z — es]|, lloes — a2 ||} and

dl((x,O),()/»O)) = (Z|x_y|r|x_y|>r
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d1((0,),(0,y)) = (Ix—yl, zlx—y|>,
5 3
dl((x10)¢ (O:y)) = dl((oly)’ (x: O)) = (Zx +),x+ ZJ’)

Then (X, d) is a complete cone 2-metric space over the Banach algebra A.
Now we define mappings 7;: X — X (i > 1) by

1\ 2 /3 2
- (() ()

and

()" ()"}

Then it is not difficult to verify that Y"l?i‘l((x, 0)) = (0, ﬁx) and J"lZi‘l((O,x)) = (%x, 0).

Hence, it follows from [15] that T; satisfies the contractive condition

L 1

d(T"'x, ijjy, a) < kid(x, T" x,a) + kod (y, Y}mjy, a) + ksd(x,y, a)

for all x,y,a € X and i > 1, where m; =2i -1, ky = (%,0), ky = (%,0), k3 = (i,O). Besides,
r(ky) = r(ky) = %, r(ks) = i. By Theorem 3.1, we see that 7; has a unique fixed point (0, 0)
foralli>1.
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