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Abstract

In this paper, we introduce two general iterative methods for a certain optimization
problem of which the constrained set is the common set of the solution set of the
variational inequality problem for a continuous monotone mapping and the fixed
point set of a continuous pseudocontractive mapping in a Hilbert space. Under some
control conditions, we establish the strong convergence of the proposed methods to
a common element of the solution set and the fixed point set, which is the unique
solution of a certain optimization problem. As a direct consequence, we obtain the
unigue minimum-norm common point of the solution set and the fixed point set.
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1 Introduction

Let H be a real Hilbert space with the inner product (-, -) and the induced norm || - ||. Let C

be a nonempty closed convex subset of H, and let S: C — C be a self-mapping on C. We

denote by Fix(S) the set of fixed points of S and by P¢ the metric projection of H onto C.
A mapping F of C into H is called monotone if

(x—y,Fx—Fy) >0, Vx,yeC.

A mapping F of C into H is called «-inverse-strongly monotone (see [1, 2]) if there exists a

positive real number « such that
(x—y,Fx — Fy) > a| Fx — Fy||2, Vx,y € C.

If F is an «-inverse-strongly monotone mapping of C into H, then it is obvious that F is
%-Lipschitz continuous, that is, ||Fx — Fy|| < é”x —y|| for all x,y € C. Clearly, the class of
monotone mappings includes the class of a-inverse-strongly monotone mappings.
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An operator A is said to be strongly positive on H if there exists a constant ¥ > 0 such
that

(Ax,x) > 7||x||2, Vx e H.

A mapping F of C into H is called y-strongly monotone if there exists a positive real
number ¥ such that

(x—y,Fx-Fy) > 7Vllx-yI?, VxyeC.

Clearly, the class of monotone mappings includes the class of strongly positive mappings.
Let F be a nonlinear mapping of C into H. The variational inequality problem is to find
u € C such that

(v—u,Fu) >0, VveC. (1.1)

We denote the set of solutions of the variational inequality problem (1.1) by VI(C, F). The
variational inequality problem has been extensively studied in the literature; see [2—6] and
the references therein.

The class of pseudocontractive mappings is one of the most important classes of map-
pings among nonlinear mappings. We recall that a mapping 7' : C — H is said to be pseu-
docontractive if

2
17— TylI* < llx =yl + [ (I - T)x = (I = Ty,

Vx,y € C,

and T is said to be k-strictly pseudocontractive if there exists a constant k € [0,1) such that

2

1T - TyI? < Il —yl? + k| - T)x— - T)y|>, VxyeC,

where I is the identity mapping. Note that the class of k-strictly pseudocontractive map-
pings includes the class of nonexpansive mappings as a subclass. That is, 7' is nonexpansive
(i.e, | Tx = Ty| < |lx—»ll, Vx,y € C) ifand only if T is O-strictly pseudocontractive. Clearly,
the class of pseudocontractive mappings includes the class of strictly pseudocontractive
mappings as a subclass, and the class of k-strictly pseudocontractive mappings falls into
the one between the class of nonexpansive mappings and the class of pseudocontractive
mappings. Moreover, this inclusion is strict due to an example in [7] (see also Example 5.7.1
and Example 5.7.2 in [8]). Recently, many authors have been devoting the studies to the
problems of finding fixed points for pseudocontractive mappings; see, for example, [9-15]
and the references therein.
The following optimization problem has been studied extensively by many authors:

Y
mn —

1
A: -~ - 2_ ’
m 2( xx)+2||x ul|” — h(x)

xeQ

where Q = (N, Ci, C1,Cy,... are infinitely many closed convex subsets of H such that
N Ci #%; u € H; > 0 is a real number; A is a strongly positive bounded linear self-
adjoint operator on H; and / is a potential function for yf (i.e., i’ = yf for y >0 and a
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function f on H). For this kind of minimization problems, see, for example, Bauschke and
Borwein [16], Combettes [17], Deutsch and Yamada [18], Jung [19], and Xu [20, 21] when
Q= ﬂﬁl C; and h(x) = (x, b) for a given point b in H.

Iterative methods for nonexpansive mappings and strictly pseudocontractive mappings
have recently been applied to solve the optimization problem, where the constraint set
is the fixed point set of the mapping; see, for instance, [6, 10, 11, 18, 22-25] and the ref-
erences therein. Some iterative methods for equilibrium problems, variational inequality
problems, and fixed point problems to solve optimization problem, where the constraint
set is the common set of the solution set of the problems and the fixed point set of the
mappings, were also investigated by many authors recently; see, for instance, [26, 27] and
the references therein. We can refer to [28] for certain iterative methods for the integral
boundary value problems with causal operators, and we can refer to [29] for iterative meth-
ods for solving certain random operator equations.

In particular, in 2006, combining Moudafi’s method [30] with Xu’s method [21], Marino
and Xu [24] introduced the following general iterative method for a nonexpansive map-
ping S:

Xpi1 = AV fXy + ([ — 2, A)Sx,, Vn>0, (1.2)

where y > 0 and f is a contractive mapping on H. Under well-known control conditions
on the sequence {o,} C [0,1], they proved the strong convergence of the sequence {x,}
generated by (1.2) to a point ¥ € Fix(S), which is the unique solution of the variational

inequality
(A-yNH%EF-p)<0, ¥peFix(©),
which is the optimality condition for the optimization problem

1
min —(Ax,x) — h(x),
xeFix($) 2
where / is a potential function for yf. Very recently, Jung [23] proposed the following
general iterative method for a k-strictly pseudocontractive mapping T for some 0 < k < 1:

KXpa1 = oy (U + yfx,) + (I —a, (I + MA))PCSx,,, Vn >0, (1.3)

where u € C; ¢ > 0 is a real number; and S : C — H is a mapping defined by Sx =
kx + (1 — k) Tx. Under different control conditions on the sequence {«,} C [0,1] and the
sequence {x,} generated by (1.3), he showed the strong convergence of the sequence {x,}
to a point ¥ € Fix(T), which is the unique solution of the optimization problem

1
min E(Ax,ac) + =l — ul|* = h(x),
xeFix(T) 2 2
where 4 is a potential function for yf.

On the other hand, in order to study the variational inequality problem (1.1) coupled with
the fixed point problem, many authors have introduced some iterative methods for finding
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an element of VI(C, F) N Fix(S), where F is an «-inverse-strongly monotone mapping and
S is a nonexpansive mapping; see [1, 31-34] and the references therein. Some iterative
methods for finding an element of VI(C, F) NFix(T) were also presented by many authors,
where F is a continuous monotone mapping and 7 is a continuous pseudocontractive
mapping; see [35-37] and the references therein. In the case that E is a Banach space with
the dual E*, we can refer to [38] for iterative methods for finding an element of VI(C, F) N
Fix(T), where F : C — E* is an «-inverse-strongly monotone mapping and 7 is a relatively
weak nonexpansive mapping, and we can refer to [39] for iterative methods for finding an
element of ﬂﬁl Fix(T;) N VI(C, F), where F is an «-inverse-strongly accretive mapping
and T;, i =1,...,N, are k;-strictly pseudocontractive mappings. And we can consult [40]
for iterative methods for finding a common element of VI(C, F;) N VI(C, F,), where Fy, F5 :
C — E* are two continuous monotone mappings.

Recently, researchers have also invented some iterative methods for finding the mini-
mum norm element in the solution set of certain problems (for instance, variational in-
equality problem, minimization problem, split feasibility problem, etc.) and the fixed point
set of nonlinear mappings (for instance, nonexpansive mapping, strictly pseudocontrac-
tive mapping, Lipschitzian pseudocontractive mapping, etc.); see, for instance, [41-43]
and the references therein.

In this paper, as a continuation of study for the above-mentioned optimization problems,
we consider the following optimization problem of which the constrained set is VI(C, F) N
Fix(T):

min s
xeVI(C,F)NFix(T) 2

(Ax,x) + %Hx—u”z - h(x), (1.4)
where F is a continuous monotone mapping; T is a continuous pseudocontractive map-
ping u € C; i > 0 is a real number; and 4 is a potential function for yf when f is a con-
tractive mapping and y > 0. We present two general iterative methods for solving the
optimization problem (1.4). First, we introduce an implicit general iterative method. Con-
sequently, by discretizing the continuous implicit method, we provide an explicit general
iterative method. Under some control conditions, we show the strong convergence of the
proposed methods to an element of VI(C, F) N Fix(7T), which is the unique solution of
the optimization problem (1.4). As special cases, we obtain two iterative methods which
converge strongly to the minimum norm point of VI(C, F) N Fix(T). Our results unify,
complement, develop, and improve upon the corresponding results of Jung [22, 23], Yao

et al. [27], and some recent results in the literature.

2 Preliminaries and lemmas
Let H be a real Hilbert space, and let C be a nonempty closed convex subset of H. We
write x, — x to indicate that the sequence {x,} converges weakly to x. x,, — x implies that
{x,} converges strongly to x.

For every point x € H, there exists a unique nearest point in C, denoted by P¢(x), such
that

| =Pc@)| < llx-yll, VyeC.
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P¢ is called the metric projection of H onto C. It is well known that P¢ is nonexpansive

and is characterized by the properties
u=Pclx) <— (x-uu-y)>0, VxeH,yeC. (2.1)
In a Hilbert space H, the following equality holds:
ll = y11> = llxl® + Iyl* - 2(x,9),  Vx,y € H. (2.2)
We need the following lemmas for the proof of our main results.

Lemma 2.1 In a real Hilbert space H, there holds the following inequality:
l+y1? < %> +2(y,x +y), Vx,y€H.
Lemma 2.2 ([20]) Let {s,} be a sequence of nonnegative real numbers satisfying
Sprt < (L= Wu)sy + Wyby + vy, V>0,
where {wy}, {84}, and {v,} satisfy the following conditions:
(i) {wa} C10,1] and Y_,°, wy = 00 or, equivalently, [ 1,2, (1 — w,) = 0;
(i) limsup,_, o 8, <0 0r Y oo o Wnld,| < 00;
(i) v, >0 (n>0), > 02, v, < 0.
Then lim,_, o S, = 0.

The following lemmas can be easily proven, and therefore, we omit the proofs.

Lemma 2.3 Let H be a real Hilbert space, andlet A : H — H be a strongly positive bounded
linear operator with a constant 'y > 0. Let f : H — H be a contractive mapping with a
constant k € (0,1). Let u >0 and 0 <y < 1+,‘:7. Then

(=2, (I + pA) = yf)a = (U + nA) = yf)y) = A+ u¥ —yO)lx-yI>, VxyeH.
That is, (I + pA) — yf is strongly monotone with a constant 1 + uy — yk.

Lemma 2.4 ([24]) Let i >0, and let A: H — H be a strongly positive bounded linear self-
adjoint operator on a Hilbert space H with a constanty > 0.Let 0 < £ < (1+ u||A|)™L. Then

=&+ pA)l <1-EQ+ uy).
The following lemmas are Lemma 2.3 and Lemma 2.4 of Zegeye [44], respectively.

Lemma 2.5 ([44]) Let C be a closed convex subset of a real Hilbert space H. Let F : C — H

be a continuous monotone mapping. Then, for r > 0 and x € H, there exists z € C such that

1
y—-z,Fz)+ -(y—z,z—-x)>0, VyeC.
r
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Forr >0 andx € H, define F,: H— C by
1
F.x= {zeC:(y—z,Fz)+ -(y—z,z—x) zO,VyeC}.
r

Then the following hold.:
(i) F, is single-valued;
(i) F, is firmly nonexpansive, that is,

IEx - Fyll? < (x-y,Fa-Fy), VayeH;

(iii) Fix(F,) = VI(C, F);
(iv) VI(C,F) is a closed convex subset of C.

Lemma 2.6 ([44]) Let C be a closed convex subset of a real Hilbert space H. Let T : C — H
be a continuous pseudocontractive mapping. Then, for r > 0 and x € H, there exists z € C
such that

1

y-2zTz) - =(y-z,(1+r)z-x) <0, VyeC.
r

Forr>0andx e H,define T,: H— C by

1
r

T,xz{zeC:(y—z,Tz) (y—z,(1+r)z—x>§0,VyeC}.

Then the following hold.:
(i) T, is single-valued;
(ii) T, is firmly nonexpansive, that is,

ITx - Tyl < (x =3, T = T,y),  Vx,y € H;

(iii) Fix(T,) = Fix(T);
(iv) Fix(T) is a closed convex subset of C.

The following lemma can be found in [26, 45].

Lemma 2.7 Let C be a nonempty closed convex subset of a real Hilbert space H, and let
g:C — RU {00} be a proper lower semicontinuous differentiable convex function. If x* is
a solution of the minimization problem

g(x") = inf g(w),

then
[g@).p-x)=0, pecC.

In particular, if x* solves the optimization problem

.M 1 2
min 5 (Ax,x) + 5 [l — 2| * = hi(x),
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where A is a bounded linear self-adjoint operator on H, then
(u +(rf-U+ ;LA))x*,p—x*) <0, peC,
where h is a potential function of yf.

3 Main results
Throughout the rest of this paper, we always assume the following:
+ H is a real Hilbert space;
« Cis a nonempty closed subspace subset of H;
+ A:C— Cisastrongly positive linear bounded self-adjoint operator with a constant
v >0;
« f:C — Cisa contractive mapping with a constant k € (0,1);
o Constants ¢ >0and 0 <y < 1+TW;
« F:C— H isa continuous monotone mapping;
+ VI(C, F) is the set of the variational inequality problem (1.1) for F;
+ T:C — Cisacontinuous pseudocontractive mapping such that
VI(C, F) N Fix(T) # %;
+ F,,: H— Cis a mapping defined by

1
Fx= {zeC:(y—z,Fz)+r—(y—z,z—x) zO,VyeC}
t

for r; € (0,00), t € (0,1), and liminf;_. ¢ 7; > 0;
+ T,,: H— Cis a mapping defined by

1
T,x = {zeC: (y—z,Tz)—r—(y—z,(1+rt)z—x)§0,VyeC}
t

for r; € (0,00), t € (0,1), and liminf, .o r; > 0;
+ F,, :H— Cis a mapping defined by

1
F.x= {ze C:(y—-zFz)+ —(y—2z,z—x)>0,Vy e C}
'y
for r,, € (0,00) and liminf,_, o, r,, > 0;
o T,,:H— Cisamapping defined by

T,,%= {ze C:i{y—21z) - Vl(y—z,(l +r,,)z—x) <0,Vye C}
n
for r,, € (0,00) and liminf,_, o 7, > 0;
«ueC.
By Lemma 2.5 and Lemma 2.6, we note that F,,, T}, F,,, and T,, are nonexpansive,
Fix(F,,) = VI(C, F) = Fix(F,,), and Fix(T},) = Fix(T) = Fix(T},).
In this section, first, we introduce the following general iterative method that generates

anet {X¢},c o minp in an implicit way:

1
Trqar )

x = t(u+yfag) + (1= tU + pA)) Ty, Fr % (3.1)
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Now, for ¢ € (0, min{1, m}), consider a mapping Q; : C — C defined by
Qux=t(u+yfx)+ (1 —t(I + MA)) T, F.x, VxeC.

It is easy to see that Q; is a contractive mapping with a constant 1 —£(1 + uy — y k). Indeed,
since T, F,, is nonexpansive, by Lemma 2.4, we have

Q- Quyll < | (I - tU + pA)) T, Frx — (I - tU + pA)) T, F,y |
+t] G+ yfe) - (w+ v )|
< (1=t + uy)) Il = yll + tyklx -yl

= (1-tQ+uy - yh)lx-yl.
Since 0 < t < min{1, m}, it follows that
0<1-t(Q+puy-yk)<l.

Hence Q; is a contractive mapping. By the Banach contraction principle, Q; has a unique
fixed point, denoted by x;, which uniquely solves the fixed point equation (3.1).
We summarize the basic properties of {x;}.

Proposition 3.1 Let {x;} be defined via (3.1). Then
(i) {x¢} is bounded for t € (0, min{l, =t ));
(ii) limsg [l = Ty, Frpxe]l = O;

(iii) «; : (0, min{1, m}) — H is locally Lipschitzian, provided

7+ (0, min{1, m}) — (0,00) is locally Lipschitzian;
(iv) x; defines a continuous path from (0, min{1, m}) into H, provided
¢+ (0, min{1, m}) — (0, 00) is continuous.

Proof (i) Let z; = F,,x;, and let u; = T},z;. Let p € VI(C,F) N Fix(T). Then p = F,,p by

Lemma 2.5(iii) and p = T,,p (= Tp) by Lemma 2.6(iii), and from the nonexpansivity of
T,, and F,,, it follows that

lue —pll = | Tr,ze = Tropll < llze = plls (32)
and

iz - pll = | Fre = Fpopll < |l — pl. (3.3)
Let A =1+ pA. By (3.2) and (3.3), we have

;= pll = | £Qu + v fxr) + U = tA) T,z — p|
= || (I-tA) Tz, — I - tZ)T,tp +iyfx,—tyfo+tu+yf —Z)p”
< |t - tA) T,z - U - tA) T, p|| + tykllx: - pl

+t(lul + | (vf - A)p]))
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< (L=t +uy))llze - pll + tyklxe — pll + t(lull + | (vf — A)p])
< (1=t + puy))llx: - pll + tykla, - pll + t(llull + | (vf - Ap|)
= (1t +puy — yk)llxe - pll + t(lull + || (vf - A)p])).

So, it follows that

1y — p| < L 127 = Aopl
U Lleuy-yk

Hence {x;} is bounded and so are {z:} = {F,,%:}, {#:} = {T}, 2}, and {ZTnzt} = {ZT,tF,zxt},
and {fx,}.

(ii) Let z; = F,,x;. By the definition of {x;} and the boundedness of {fx;} and (A T,z:} in
(i), we have

”xt - TrtFr[xt” = t”ZTr,fFrzxt - (Lt + yfxt) ”

<t(IAT,zll + llull + ¥ |fec) > 0 ast— 0.

(iii) Let t,to € (0, min{1, m}), and let z; = F,,x; and z, = F,

rip Xto- Let u; = T,,z; and

uyy = Ty 2y, Then we get
1
(y— uyy, Tuyy) — r—(y — Uy, (L + 1y ) thyy — Z:O) <0, VyedC, (3.4)
to

and

1
(y — (L + 1)y — zt> <0, VyeC. (3.5)

(y—us, Tug) — —
Ty

Putting y = u, in (3.4) and y = u,, in (3.5), we obtain

1
(ut - uto, Tut()) - r_<ut - utor (1 + rt())ut() - Zto) = Or (36)
to

and

1
(s — g, Tug) — r—<ut0 —uy, (L+r)u, — Zt) <o0. (3.7)
t

Adding up (3.6) and (3.7), we have

(1 + 1) taey — 24, ~ A +ry)u; - zt> <o,

(us — uyy, Tuto - Tuy) - <Mt — Uy, . .
to t

which implies that

Uty — Zrg ut_zt><0

(”t — Uy, (e — Tuy) - (Mro - Turo)) - <Mt — Uy
't 1y

Now, using the fact that T is pseudocontractive, we get

Uty — Zgg _ Mt—2t>>0
— ’

<ut - uto;
't ¥y
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and hence
I’to
Uy — Ugyy Uy — Uy + Uy — Zg — r—(ut -z))>0. (3.8)
t

Without loss of generality, let us assume that there exists a real number r, > b > 0 for
t € (0, min{1, m}). Then, by (3.8), we have

2 Tt
||”t—14t0|| = <Mt_utoyzt_zto + ( - _0>(ut_zt)>

re
'ty
S||ut—ut0||{||zt—zto||+ 1-— ||Mt—Zt||}~ (3.9)
t
Hence, from (3.9) we obtain
1
lzes — se |l < llze — 2z |l + r—|”t — Tl e — 2zl
t
1
< llze = zgo Il + E'n —Tto|L, (3.10)
where L = sup{||u; — z; : £ € (0, min{1, m})n}.
Moreover, since z; = F,,x; and z;; = F,ZO Xty We get
1
<y - ZtIFZt> + — <y —Z Zr — xt> 2 0, Vy € C, (3.11)
It
and
1
(y_ZtO’FZtO)+r_<y_zt0’zt0_xt0) >0, VyeC (312)

to

Putting y = z;, in (3.11) and y = z; in (3.12), we obtain

1
(Zto - Zt!FZt> + r_ (Zto —Zt, 2t — xt> > 0, (3.13)
t
and
1
(2t — 24, Fzs) + o (2t — Z1y5 21y — %4y) > 0. (3.14)
to

Adding up (3.13) and (3.14), we have

Z — Xt Zyy — Ky
—(zt — 24y, Fzy — Fzyy) +<zt0 -z -—)>0.
rt 't

Since F is monotone, we get

Zr =Xt Zyy — Xy
<Zt0 -z —— - —}>0,

rt Tty
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and hence
<Zt = Z1y) Bty — 2t + 2t — Kyy — :ﬂ(zt —xt)> > 0. (3.15)
L
Then, using the method in (3.8) and (3.9), from (3.15) we have

14

2 t

llze — zg, I* < <Zt — Zty 2 — Xy + Xp — Kyy — r—"(zt —x:)>
t

}”to
=\Zt = Zgyr Ky — Xy + _r_ (2 — %)
t

1
< Iz _Zto”{”xt_xto” + —|r _rto|||Zt_xt||}'

b

This implies that
1
1ze = zey | < lloce — 2o | + Zln — 14| M, (3.16)
where M = sup{||z; — x| : ¢ € (0, min{1, m})”}‘ Combining (3.10) with (3.16), we get

[zt — Uy, =1l Trtzt - Trto

1
Zeo Il < o — g0 || + Z|rt—rzo|(L +M). (3.17)
Now, using (3.17), we calculate

ll%e = ¢4

= |(I = tA) Ty, Froy + t(u + v fixe) = (I = t0A) Ty, Fry %0 — ot + v fry) |

< U= tA) Tz — (U = t0A) Ty, ze | + | (I = 80 A) T2 — (I = t0A) T, 24 |
+y |t = tolllfxell + |£ = tolllull + v tollfxe — fxz, |

<1t = tolIANITr 2]l + (1= to(L + uP)) 1 Ty2e = Ty 2
+ ¥ |t = tolllfsell + 12— tolllull + toy klloe — x4 I

< |t —tol | AN Tzl + (1 - to(1+ 7)) [let — X[l + %In =1l (L +M)}
+ylt = tolllfxell + 1t = tolllull + toy kllxe — ¢, .

This implies that

AN Ty, zell + v Ilfell + llac]
to(1+ puy —yk)
A —to(L+uy))3 (L +M)
to(1+ uy —yk)

llve = %z Il < |t —to

|rt_rt0|~

Since r; : (0, min{1 ) = (0, 00) is locally Lipschitzian, %, is also locally Lipschitzian.

1
7 L+pllAll J
(iv) From the last inequality in (iii), the result follows immediately. O
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We prove the following theorem for strong convergence of the net {x,} as £ — 0, which

guarantees the existence of solutions of the optimization problem (1.4).

Theorem 3.1 Let the net {x;} be defined via (3.1). Then x; converges strongly to a point
% € VI(C,F) NFix(T) as t — 0, which solves the variational inequality

(w+(yf— U+ pA)x,p-%)<0, VpeVIC,F)NFix(T). (3.18)
This % is the unique solution of the optimization problem (1.4).

Proof We first show the uniqueness of a solution of the variational inequality (3.18), which
is indeed a consequence of the strong monotonicity of (I + uA) — yf. In fact, since A is a
strongly positive bounded linear operator with a constant y > 0, we know from Lemma 2.3
that I + uA — yf is strongly monotone with a constant 1 + uy — yk € (0,1). Suppose that
x € VI(C, F) NFix(T) and X € VI(C, F) NFix(T) both are solutions to (3.18). Then we have

(w+ (vf -+ pA)xx-%) <0 (3.19)
and

(w+ (vf -UT+pA))xz-%) <0. (3.20)
Adding up (3.19) and (3.20) yields

(U +pnA) = yf)x - (U +pA) - yf)x%%-%) < 0.

The strong monotonicity of (I + uA) — yf (Lemma 2.3) implies that ¥ =% and the unique-
ness is proved.

Next, we prove that x, — ¥ as ¢t — 0. Let A=+ pA), and let z, = F,,x;. Observing
Fix(T) = Fix(T,,) (by Lemma 2.6(iii)) and Fix(F,,) = VI(C,F) (by Lemma 2.5(iii)), from
(3.1) we write, for given p € VI(C, F) N Fix(T),

x—p=I- tZ)Trzzt -(I- tZ)Trtp +ty(fx, —fp) + t(u +(yf —Z)p)

= (I - tA) Tz — Tp,p) + ty (fx — fo) + t(u + (vf — A)p)
to derive that

lxe = plI* = ((I = ATy, 20 = Ty,p), % = p) + ty (fe = fo, % = )
+t{u+ (vf - A)p, %, - p)
< (1=t + uy)lze - pllllx: - pll + tyklx: — pl?
+ t(u +(yf —A)p,x, —p>
< (1-t(+pu7)lx: - plI* + tyklx: - p|)?

+t{u+ (vf — A)p, %, - p).
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Therefore we have

llx: - pllI* < (u+ (vf - A)p,x. - p). (3.21)

T l+uy-vk

Since {«;} is bounded as ¢ — 0 (by Proposition 3.1(i)), there exists a subsequence {¢,} in

(0, min{1, m}) such that ¢, — 0 and x;, — x*. First of all, we prove that x* € VI(C, F) N

Fix(T). To this end, we divide its proof into four steps.
Step 1. We show that lim,_. [lx, — 2, || = 0, where z;, = F,, %1, To show this, let p €
VI(C, F) NFix(T). Since p = F,, p, from (2.2) we deduce

2 2
Iz, = pII™ = | Er,, %1, = Fr,

tn

<Az, =P %1, — P)

= 5 [, =17 + Nz, =PI =, ~ 20,7,
and hence
llze, =PI < ll%2, = pI* = s, — 20,117
Thus, from (3.2) we have
1T, 2e, = PI” < llze, — pI* < 1%, — pII* = ll%2, — 22, 11>
This implies

1, = 20, 1% < e, = PI* = 11Ty, 20, — PII®
< (Ilxs, = pll + 1 T, 20, = pI) (I, =PIl = I T, 20, = pII)
< (Ilxe, = Il + 11Ty, 20, = Pl 166, = T, 20, |
= (Ilxs, =PIl + 1T, 20, = p1) %, = T, Fr %, |-
Since t, — 0 and ||x;, — T}, Fy, %, || = O by Proposition 3.1(ii), we get |lx;, — z,|| = O by
the boundedness of {x;} and {T},z}.

Step 2. We show that lim,, . o |4y, — 2, || = 0, where u,, = T}, z,,. Indeed, from Proposi-

tion 3.1(ii) and Step 1 it follows that
llote, — 2, || < llute, — %, || + |2, — 2, = O (as m — o0).
Step 3. We show that x* € VI(C, F). In fact, from the definition of z;, = F,, x;, we have

Z

— Xt
(y -z, Fzs,) +<y—ztn,u>20, VyeC. (3.22)
rtn
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Setw; =tv+ (1 —t)x* forall t € (0,1] and v € C. Then w; € C. From (3.22) it follows that

Zt” — Xt

(wy _Ztnvot) > (wy _Zt,,:FWt> — (w; —Zt,,,FZt,J - <Wt = Zty» . n>
tn

Zt, — X
= <Wt—Ztn,FWt—FZtn>—<Wt—z,fn, n n > (323)

I‘tn

By Step 1, we have % — 0 as n — 00. Moreover, since x;, — x*, by Step 1, we have
n

z, — x* as m — oo. Since F is monotone, we also have that (w; —z;,, Fw, — Fz;,) > 0. Thus,
from (3.23) it follows that

0 < lim (w; — 2, Fw;) = (wt —x*,Fwt>,
n— o0
and hence
(v - x*,Fwt) >0, VveC.
If t — 0, the continuity of F yields that
(v - x*,Fx*) >0, VveC.

This implies that x* € VI(C, F).
Step 4. We show that x* € Fix(T). In fact, from the definition of u,, = T}, z,, we have

1
(y — g Tug,) — —(y — thg,,, 1+ 1, )1ty —2,,) <0, VyeC. (3.24)
r

tn

Put w; =tv+ (1 -t)x* forall £ € (0,1] and v € C. Then w; € C, and from (3.24) and pseu-
docontractivity of T it follows that

(s, — we, Twy) > (uy, — Wi, Twy) + (Wy — uy,,, Tuy,))

— —(we — wg,,, U+ 1, )t — 22,

rt,

1
= —(wy — uy,,, Twy — Tuy,) — r_ (We — Uy, Uy, — 21,,)
tn

— (W — U, Mtn>

1
2
> —llwy —ug, I = — Wy — uy,, s, — Z4,,) — Wy — Uy, Uy,,)
tn

—Z
= —(Wy — Uy, We) — <Wt - U, ut”r i > (3.25)

tn

By Step 2, we get % — 0 as n — 0o. Moreover, since x;, — x*, by Step 1 and Step 2,

we have u,, — x* as n — o00. Therefore, from (3.25), as n — oo, it follows that

(" = wy, Twy) > (6% = wy, wy),
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and hence
—<v —x¥, Tw,f> > —(v —x", wt), VveC.
Letting ¢ — 0 and using the fact that 7" is continuous, we get
—<V —x*, Tx*) > —(v - x*,x*), VveC.
Now, let v = Tx*. Then we obtain x* = Tx* and hence x* € Fix(T). Therefore, x* €

VI(C,F) N Fix(T).

Now, we substitute x* for p in (3.21) to obtain

o = ;(u +(pf — A)x", %, — x7). (3.26)

. - T l+uy-vk

Note that x;,, — x* and lim,_« ¢, = 0. These facts and inequality (3.26) imply that
x;, — x* strongly.
Finally, we prove that x* is a solution of the variational inequality (3.18). In fact, putting

x, in place of x, in (3.21) and taking the limit as ¢, — 0, we obtain

1 _ .
5 =" = f ol 0f ~Aps = p). - ¥p € VICHNFIX(T).

In particular, x* solves the following variational inequality:

x* € VI(C,F) NFix(T), (u+(yf-Ap,p-x*)<0, Vpe VI(C,F)NFix(T),
or the equivalent dual variational inequality (see [46])

x* € VI(C,F)NFix(T), (u+ (yf —A)x*,p-x*)<0, Vpe VI(C,F)NFix(T).
That is, x* € VI(C,F) N Fix(T) is a solution of the variational inequality (3.18); hence
x* =% by uniqueness. In summary, we have shown that each cluster point of {x;} (at
t — 0) equals %. Therefore x; — ¥ as £ — 0. By (3.18) and Lemma 2.7, we deduce im-
mediately the desired result. This completes the proof. d

If we take =0, # = 0 and f = 0 in Theorem 3.1, then we have the following corollary.

Corollary 3.1 Let {x;} be defined by
Xt = (1 — t)T,tF,txt.

Then {x;} converges strongly as t — 0 to a point ¥ € VI(C, F) NFix(T), which is the mini-
mum norm point of VI(C, F) N Fix(T).

Taking T = I in Theorem 3.1, we have the following corollary.
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Corollary 3.2 Let {x,} be defined by
xp =t(u+ yfa) + (I —t(I + ,uA))ant.

Then {x,} converges strongly as t — 0 to a point X € VI(C, F), where is the unique solution
of the optimization problem

Ol
mmn —

1
Ax, — |l — ul|? = h(x). 3.27
Lmin 2( xx>+2||x ul| (%) (3.27)

Proof If T = I, then T, in Lemma 2.6 is the identity mapping. Thus the result follows from
Theorem 3.1. U

Taking F = 0 in Theorem 3.1, we get the following corollary.

Corollary 3.3 Let {x,} be defined by
xp =t(u+ yfay) + (I -t + ,uA)) T,,%;.

Then {x,} converges strongly as t — 0 to a point X € Fix(T), where is the unique solution of
the optimization problem

1
min 2 (Ax,x) + 5 = ul = h(@). (3.28)

xeFix(T) 2
Proof If F =0, then F, in Lemma 2.5 is the identity mapping. Thus the result follows from
Theorem 3.1. O

If, in Theorem 3.1, we take C = H, then we obtain the following corollary.

Corollary 3.4 Let T : H — H be a continuous pseudocontractive mapping, and let F :
H — H be a continuous monotone mapping. Let {x;} be defined by (3.1). Then {x;} con-
verges strongly as t — 0 to a point ¥ € F~1(0) N Fix(T), which is the unique solution of the
optimization problem

. Ik
min —

1
(Ax, %) + = ||x — u||® = h(x). (3.29)
xeF-1(0)NFix(T) 2 2

Proof Since D(F) = H, we have VI(H,F) = F1(0). So, by Theorem 3.1, we obtain the de-
sired result. O

Now, we propose the following general iterative method which generates a sequence in
an explicit way:

Xpi1 = oy + yfxn) + (I — (I + pA)) Ty, Fp %, V>0, (3.30)
where x¢ € H is an arbitrary initial guess; {«,} € [0,1] and {r,} C (0, c0); and we establish

the strong convergence of this sequence to a point X € VI(C, F) N Fix(T), which is the
unique solution of the optimization problem (1.4).
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Theorem 3.2 Let {x,} be the sequence generated by the explicit scheme (3.30). Let {a,}
and {r,} C (0, 00) satisfy the following conditions:

(C1) {a,} C[0,1] and o, — 0 as n — oo;

(C2) Y02o oy = 00;

(C3) a1 — ayl < o(0tye1) + 05 Ziio 0y, < 00 (the perturbed control condition);

(C4) liminf,— oo > 0 and > e [1us1 — 1| < 00.
Then {x,} converges strongly to a point ¥ € VI(C, F)NFix(T), which is the unique solution of
the variational inequality (3.18). This X is the unique solution of the optimization problem
(1.4).

Proof First, note that from condition (C1), without loss of generality, we assume that
a,(1+ uy —yk) <1 and %’m <1 for all » > 0. Let ¥ € VI(C, F) N Fix(T) be the
unique solution of the variational inequality (3.18). (The existence of % follows from The-
orem 3.1.)

From now on, we put A=1+ A, z, = F, %, and u, = T}, z,. Let p € VI(C, F) N Fix(T).
Then p = T,, p by Lemma 2.6(iii) and p = F,, p by Lemma 2.5(iii). Moreover, from the non-

expansivity of F,, it follows that
2w =PIl = I Ery%n — Fr,pll < %0 — pll. (3.31)

We divide the proof into several steps as follows.
Step 1. We show that {x,} is bounded. First of all, by (3.31), we deduce

”xVH-l _p”
= ”an(” + ¥ fxn) + (I - anZ)Trnzn —P”
= ” (I- Oan) Ty,zn— (I - anZ)TmP + Y (fn — fp) + oy (Lt +(yf _Z)p) “

< ||t - uA) T, 20 — I = 0, A) Ty, p| + €ny ks — pll + ot (el + ||(vf = A)p])

< (L=an(@+ 1)) lzn - pll + auyklix, — pll + o (lull + | (nf = A)p]|)
< (L= an(L+ 1) Ixn = pll + cwy Kl — pll + au(llull + | (vf = A)p|)
= (1 - au(L+ 1y — k) llxy — pll + o (lull + | (vf - A)p])

lull + 1| (v.f — A)pll }
l+py-yk |

= max{”xn -pl

By induction, we derive

lull + | (vf - A)pll
1+ uy -vk

Il = pli §max{||x0 -pl, }, Vn > 0.

This implies that {x,} is bounded and so are {z,} = {F,,x,}, {#n} = {T+,24}, {fxx}, and
{A T,,z4}. As a consequence, with the control condition (C1), we get

%41 = Trzull < n(llull + ¥ [fsn — AT, 2ull) > 0 (11— 00). (3.32)

Step 2. We show that lim,_,  ||%+1 — %,|| = 0. In fact, by using the same method as in
the proof of Proposition 3.1(iii) together with z, = F,, %, z,-1 = F,_%n-1, 4y = Tr,2,, and
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Uy1 =Ty, 2,1 instead of z; = F x4, 24y = Fyy g, e = Ty 21, and u, = Ty, 2ty respectively,
we have
1
” Trnzn - Tr,,,lzn—ln =< ”xn _xn—ln + Z |rn - rn—1|(M1 +M2): (333)

where M; = sup{||u,, — z,| : n > 0}, My = sup{||z,, — x|l : » >0}, and r,, >b >0, n > 0 for
some b. Thus, by (3.33) and Lemma 2.4, we derive

1%1241 — %l
= ln (e + yfen) + U - 0y A) T, 20
— oty (v + Y fn1) = =yt A) Ty, 2 |
< |t = ATy, 20 = Tr,py 200) || + lotw = 1A T,y 20 |
+ o [fxn = frnall + | — cpa || ull
= (1 - an(l + M?)) ” Trnzn - Tr,,,lzn—ln
+ Ykl = Xt | + Lt — it [(JAN T, 2 || + ]l
1
< (1-a,1+puy)) [len —xuall + 3 |7 = 11 | (M +M2):|
+ Oankan —Xn-1 ” + |an —0py-1 |M3
= (1 =1+ py - ]/k)) [l — %1
1
+ oy — a1 | M3 + E|rn — 1y [(My + M3)
. (1 —oy(1+py — ]/k)) 1% — %1
1
+ (0(atn) + 041 ) M3 + Elrn = Ty |(My + Mp), (3.34)

where Mj = sup{[|A||| T;,,zu|l + l|u|| : n > 0}. By taking s,41 = 1641 — %ull, Wy = (1 + 3 —
vk), w8, = Mzo(a,) and v, = 0,_1 M3 + %|r,, — 1y_1|(My + M), from (3.34) we deduce

Sl < (L= wy)sy + W,y + vy
Hence, by conditions (C2), (C3), (C4) and Lemma 2.2, we obtain
lim %41 — x4 = 0.
n—0o0
Step 3. We show that lim,,_, « ||, — 2, | = 0. By taking x,, and z, instead of x;, and z;, in
Step 1 of the proof of Theorem 3.1, the result follows from Step 1 in the proof of Theo-
rem 3.1, (3.32) and Step 2.

Step 4. We show that lim,,_, [|x, — u,|| = 0, where u,, = T}, z,. In fact, from (3.32) and
Step 2, we have

”xn - un” = ”xn - Trnzn”

< %0 = X |l + 1141 — Trnzn” —0 (asn— 00).
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Step 5. We show that lim,_. |4, — 24|l = 0, where u,, = T}, z,. In fact, from Step 3 and
Step 4, we have

lotn = zull < [ty — %l + %0 — 24ll > O (as m — 00).

Step 6. We show that limsup,, , . (u + (yf — A)% x, — %) < 0. To this end, take a subse-
quence {x,, } of {x,} such that

limsup(u + (yf — A)%, %, — %) = Jim (u+ (vf =A%, 2, =),
—00

n—00

Without loss of generality, we may assume that x,, — p. Take x,, and z,, in place of x;,
and z;, in Step 3 and Step 4 of the proof of Theorem 3.1. Then, from Step 3 and Step 4 in
the proof of Theorem 3.1 along with Step 5, we derive p € VI(C, F) N Fix(T). Hence, from

(3.18) we conclude

lim sup(u +(yf — A%, x, —35) = klim (u +(yf —Z)%,xnk —%)
—>00

n—00

=(u+(yf - A% p-%) <0.

Step 7. We show that lim,,_, » ||, —%| = 0. Note thatX € VI(C, F)NFix(T). Let z,, = F;, .
By (3.30), ¥ = F,, %, and X = T;,,%, we deduce

Xn+l -%= (1 - Oan)(TrnZn - Tr,,acl) + any(fxn _f?é) +ay (Ll + (Vf _Z)%)
Applying Lemma 2.1 and Lemma 2.4, we obtain

%1 =%
= U~ @A), 20— T, 3 + iy (s — ) + (e + (vf — AF)|”
< U = nA)(Try2n = T, | + 20y (fitn = fFo i1 = B)
+ 200, + (vf = AR, X1 — %)
< (1= (L + 17) Iz = TN + 200y Kl = Rl 101 - ]
+ 2001 + (vf = A)X, X1 — X)
< (1= (L + 7)) 10 = 12 + ety k (Il = %12 + 201 = FI1%)
+ 2001 + (vf = A)X, X1 — X)
< (1= 20, (1 + 1) + @y k) s = FII* + (1 + 7)1 = FII* + €y k|1 = %1

+ 20(,,(u +(yf —A)X, X1 — %) (3.35)

It then follows from (3.35) that

- 1-2a,(1+uy) +a,yk ~
a1 = %)|* < . 2 o — X
1-a,yk

2 )2
a;(1+uy) 0 20y, —
L%, - — - A)X, -
e I e (A )
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2a,(1+ uy — yk) ~2
=\1-————— )l — x|l
1-a,vk

ay(L+puy) ~
o = F|* + ———|
1-a,vk 1-a,vk

Ay

u+ (Vf _Z)%)xrﬁl _35>
< @ =w) 1% = FII* + Wy,

where

20,1+ uy - yk)
- 1-a,yk
1
8}1 = T =
2(1+ uy —yk)

Why
[on @ + u7)* My + 2(u + (vf = A%, Xpi1 — %)),

where My, = sup{||x,, —%||? : # > 0}. It can be easily seen from conditions (C1) and (C2) and
Step 6 that w, — 0, Y oo, w, = 00 and limsup,,_, ., 8, < 0. From Lemma 2.2 with v, = 0,
we conclude that lim,,_, », ||x, —%|| = 0. This completes the proof. O

If we take ;t =0, u = 0 and f = 0 in Theorem 3.2, then we have the following corollary.
Corollary 3.5 Let {x,} be defined by
Xn+l = (1 - an)TrnFrnxn'
Assume that the sequences {o,} and {r,} satisfy conditions (C1)-(C4) in Theorem 3.2. Then
{x.} converges strongly to a point ¥ € VI(C, F) NFix(T), which is the minimum norm point
of VI(C, F) N Fix(T).

Taking 7' = I in Theorem 3.2, we have the following corollary.

Corollary 3.6 Let {x,} be generated by the following iterative scheme:
Xpi1 = o + yfrn) + (I — au(I + pA))F X, V= 0.
Assume that the sequences {«,} and {r,} satisfy conditions (C1)-(C4) in Theorem 3.2. Then
{x,,} converges strongly to a point x € VI(C, F), which is the unique solution of the optimiza-
tion problem (3.27).
Taking F = 0 in Theorem 3.2, we get the following corollary.
Corollary 3.7 Let {x,} be generated by the following iterative scheme:
Kpe1 = o (U + Yfx,) + (1 —a,( + /LA)) T, %0, Yn=>0.
Assume that the sequences {a,} and {r,} satisfy conditions (C1)-(C4) in Theorem 3.2. Then
{xn} converges strongly to a point % € Fix(T), which is the unique solution of the optimiza-

tion problem (3.28).

Taking C = H, we have the following corollary.
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Corollary 3.8 Let T : H — H be a continuous pseudocontractive mapping, and let F :
H — H be a continuous monotone mapping. Let {x,} be generated by (3.30). Assume that
the sequences {a,} and {r,} satisfy conditions (C1)-(C4) in Theorem 3.2. Then {x,} con-
verges strongly to a point X € F1(0) NFix(T), which is the unique solution of the optimiza-
tion problem (3.29).

Remark 3.1 (1) For finding an element of VI(C, F) NFix(T), VI(C, F), Fix(T), and F~1(0) N
Fix(T), which is the unique solution of the optimization problems (1.4), (3.27), (3.28), and
(3.29), respectively, where T is a continuous pseudocontractive mapping and F is a con-
tinuous monotone mapping, our results are new ones different from previous those in-
troduced by several authors. Consequently, our results supplement, develop, and improve
upon the corresponding results given recently by several authors in this direction (for ex-
ample, see [35—37] for VI(C, F) N Fix(T) in the case of a continuous monotone mapping
F and a continuous pseudocontractive mapping T; see [1, 31-34] for VI(C, F) N Fix(S) in
the case of an a-inverse-strongly monotone mapping F and a nonexpansive mapping S;
see [11, 22, 23] for Fix(T') of a strictly pseudocontractive mapping T'; and see [24, 27] for
Fix(S) of a nonexpansive mapping S).

(2) As in Corollary 3.1 and Corollary 3.5, from Corollaries 3.2, 3.3, 3.4, 3.6, 3.7, and
3.8, we can obtain the minimum norm point of VI(C, F), Fix(T), and F~1(0) N Fix(T) for
the continuous monotone mapping F and the continuous pseudocontractive mapping 7T,
respectively.

(3) We can replace the perturbed control condition |o,,1 — ot | < 0(aty41) + 04, Z;io o, <
oo on the control parameter {«,} in (C3) of Theorem 3.2 by the following conditions [20,
21]:

(@) Yoo |ne1 — ol < 005 or

(b) lim,— oo % =1 or, equivalently, lim,,_, « % =0.
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