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Abstract

The generalized viscosity implicit rules of nonexpansive mappings in Hilbert spaces
are established. The strong convergence theorems of the rules are proved under
certain assumptions imposed on the sequences of parameters. The results presented
in this paper extend and improve the main results of Refs. (Moudafi in J. Math. Anal.
Appl. 241:46-55, 2000; Xu et al. in Fixed Point Theory Appl. 2015:41, 2015). Moreover,
applications to a more general system of variational inequalities, the constrained
convex minimization problem and K-mapping are included.
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1 Introduction

In this paper, we assume that H is a real Hilbert space with the inner product (-, -) and the
induced norm | - ||, and C is a nonempty closed convex subset of H. Let T: H — H be a
mapping and F(T') be the set of fixed points of the mapping T, i.e., F(T) = {x € H : Tx = x}.
A mapping T : H — H is called nonexpansive, if

ITx - Tyl < llx =yl
for all x,y € H. A mapping f : H — H is called a contraction, if

lf @) -fo)| <Ol -yl

for all x,y € H and some 6 € [0,1).
In 2000, Moudafi [1] proved the following strong convergence theorem for nonexpan-
sive mappings in real Hilbert spaces.

Theorem 1.1 [1] Let C be a nonempty closed convex subset of the real Hilbert space H.
Let T be a nonexpansive mapping of C into itself such that F(T) is nonempty. Let f be a
contraction of C into itself with coefficient 6 € [0,1). Pick any xo € C, let {x,} be a sequence
generated by

En 1
Xpsl = Xp) + T(x,), n=>0,
n+l 1+8nf( n) 1+5n ( n) =
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where {g,} € (0,1) satisfies

1) lim,_ o0 &, =0;

() ZEZO &n = O0;

(3) limyoo | 7= = -1 = 0.
Then {x,} converges strongly to a fixed point x* of the nonexpansive mapping T, which is
also the unique solution of the variational inequality (VI)

((I —f)x,y—x> >0, VyeF(T). (1.1)

In other words, x* is the unique fixed point of the contraction Pr(\f, that is, Prcp\f (x*) = x*.

Such a method for approximation of fixed points is called the viscosity approximation
method. In 2015, Xu et al. [2] applied the viscosity technique to the implicit midpoint rule
for nonexpansive mappings and proposed the following viscosity implicit midpoint rule
(VIMR):

Xn + Xpi1

K1 = pf (%) + (1 - an)T( 5

), Vn=>0.
The idea was to use contractions to regularize the implicit midpoint rule for nonexpansive
mappings. They also proved that VIMR converges strongly to a fixed point of T', which also
solved VI (1.1).

In this paper, motivated and inspired by Xu et al. [2], we give the following generalized
viscosity implicit rules:

Xns1 = of (%) + (1= ) T(Snxn +(1- Sn)xn+1) (12)

and

Kns1 = Ay + Buf (Xn) + VnT(snxn +(1- Sn)xwrl) (1.3)

for n > 0. We will prove that the generalized viscosity implicit rules (1.2) and (1.3) converge
strongly to a fixed point of T under certain assumptions imposed on the sequences of
parameters, which also solve VI (1.1).

The organization of this paper is as follows. In Section 2, we recall the notion of the
metric projection, the demiclosedness principle of nonexpansive mappings and a conver-
gence lemma. In Section 3, the strong convergence theorems of the generalized viscosity
implicit rules (1.2) and (1.3) are proved under some conditions, respectively. Applications
to a more general system of variational inequalities, the constrained convex minimization
problem, and the K-mapping are presented in Section 4.

2 Preliminaries
Firstly, we recall the notion and some properties of the metric projection.

Definition 2.1 Pc: H — C is called a metric projection if for every point x € H, there
exists a unique nearest point in C, denoted by Pcx, such that

llx = Pex|l < llx—yll, VyeC.
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Lemma 2.1 Let C be a nonempty closed convex subset of the real Hilbert space H and
Pc: H— C be a metric projection. Then

(1) IPcx - Pcyll* < (x -y, Pcx — Pcy), ¥x,y € H;

(2) Pc is a nonexpansive mapping, i.e., ||Pcx — Pcy| < ||x -y, Yx,y € H;

(3) (x—Pcx,y—Pcx) <0,Vx€ H,yeC.

In order to prove our results, we need the demiclosedness principle of nonexpansive
mappings, which is quite helpful in verifying the weak convergence of an algorithm to a
fixed point of a nonexpansive mapping.

Lemma 2.2 (The demiclosedness principle) Let C be a nonempty closed convex subset of
the real Hilbert space H and T : C — C be a nonexpansive mapping with F(T) # . If {«x,,}
is a sequence in C such that

x,—~x"e€C and (I-T)x,— 0 imply x*=Tx",
where — (resp. —) denotes strong (resp. weak) convergence.
In addition, we also need the following convergence lemma.

Lemma 2.3 [2] Assume that {a,} is a sequence of nonnegative real numbers such that
Ap+1 5 (1 - yn)an + (Sm Vl’l Z 0:

where {y,} is a sequence in (0,1) and {3,} is a sequence such that:
¢y Z;io Yn = O0;
(2) limsup,,_, ‘Sy—:" <0o0rY 22018, < oo.

Then lim,_, o a,, = 0.

3 Main results

Theorem 3.1 Let C be a nonempty closed convex subset of the real Hilbert space H. Let
T : C — C be a nonexpansive mapping with F(T) # # and f : C — C be a contraction with
coefficient 0 € [0,1). Pick any xo € C, let {x,} be a sequence generated by

Kne1 = f () + (L= o) T (0% + (1 = $,)%41), 31

where {a,}, {s,} C (0,1), satisfying the following conditions:

(1) lim,_ o oy = 0;

(2) 2020 =005

(3) Yop2o lotner — aty| < 005

(4) O<e<sy,<spn<lforalln=>0.
Then {x,} converges strongly to a fixed point x* of the nonexpansive mapping T, which is
also the unique solution of the variational inequality

(U=f)x,y-x)=0, VyeF(T).

In other words, x* is the unique fixed point of the contraction Pr(\f, that is, Prcp\f (x*) = x*.
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Proof We divide the proof into five steps.
Step 1. Firstly, we show that {x,} is bounded.
Indeed, take p € F(T) arbitrarily, we have

%1 =PIl = [Jtnf () + @ = ) T ($6n + (1 = $)%ms1) = |
< au|[f (o) = p|| + (1= )| T (s + (1 = 5)01) = |
< ou||[f ) —f @) | + au|[f ) = p|| + A = ) [ sun + A = $)%1 — P
< 00y |1, — pll + | f(p) = p|| + (1= a)[sullxn = pll + (1 = 5,) 1 = plI]

= [Bas + (L = at)s ] ln = pll + (1 = o)L = 5,) %31 — Pl + 0 | f(2) = -
It follows that
[1- 1 =) =s)]lI%n1 = pll < [Octn + (1 = @n)su]54 = pll + o |[f () = P (3.2)

Since o, s, € (0,1), 1 — (1 — «,,)(1 — 5,,) > 0. Moreover, by (3.2), we get

Oa, + (1 —ay)s,

lne1 — pIl < —0—a)(s )|| -pll+ m”f@) -p|
a,(1-0) oy
= [1 T U—a)l<s )i|||xn—p|| + mw(ﬁ)—ﬁ“
. L(1-6)
[ - (1 )= n):|||xn—19||

a,(1-0)
T -a)i-s) (1_9 @) —P||>-

Thus, we have
%1 — pll < maX{ I =Pl 75 ILf(p) p| }
By induction, we obtain

} Vn > 0.

ll%n - pIl < maX{ llxo = pll. §

Hence, it turns out that {x,} is bounded. Consequently, we deduce immediately that
{fxn)}, {T(spxx + (1 — $4)x441)} are bounded.

Step 2. Next, we prove that lim,,_ o [|%,+1 — %] = 0

To see this, we apply (3.1) to get

”xn+1 _xn” = ||anf(xn) + (1 - an)T(Snxn + (1 - Sn)xn+l)
- [an—lf(xn—l) + (1 - an—l)T(sn—lxn—l + (1 - Sn—l)xn)] ”
= ”Ol,, Lf(xn) _f(xn—l)] + (an - (xn—l)f(xn—l)

+ (1 - an)[T(Snxn + (1 - Sn)xn+1) - T(sn—lxn—l + (1 - Sn—l)xn)]
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— ety = 1) T (Sp-1%6n-1 + (1= $u-) ) |
< o |[f @) = f@n1) | + 1ot — | - [f Fne1) = T (Sum1®nt + (1 = $5-1)%) |
+ (L= o) | T (sun + (0 = $0)%041) = T (Sp-126n-1 + (1 = $um)) |
< Oanllxn — xpa |l + |ty — a1 | M
+ (1= a) | [s0%n + (1= 82001 ] = [Snm1nm1 + (1= $522)%, ] |
= Ooty ||y — xp1ll + loty — oty | My
+ (1= )| (1 = $) @1 — %) + S (60 — 1) |
< Oayllxy — x|l + |ty — @1 My + (1= o) (1 = 8) %41 = %l
+ (1= an)sp-1 %0 — Xpa
= (1= o) = 80) 16041 — %

+ [0t + (1= at)snoa | 16n = %t || + It — e | M,
where M; > 0 is a constant such that
M; > ililg{V(xn) = T (sun + (1= $)%01) ||
It turns out that
[1- 1= )@ = $) 11601 = Xull < [Octn + (1= t)$u1 |60 = Xt || + ety — 1| M,

that is,

|| | < Qon L) || M |
Xl — X ———lxy —xp |t ————————— |y —
n+l nll = 1—(1—01")(1—3;1) n n-1 1_(1_an)(1_sn) n n-1

[1 aa(1-6) + (L= )50 = 5u1)
1= (1 —an(-s,)
M
o) -5,

]len = X1l

oty — et |-

Note that 0 < ¢ <s, ;1 <s, <1, we have
O<e<s,<l-(1-a,)1-s,)<1

and

a,(1-0)+ (1 —ay)(s, —S4-1)
1- (1 - an)(l - Sn)

> 0[,,(1 - 9)
Thus,
M
%1 = %l < [1 = (1= 6)] 112 = 2 || + 71|an — ).

Since Y - oy =00 and > o2 |y — ay| < 00, by Lemma 2.3, we can get [[%41 — %, ]| — 0

as 71 — OQ.
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Step 3. Now, we prove that lim,,_, o, ||, — Tx,|| = 0.
In fact, we can see that
”xn - Txn” = ”xn _xn+1|| + ”xm—l - T(Snxn + (1 - Sn)xn+l) H
+ | T (spn + (1= $0)%11) — T
= ”xn _xn+1|| + ”0(,, [f(xn) - T(Snxn + (1 - Sn)xn+1)] ”
+ H (Snxn +(1- Sn)anrl) —Xn ”
< %0 — Xl + oMy + (1= 5) 1261 — %l
< @2 =s) %y — X | + 00, My
=< 2”96" _xn+1” + Olan.
Then, by lim,_, o [|%4+1 — %]l = 0 and lim,,_,» @, = 0, we get ||x, — Tx,| — 0 as n — oc.
Moreover, we have
” T(Snxn +(1- Sn)anrl) —Xn “
S H T(Snxn + (1 - sn)xn+1) - Txn || + ” Txn _xn”
= “ (Snxn +(1- SVl)x}’l+1) —Xn ” + | Ty — x|
= (1 - Sn)||xn+1 - an + ” Txn _xn”
< %1 = xull + 1 Ty — x4l — 0 (as n— 00). 3.3)
Step 4. In this step, we claim that limsup,_, . (x* — f(x*),x* — x,,) < 0, where x* =

Prrf (x%).
Indeed, take a subsequence {x,,} of {x,} such that

limsup(x* — f(x*), 2" —x,) = lim (x* — f (x*), 2" — x,,).

n—00 n—>00

Since {x,} is bounded, there exists a subsequence of {x,} which converges weakly to p.
Without loss of generality, we may assume that x,,, — p. From lim,,_, o, ||, — Tx,|| = 0 and
Lemma 2.2 we have p = Tp, that is, p € F(T). This together with the property of the metric
projection implies that

limsup(x* — f(x*), 4" —x,) = lim (x* - f(x"), 2" — x,,,) = (x* - f(x*),2" - p) < 0.

Hn— 00 n—00

Step 5. Finally, we show that x,, — x* as n — 00. Here again x* € F(T) is the unique fixed
point of the contraction Pr(r)f or in other words, x* = Pr(p\f (x*).
In fact, we have

|1 = 2] * = Jenf @) + (0 = @) T(spn + (1= 8,)%01) —*||*
“an [f(xn) _x*] + (1 - an)[T(snxn + (1 - Sn)xn+l) - x*]

o? Hf(x,q) -x* ||2 +(1-ay)? || T (s + (1 = $)%41) — x* ||2

I

+ 20, (1 = o) () = &%, T (503 + (1 = $,)%41) — %)
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< @2|[f () = |* + (1= @) || 00 + (1 = 8,001 — 2%

+ 20, (1= @) {f () = £ (%), T (s + (1 = 8,)%01) —x%)

+ 20, (1 — o) {f (57) = &%, T (5020 + (1= 82)%41) — %)
< (L= )2 00 + (1 = $2)%01 — 2|

+ 200 (1 = ) [ @) = f ()| | T (s + (1 = )1) =% | + L
< (L= )3 + (1= 80001 — |

+ 200, (1 — o) || %0 — %] - || %0 + A = 80)%01 —&*|| + L,
where
Lyi= 02 [[f() = 2" |* + 2000(1 = ) [f (6) = %, T (5% + (L= $)001) — 7).
It turns out that

(1= )| 0 + (1 = 8,601 —2°|”

+200,(1 - ) ||x,, —x* || . ||snx,, + (1 =8,)%1 —x* || +L, - ||x,,+1 —x* ||2 > 0.
Solving this quadratic inequality for ||s,x, + (1 — s,)%,41 — x*|| yields
”Snxn + (1 - Srz)xn+1 - x* ||

1 *
> m [—290{n(1 - a,,) ||x,, —-X ”

+J40202(1 - a2 6, — ¢ - 401 — )2 (Lo — [t - 5* Hz)}

=00l = x| + /0202 )%, = 2512 = Ly + o001 — x*2

1-a,

This implies that

Su[[n = x*|| + (1= 80) [ 001 — x|

. =00y, ||x, — x| + \/92013”96;« _x*”2 =L, + |21 _x*”Z
—_— b

1-o,

namely,

(1 = $n0t + Octy) |20 — ™| + (1 = 8,) (1 = 0) 2001 — 2|

> 8202 2~ L+ [
Then

0% 1, [ ~ Ly + [~

= (Sn —Sply + ean)z ”xn - x* “2 + (1 - Sn)2(1 - an)z ||xn+1 - x* “2

Page 7 of 21
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+ 285 = Su0t + 00t )1 = 8,) (1= ) |20 — ™ || - |1 — ¥
S (Sn — 80y + ean)z ”xn - x* “2 + (1 - Sn)2(1 - an)z ||xn+1 - x* “2
4 (55 = 800t + 00,) (1 = 5,01 = @) [0 =2 ||* + |01 =% |°],

which is reduced to the inequality

[1 -1~ Sn)2(1 - O‘n)2 — (80 = $pQn + Ot) (1 = 5,,)(1 = an)] ||xn+1 - x* ||2

< [(s,, — 8,0 + 00,,)* + (S, — S0ty + 0,) (1 —5,) (1 — at) — 92015] ”x,, -x* H2 +L,,
that is,

[1 -(1-s,01- ozn)(l +(0 - 1)(¥n)] ||xn+1 —x* ||2

< [(sn = snetn + 00t,) (1 + (6 = Devy) — 0%t ] |26 — x* ||2 +L,.

It follows that

(S — Sty + O, (1 + (6 — 1)a,) — 620> )
(50 -a)(s@-Day 7=l
L,

%112
[ =" <

A=l —an)1+ 6 —Day)’ (4
Let
1 (S5 = Su0ty + 0a,) (L + (6 — Dat,,) — 0%a2
W "oe_n{ C 1-(1-s)0-a)d+ 6 -1, }

~ 21-06) + (20 - D,
C1-(1-s)(1-0)A+ (0 - Day)

Since the sequence {s, } satisfies 0 < ¢ <s, <s,;1 <1foralln > 0, lim,_, » s, exists; assume

that
lim s, =s*>0.
n— o0
Then
2(1-6
lim w, = ( ) > 0.
n—00 s*
Let p; satisfy
21-6
0<pr< ( ),
S*

then there exists an integer N; big enough such that w, > p; for all # > N;. Hence, we have

(S = $n0ty + Oay) (L + (6 — Day,) — 020
1-(1-s5)1 =)+ (O -Day)

<1l-poa,
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for all # > Nj. It turns out from (3.4) that, for all # > Nj,

Ly

2 2
ns1 =& |7 < (1= pray) ||, — % . 35
Jenos =1 = = ) o = | TS S 0 e 43
By lim,,—, o &, = 0, (3.3), and Step 4, we have
i L,
im sup
n—oo P10u[1— (1 —5,)1—a,)1+ (0 -1Da,)]
. oy ”f(xn) -x* ”2 +2(1- a,,)(f(x*) =%, T(spxy + (L= 84)%n41) — &)
= limsup
n—00 o[l -1 =s,)1—0a,)d+ (6 —1ay,)]
<o. (3.6)
From (3.5), (3.6), and Lemma 2.2, we can obtain
lim ”x,,+1 —x* HZ =0,
namely, x, — x* as n — 0o. This completes the proof. g

Theorem 3.2 Let C be a nonempty closed convex subset of the real Hilbert space H. Let
T : C — C be a nonexpansive mapping with F(T) # # and f : C — C be a contraction with
coefficient 0 € [0,1). Pick any xo € C, let {x,} be a sequence generated by

Xns1 = Xy + Bf (%) + VnT(snxn +(1- Sn)xwrl)r (3.7)

where {a,}, {Bu}s {Vn}> {84} C (0,1), satisfying the following conditions:
(1) ap+Bu+yn=1landlim, .oy, =1;
(2) Y520 Bu =00
(3) Yoo ot — | <00 and Y u |Bust — Bul < 003
(4) 0<e<s,<sy<lforalln=>0.
Then {x,} converges strongly to a fixed point x* of the nonexpansive mapping T, which is

also the unique solution of the variational inequality
(U -fxy-x)=0, VyeF(T).
In other words, x* is the unique fixed point of the contraction Pr(r\f, that is, Pprf (x*) = x*.

Proof We divide the proof into five steps.
Step 1. Firstly, we show that {x,} is bounded.
Indeed, take p € F(T) arbitrarily, we have

”erl —P” = ”anxn + IBV(f(xn) + VnT(Snxn + (1 - Sn)anrl) _p“
< oullxn = Il + Ballf o) = P + V| T (%00 + (1 = $)3m1) = |

< oullxy = pll + Bullf ) —f @) | + B |f () - p|

+ Y ||s,,xn + (1= 8u)%0n1 —P”
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< (on + OB xn — Pl + Bu|f ) = P + vu[sullxn =PIl + A = 50) %31 — plI]

= (@ + 0Bu + Vus) 180 — pll + vu(L = $) 1%t — Pl + Bu | f(B) - |-
It follows that
[1- @ =) ]1%0s1 =PIl < (0t + 0By + Vus) lxn — Il + Bu | (0) - P||. (3.8)

Since y,,8, € (0,1), 1 - y,(1 —s,) > 0. Moreover, by (3.8) and o, + 8, + Y» = 1, we get

o Il < %nxn ~pll+ % If@ -p|
- :1- %}nx ~pll+ l_yﬁﬁﬂﬂm -7l
- :1— %]nxn _pl+ %Hﬂp) -]
S )

Thus, we have

s = pll < max{nxn -pll ﬁnﬂp) —p||}.

By induction, we obtain

1
m”f(lﬂ) -p|

ll%n = pli imaX{llxo—pll, } Vn = 0.

Hence, it turns out that {x,} is bounded. Consequently, we deduce immediately that
{f )}, {T(spxx + (1 = s,)x441)} are bounded.

Step 2. Next, we prove that lim,,_ « ||%,+1 — %, ]| = 0.

To see this, we apply (3.7) to get

(%01 = Znll = [ tutn + Baf ®n) + Vi T (502 + (1 = $)%41)
= [n-1%n-1 + Butf @) + Vi1 T (Sn-1%n-1 + (L= s-1)%) ||
= | otn (X = Xu1) + (0w — 0t %n-1 + Bulf (%) = f (1) ]
+ (Bn = Bu-1)f (1)
+ V[ T (sn6n + (1= $)%n41) = T (Sn-1%n-1 + (1 = $5-1)%4) |
+ V= Vi) T (Sn-1%n1 + (1= $5-1)%,) |
= [JotnCen = %n1) + (@ = Cne1)Xno1 + Bulf () = f (1) ]
+ (Bn = Bu-1)f (1)
+ Y T ($nn + (1= $)%na1) = T (Sn-1%n-1 + (1 = $5-1)%4) |

- [(0[,,, - an—l) + (/3}’1 - lgn—l)] T(sn—lxn—l + (1 - Sn—l)xn) ||
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= pll%n — Xt + lotn — ot | - |01 = T (Suc1®n1 + (1= $5-1)%,) |
+ B | f %) = f @u1) | + 1Bn = Buct
N Gnm1) = T (sncr®n1 + (A = s5-1)%) |
+ Vo | T (50 + (1= $)%m1) = T (Sn-1%n-1 + (1 = 1)) |

< apll®n — X1l + ety — @1 |Ma + 0B, 1%y — xp_a |l + 180 — Buo11Ma
+ Yo | [50%n + (1= )1 ] = [Sn-1%n-1 + (1= $u-1)%]

= ayllxn = x|l + oy — aua | Mo + 0By ll%n — 2511l + 1By — Bua|Ma
+ V| (L= $) a1 = %) + St (0 — Xn1) |

< aull®n — X1l + ety — @1 |Ma + 0B, 1%y — %1 |l + 181 — Buo11Ma
+ Va1 =) 1%01 = Xl + VuSn-1 %0 — %1 |

= Yu(L =) %051 = %l + (@ + OBy + ViuSu1) %0 — X1l

+ (|an — 1|+ |Bu — ﬂn71|)M2r

where M, > 0 is a constant such that

My > max{supHx,, - T(snx,, +(1- S,,)x,,+1)
n>0

) Sug”f(xn) = T (sun + (1= 8,)%001) | }
It turns out that

[1= ¥ (1 = $)]I1%s1 — %l

< (@n +0Bn + YuSu-1) %0 — x|l + (|an —aya| +1Bn = ﬁn—1|)M27

that is,
ay, + 91871 + VuSn-1
_ < R R _
11 = % || < 1— (-5, [l — %1l
M,
+ (| = W] + |Br = B
1-y(l—s,) (|an ap-1| +1Bn— Bu 1|)
Bn(1=6) + Vu(sy — Su-1)
=(1- ”xn _xn—l”
1- yn(l - Sn)
M,

+ m('an _an—1| + |ﬁ}'l — /3”_1|).

Note that 0 < ¢ <s,_1 <s, <1, we have

O<e<s,<l-y,(1-s,)<1

and

Bn(1=6) + Vu(sy — su-1)
1- Vn(l - Sn)

> ,Bn(]- - 9)
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Thus,
M
”xn+1 _xn” = [1 - ,Bn(l - 0)] ”xn - xn—l” + TZ(lan - an—1| + |/3n - /371—1|)‘

Since Y 020 Bn =00, Y oo lotu — aty] < 00, and Y02 [Bus1 — Bul < 00, by Lemma 2.3, we

can get ||x,,1 — %] = 0 as n — oo.
Step 3. Now, we prove that lim,,_,  ||x, — T%,| = 0.
In fact, it can see that

%60 = Tl < 1% = Zar | + || 1 = T (Sutn + (L= 8,)%01) |
+ | T (snn + (1= $0)%11) — T
< 1% = Fnar || + [ o260 = T (502 + (1 = $)%0.1) ]
+ Bulf n) = T (sn6m + (1 = 5)%001) || + || (S0 + (1 = $0)%001) — 2|
< 1% = Fnar || + ]| — T (S0 + (L= 8,)%11) |
t+ Bu||[fGen) = T (sun + (1= $0)%n01) | + (1= $) %01 — %l
< 2 =s)ll%n = x|l + (ot + Br) Mo
< 2[lxy = xparll + (1 = yu) M.

Then, by lim,,_,  [|%441 — %4l = 0 and lim,, ¥, = 1, we get ||x, — Tx,|| — 0 as n — oc.
Similarly to (3.3), we also have

” T(snx,, +(1- s,,)x,,+1) — %, H — 0 (asn— 00). (3.9)

Step 4. In this step, we claim that limsup,_, . (x* — f(x*),x* — x,,) <0, where x* =
Prnyf (x*).

The proof is the same as Step 4 in Theorem 3.1, here we omit it.

Step 5. Finally, we show that x,, — x* as n — 00. Here again x* € F(T) is the unique fixed
point of the contraction Pr(r)f or in other words, x* = Pr¢p\f (x*).

In fact, we have

[er =2 * = [lctutn + Buf en) + VT (5000 + (L= 5,)%001) —2*

= Jetafn =] + Balf Gon) =2 + Vo[ T (5000 + (L = 5)001) —2*]|°

= apn =5 "+ B2 Gea) =" |* + v | T (000 + (L= s0)51) =" |
+ 200 Buln — &%, f (%) — x¥)
+ 200 V(%0 = %%, T (5560 + (1 = $2)%01) — %)
+ 2Bu¥nlf ®n) = &%, T (502 + (1 = $,)%41) — &%)

< o= P4 B G =74 2 s + (L= ) ="
+ 20 Buln — &%, f (%) — )

+ 20,V 00 — &% ||+ | T (s + (1 = 8)%001) — &
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+ 2BVl @) = f (), T ($pt + (1 = $2)%p41) — %7)
+2Bu¥alf (8°) =&, T (502 + (1 = $)%001) — %)
<y =]+ v st + (= s 7|
+ 20V [0 = | - (st + (1= 5000 =
+ 2B |[fGen) =f () | - | T (500 + 1 = $)001) =2 | + K,
< o =4 2 s + (U= ) = *
+ 20 20 = | - (st + (1= 52001 =
+20BVn |20 — 5| - || $un + @ = 8001 —x*|| + K,
= alen = i s + (= s =7

+ 2Vn(0n + 0B) |00 — &% || - || $utn + (1= 8)601 — 2" || + Ko,
where
K= B2 (@) = 2| + 200 Bu{n — 2, f () — %)
+ 2B ulf (8%) = &, T (%0 + (1 = $)%041) — x*).
It turns out that
V2 $nn + (1= 5,)%001 — 2|

+ 2y, +60B) ”xn —-x" ” : ”Snxn + (1= 5,)%,1 —x" ”

2 2
+ K, +a? ||x,, —x* || - ||xn+1 —x" || > 0.
Solving this quadratic inequality for ||s,x, + (1 — s,)%,,1 — x*|| yields

||5nxn + (1= 5,)%1 —x" ”

1
> 2y2 {_2Vn(an +60B) |xn —*

n

a2+ 082 50 =5 [ = 4025+ 02— | = [ =)

L opln-]

n

o+ 0B =~ Ko =2~ [~
This implies that

S [0 — ™ || + (1= 5) |1 — |

1
S e
Vn

L R ] PR C N
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namely,

(¥ + 2+ 0B) |0 — & || + (1 = 8V %s1 — |

> (et + 08,2 00— 2 I, — 2 =[P+ [t [
Then

(0t + 0By)* | %0 — &* ||2 - K,y — o || %, — &* H2 + || #er — & ||2
< (v + @+ 0B Jw =" + (L= 5,2 [ — 7

+ 2085V + 0y + OBn) (L = 8 V|20 — ™ || - |1 — ¥
< (v + @+ 0B Jxw =" + (1= 5,2 0 - a7

+ (0¥ + @ + 081 = 5,07 |20 = |* + 2001 —2*||°],

which is reduced to the inequality

[1 -(1- Sn)zynz — (Su¥n +au +0B,)(1 - Sn)yn] Hxn+1 -x* ”2
= [(Snyn +a,t+ 9,3n)2 + (Sn¥n + @+ 0B,) (1 =5,y + O‘ﬁ —(an + Gﬂn)z]

x |, — 2 ||2 + K,
that is,

[1- A -s50vu(1+ 6 = DB)] |51 —*|

< [(s,,y,, + 0ty + 0B,) (L + (0 —1)By) — 200, By — 02,3,21] Hx,, -x* H2 +K,,.

It follows that

(Su¥ + et + OB, (1 + (0~ 1)B,) — 200, B, — 022 2
1= (1= syl + (0 - 1)B,) Jn =]
K,
A5+ @-1B,)

%112
[ —a*|” <

Let

= i {1 _ (Snyn ta, + 9,371)(1 +(6 - 1)ﬁn) —20a,B, — 92/33 }

,Bn 1- (1 - Sn)yn(l + (9 - 1),3;1)
B 2+ 200, — By
11 -s)yl+ O -1)B)’

Page 14 of 21

(3.10)

Since the sequence {s,,} satisfies 0 < ¢ <s, <s,;1 <1foralln > 0, lim,_, » s, exists; assume

that

lim s, =s*>0.

n—00
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Then

2
lim y, = —>0.
n—00 s*

Let p, satisfy
2
0<py< g
then there exists an integer N, big enough such that y,, > p, for all # > N,. Hence, we have

($nVn + oy +0B,) 1+ (0 —1)B,) — 200, B, — 92,33
1= (1=s2)yu(l+ (6 = 1))

< 1_,02/3;1

for all n > N,. It turns out from (3.10) that, for all # > N,

K,

== s+ @-DB) (3.11)

s =1 < (1= paa) o —° | +
BY ]lmn—>oo oy = llmn—>oo ,Bn =0, 11mn—>oo Vn = L, (39)’ and Step 4, we have

) K,
s = (=s)ya(+ (0= 1B)]

. ,Bnuf(xn) —x* ”2 + 200, (%, — x*:f(xn) —x%)
=1
‘Z‘lsip( a1 = (= 5,) 7L+ (0~ 1)B,)]
+ 2V (f(x*) =%, T(8u%n + (1 = 8,)%41) _x*>)
p2[l = (1 =5,)yu(1+ (6 = 1)B,)]

<0. (3.12)

From (3.11), (3.12), and Lemma 2.2, we can obtain that

lim ”x,,+1 —x* H2 =0,
n—o0

namely, x, — x* as n — o0. This completes the proof. O

4 Application

4.1 A more general system of variational inequalities

Let C be a nonempty closed convex subset of the real Hilbert space H and {A[}fi L
C — H be a family of mappings. In [3], Cai and Bu considered the problem of finding

(x5, 45,...,x%) € C x C x --- x Csuch that

(ANANXN +X] —X3,x—x) >0, VxeC,

(AN AN_1XN_ + XY — XN X — %) =0, VxeC,

(4.1)
(AoAoxs + x5 —x5,x—x3) >0, VxeC,

(MA] +x5 —xf,x—x3) >0, VxeC.
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Equation (4.1) can be rewritten

(x5 = (I = ANAN)X X —x7) =0, VxeC,

(x5 = (I = ANciAN-DxN_px —x3) =0, VxeC,
(x5 — (I = XpA2)x5,x—x5) >0, VxeC,

(x5 — (I = MADKT,x—x5) >0, VxeC,

which is called a more general system of variational inequalities in Hilbert spaces, where
Ai>0forallie{1,2,...,N}. We also have the following lemmas.

Lemma 4.1 [3] Let C be a nonempty closed convex subset of the real Hilbert space H. For
i=12,...,N,let A;: C — H be §;-inverse-strongly monotone for some positive real number
8;, namely,

(Ax—Ag,x—y) = 8illAx - Ayl®, VxyeC.
Let G: C — C be a mapping defined by

G(x) = Pc(I = ANAN)Pc(I = AN1AN-1) - - - Po(I = AaA2)Pc(I — MA)x, VYxe C. (4.2)
If0<A; <268 forallie {1,2,...,N}, then G is nonexpansive.

Lemma 4.2 [4] Let C be a nonempty closed convex subset of the real Hilbert space H. Let
A;: C — H be a nonlinear mapping, where i =1,2,...,N. For given x € C,i=1,2,...,N,
(x5, %5,...,%%) is a solution of the problem (4.1) if and only if

xi‘ =Pc(1—)\NAN)x;<\,, xj‘ =Pc(1—)\i,1Ai,1)x771, i=2,3,...,N, (43)
that is,
x) = Pc(I — ANAN)Pc(I — An1An-r) - - - PoI = M Ag)Pc(l — A AT

From Lemma 4.2, we know that 7 = G(x}), that is, x{ is a fixed point of the mapping
G, where G is defined by (4.2). Moreover, if we find the fixed point «7, it is easy to get the
other points by (4.3), in other words, we solve the problem (4.1). Applying Theorems 3.1
and 3.2, we get the results below.

Theorem 4.1 Let C be a nonempty closed convex subset of the real Hilbert space H. For
i=12,...,N,let A;: C — H be §;-inverse-strongly monotone for some positive real number
8; with F(G) # 0, where G : C — C is defined by

G(x) = Pc(I = ANAN)Pc(I — Ay An-1) - - - Po(I — A A2)Pc(I — MAy)x, VxeC.

Let f : C — C be a contraction with coefficient 0 € [0,1). Pick any xo € C, let {x,} be a
sequence generated by

Xns1 = of () + (1= a,,)G(s,,x,, +(1- Sn)xn+1)y
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where 1; € (0,25;),i=1,2,...,N, {a,}, {sy} C (0,1), satisfying the following conditions:

(1) lim,_ o o, = 0;

(2) Y00 =00;

(3) Z,ﬁo lotns1 — | < 005

(4) 0<e<s,<sy<lforalln=>0.
Then {x,} converges strongly to a fixed point x* of the nonexpansive mapping G, which is
also the unique solution of the variational inequality

(I -Pxy-x)=0, VyeF(G).

In other words, x* is the unique fixed point of the contraction Pr\f, that is, Prgf (x*) = x*.
Theorem 4.2 Let C be a nonempty closed convex subset of the real Hilbert space H. For
i=1,2,...,N,let A;: C — H be §;-inverse-strongly monotone for some positive real number
8; with F(G) # 0, where G : C — C is defined by

G(x) = Pc(I = ANAN)Pc(I — AnAN-1) -+ - Po(I = A A2)Pc(I — M Ay)x, VxeC.

Let f : C — C be a contraction with coefficient 0 € [0,1). Pick any xo € C, let {x,} be a
sequence generated by

Xni1 = Qo + Buf %) + VuG(Sun + (1= $,)%n41),

where A; € (0,28;), i =1,2,...,N, {on,}, {Bu}, {¥u} {0} C (0,1), satisfying the following con-
ditions:

1) ap,+Bu+yn=1landlim, .oy, =1;

(2) Z;ﬁo Bn = 00;

(3) Yontolani —aul <00 and 3707 |Bu1 — Bul < 00;

(4) 0<e<s,<sy<lforalln=>0.

Then {x,} converges strongly to a fixed point x* of the nonexpansive mapping G, which is
also the unique solution of the variational inequality

(d-fley-x)=0, VyeF@G).
In other words, x* is the unique fixed point of the contraction Prg)f, that is, Prg)f (x*) = x*.

4.2 The constrained convex minimization problem
Next, we consider the following constrained convex minimization problem:

I;leiél o(x), (4.4)
where ¢ : C — R is a real-valued convex function and assumes that the problem (4.4) is
consistent (i.e., its solution set is nonempty). Let Q denote its solution set.

For the minimization problem (4.4), if ¢ is (Fréchet) differentiable, then we have the
following lemma.

Lemma 4.3 (Optimality condition) [5] A necessary condition of optimality for a point
x* € C to be a solution of the minimization problem (4.4) is that x* solves the variational
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inequality

(Vo(x*),x-x")>0, VxeC. (4.5)
Equivalently, x* € C solves the fixed point equation

x* = Pc(x* - AVe(x"))

for every constant ) > 0. If; in addition, ¢ is convex, then the optimality condition (4.5) is
also sufficient.

It is well known that the mapping Pc(I — LA) is nonexpansive when the mapping A is
8-inverse-strongly monotone and 0 < A < 25. We therefore have the following results.

Theorem 4.3 Let C be a nonempty closed convex subset of the real Hilbert space H. For the
minimization problem (4.4), assume that ¢ is (Fréchet) differentiable and the gradient V¢
is a §-inverse-strongly monotone mapping for some positive real number §. Let f : C — C
be a contraction with coefficient 0 € [0,1). Pick any xo € C, let {x,} be a sequence generated
by

Xn+l = ar(f(xn) + (1 - Ol,,)Pc(I - )»V¢)(Snxn + (1 _Sn)xn+1):

where X € (0,28), {a,}, {s,} C (0,1), satisfying the following conditions:

(1) limy,_ s, =0;

2) ZZZO oy = O0;

(3) Yonlo ot — | < 00;

(4) 0<e<s,<syu<lforalln=>0.
Then {x,} converges strongly to a solution x* of the minimization problem (4.4), which is
also the unique solution of the variational inequality

(U-f)xy-x)=0, VyeQ.
In other words, x* is the unique fixed point of the contraction Pqf, that is, Pof (x*) = x*.

Theorem 4.4 Let C be a nonempty closed convex subset of the real Hilbert space H. For the
minimization problem (4.4), assume that ¢ is (Fréchet) differentiable and the gradient V¢
is a §-inverse-strongly monotone mapping for some positive real number §. Let f : C — C
be a contraction with coefficient 0 € [0,1). Pick any xo € C, let {x,} be a sequence generated

by
Xni1 = Un + Buf %n) + YuP I = AV Q) (0% + (1 = $2)%11),

where X € (0,28), {at,}, {Bu}s {¥u}> {84} C (0,1), satisfying the following conditions:
1) ap+Bpt+yvu=landlim, .oy, =1;
(2) Z;ﬁo B = 00;
(3) X020l =l < 00 and Y02 | Bt = Bul < 005

(4) 0<e<s,<sy<lforalln=>0.
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Then {x,} converges strongly to a solution x* of the minimization problem (4.4), which is
also the unique solution of the variational inequality

((I —f)x,y—x> >0, VyeQ.
In other words, x* is the unique fixed point of the contraction Pqf, that is, Pof (x*) = x*.

4.3 K-Mapping
In 2009, Kangtunyakarn and Suantai [6] gave K-mapping generated by T3, T5, ..., Ty and
AL, A2,...,Ax as follows.

Definition 4.1 [6] Let C be a nonempty convex subset of a real Banach space. Let {T[}f\i 1
be a finite family of mappings of C into itself and let A1, A5,..., Ay be real numbers such
that 0 <i; <1lforeveryi=1,2,...,N. We define a mapping K : C — C as follows:

Uh=nmT+Q1Q-M),

Uy = M Tl + (1= 1)U,

Us =3T3y + (1 - A3) Uy,

Un-1 = AnaTnaly-s + (1= An-)Un—a,

K= UN = )LNTNUN_] + (1 - )LN)UN_l.
Such a mapping K is called the K-mapping generated by T3, Ts,..., Ty and A1, Ag,..., An.

In 2014, Suwannaut and Kangtunyakarn [7] established the following main result for the
K-mapping generated by 71, Ts,..., Ty and Aj, Ay, ..., AN

Lemma 4.4 [7] Let C be a nonempty closed convex subset of the real Hilbert space H. For
i=1,2,...,N, let {T}}¥, be a finite family of k;-strictly pseudo-contractive mapping of C
into itself with k; < w; and ﬂf\il F(T;) # 0, namely, there exist constants k; € [0,1) such that

2
I Tix = Toyll* < llx = ylI* + k| (I = T = (I = To)y||,

Vx,y € C.

Let Xy, Ay,...,An be real numbers with 0 < X; < wy for all i =1,2,...,N and w; + w; < 1.
Let K be the K-mapping generated by Ty, T»,..., Ty and Ay, Ay, ..., An. Then the following
properties hold:

(1) F(K) = M F(T);

(2) K is a nonexpansive mapping.

Based on Lemma 4.4, we have the following results.

Theorem 4.5 Let C be a nonempty closed convex subset of the real Hilbert space H. For
i=1,2,...,N,let {T;}Y, be afinite family of k;-strictly pseudo-contractive mapping of C into
itself with k; < wy and ﬂf\il F(T;) #9. Let Ay, Aa, ..., An be real numbers with 0 < A; < w, for
alli=1,2,...,N and o, + w; < 1. Let K be the K-mapping generated by T, Ts, ..., Tn and
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Ay A2, ..., ANn. Let f: C— C be a contraction with coefficient 0 € [0,1). Pick any xo € C, let
{x,} be a sequence generated by

Kns1 = of () + (1= an)l((snxn +(1- Sn)xwrl):

where {a,},{s,} C (0,1), satisfying the following conditions:

(1) limy,_ s at, =0;

(2) 2020 =00

(3) Donlo st — | < 00;

(4) 0<e<s,<sy<lforalln=>0.
Then {x,} converges strongly to a common fixed point x* of the mappings {T;}Y,, which is
also the unique solution of the variational inequality

N
(U-f)xy-x)=0, VyeF(K)= ﬂF(Ti)-

i=1

In other words, the point x* is the unique fixed point of the contraction Pﬂf‘il F(T»f , that is,
K\ K
Pﬂﬁ\il F(mf(x ) = x*.

Theorem 4.6 Let C be a nonempty closed convex subset of the real Hilbert space H. For
i=1,2,...,N,let {T;}Y, be afinite family of k;-strictly pseudo-contractive mapping of C into
itself with k; < w, and ﬂf\il F(T;) #9. Let Ay, Aa, . .., AN be real numbers with 0 < A; < w, for
alli=1,2,...,N and w, + w, < 1. Let K be the K-mapping generated by Ty, T5, ..., Tn and
AL A, .., AN Let f+ C— C be a contraction with coefficient 6 € [0,1). Pick any xo € C, let
{x,} be a sequence generated by

Xp+l = OpXy + ﬂnf(xn) + VnG(Snxn + (1 - Sn)xnﬂ):

where {ot,}, {Bu}, {vn}s {sn} C (0,1), satisfying the following conditions:

(1) an+Bn+yn=landlim, ooy, =1

(2) Z;ﬁo Bn =00;

(3) Yon lotuer — ] < 00 and Y52 |Bust — Bul < 003

(4) O<e<sy<spn<lforalln=>0.
Then {x,} converges strongly to a common fixed point x* of the mappings {T;}Y,, which is
also the unique solution of the variational inequality

N
(U-f)x,y-x)=0, VyeF(K)= ﬂF(Ti)-

i=1

In other words, the point x* is the unique fixed point of the contraction Pﬂ]-\fl F(T,}f , that is,
P, peryf (%) =%
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