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1 Introduction

Let (X, d) be a metric space. A mapping 7 : X — X is said to be contraction if there is 0 <
k <1 such that d(Tx, Ty) < kd(x,y) for all x,y € X. A mapping T is said to be nonexpansive
if d(Tx, Ty) < d(x,y) for all x,y € X. We use the notation F(T) to stand for the set of all
fixed points of T, i.e., x € F(T) if and only if x = Tx.

The study of contractive-type mappings is a famous topic in a metric fixed point theory.
Banach [1] proved a classical theorem, known as the Banach contraction principle, which
is a very important tool for solving existence problems in many branches of mathematics
and physics.

Theorem 1.1 ([1]) Let (X,d) be a complete metric space and T : X — X a contraction
mapping. Then T has a unique fixed point.

There are many generalizations of the Banach contraction principle in the literature (see
[2-4]).

Let G = (V(G), E(G)) be a directed graph where V(G) is a set of vertices of graph and
E(G) be a set of its edges. Assume that G has no parallel edges. We denote by G the
directed graph obtained from G by reversing the direction of edges. That is,

E(G™) ={(x): (%) € E(G)}.
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If x and y are vertices in G, then a path in G from x to y of length n € NU {0} is a sequence
{x:}, of m +1 vertices such that xo = x, x, =y, (xi_1,%;) € E(G) fori=1,2,...,n. A graph G
is connected if there is a (directed) path between any two vertices of G.

In 2008, Jachymski [5] combined the concept of fixed point theory and graph theory to
study fixed point theory in a metric space endowed with a directed graph. He introduced
a concept of G-contraction and generalized the Banach contraction principle in a metric
space endowed with a directed graph.

Definition 1.2 ([5]) Let (X,d) be a metric space and let G = (V(G), E(G)) be a directed
graph such that V(G) = X and E(G) contains all loops, i.e., A = {(x,x) : x € X} C E(G).

We say that a mapping f : X — X is a G-contraction if f preserves edges of G, i.e.,
%yeX, x)EEG) = (f@.f0))<€EG) (L1)
and there exists a € (0,1) such that for any x,y € X,
@) €EG) = d(fx).f(9) <ad(xy).
Using this concept, he proved in [5] the following theorem.

Theorem 1.3 ([5]) Let (X,d) be complete, and let a triple (X, d, G) have the following prop-
erty.

for any (xy)nen if x4 — x and (%, %,41) € E(G) forn e N

and there is a subsequence (xx,)nen With (x,,x) € E(G) for n € N.

Let f be a G-contraction, and Xy = {x € X : (x,f(x)) € E(G)}. Then F(T) # 9 if and only if
Xy #90.

The above theorem has been improved and extended in many ways, see [6—8] for exam-
ples.

Let C be a nonempty convex subset of a Banach space, G = (V(G), E(G)) be a directed
graph such that V(G) = C and T: C — C. Then T is said to be G-nonexpansive if the
following conditions hold:

(1) T is edge-preserving, i.e., for any x,y € C such that (x,y) € E(G) = (Tx, Ty) € E(G);

(2) |Tx - Ty|| < |lx — y|l, whenever (x,y) € E(G) for any x,y € C.

Example 1.4 Let ¢ be the Banach space of convergent sequences and k > 1. Let G =
(X,E(G)), where X = cand

EG) = {((x,,), (y,,)) |foralln e N,x,,y, € Zand y, =x, +1,n> 2}.
Define a mapping T : X — X by

(0,%9,%3,%4,...) ifx,€Zforallne?Z,
T(xl,xz, ey Xy ) =
(kx1, kxo, kx3,...) ifx, ¢ Z for some n € Z.

Note that T is G-nonexpansive, but it is not nonexpansive.
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We note that E(G) in the above example is not convex in C x C, while E(G) in the fol-

lowing example is convex.

Example 1.5 Let ¢ be a closed unit ball of the space /; with the norm |[{x¢}l = Y, |x«|. Let
G = (C, E(G)) be the graph on C defined by

3
E(G) = {({x}k, {i}) « Ikl + lyel < Land ||[{ae} — (i} < 5}'
It is easy to show that E(G) is convex. Now let T': C — C be defined by
T({x}) = {52}, {mleC.

We can easily show that T is G-nonexpansive. However, it is not nonexpansive because
I Tx — Ty|| > ||x — y|| where {x} = {%,0, 0,...}and {y} ={1,0,0,...}.

The study of fixed point theorems for nonexpansive mappings and the structure of their
fixed point sets on both Hilbert and Banach spaces were widely investigated by many au-
thors (see [9-18]). In 1967, Browder [9] proved a strong convergence theorem to a fixed
point of a nonexpansive mapping in a Hilbert space by using the Banach contraction prin-
ciple.

Very recently, in 2015, Alfuraidan [10] proved a fixed point theorem for a G-nonexpan-
sive mapping T : C — C in a Banach space X which satisfies the 7-Opial condition and C
is a bounded convex 7-compact subset of X.

In this paper, we prove Browder’s convergence theorem for a G-nonexpansive mapping
in a Hilbert space endowed with a directed graph and we also prove a strong convergence
theorem of the Halpern iteration process for this type of mappings.

2 Preliminaries
In this section, we give some basic and useful definitions and well-known results that will
be used in the other sections.

Proposition 2.1 ([11]) Let X be a Hilbert space. For any x,y € X. If ||x + y| = |Ix| + ||yl
then there exists t > 0 such that y = tx or x = ty.

Definition 2.2 A sequence {x,} in a Hilbert space X is said to converge weakly to x € X if
(%) — (x,y) for all y € X. In this case, we write x,, — x.

The following useful result is due to [11].

Theorem 2.3 ([11]) Let X be a Banach space. Then X is reflexive if and only if every closed
convex bounded subset C of X is weakly compact, i.e., every bounded sequence in C has a
weakly convergent subsequence.

Let C be a nonempty closed convex subset of a real Hilbert space X. For every point
x € X, there exists a unique nearest point in C, denoted by Pcx, such that

lx—Pcx|| < lx—y| forallyeC.

P is called the metric projection of X onto C.
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The following lemma shows some useful properties of P on a Hilbert space.

Lemma 2.4 ([12], Lemma 3.1.2) Let C be a convex subset of a Hilbert space H and let x € H
and y € C. Then the following are equivalent:

@) llx -yl = d(x,C);

(2) @—y,y-2)=>0foreveryzeC.

Theorem 2.5 ([12]) Let X be a Hilbert space. Let {x,} be a sequence of X with x,, — x. If
x £y, then

liminf ||x, — x| < liminf|x, — y|.
n— 00 n—oo
The following property is useful for our main results.

Property G Let C be a nonempty subset of a normed space X and let G = (V(G), E(G)),
where V(G) = C, be a directed graph. Then C is said to have Property G if every se-
quence {x,} in C converging weakly to x € C, there is a subsequence {x,, } of {x,} such
that (x,,,x) € E(G) for all k e N.

Definition 2.6 Let C be a nonempty closed convex subset of a Hilbert space H and G =
(V(G), E(G)) be a directed graph such that V(G) = C. Then T is said to be G-monotone if
(Tx — Ty,x — y) > 0 whenever (x,y) € E(G) for any x,y € C.

In order to obtain our main result, we need some basic definitions of domination in
graphs [19, 20].

Let G = (V(G), E(G)) be a directed graph. A set X € V(G) is called a dominating set if
every v € V(G) \ X there exists x € X such that (x,v) € E(G) and we say that x dominates
vor v is dominated by x. Let v € V, a set X C V is dominated by v if (v,x) € E(G) for any
x € X and we say that X dominates v if (x,v) € E(G) for all x € X. In this paper, we always
assume that E(G) contains all loops.

3 Main result

In this section, we prove a fixed point theorem for G-nonexpansive mapping in a Hilbert
space endowed with a directed graph. First, we begin with the property of G-nonexpansive
mapping and the structure of its fixed point set.

Lemma 3.1 Let X be a normed space and G = (V(G),E(G)) a directed graph with
V(G) = X. Suppose T : X — X is a G-nonexpansive mapping. If X has a Property G, then
T is continuous.

Proof Let {x,} be a sequence in X such that x, — x. We will show that Tx, — Tx. To
show this, let {Tx,, } be a subsequence of {Tx,}. Since x,, — x, by Property G, there is a
subsequence (x,,,) such that (x,,,x) € E(G) for each k € N. Since T is G-nonexpansive
and (%, ,x) € E(G), we obtain

| T, — Tx|| < [|%m;, —x|| — 0 as k — oo.
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Hence TX,,, — Tx. By the double extract subsequence principle, we conclude that Tx, —
Tx. Therefore T is continuous. g

We now discuss the structure of the fixed point set of G-nonexpansive mappings.

Theorem 3.2 Let X be a normed space and C be a subset of X having Property G. Let
G = (V(G),E(G)) be a directed graph such that V(G) = C and E(G) is convex. Suppose
T :C — C is a G-nonexpansive mapping and F(T) x F(T) C E(G). Then F(T) is closed
and convex.

Proof Suppose F(T) # (. Let {«x,} be a sequence in F(T) such that x, — x. Since C has
Property G, there is a subsequence {x,,} of {x,} such that (x,,,x) € E(G) for all k € N.
Since T is G-nonexpansive, we obtain

llx = Tl < |l — e | + [, — Tl
= [l = X | + 1 T, — Tl
= |l = 2, || + |4, — x|l — O.
Therefore x = Tx, i.e., x € F(T). This shows that F(T) is closed.
Next, we will show that F(T) is convex. Let x,y € F(T) and A € [0,1]. Then (x,x), (x,7) €
E(G). Denote z = Ax + (1 — 1)y. Since E(G) is convex, we obtain

(x,2) = (Ax + A=A Ax+ (1 - k)y) € E(G).

Similarly, we also have (y,z) € E(G). Since T is G-nonexpansive, we obtain

lx =Tzl = [ Tx = Tzl < llx -zl = (1 = A)|lx -yl (3.1)
and

ly - Tzl = | Ty - Tzl < lly - 2l = Allx - ylI. (3.2)
Hence

o=yl =[x - Tz) + (Tz—y)|
<|lx—=Tz|| + | Tz - y||

slw=zll+lly—zll = llx—yl.
This implies that ||x — y|| = [|x — Tz|| + | Tz - y|| = |lx — z|| + ||y — 2| and
|G = T2) + (Tz = y) || = lIlx = Tz]| + | Tz -yl
By (3.1) and (3.2), we can conclude that

lx— Tzl = lx—zll and |ly—Tz[ =y -zl
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By Proposition 2.1, there exists ¢ > 0 such that x — 7z = ¢(Tz — y), so
Te=fx+ (1= Ply, where f= —
z=Bx+(1-B)y, wheref=——.
v 1+¢

Hencex—Tz=(1-8)x-y) = % (x—z), which implies that x — 7z = x — z. Therefore z = Tz,
i.e.,z€ F(T). Thus F(T) is convex. O

Proposition 3.3 Let C be a nonempty closed convex subset of a Hilbert space H and G =
(V(G),E(G)) a directed graph such that V(G) = C. If T is G-nonexpansive, then I — T is
G-monotone, where I is the identity mapping on C.

Proof Let x,y € C be such that (x,y) € E(G). By the Cauchy-Schwarz inequality and
G-nonexpansiveness of T, we have
0<Tx—Dylllx -yl - (Tx = Ty,x - )
<llx-yI* = (Tx - Ty,x - y)
=@x-yx-y) - (Tx-Tyx-y)
=((x-y) - (Tx - Ty),x - y)
= <(1— T)x—(I- T)y,x—y).

Hence I — T is G-monotone. g
Next, we prove a Browder’s fixed point theorem for a G-nonexpansive mapping.

Theorem 3.4 Let C be a bounded closed convex subset of a Hilbert space H and let
G = (V(G), E(G)) a directed graph such that V(G) = C and E(G) is convex. Suppose C has
Property G.Let T : C — C be a G-nonexpansive. Assume that there exists xo € C such that
(%0, Txo) € E(G). Define T, : C — C by

T,x=1-o,)Tx + a,x

for each x € C and n € N, where {a,} is a sequence in (0,1) such that «,, — 0. Then the
following hold:
(i) T, has a fixed point u,, € C;
(i) F(T)#%;
(iti) if F(T) x F(T) C E(G) and Pxy is dominated by {u,}, then the sequence {u,}
converges strongly to wy = Pxo where P is the metric projection onto F(T).

Proof (i) Let xo be such that (x, Txq) € E(G). We first show that T, is G-contraction for
all n € N. Let n € N and x,y € C such that (x,y) € E(G). Since T is G-nonexpansive, we
obtain

1 Tx = Tuyll = A= o) | Tx = Tyll < (L= a)llx - yll.
Since T is edge-preserving, (Tx, Ty) € E(G). By convexity of E(G), we have

(Tyx, Tyy) = ((1 — o) Tx + ayx, (1 — ) Ty + a,,xo) € E(G).
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Therefore T}, is G-contraction. For any sequence {x,} in C such that x,, — x and (x,,%,41) €
E(G), by Property G of C, there is a subsequence (x,, ) such that (x,,,x) € E(G) for k e N.
Since E(G) is convex and (xg,xg) € E(G), we have

(0, Tuxo) = (1 — ot)x0 + atuxo, (1 — o) T + ) € E(G).

Therefore all conditions of Theorem 1.3 are satisfied, so T, has a fixed point, i.e., i, = T, u,,.

(ii) We will show that F(T') # @. Since {u,} is bounded, by Theorem 2.3, there is a subse-
quence {u,,} of {u,} such that u,, — vforsomev € C. Suppose Tv # v. By Property G, with-
out loss of generality, we may assume that (i,,, v) € E(G) for all i € N. Since u,,, — Tu,;, — 0
as i — 0o, by Theorem 2.5, we have

liminf || u,, — v|| < liminf|ju,, — Tv|
11— 00 I—> 00
= liminf ||u,, — Tu,, + Tu,, — Tv||
11— 00
= liminf || Tu,, — Tv||
11— 00
<liminf ||u,, —v||,
11— 00
which is a contradiction. Hence Tv = v.

(iii) Next, assume that F(T) x F(T) C E(G) and {Px,} is dominated by {u, }. We will show
that u,, — wy = Px. Let {u,,} be a subsequence of {u,}, we denote v; = u,,. For each i, v; is
a fixed point of T,,. Hence we have

anvi + (1 —a,,)(vi = Tv;) = %0,
Since wy is a fixed point of T, we have

ayWo + (1= o) (wo — Twp) = ot wo.

If we subtract these two equations and take the inner product of the difference with v; —wy,
we obtain

&, (Vi = wo, vi = wo) + (1 = e, ) (Uv; = Uwo, v = wo) = aty; (X0 — Wo, Vi = Wo), (3.3)
where U =1 — T and [ is the identity map. Since Pxq is dominated by {u,}, we obtain
(vi,wp) € E(G) for all i € N. By Proposition 3.3, U is G-monotone, so (Uv; — Uwg, vy —wg) >
0 for all i € N. This together with (3.1) shows

0 1vi = wolI* < at, (%0 — Wo, vi — wo).

Hence

2
lvi = woll” < {xo — wo, vi — wo)

= {xo — wo, v — Wo) + {xo — Wo, V; = V).
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By Lemma 2.4, we know that (xo — wp, v — wp) < 0, so we get
llvi = woll*> < (%0 — wo,vi—v) > 0 asi— oo,

because v; — v. Hence v; — wy = Pxy. By the double extract subsequence principle, we
can conclude that u,, — wg = Pxy. (|

Next, we give an example which supports Theorem 3.4.

Example 3.5 Let H = R and C = [0, %] with the usual norm |x — y|| = |x — y| and let
G = (V(G), E(G)) be such that V(G) = C, E(G) = {(x,y) : %,y € [0, %] such that |x — y| < %}.
Define T: C — C by
- 5x2 ifx€0,3),
é—i ifx = %

Proof We see that F(T) = {0}. Choose x = %, 50 (x0, Txo) € E(G). It is easy to see that E(G)
is convex. Let (x,y) € E(G). Then x,y € [0, %] and |[x—y| < é. So, we have |Tx — Ty| = %|x2 -
¥?| < Elx+yllx—y| < |x—y| < §, whichimplies that (Tx, Ty) € E(G) and || Tx— Ty|| < |lx—y|.
Thus T is G-nonexpansive. Next, for each n € N, define T,,: C — C by

1 1
T,x = +(1- Tx.
8(m+5) n+5
_ 3n+15—+/3v/31n2 +28n+67

Then the unique fixed point of T}, is u,, = S d)
we can show that u,, < é forall n € N. Thus (u,, Pxo) = (u,,0) € E(G), i.e., Pxq is dominated

by {u,} and u,, — 0 = Px¢ as n — oo. O

. By using elementary calculus,

It is noted that T is not nonexpansive because

1 3 25 3 13 1 1 3
T(=)-T(2)]|=|2-2=2s2=2-2].
2 8 64 16| 64 8 ||2 8
Open question It is noted that the set C in the above example has no Property G but
we still have the Browder convergence theorem for a G-nonexpansive mapping 7. Is it

possible to obtain Theorem 3.4 with a property which is weaker than the Property G or
without the Property G?

As a consequence of Theorem 3.4, by putting E(G) = C x C, we obtain the Browder
convergence theorem.

Corollary 3.6 ([9]) Let C be a bounded closed convex subset of a Hilbert space H and let
T be a nonexpansive mapping of C into itself. Let xo be an arbitrary point of C and define
T,:C— Cby

1 1
Ty=(1-—)Tx+ —xo
n n

foreach x € C and n € N. Then the following hold:
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o T, has a unique fixed point u, in C;
« the sequence {u,} converges strongly to Pxy € F(T), where P is the metric projection
onto F(T).

4 Convergence of Halpern iteration process
In this section, we prove strong convergence of Halpern iteration process for G-nonexpan-
sive mappings in a Hilbert space endowed with a graph.

Definition 4.1 ([13]) Let C be a nonempty convex subset of a linear spaceand 7: C — C
a mapping. Let # € C and {«,} be a sequence in [0,1]. Then a sequence {x,} defined by

X0 € C,
(4.1)

X =opu+ 1 -a,)Tx,, n>0,
is called the Halpern iteration.

In 1992, Wittmann [14] proved the strong convergence of the Halpern iteration for a

nonexpansive mapping in a Hilbert space and {«,} satisfies

o0 o0
o, €1[0,1], Zan =00, HILTO a,=0 and Z |1 — @] < 00. (4.2)
n=0 n=0

The following is also useful for proving our main result.

Lemma 4.2 ([16]) Let (s,) be a sequence of non-negative real numbers satisfying
Suat < (L—ap)sy + B+ vy n=0,

where (a,), (B,), and (y,) satisfy the conditions:
L (an) C[0,1], Y02y an = 00, or equivalently, [ 152, — o) = 0;
2. limsup,,_, ., B <0;
3. Yu=0foralln>0andy .. ys<00.

Then lim,—, o S, = 0.

Definition 4.3 Let G = (V(G), E(G)) be a directed graph. A graph G is called transitive if
for any x,7,z € V(G) such that (x,y) and (y,z) are in E(G), then (x,z) € E(G).

The following result is needed for proving strong convergence of Halpern iteration pro-
cess for G-nonexpansive mapping in Hilbert spaces endowed with a directed graph.

Proposition 4.4 Let C be a convex subset of a vector space X and G = (V(G),E(G)) a
directed graph such that V(G) = C and E(G) is convex. Let G be transitiveand T : C — C be
edge-preserving. Let {x,} be a sequence defined by (4.1), where u = xy and (xo, Txo) € E(G).
If {x,,} dominates x, then (x,, %441), (%0,%,), and (x,, Tx,) are in E(G) for any n € N.

Proof We prove by induction. Since E(G) is convex, (xo,x0) and (xo, Txo) are in E(G),
we have (xo,%1) € E(G). Then (Txo, Tx;) € E(G), since T is edge-preserving. Because G
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is transitive, we have (xo, Tx;) € E(G). By convexity of E(G) and (xo, Tx1), (Txo, Tx1) € E(G),
we get (x1, Tx1) € E(G). By assumption, (x1,%9) € E(G). So, by convexity of E(G), we get
(x1,%2) € E(G). Next, assume that (x,xx.1), (%0, Txx), and (xg, Txy) are in E(G). Then
(Txx, Txks1) € E(G), since T is edge-preserving. By transitivity of G, we have (xo, Tx41) €
E(G). By convexity of E(G) and (xo, T%k+1), (Txx, Txis1) € E(G), we get (xk41, Tixis1) € E(G).
Since {x¢} is dominated by {x,}, we have (xx,1,%0) € E(G). By convexity of E(G), we get
(®k+1,%k42) € E(G). So, by induction, we can conclude that (x,,%,41), (x0,%5), and (x,, Tx,,)
are in E(G) for any n € N. O

We now ready to prove the strong convergence theorem.

Theorem 4.5 Let C be a nonempty closed convex subset of a Hilbert space H and let G =
(V(G),E(Q)) be a directed graph such that V(G) = C, E(G) is convex and G is transitive.
Suppose C has Property G.Let T : C — C be a G-nonexpansive mapping. Assume that there
exists xog € C such that (xy, Txg) € E(G). Suppose that F(T) # @ and F(T) x F(T) C E(G).
Let {a,} be a sequence satisfying (4.2). Let {x,} be a sequence defined by Halpern iteration,
where u = xo. If {x,} is dominated by Px, and {x,} dominates x, then {x,} converges strongly
to Pxy, where P is the metric projection on F(T).

Proof Let zy = Pxq. From Proposition 4.4, (x,,x,,1) € E(G) for all n € N. First we will show
that {x,} is bounded. Since zy € F(T) and zy = Px, is dominated by {x,}, we have (x,,z0) €
E(G), we get
%541 = 2ol < (1 = )| Ty — zo || + et llxo — 2o |
=1 —ay)ITx, — Tzoll + anllxo — 2ol
<@ —an)llxn —zoll + aullxo — 2ol
< max{||x, — zoll, %0 — Zoll}

for all n € N. Therefore {x,} is bounded. Moreover, {Tx,} is bounded. By (4.1) and
(%, %,41) € E(G), we have

16041 = Xn [l < loty — | (”xO” + ] Txnd”) + (1 = o) 1 = X

< oty = |K + (L= a) |60 = %1 [l (4.3)
where K = sup{||xo|| + || Tx,|| : n € N}. By using (4.3), for m,n € N, we have

”xn+m+l —Xn+m ”

n+m-1 n+m-1
< ( > ok —ak|>1<+ ( I1 |1—ak+1|)||xm+1 — %l
k=m

= k=m
n+m-1 n+m-1
< ( > ek —ak|>1<+exp<— > 06k+1> 61 = I
k=m k=m

Since {x,} is bounded and )", ax = 00, we obtain

n—00 n—00

o0
Bim SUp [101 = | = M SUP (1.1 = K| < <Z i = ak|)1<

k=m
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for all m € N. Hence, by > 2 |41 — at| < 00, we get
lim %11 — %] = 0. (4.4)
H—>0Q

For each n € N, we have

”xn - Txn” = ”xn _xVH-l” + ||xn+1 - Txn”

= 1% = %ps1 | + anllxo — Tl
Because {Tx,} is bounded with (4.4), we obtain
llocn = Txull — O (4.5)
as n — 00. We next show that

lim sup{x,, — zo, %o — zo) < O.

n—0o0

Indeed, take a subsequence {x,, } of {x,} such that

lim sup{x, — 2o, %o — zo) = lim (x,,, — zo,%0 — 20)-
n—00 k—00

Because all the ,, lie in the weakly compact set C and C has Property G, we may assume
without loss of generality that x,, — y for some y € C and (x,,,y) € E(G). Suppose y # Ty.
By Theorem 2.5, (4.5), and G-nonexpansiveness of T, we get
liminf ||, —y|| < liminf [|x,, — Ty|
k—00 k—o0
< timinf(l, — Tl + 1 T, — T71)
= liminf || Tx,, — Ty||
k— o0
< liminf ||x,, -y,
k— 00
which is a contradiction. So y = Ty. Hence, by Lemma 2.4, we get

klim (%, — 20,%0 — Z0) = (¥ — 20,%0 — 20) < 0. (4.6)

Therefore limsup,, ., . (x, — zo, %0 — Zo) < O.
Since (1 — a,)(Tx,, — 20) = (K41 — 20) — (X9 — 20), we have

2 2, 2 2
”(1 —a,)(Tx, — 20) ” = [|%n1 — 201" + o, 1%0 — 2oll” — 20t (Xus1 — 20, %0 — Z0)

> {91 — Z0l|* = 206 (%41 — 20, %0 — Z0)-
This implies, by G-nonexpansiveness of T and (z¢,x,) € E(G), that

2 2
et = 2o lI* < (1= @)l — 2zo 1™ + 206, (Xs1 — 20, %0 — Z0)
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for each n € N. By Lemma 4.2, we can conclude that

lim ||x, —zo||* = 0.
n—00

Therefore {x,} converges strongly to zy = Pxg. O
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