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Abstract

The main aim of this paper is to obtain some new common fixed point theorems for
Geraghty’s type contraction mappings using the monotone property with two
metrics and to give some examples to illustrate the main results. Further, by using our
main results, we prove some results about multidimensional common fixed points.
Our results generalize and extend some recent results given by Kadelburg et al. (Fixed
Point Theory Appl. 2015:27, 2015) and Choudhurya and Kundu (J. Nonlinear Sci. Appl.
5:259-270, 2012).
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1 Introduction and preliminaries
Let ® denote the class of real functions 6 : [0,00) — [0, 1) satisfying the following condi-
tion:

0(t,) -1 = t,—0.
An example of a function in ® may be given by 0(¢) = 7% for all ¢ > 0 and 6(0) € [0,1).
In 1973, Geraghty [1] proved the following theorem, which is a generalization of Banach’s
contraction principle:

Theorem 1.1 ([1]) Let (X, d) be a complete metric space and f : X — X be a self-mapping.
Suppose that there exists 0 € © such that

d(fx, fy) < 0(d(x,))d(x, ) 1.1)

forallx,y € X. Then f has a unique fixed point in X.

Recently, Amini-Harandi and Emami [2] extended this result to the setting of partially
ordered metric spaces as follows:

Theorem 1.2 ([2]) Let (X, d) be a complete partially ordered metric space and f : X — X
be an increasing self-mapping such that there exists xo € X such that xo < fxo. Suppose that
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there exists 0 € © such that

d(fx,fy) < 0(d(x,y))d(x,y) 1.2)

forallx,y € X satisfyingx < yorx > y. Then, in each of the following two cases, the mapping
f has at least one fixed point in X:
(1) f is continuous or
(2) for any non-decreasing sequence {x,} in X, if x, — x € X as n — oo, then x, < x for
alln>1.
If, moreover, for all x,y € X, there exists z € X comparable with x and y, then the fixed
point of f is unique.

For more generalizations of Theorems 1.1 and 1.2, see [3-5].

On the other hand, several authors have studied fixed point theory in spaces equipped
with two metrics (see [6—8]). Especially, Agarwal and O’Regan [6] proved the following:

Let (X, d’) be a metric space and d be another metric on X. For any xp € X and r > 0, let

B(xg,7) = {x e X :d(x,x0) < r}
and let B(xo, )% denote the d’-closure of B(x, ).

Theorem 1.3 ([6]) Let (X,d’) be a complete metric space, d be another metric on X, xy € X,
r >0, and F : B(xy,7)¥ — X be a mapping. Suppose that there exists q € (0,1) such that, for
all x,y € B(xo, r)?,

d(Fx,Fy) < qmax{ d(x,y),d(x, Fx), d(y, Fy), % [d(x, Fy) +d(y, Fx)] }

In addition, assume that the following three properties hold:
(1) d(xo,Fxo) < (1-q)r;
(2) ifd # d', assume that F is uniformly continuous from (B(xo,r),d) into (X, d');
(3) ifd #d', assume that F is continuous from (B(xo,7)?,d) into (X, d’).

Then F has a fixed point, that is, there exists x € B(xo, r)¥ with x = Fx.

The aim of this paper is to study some new common fixed point theorems for Geraghty’s
type contraction mappings using the monotone property with two metrics, which is an
important advantage to compare with well known fixed point theorems in metric spaces.
Further, we give some examples to illustrate the main results. The main results in this

paper generalize, unify, and extend some recent results given by some authors.

2 Main results
In this section, we prove some fixed point results for generalized contractions on spaces
with two metrics.

Throughout this paper, (X, <) denotes a partially ordered set. By x > y, we mean y < .
Let f,g : X — X be two mappings. A mapping f is said to be g-non-decreasing (resp., g-
non-increasing) if, for all x,y € X, gx < gy implies fx < fy (resp., fy < fx). If g is the identity
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mapping, then f is said to be non-decreasing (resp., non-increasing). Let d’, d be two met-
ricson X. By d <d' (resp., d <d'), we mean d(x,y) < d'(x,y) (resp., d(x,y) < d'(x,y)) for all
x,y€e€X.

Also, we give some essential concepts which are useful for our main results:

Definition 2.1 ([9]) Let (X,d) be a metric space and f,g : X — X be two mappings. The
mappings g and f are said to be d-compatible if

lim d(gfx,,fgx,) =0
n—0Q
whenever {x,} is sequences in X such that lim,_, o fx, = lim,_, o gx,,.

Definition 2.2 ([9]) Let (X,d) and (Y,d’) be two metric spacesandf: X — Yandg: X —
X be two mappings. A mapping f is said to be g-uniformly continuous on X if, for any real
number € > 0, there exists § > 0 such that d'(fx, fy) < € whenever x,y € X and d(gx, gy) < §.
If g is the identity mapping, then f is said to be uniformly continuous on X.

Now, we give the main result in this paper.

Theorem 2.3 Let (X,d',<X) be a complete partially ordered metric space, d be another
metric on X and g,f : X — X be two mappings such that f has the g-monotone property.
Suppose that the following conditions hold:

(1) g:(X,d") — (X,d') is continuous and g(X) is d'-closed,;

(2) £(X) Cg(X);

(3) there exists xg € X such that gxo < fxo;

(4) there exists 0 € ® such that

d(fx, fy) < 6(d(gx,gy))d(gx, gy) (2.1)

Jorall x,y € X with gx < gy or gx > gy:

(5) ifd # d', assume that f : (X,d) — (X, d') is g-uniformly continuous;

(6) ifd#d, assume that f : (X,d') — (X,d') is continuous and g and f are
d'-compatible;

(7) ifd =d', assume that (a) f is continuous and g and f are compatible or (b) for any
non-decreasing sequence {x,} in X, if x, — x € X as n — oo, then x, < x foralln > 1.

Then there exists u € X such that gu = fu, i.e., g and f have a coincidence point.

Proof Starting from x, (the condition (3)) and using f(X) € g(X) (the condition (2)), we

can construct a sequence {x,} in X such that

X = fXn1

for all m € N. If gx,,, = gx,,,—1 for some ny € N, then x,,_; is a coincidence point of the
mappings ¢ and f. Therefore, we assume that, for each n € N, gx,, # gx,,; holds.

By the condition (3), gxo < fxo = gx1 and so the g-monotone property of F implies that
gx1 = fxo =< fx; = gxy. Proceeding by induction, we have gx,,_; < gx, for each n € N. Hence
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it follows from the contractive condition (2.1) that

d(gxmgxnﬂ) = d(fxn—lyfxn)
< 0(d(gxn-1,8%n))d(g%n-1,8%n)
< d(gx,_1,8%,) (2.2)
for all # € N. Thus the sequence {d,,} := {d(gx,_1,gx,)} is decreasing and so it follows that
d, — a as n — oo for some o > 0.

Next, we claim that o = 0. Assume on the contrary that « > 0. Then it follows from (2.2)
that

dn+l

n

<6, <1.

Letting n — oo, we get 0(d,) — 1 as n — oo. Since 6 € ©, we have d, — 0 as n —
0o, which contradicts the assumption o > 0. Therefore, we can conclude that d, =
d(gx,-1,g%,) — 0 as n — 00.

Now, we show that {gx,} is a Cauchy sequence with respect to d. Suppose that {gx,} is
not a Cauchy sequence with respect to d. Then there exists € > 0 for which we can find
subsequences {gx,, }, {gx, } of {gx,} such that n; > my > k satisfying

d(gxnk;gxmk) > €, d(gxnk—lxgxmk) <E€. (23)
Using (2.3) and the triangle inequality, we have

€ < i :=d(@hn 8%my)
= d(gxnk:gxnk—l) + d(gxnk—lygxmk)
< A(@Xnyr &Xny-1) + €.

Letting k — 00, we have
1 = d(gXny, Gy ) —> €. (2.4)
Again, by the triangle inequality and the contractive condition (2.1), we have
Tk = d(gxnk;gxmk)
= d(gxnkxgxnkﬂ) + d(gxnkﬂrgxmkﬂ) + d(gxmk+hgxmk)
= d(gxnk;gxnk+1) + d(gxmk+1;gxmk) + d(fxnk:fxmk)
S d(gxnkrgxnk+l) + d(gxmk+1)gxmk) + 9(d(gxnk;gxmk))d(gxnk;gxmk)

=Sdm+1 t dmk+1 + 9(7’]()7'](

<dye1 + Ay + 11
Now, we have

[/ dnk+1 + dmk+1 + Q(rk)rk < dnk+1 + dmk+1 + Ik.
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Letting kK — oo and using (2.4), we have 6(rx) — 1 and so, using the properties of func-
tion 6, we obtain rx — 0 as kK — oo, which contradicts € > 0. Therefore, it follows that
{gx,} is a Cauchy sequence respect to d.

Also, we claim that {gx,} is a Cauchy sequence with respect to d’. If d > d/, it is trivial.
Thus, suppose d # d'. Let € > 0 be given. Now, the condition (5) guarantees that there
exists § such that

d'(fx,fy) <€ (2.5)

whenever x,y € X and d(gx,gy) < 8. Since {gx,} is a Cauchy sequence respect to d, there
exists ng € N with

d(gx,, gxm) <8 (2.6)

whenever n,m > ny. Now, (2.5) and (2.6) imply that
d’(gxmngmu) = d/(fxn:fxm) <€

whenever n,m > ny and so {gx,} is a Cauchy sequence respect to d’. Since g(X) is a d’'-
closed subset of the complete metric space (X, d’), there exists u# = gx € g(X) such that

lim gx, = lim fx, = u.
n—00

n—00

Finally, we prove that « is a common fixed point of f and g. We consider two cases:
Casel:d#d'.
By the d’-compatibility of g and f, we have

lim d'(gfx,, fgx,) = 0. (2.7)

Using the triangle inequality, we have

d'(gu, fex,) < d'(gu, gfx,) + d'(gfx,, fax,).

Letting n — o0, from (2.7) and the continuity of g and f, it follows that d'(gu, fu) = 0, i.e.,
gu=fu.

Casell:d=d'.

In order to avoid the repetition, we can only consider (b) of the condition (7). In this
case, there exists x € X such that gx, < u = g for each n € N. Using (2.1), we have

d(fx)gx) = d(fx1gxn+1) + d(gxnﬂ;gx)
= d(fx, fxn) + d(gxn.1,8%)
=< e(d(gx;gxn))d(gx;gxn) + d(gxrnlxgx)

< d(gx,gxn) + d(gxns1,8x) = 0
as n — 00. Hence gx = fx. This completes the proof. O

Now, we give some examples to illustrate Theorem 2.3.
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Example 2.4 Let X = [0,00) C R and the metrics d,d’ : X x X — [0, 00) be defined by
dx,y)=lx—yl,  dxy)=Llx-y|

for all x,y € X, respectively, where L is a constant real number such that L € (1,00). It is
easy to see thatd < d'.

Now, we consider the partially order < in X given by
X<y <& x=yor [x,ye{1/n:neN}U{0}withx§y],

where < is the usual order. Consider the mappings f : X — X and g: X — X defined by

%2
ax=x% fx:ln<l+3)

for all x € X, respectively. By using the increasing property of the function logarithm, we
see that f has the g-monotone property.

Next, we show that the conditions (1)-(7) in Theorem 2.3 hold as follows:

(1) We can easily check that g : (X,d’) — (X,d’) is continuous. Also, we can see that
g(X) =[0,00) is d’-closed.

(2) By the definition of f and g, we can see that f(X) = g(X).

(3) It is easy to see that there exists a point xy € X such that gy < fxo.

(4) Let 6 € O be defined by
) g o,

0(t) =
0, ift=0.

Let x, y be arbitrary points in X and suppose that gx < gy. If gx = gy, we have x = y and
hence the contractive condition (2.1) holds for this case. In another case, we have

gx,gy € {1/n:n e N} U {0} with gx < gy.

Then we obtain gx = x2, gy = y* € [0,1], and x? = gx < gy = ¥%. Also, we have

d(fef5) = 1n<1 R %) —ln(l R y;)‘

2 2
= ln<1 + y—) —ln<1 + x_)
2 2

2
v
1+2

=In

2
X
1+5%

=1n<1+
51n(1+

©[So
NS

x2)
t7

»
2

—_

22
2

)
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1
- 2In(1 + 316 —»?|)

[ - 5|
B %% — 2|
_ 2In(1 + d(gx, gy))
ST gy (€
= 0(d(gx, gy))d(gx, ).

Similarly, we can also prove that the condition (2.1) holds for case of gx > gy. Therefore,
the condition (4) holds with the function 6.

(5) Since d < d’, we show that a mapping f : (X,d) — (X,d’) is g-uniformly continuous.
Let € > 0 be given and choose § := ;. Assume that x,y € X with d(gx,gy) < = 7. Then we

have

d (fx.fy) = Lifx - fj

2 2
=L|ln 1+x_ —In 1+y—
2 2

Yoo _x
=Lln(1+ 2 x22 )‘
1+7

21n(1 + Lja? — 52

2% — 52|
< L|x2 —y2|
= Ld(gx, gy)
€
<L—-
L
=€.

This implies that f : (X,d) — (X,d') is g-uniformly continuous.

(6) Since d # d’, we prove that f : (X,d’) — (X,d’) is continuous and g and f are d’-
compatible. It is easy to see that f : (X,d’) — (X, d’) is continuous. So we will only show
that g and f are d’-compatible. Let {x,} be a sequence in X such that

lim gx, = lim fx, = a.
n—00 n— 00

Then we obtain In(1 + §) = a and so it follows that 2 = 0. Now, we have

x2 2 x4
d/(gfxn,fgxn):LKln(lJrE”)) _1n<1+?n)‘_>o

as n — OQ.

(7) Since d # d’, we have nothing to do to show this condition.

Page 7 of 15
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Consequently, all the conditions of Theorem 2.3 hold. Therefore, g and f have a coinci-
dence point and, further, a point 0 is a coincidence point of the mappings g and f.

Example 2.5 Let X = [0,00) € R and the metrics d,d’ : X x X — [0, 00) be defined by

0, ifx=y,
dx,y) = o
max{x,y}, ifx+y,
and
d'(x,y) = x -y

for all %,y € X, respectively. It is easy to see that d > d'.
Now, we consider the partially order < in X given by

xXy = x:yor[x,ye[0,1/16]withx§y],
where < is the usual order. Consider the mappings f : X — X and g: X — X defined by
ax =t fro=a®

for all ¥ € X, respectively. It is easy to see that f has the g-monotone property.

Next, we show that the conditions (1)-(7) in Theorem 2.3 hold as follows:

(1) We can easily check that g: (X,d’) — (X,d’) is continuous. Also, we can see that
g(X) =[0,00) is d’-closed.

(2) By the definition of f and g, we can see that f(X) = g(X).

(3) It is easy to see that there exists a point xg € X such that gy < fxo.

(4) Let 0 € ® be defined by

e ifo<t<l,
(1) =
£2+2, ift>1.

Let x, y be arbitrary points in X and suppose that gx < gy. If gx = gy, we have x = y and
hence the contractive condition (2.1) holds for this case. In another case, we have

ax=x*,  gy=y*€[0,1/16] with gx < gy.

Then we obtain x,y € [0,1/2] and x < y. Also, we have

d(fx, fy) = max{x6,y6}

(
= 0 (d(gx,gy))d(gx, ).
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Similarly, we can also prove that the condition (2.1) holds for case of gx > gy. Therefore,
the condition (4) holds with the function 6.

(5) It follows from d > d’ that we have nothing to do to show this condition.

(6) Since d # d’, we will prove that f : (X,d’) — (X,d’) is continuous and g and f are
d’'-compatible. It is easy to see that f : (X,d’) — (X, d’) is continuous. So we will only show

that g and f are d’-compatible. Suppose that {x,} is a sequence in X such that

lim gx, = lim fx, = a.
n—00 n— 00

for some a € X. Now, we have
d'(gfxn faxn) = |42t — %2t = 0

for all » € N. This implies that d'(gfx,,, fgx,,) — 0 as n — o0.

(7) Since d # d’, we have nothing to do to show this condition.

Consequently, all the conditions of Theorem 2.3 hold. Therefore, ¢ and f have a coin-
cidence point and, further, the points 0 and 1 are coincidence points of the mappings g
and f.

Putting g = Ix, where Iy is the identity mapping on X in Theorem 2.3, we obtain the

following:

Corollary 2.6 Let (X,d', <) be a complete partially ordered metric space, d be another
metric on X and f : X — X be a monotone mapping. Suppose that the following hold:

(1) there exists xg € X such that xog < fxo;

(2) there exists 6 € © such that

d(fx, fy) < 6(d(x,y))d(x,) (2.8)

forallx,y e X withx <y orx>y;
(3) ifd # d, assume that f : (X,d) — (X,d') is uniformly continuous;
(4) ifd#d, assume that f : (X,d) — (X,d) is continuous;
(5) ifd=4d', then (a) f is continuous or (b) for any non-decreasing sequence {x,} in X, if
x, — x € X as n — 00, then x, < x for all n.
Then there exists u € X such that u = fu, i.e., f has a fixed point.

Taking d = d’ in Theorem 2.3, we have the following:

Theorem 2.7 Let (X,d, <) be a complete partially ordered metric space and g : X — X,
f: X — X be two mappings such that f has the g-monotone property. Suppose that the
following hold:

(1) gis continuous and g(X) is closed;

(2) f(X) € g(X);

(3) there exists xo € X such that gxo < fxo;
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(4) there exists 6 € O such that

d(fx,fy) < 0(d(gx,gy))d(gx, gy) (2.9)

forall x,y € X with gx < gy or gx > gy;
(5) (a)f is continuous and g and f are compatible or (b) for any non-decreasing sequence
{x,} in X, ifx, > x € X as n — 00, then x,, < x for all n.

Then there exists u € X such that gu = fu, i.e., g and f have a coincidence point.

Theorem 2.8 In addition to the hypotheses of Theorem 2.3, assume that

(8) for any x,u € X, there exists y € X such that fy is comparable to both fx and fu.
Iff and g are d'-compatible, then g and f have a common fixed point, i.e., there exists a
point p € X such that p = gp = fp.

Proof Theorem 2.3 implies that there exists a coincidence point x € X, that is, gx = fx.
Suppose that there exists another coincidence point # € X and hence gu = fu.

Now, we prove that gx = gu. In fact, from the condition (8), it follows that there exists
y € X such that fy is comparable to both fx and fu. Put y, = y and, analogously to the proof
of Theorem 2.3, choose a sequence {y,} in X satisfying

& =fyn1
for all n € N. Starting from x¢ = x and uy = u, choose the sequences {x,} and {x,} sat-

istying gx, = fx,_1 and gu, = fu,_; for each n € N. Taking into account the properties of
coincidence points, it is easy to see that it can be done so that x,, = x and u,, = u, i.e.,

&xn = fx, gun = fu

for all » € N. Since fx = gx and fy = gy; are comparable, then gx < gy, or gy, < gx for all
n € N. Thus we can apply the contractive condition (2.1) to obtain

d(ge, gyus1) = d(fx, fy,) < Q(d(gx,gy,,))d(gx,gyn) < d(gx,gy,) (2.10)

for all n € N. Therefore, we can show that the sequence {d,} := {d(gx,gy,)} is decreasing
and hence d, — o as n — o0 for some o > 0.
Now, we prove that o = 0. Assume that « > 0. Then it follows from (2.10) that

dn+1

Ay

<0(d,) <1

Letting # — oo in the above inequality, we have 6(d,,) — 1 as n — co. By the property (6,)
of 6 € ©®, we have d,, — 0 as n — 00, which contradicts the assumption « > 0. Therefore,
we can conclude that d(gx, gy,) — 0 as n — oo. Similarly, we can prove that d(gu, gy,,) — 0

as n — 00. By the triangle inequality, we have

d(gx, gu) < d(gx,gy,) + d(gyn, gu)
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for alln € N. Letting n — oo in the above inequality, it follows that d(gx, gu) = 0. Therefore,
we have gx = gu.

Now, let p := gx. Hence we have gp = ggx = gfx. By the definition of the sequence {x,},
we have gx,, = fx = fx,,_; for all » € N and so

lim fx, = lim gx, = fx

with respect to d'. Since g and f are d’-compatible, we have
lim d'(gfx,,fgx,) = 0,
n—00

that is, gfx = fgx. Therefore, we have gp = gfx = fgx = fp. This implies that p is another
coincidence point of the mappings f and g. By the property we have just proved, it follows
that fp = gp = gx = p and so p is a common fixed point of g and f. This completes the
proof. O

3 Some particular cases
First, we give some definitions for the main results in this section.

Definition 3.1 Let (X, <) be a partially ordered set and F: X x X — X, g: X — X be
two mappings. The mapping F is said to have the g-monotone property if F is monotone
g-non-decreasing in both of its arguments, that is, for any x,y € X,

x,x € X, gxi=gxs = F(x1,y) < F(x,y)
and

Yy €X, @180 = Fxy) Fxy).

If, in the previous relations, g is the identity mapping, then F is said to have the monotone
property.

Definition 3.2 ([10, 11]) Let X be a nonempty setand F: X x X — X, g: X — X be two
mappings. An element (x,y) € X x X is called:

(C1) acoupled fixed point of F if x = F(x,y) and y = F(y, x);

(Cy) a coupled coincidence point of g and F if gx = F(x,y) and gy = F(y,x) and, in this case,
a point (gx, gy) is called a coupled point of coincidence;

(Cs) acommon coupled fixed point of g and F if x = gx = F(x,y) and y = gy = F(y,%).

Definition 3.3 ([12]) Let (X,d) be a metric space. Two mappings g: X — X and F : X x
X — X are said to be d-compatible if

nll)n;od(gF(xn:yn):F(gxmgyn)) = 0’ nll)n;od(gF(ymxn):F(gymgxn)) =0

whenever {x,} and {y,} are the sequences in X such that lim,_, oo F(x,, y) = lim,_, 0 g%

and limy,_, oo F (¥, %) = limy, 00 @V
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Now, we prove some results to show how coupled notions (as the compatibility) can be

reduced to the unidimensional case using the mappings defined as follows:

Let X be a nonempty set and F: X x X — X, g: X — X be two mappings. Define two

mappings T2,G?: X x X — X x X by

T2(x,9) = (F(6,9), F(3,%)) (31)

and

G (%,y) = (gr.gy) (3.2)

for all x,y € X, respectively.

For instance, the following lemma guarantees that the 2-dimensional notion of common

fixed coincidence points can be interpreted in terms of two mappings 7% and G>.

Lemma 3.4 Let X be a nonempty set and F : X x X — X and g : X — X be two mappings.

Then s point (x1,x,) € X X X is:

(1) a coupled fixed point of F if and only if it is a fixed point of the mapping T%;
(2) a coupled coincidence point of F and g if and only if it is a coincidence point of two

mappings T# and G*;

(3) a coupled fixed point of F and g if and only if it is a common fixed point of two
mappings T} and G*.

Proof In order to avoid the repetition, we will only show the proof in the case of coupled

fixed point. For any (x,%;) € X x X, we obtain

(x1,%2) € X* is a coupled fixed point of F

—

—

—

—

F(x1,%7) = %1 and F(xy,%1) = X9
(F(oe1,0), F(%2,%1)) = (w1, %2)
T (x1,%2) = (%1, %2)

(x1,%,) is a fixed point of Tg. O

Now, we show how to use Theorem 2.3 in order to deduce coupled fixed point results.

Theorem 3.5 Let (X,d’, <) be a complete partially ordered metric space, d be another
metricon X andg: X — X, F: X x X — X be two mappings such that F has the g-monotone
property. Suppose that the following conditions hold:

(1) g:(X,d") — (X, d') is continuous and g(X) is d'-closed,;

(2) F(X x X) < g(X);

(3) there exist x9,y0 € X such that gxy < F(xo,y0) and gyo < F(yo,%0);

(4) there exists 6 € O such that

d(F(x,y),F(u,v)) <6 (max{d(gx,gu), d(gy,gv) }) max{d(gx,gu), d(gy,gv)} (3.3)

Jorall x,y,u,v € X with gx < gu and gy < gv or gx > gu and gy > gv;
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(5) ifd # d', assume that F : (X,d) x (X,d) — (X,d') is g-uniformly continuous;
(6) ifd#d,assume that F: (X,d") x (X,d') — (X,d') is continuous and g and F are
d'-compatible;
(7) ifd=d', assume that (a) F is continuous and g and F are compatible or (b) for any
non-decreasing sequence {x,} in X, ifx, — x € X as n — 0o, then x, < x for all n > 1.
Then there exist u,v € X such that gu = F(u,v) and gv = F(v,u), i.e., g and F have a coupled

coincidence point.

Proof 1t is only necessary to apply Theorem 2.3 to the mappings 7? and G? in complete
partially ordered metric space (X x X, D', <) and metric space (X x X, D), where

D' ((%,9), (u,v)) = max{d'(x,u),d (y,v)},
D((x,y), (u, V)) = max{d(x, u),d(y, v)}

and
(x,y) < (,v) < x=<uy=<v
for all (x,y), (#,v) € X x X. For example, the D'-compatibility:

F and g are d'-compatible

limy,, o0 F (24, ¥) = limy,, 00 g%y
limy,— 00 F (Y, %4) = 1imy—s 00 gV

limy,— oo d'(GF (%5 Y1) F (8% 8Yn) = 0
1imn—>oo d,(gF(yn:xn),F(gymgxn)) =0
— [lim Tg(x,,,y,,) = lim G*(x,,y,)
n— 00 Hn— 00
. /(T2 2 22 —
== }}LH;OD (TFG (xmyn))G TF(xmyn)) = 0]
&= T} and G? are D'-compatible.
This completes the proof. d

Taking d = d’ in Theorem 3.5, we get the following result in [13]:

Corollary 3.6 ([13], Theorem 3.1) Let (X, d, X) be a complete partially ordered metric
space and g: X — X, F : X x X — X be two mappings such that F has the g-monotone
property. Suppose that the following hold:

(1) gis continuous and g(X) is closed,;

(2) F(X x X) C g(X)

(3) there exist x9,yo € X such that gxy < F(xo,Y0) and gyo < F(yo,%0);

(4) there exists 6 € O such that

d(F(x,y),F(u, v)) < Q(max{d(gx,gu), d(gy,gv)}) max{d(gx,gu),d(gy,gv)} (3.4)

Jorall x,y,u,v € X with gx < gu and gy < gv or gx > gu and gy > gv;
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(5) (a) F is continuous and g and F are compatible or (b) for any non-decreasing
sequence {x,} in X, ifx, > x € X as n — 0o, then x, < x for all n > 1.
Then there exist u,v € X such that gu = F(u,v) and gv = F(v,u), i.e., g and F have a coupled

coincidence point.

Definition 3.7 Let (X, <) be a partially ordered setand F: X x X — X, g: X — X be two
mappings. The mapping F is said to have the g-mixed monotone if F is g-non-decreasing

in its first argument and g-non-increasing in its second one, that is, for any x,y € X,
% €X, gnXgxy = Flx,y) 2 F(x,9)

and
yy€X, gn=gyn = Fxy)xzFlxy)

If, in the previous relations, g is the identity mapping, then F is said to have the mixed

monotone property.

Now, we show how to use Theorem 2.3 in order to deduce coupled fixed point results

with the g-mixed monotone properties.

Theorem 3.8 Let (X,d', <) be a complete partially ordered metric space, d be another
metricon X and g: X — X, F: X x X — X be two mappings such that F has the g-mixed
monotone property. Suppose that the following hold:

(1) g: (X,d") — (X,d') is continuous and g(X) is d'-closed;

(2) F(X x X) € g(X);

(3) there exist x9,yo € X such that gxy < F(xo,Y0) and gyo = F(yo,%0);

(4) there exists 0 € ® such that

d(gx, gu) + d(gy,gV)) d(gx, gu) + d(gy, gv) (3.5)

d(F(x,9), F(u,v)) < 9( 5 5

forall x,y,u,v € X satisfying gx < gu and gy > gv or gx > gu and gy = gv;

(5) ifd # d', assume that F : (X,d) x (X,d) — (X,d') is g-uniformly continuous;

(6) ifd#d, assume that F: (X,d") x (X,d') — (X,d') is continuous and g and F are
d’'-compatible;

(7) ifd =d', assume that (a) F is continuous and g and F are compatible or (bl) for any
non-decreasing sequence {x,} in X, ifx, — x € X as n — oo, then x, < x foralln € N
and (b2) for any non-increasing sequence {x,} in X, if x, — x € X as n — oo, then
x> x forallmeN.

Then there exist u,v € X such that gu = F(u,v) and gv = F(v,u), i.e., g and F have a coupled

coincidence point.

Proof 1t is only necessary to apply Theorem 2.3 to the mappings 77 and G* in complete
partially ordered metric space (X x X, D', <) and metric space (X x X, D), where

d'x,u)+d (y,v)

D/((x’y)x (Lt, V)) = 9
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_ d(x,u) +d(y,v)

D((x’y)’ (u, V)) - 5

and
6y < (u,v) = x=<uy>=v
for all (x,y), (#,v) € X x X. This completes the proof. 0

Remark 3.9 In the above result, if g is the identity mapping and d = d’, then we obtain
Theorem 2.1 in [14].
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