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Abstract
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1 Introduction
By using a natural generalization of the concept of a set, the fuzzy set, which was intro-
duced initially by Zadeh [1], considering mathematical programming problems which are
expressed as optimizing some goal function given certain constraints, this be relaxed by
means of a subjective gradation. In 1981, Heilpern [2] used the concept of fuzzy sets and
introduced a class of fuzzy mappings, which is a generalization of the set-valued map-
ping, and proved a fixed point theorem for fuzzy contraction mappings in metric linear
spaces. It is worth noting that the result announced by Heilpern [2] is a fuzzy extension
of the Banach contraction principle. Subsequently, several other authors have studied the
existence of fixed points of fuzzy mappings; for example, Estruch and Vidal [3] proved a
fixed point theorem for fuzzy contraction mappings over a complete metric space, which
is a generalization of the given Heilpern fixed point theorem, and Sedghi et al. [4] gave an
extended version of the Estruch and Vidal [3] theorem (for more examples, see [5-14]).
Although many kinds of fixed point theorems for fuzzy contraction mappings in com-
plete metric spaces have been studied extensively in recent years, we have to point out that
one has given most attention to the class of fuzzy sets with nonempty compact «-cut sets
in the metric space X, but little attention to the class of fuzzy sets with nonempty bounded
or closed, or even bounded closed, a-cut sets. However, it is well known that all compact
sets are bounded closed sets in a general metric space and the converse is not always true.
In 2008, Qui and Shu [12] established the completeness of C3(X) with respect to the
completeness of the metric space X, where CB3(X) denotes the class of fuzzy sets with
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nonempty bounded closed a-cut sets equipped with the generalized Hausdorff metric
ds, which takes the supremum on the Hausdorff distances between the corresponding
a-cut sets. Also they proved the following common fixed point theorem for a family of

fuzzy mappings.

Theorem 1.1 [12] Let (X, d) be a complete metric space and let {F;} be a sequence of self-
mappings of CB(X). If there exists a constant q € (0,1) such that for each 11, u, € CB(X),
and for arbitrary positive integers i and j, i # j,

oo (Fi(11), Fi(12)) < qM iy (1, pa),

where

Mij (11, a) = max{doo(ﬂl» 142)s Poo (11 Fi(101)) oo (1425 Fj(12)),

Poolth2, Fi(111)) + poo (i1, Fj(112)) }
> .

Then there exists a |1, € CB(X) such that . C F;(u.) for all i e N.

Later, by using the concept of d, metric, Qiu et al. [15] proved the following common
fixed point theorem, but under the assumption of a compact cut set C(X) instead of a
closed bounded cut set CB(X).

Theorem 1.2 [15] Let (X,d) be a compact metric space and let {F;}7%, be a sequence of
self-mappings of C(X). Let @ : [0, 00) — [0, 00) be a non-decreasing function satisfying the
following condition: ® is continuous from the right and

Z P”"(t) <00, forallt>0,

n=1

where ®" denotes the nth iterative function of . Suppose that for arbitrary positive integers
iandj,i#],

oo (Fi(p1), Fi(112)) < @ (M (1, p2)),

where M) (11, (o) is defined as in Theorem 1.1. Then there exists a i, € C(X) such that
Wy C Fi(uy) forall i e N.

Notice that Theorem 1.2 can be used to apply to a larger class of mappings than that
of Theorem 1.1. However, after careful consideration, one may see that Theorem 1.2 is
relevant when the considered space is a compact metric space instead of a complete metric
space, which has been considered in Theorem 1.1.

Based on the above remarks, here we will present an extension of Theorem 1.1, but in
a complete metric space setting. In fact, we will use the concept of a class of functions,
so-called R-functions, to show some fixed point theorems for self-mappings of C3(X)
with the supremum metric for fuzzy sets. Of course, our results improve and extend those
results which have been presented in [12] and [15].
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2 Preliminaries

In this section, we will provide some important basic concepts and useful results. Let (X, d)
be a metric space, and let CB(X) be the set of all nonempty bounded closed subsets of X.
Recall that the Hausdorff metric is a function H on CB(X) defined by

H(A, B) = max [ supd(x,A), sup d(x, B) ]

xeB xeA

= max{p(B,A),p(A,B)}, for all A, B € CB(X),
where p(A, B) = sup,4 d(x, B) is the Hausdorff separation of A from B.

2.1 Fuzzy sets and fuzzy mappings

Let = [0,1]. A fuzzy set i of a metric space X is defined by its membership function r(x),
which is a mapping from X into /. We denote by F(X) the set of all fuzzy mappings on X,
that is, F(X) := {u|u : X — [0,1]}. For any « € (0,1], the a-cut of the fuzzy set u is defined
by

(e = {xeX:u@)=al,

where o € (0,1], and we separately specify the support [1t]o of 1 to be the closure of the
union of [u]y for 0 < @ < 1. We denote by CB(X) the totality of fuzzy sets i : X — I for
which, for each « € I, the a-cut of u is a nonempty closed bounded subset of X.

Let p1, uo € F(X). Then p; is said to be included in u;, denoted by w1 C o, if and only
if p1(x) < pa(x) for each x € X. Thus we have u; C o if and only if [u1]* € [uo]® for all
a €1.Let X, Y be any underling sets and i1, U are subsets of F(X) and F(Y), respectively.
A mapping F : 4 — U is said to be a fuzzy mapping, i.e., F(t) € U for each p € 4. An
element ., € 4l is said to be a fixed point of a fuzzy self-mapping F on {l if and only if
My C F(ps).

The doo-metric (called supremum or generalized Hausdorff metric) is a metric on CB(X)
which is defined as follows:

doo(11, 112) = SUPIH([Mlla»[Mz]a)

0<a<

:max{poo(ﬂlr PLZ),IOOO(MZ,,U&)}: (21)

where w1, uy € CB(X), and

Poolit1, i2) = sup p(Lal®, [142]%)
0<a<l

is the Hausdorff separation of p; from p,. Notice that the supremum in (2.1) may be not

attained, and so it cannot be replaced by a maximum. To clarify this, we include the fol-

lowing example, which can be found in [16].

Example 2.1 Let X be a set of real numbers and u, v € F(X) be fuzzy subsets of X such
that the corresponding level sets are

’

(W =[v]*=[0,1] for0<a< %
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and
1
[n]® = {0}, [v]* = [0,2(1 - a)] for 2 <a<l
It follows that
fOr 0 <ua< l;
([l o)) = o
2(1-a) forz <a<l

Then doo (1, v) = supg,<; H([1]%, [v]*) = 1, but this is not attained.

Note that if {11,,} be a sequence in CB(X), then it follows from the definition of d, that
{in} converges with respect to the d.-metric if and only if [1,]* converges uniformly
in a € I with respect to the Hausdorff metric. Further, we know that the metric space
(CB(X),dw) is complete provided (X, d) is complete (see [12]). Here, we collect some useful
properties of the do,-metric, which will be used in order to obtain our results.

Lemma 2.2 [12] Let p1, tho, 3 € CB(X). The following items are true:
(1) poo(t1, i12) = 0 if and only if p1 S o,
(i) if i1 S o, then poo(pa1, u3) < doo(t2, 143),
(i) poo(p1, 13) < doo(pt1, 12) + Poo(p2; 13).

Theorem 2.3 [12] Let (X,d) be a metric space and i1, iy € CB(X). Then for any B > 1
and any s € CB(X) satisfying us C (1, there exists a a € CB(X) such that ps C ug and

doo(MS’ I'L4) =< ﬂdoo(ﬂlr /’LZ)-

2.2 R-Functions
In this subsection, we will recall an important tool related to our considered class of map-
pings. A function ¢ : [0,00) — [0,1) is said to be an R-function if

limsupg(s) <1 forall £ € [0, 00).

s—>tt

Note that if ¢ : [0,00) — [0,1) is a non-decreasing function or a non-increasing function,
then ¢ is an R-function. This means the set of R-functions is a rich class. In [17], Du
proved some of the following characterizations for the class of R-functions.

Theorem 2.4 [17] Let ¢ : [0,00) — [0,1) be a function. Then the following statements are
equivalent.

(@) @ is an R-function.

(b) For any nonincreasing sequence {x,}nen in [0,00), we have 0 < sup, .y @ (%) < 1.

3 Fixed point theorems for fuzzy mappings induced by R-functions

Now, we are in a position to present our main results.

Theorem 3.1 Let (X,d) be a complete metric space and let {F;}°, be a sequence of fuzzy
self-mappings of CB(X). Assume that there exists an R-function ¢ : [0,00) — [0,1) such
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that for each p,, uo € CB(X), and for arbitrary positive integers i and j, i #J,

oo (Fi(1), Fi(12)) < @(doo (a1, 142)) My (1, 2), (3.1)

where M j (11, 142) is defined as in Theorem 1.1. Then there exists a p.. € CB(X) such that
Wi C Fi(uy) for all positive integers i.

Proof Let us define a function & : [0, 00) — [0,1) by

1
k(t) = +;p(t), for all ¢ € [0, 00).

Note that we have 0 < ¢(t) < k(t) < 1 for all £ € [0, 00).

We will start by picking a fuzzy set o € CB(X). We subsequently choose 11 € Fi(io)
and a positive real number &y such that gy € (M — k(doo(tto, 1))). Next, by
using this &, we can find a positive real number Sy such that 8y € (1, /MI%) Now, by
Theorem 2.3, there exists 1y € CB(X) such that uy € F»(u;) and

doc(ﬂlr MZ) = ,BOdoo (Fl(MO)fFZ(Ml))'

Next, let us to choose a positive real number &; such that ¢ € (M 1-

k(doo(t1, 2))), and then pick a positive real number 8; such that 8; € (1, k(doo m ) ))
Similarly to the above, by Theorem 2.3, we can find us € CB(X) such that us € F3(u2)
and

doo(MZ’ MS) = ﬁldoo (FZ(MI)’F3(/'L2))~

By continuing this process, we obtain two sequences of positive real numbers {¢,}, {8,}
and a sequence {u,} in CB(X) such that

Mn+1 - Fn+1(//«n)y
Aoo (st n+2) < Buoo(Fra1(tn)s Frao (1)),

1-k(doo ) (3.2)
&n € (%r 1- k(doo(lu/m Mn+1))r
l-¢gy
B € U @ o)

for each n € N.
In order to complete the proof, we will divide it into three steps.
Step 1. We show that sup, .y Buk(doo(thn, tri1)) < 1.
Note that, by Lemma 2.2(iii), we have

Poo (Mn—lr Fn(ﬂn—l)) < doo(lhn-1, hn) + Poo (Man(Mn—l))!
for each #n € N. Subsequently, since u,, € F,((t,-1), in view of Lemma 2.2(i) we obtain

Poo (/‘Ln—lan(:Uvn—l)) = doo(“n—lr Mﬂ))

for each n € N.
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Using this fact, we now derive

Ms1,n42) (s ons1)
= max{doo (s ns1)s Poo (ns Fne1 () oo (Hnsts o (1ns1))
1/2[ oo (Hns1s Ener(tin)) + Poo (ins Frsa(tini1)) |}
< max{doo (i 1), oo (s Hni1)s Boo(Hns1, Wns2)s 112 oo (lny Hns2)
+ Poo(tns2s Fus2(ni1)) |}
< max{doo (i tns1)s doo sty ns2)s 12 [ doo(tns tni1) + Aoo([nsts tns2) |}

= max{doo(un, Mn+1); doo(,unﬂy I/Ln+2)}-

Using this one, in view of the inequalities (3.1) and (3.2), we obtain

Aoo(ns1s ns2) < ,Bnk(doo(ﬂm ,lL,,+1)) max{doo(ﬂm Mne1)s Aoo (nsts /an+2)}~ (3.3)

Then, by inequality (3.3), we must have

max{doo(luvm Mons1)s Boo(Mons1s Mn+2)} = doo(lns 1) (3.4)
Indeed, if (3.4) is not true, we would have
Aoo(Ins1s Mns2) < ﬁnk(doo(ﬂm ,U«n+1))doo(ﬂn+1: Hns2),

by inequality (3.3). This leads to a contradiction, since 0 < B, k(doo(ty, ftys1)) <1—6, <1
for all » € N. This shows that (3.4) holds. Subsequently, since B,k(doo(thn, tns1)) € (0,1),
we have

doo (/'Ln+1: I'Ln+2) < ,Bnk(doo (Mm I'Ln+1))doo (Mm ,U«n+1)

< doo(/‘*m“n+l)~ (35)

This means the sequence {do(y, (tx+1)} is strictly decreasing in [0, 00). Thus, by applying
Theorem 2.4, we know that

0 < sup ¢ (doo (tm fns1)) < 1.

neN
This implies
1
sup k(doo(ll«m Mn+l)) = E [1 + sup (P(doo(ﬂn: Mn+1)):| <L (36)
neN neN

On the other hand, we observe that

ﬂnk(doo(,um Mn+1)) < 1 — &y

(1 — k(doo(tns H'wrl)))
<1l- 5

_ 1+ k(doo(tns ons1))
5 .
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Using this together with (3.6), we can conclude that

sup ﬂnk(doo (Mn: ,un+1)) <1
neN

as required.

Step 2. We show that {u,} is a Cauchy sequence in CB(X).

According to step 1, let us put ¢ := sup, .y Buk(doo(ftns tns1)) € (0,1). Then, by (3.5), we
have

Aoo(Mns1s Uns2) < ﬂnk(doo (ns Mn+1))doo (n> ns1)

= Cdoo (/‘*m l’Ln+l):

for each # € N. By using this relation, we deduce that

doo(ﬂn+1: Mn+2) < Cdoo (//Ln: I’LVH-l) <--0 < Cn+1doo(/"0r /’Ll)r

for each n e N.
So, for arbitrary positive integers m and k, we see that

k+m-1

oo (s hksm) <Y doo(ilis thint)
i=k

+m—

Z /’LO! //Ll

i=k
k

1— Aoo (0, (1)-

Since ¢ € (0,1), we can conclude that {u,} is a Cauchy sequence in CB(X), as required.
Step 3. We show that there is u, € CB(X) such that u, C F;(1,), forall i € N.
Since {u,} is a Cauchy sequence in a complete metric space (CB(X),dw), there is u, €
CB(X) such that @, — . as 1 — 00. We now show that ., C Fi(u) forall i € N,
Let i € N be arbitrary. Firstly, by Lemma 2.2(iii) and (iv), let us notice that

Poo (M Fi(1s)) < oo (s 1)) + poo (s Filits))
< oo (s 1) + doo (Fi(1tjm1), Fi(i)) 3.7)
since p; C Fj(j;-1) for arbitrary natural numbers j such that i #;.
Subsequently, by using (3.7) and Lemma 2.2(iii), we derive

oo (Fi(j-1)s Fi(14+)) < @ (doo (115 ) max{doo (1-1, 1145 oo (14j-1 Fj(11j-1) )

Poo (Ko Fi()), 1/2[ poo (s F(14j-1)) + oo (1-1, Fi(124)) ]}

< @(doo(jm> s)) Max { doo (1415 1), Poo (i1 Fi(14j-1))
Qoo (s 1) + Ao (Fi(1tj-1)s Fi(104)) 1/2[ oo (15 127)

+ Poo (1 Fi(1j-1)) + doo(ijots ) + Poo (e Filis)) |}
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< @(doo(jm1, pe)) Max{do (i1, ths)s Poo (11, Fi(14j1))
doo (Mj: M) + oo (B(Mj—l), Fi(l"/*)): l/z[doo (Mj: M)

+ doo (11 1) + Poo (1 Fi(i)) ]} (3.8)

We now consider the following two possible cases:
Casel.If

doo(ﬂjv M) + doo (F/’(Mj—l)r Fi(ﬂ*))
= max{doo (1j-1, 1) Poo (-1, Fi(1j-1) ) doo (14)» 1)

+ doo (Fj(14-1)s Fi( 1)), 12 [ oo (14, 14) + oo (11, 14) + Poo (s Fi)) ]}

then, by inequality (3.8), we have

oo (Fi(j-1)s Fi(14+)) < (oo (j-15 1)) [doo (s 14) + oo (Fj(tj-1), Fi(pas) ]-
This is equivalent to

P(ds (Mj—l: M*))doo(:uj’ M)
1- (p(doo(ﬂj—lx M*))

doc (F]'(/'Lj—l)r FI(H’*)) =<

Using, the previous argument together with inequality (3.7), we have

(p(doo (/’Lj—l’ /’L*))doo(:u/’ //«*)
1- w(doo(u/j—l: M*))

Poo (M Fi( 1)) < oo (s 1)) +

_ doo(ﬂ*;.uj)
1- (p(doo(ﬂj—l;ﬂ*)).

(3.9)

Note that, since d (1), 1+) — 0 as j — oo, without loss of generality (passing to a sub-
sequence if necessary), we may assume that {doo (), 14.)}7; is a nonincreasing sequence.
Subsequently, by Theorem 2.4, we have

0 < sup ¢ (doo (), i14)) < 1.
jeN

Subsequently, by inequality (3.9), we obtain

doo(ﬂj’,u*)
[ee) *’Fi * =
ool i) = T i)

T 1= supjey @(doo (i1, 144))

(3.10)

Letting j — oo in inequality (3.10), we have

Poc (N*’Fi(ﬂ*)) <0.

This implies, by Lemma 2.2(i), that p, C Fi(u.).
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Case 2. Assume

doo(/’bj’ M*) + doo (Fj(/’Lj—l)r Fl(l’l/*))
# max{doo (141, 1x); oo (1j-1, Fi(1j1)), doo (s 1)
+deo (F}'(/Lj—l))Fi(/fL*))¢ 1/2[doo(ﬂj¢ M) + doo(ﬂj—l) M)

+ poo(/Jv*»Fi(M*))]}'

In this situation, by inequality (3.8), we have

oo (Fi(1tj-1), Fi(11))
< @ (doo(jo1> ) max{do (i1, 124); Poo (14-1, Fi(1j-1))s
1/2[doo (s ) + oo (-1, 1) + oo (s Fi1es)) ]}
< @(doo(tj1, 1)) Max{doo (1j1, 1h4), oo (14-1, 1), 112 oo (11 144)

+ doo (11 1) + Poo (1 Filia)) ] }-

So, it follows by inequality (3.7) that

Poo (Pews Fi(ths)) < oo (s 1) + @ (oo (i1 ) max{ oo (141, 144), oo (-1, 147)s
l/z[doo(ﬂj: ) + doo(/'Lj—b M) + Poo (MwFi(ﬂ*))]}

< doo (s, 1) + Supr(doo(u;_l,u*)) Max{doo (14j-1, s, Aoo (14-1, 1),
je

1/2[doo (s 114) + oo (11, 1) + Poo (e Fi 1)) |}
< oo (s 1) + max{doo (ij-1, 1), doo (1jo1s 1)),

1/2[doo (s 114) + oo (11, 1) + Poo (o Fit4)) ]} (3.11)
Letting j — oo in inequality (3.11), we obtain

pOO(M*rpi(M*))

pw(ﬂ*)Fi(ﬂ*)) =< 5

’

which implies that poo (4, Fi(ie+)) = 0. Again, by Lemma 2.2(i), it follows that 1, € Fi(uy).

Hence, by Cases 1 and 2, the proof is completed. d

Remark 3.2 Theorem 3.1 recovers Theorem 1.1 as a special case. Meanwhile, it improves

Theorem 1.2 since we are considering a larger class of metric space settings.
Using Theorem 3.1, we also obtain the following result.

Corollary 3.3 Let (X,d) be a complete metric space and let {F;}7°, be a sequence of fuzzy
self-mappings of CB(X). If there exist nonnegative constants a, b, ¢, a + 2b + 2¢ < 1, such



Suantai et al. Fixed Point Theory and Applications (2015) 2015:167 Page 10 0of 13

that for each p,, uo € CB(X), and for arbitrary positive integers i and j, i #J,

oo (Fi(111), F(112)) < adoo (101, 12) + b{ poo (11, Fi(111)) + poo (a2, Fi(2)) }

+ ] pos (111, Fi(12)) + poo (142, Fi(1)) }» (3.12)

then there exists a . € CB(X) such that ., C F;i(,) forall i € N.

Proof Let us define an R function ¢ : [0,00) — [0,1) by
o(t)=a+2b+2c forallte[0,00).

Then one can derive that the relation (3.12) is transformed to (3.1), and so the required

result follows immediately from Theorem 3.1. O

Next, motivated by the idea of Berinde [18], we now present another fuzzy fixed point

theorem.

Theorem 3.4 Let (X,d) be a complete metric space and let {F;}, be a sequence of fuzzy
self-mappings of CB(X). If there exist an R-function ¢ : [0,00) — [0,1) and L > 0 such that
for each py, Ly € CB(X), and for arbitrary positive integers i and j, i #j,

(P00 (11, Fi(121)) + poo(tt2s Fj(12))]
2

+ Lpoo (12, Fi 1)), (3.13)

oo (Fi(11), Fi(1t2)) < @(doo (i1, 12))

then there exists a (. € CB(X) such that ., C F;(j.) for all i € N.

Proof Let us construct and consider again a function k and the sequences which we have
defined in (3.2). Recall that, by our constructive method, we also know that

Poo (/Ln—l’ Fn(ﬂn—l)) < doo(Pn-1, Un)s

for each n € N. Using this together with (3.13), we derive

Aoo(lns1s ns2) < Budoo (Fnﬂ (1n)s Fn+2(,“vn+1))

(000 (ns Fn1(1hn)) + Poo(nsts Frsa(tns1))]
2

< Bup (doo(,unr ﬂn+1))

+ BuL poo (Hn+1r Fn+1(ﬂn))

[doo (/’Ln: /'L}’H-l) + doo(ﬂn+1v Mn+2)]
2

[doo (:U'n: M;ﬂl) + doo(ﬂnﬂ, ,un+2)]
2 7

< Bup (doo(luvm Mn+1))

< ﬂnk(doo (s l/Ln+1))

for each n € N. This is equivalent to

Bk (doo (s hns1))
doo n+ls Mn+2) < doo ny Mn+l)s 3.14
(st ) < 38 Gt o)) 220 P 1) (3.14)
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for each n € N. Observe that, since B, k(dso(tn;, ttns1)) € (0,1), we also have

Bk (oo (s hns1)
2 — Buk(doo(tns ni1))

€ (0,1),

for all n € N. Thus, by (3.14), we see that {doo(tts, 1)} is a strictly decreasing sequence
in [0, 00). Since ¢ is an R-function, by applying Theorem 2.4, we have

0 =< sup (/)(doo(,bbn, //Ln+l)) <L

neN

Next, as we have done in order to prove Theorem 3.1, we write

A 1= sup Buk (doo (1 ns)) <1
neN

Let us take c:= Lx It follows that ¢ € (0,1) and, by (3.14), we also have

Buk(doo(tns ne1))
2 — Buk(doo(thns tns1))
< cdoo(Uns fns1)- (3.15)

doo (/Ln+1: Mn+2) < doo(lu“m Mn+1)

Now, again by reasoning along the lines of proving Theorem 3.1, we can show that there
isa u* € CB(X) which is the limit point of the considered sequence {j,}, under the supre-

mum metric d, and it satisfies

0= $u£¢(doo(ﬂj, M*)) <L (3.16)
je

Finally, we will show that u.. € Fi(u.) foralli € N. Let i € N be arbitrary. Note again that

Poo (M*yFi(ﬂ*)) < doo (s :u/') * Poo (Mj; Fi(ﬂ*))

= doo (/’L*v M]) + doo (B(M]—l)’Fi(llL*)): (317)
for each j € N such that j #i. Consider

oo (Fi(1tj-1), Fi(11))
) [Poo (-1, Fi(1j-1)) + Poo(tts, Fi(pe+))]

< @ (doo(ptjon, s + Lpoo (s Fi(14j-1))

2
’ (o] *7Fi *
< i) LD (a0 ) e FLED
+ L(d (M*! /JL/) + Poo (/’Ll’ )))
o e o0 *’Fi *
= gD(dOO(Il’L/—l’ M*))M + @(doo(ptj1, )M

( 2
+ Lo (1 1) + Lpoo (14> (1))
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where j € N with j #i. Subsequently, from (3.17) together with (3.16), we obtain

oo (i1, 1))

Poo (M*,Fi(ﬂ*)) < doo (s Mj) + Qo(doo(,u'j—l, M*)) 5

,OOO(M*,FZ(,U/*))

+ ﬁﬁ(doo(l/b/—l; M*)) 2

+ Ldoo (/’L*, M]’) + Llooo (/’Lﬁ F](M]*l))

Aoo(tj-1, 1))
< (1 Lo 47) + sup ¢ (doo (b 1)) %
je

Poo (s Fi(fhs))
+ sup QD(doo(Mj-l; M*)) fl
jeN

oo (Ij1, 145) . poo(u*,Fi(u*))‘

d
1 L o] *r Aj
<+ L)doo(phs, i) + 5 5

(3.18)

By letting j — oo on the right of inequality (3.18), we have

(e%) *’Fi *
Poo (M*rFt(M*)) < M;

which implies that poo(f4«, Fi(144)) = 0. Then, by Lemma 2.2(i), we have u, C F;(1.). Since
i € N is arbitrary, we complete the proof. O

The following result can be deduced from Theorem 3.4.

Corollary 3.5 Let (X,d) be a complete metric space and let {F;}°, be a sequence of fuzzy
self-mappings of CB(X). If there exist an R-function ¢ : [0,00) — [0,1) and L > 0 such that
for each p, Ly € CB(X), and for arbitrary positive integers i and j, i # J,

oo (Fi(111), Fi(112)) < @(doo (181, 142)) [ oo (101, Fi(141)) poo (225 F/(Mz))]l/2

+ L oo (12, Fi 1)), (3.19)

then there exists a (. € CB(X) such that . C F;i(j.) for all i € N.

Proof Since foreach a,b € R*, wehave vab < “T*b , the required result follows immediately
from our Theorem 3.4. O

Remark 3.6 Corollary 3.5 recovers a result which has presented in [12], when L = 0.

4 Conclusions

In this paper we have presented fuzzy fixed point theorems on the space of fuzzy sets under
a kind of supremum metric setting. We would like to point out that this kind of space is
very general and interesting. Moreover, as one can observe, a fixed point in this situation
is, in fact, a fixed (fuzzy) set. This means that our presented results are very general and
we recover many existing results on fixed point theory as regards both single-valued and
set-valued mappings.
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