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1 Introduction
Let (X, F, A) be a probabilistic metric space and 7 : X — X be a mapping. If there exists a
gauge function ¢ : R* — R* such that

FTx,Ty(gz)(t)) > F,,(t) forallx,yeXandt>0,

then the mapping 7 is called a probabilistic ¢-contraction. The probabilistic ¢-contraction
is a generalization of probabilistic k-contraction given by Sehgal and Bharucha-Reid [1]. In
literature, many authors investigated fixed point theorems for probabilistic ¢-contractions
in Menger spaces; see [2—7]. On the fixed point theorems for other types of contractions
in Menger or fuzzy metric spaces, please see [8—12]. Recently, Jachymski [13] proved a
new fixed point theorem for a probabilistic ¢-contraction in which the condition on the

function ¢ is weakened. More precisely, the author gave the following result.

Theorem 1.1 ([13]) Let (X, F, A) be a complete Menger probabilistic metric space with a
continuous t-norm A of H-type, and let ¢ : R* — R* be a function satisfying conditions:

O0<op(t)<t and lim ¢"(t)=0 forallt>DO0.

If T: X — X is a probabilistic ¢-contraction, then T has a unique fixed point x* € X, and

{T"x0} converges to x* for each xy € X.
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Although Theorem 1.1 has been a very perfect result in which the condition on the gauge
function g is very simple, Fang [14] improves Theorem 1.1 by giving a new condition on ¢
recently. Let ¢ : R* — R* be a function satisfying the following condition:

for each ¢ > 0 there exists r > ¢ such that lim ¢”"(¢) = 0. (11)
n—00

Let ®,, denote the set of all functions ¢ : R* — R* satisfying the condition (1.1) and let ®
denote the set of all functions ¢ : R* — R* satisfying the condition that lim,_.o ¢"(£) =0
for all £ > 0. In [14], Fang gave an example of ¢ € ®,, but ¢ ¢ ®.

By using the condition (1.1), Fang gave the following result.

Theorem 1.2 ([14]) Let (X, F, A) be a complete Menger space with a t-norm A of H-type. If
T : X — X is a probabilistic ¢-contraction, where ¢ € ®, then T has a unique fixed point
x* € X, and {T"x} converges to x* for each xy € X.

Since the condition (1.1) is weaker than the one in Theorem 1.1, Theorem 1.2 improves
Theorem 1.1. In [14], Fang asked the following question:

Can the condition (1.1) in Theorem 1.2 be replaced by a more weak condition?

In this paper, we give a positive answer to the question of Fang by proving a new fixed
point theorem for a probabilistic ¢-contraction in Menger spaces. In our result, the func-
tion ¢ is required to satisfy a more weak condition than (1.1) and the £-norm is not required
to be of H-type. Our result improves the corresponding one of Fang [14] and some others.
Finally, an example is given to illustrate our result.

2 Preliminaries
In the rest of this paper, let R = (—00, +00), R* = [0, +00) and N denote the set of all natural
numbers.

A mapping F : R — [0,1] is called a distribution function if it is non-decreasing and
left-continuous with inf;cg F(£) = 0. If in addition F(0) = 0, then F is called a distance dis-
tribution function. A distance distribution function F satisfying lim;_,, F(f) =1 is called
a Menger distance distribution function.

The set of all Menger distance distribution functions is denoted by D*. It is known that
D~ is partially ordered by the usual pointwise ordering of functions, that is, F < G if and
only if F(¢) < G(¢) for all £ > 0. The maximal element in D* on this order is the distance

distribution function €, defined by

0, t=0,

€oll) =
o(®) 1, t>0.

Definition 2.1 ([15]) A binary operation A : [0,1] x [0,1] — [0,1] is a t-norm if A satisfies
the following conditions:

(1) A is associative and commutative;

(2) A(a,1)=aforalla € [0,1];

(3) A(a,b) < A(c,d) whenever a < cand b < d for all a, b, c,d € [0,1].

Two typical examples of the continuous t-norm are Ap(a,b) = ab and Apyla,b) =
min{a, b} for all ¢, b € [0,1].
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Definition 2.2 ([16]) A t-norm A is said to be of Hadzi¢-type (for short H-type) if the
family of functions {A™(¢)}5_; is equicontinuous at ¢ = 1, where

Al = AR, AN = AL A™E), m=12,...,t€[0,1].

It is easy to see that Ay is a t-norm of H-type but Ap is not of H-type. Here we give a
new ¢t-norm of H-type by Ay and Ap.

Example 2.1 Let A(x,1) = A(1,x) = x for all x € [0,1], A(x,y) = Ap(x,y) for all x,y € [0,1]
with max{x, y} € [0, %] and A(x,y) = Ap(x,y) for all x,y € [0,1] with max{x,y} € (3,1]. It is
easy to check that A is a t-norm. Now we show that it is of H-type. For any given € € (0, %),
set§=¢. Thenl-8=1-—¢> %.Thus,forallte (1-6,1),onehas A"(¢)=t>1-8=1-¢
forallm e N.Fore € [%, 1), taking § € (0, %) arbitrarily, then we have 1 -6 > % >1-¢€.Thus
forallte (1-6,1), A"(t)=t>1-68> % >1- € for all n € N. Therefore, A is a t-norm of
H-type.

Example 2.2 Let § € (0,1] and let A be a t-norm. Define As by As(x,y) = Alx,y), if
max{x,y} <1-§,and As(x,y) = min{x, y}, if max{x, y} > 1-4. then A; is a t-norm of H-type;
see [17]. However, if As(x,1) = As(1,x) = x for all x € [0,1], As(x,y) =3 for all x,y € [§,1)
and As(x,y) = 0 for all x,y € [0,1] with min{x, y} € [0,8), then A; is a £-norm but not of
H-type.

For other ¢-norms of H-type, the reader may refer to [16].

Definition 2.3 ([18]) A triple (X, F, A) is called a Menger probabilistic metric space (for
short, Menger space) if X is a nonempty set, A is a t-norm, and F is a mapping from
X x X — D* satisfying the following conditions (for x,y € X, denote F(x,y) by F,):

(PM-1) F,,(t) = €o(¢) for all t € R if and only if x = y;

(PM-2) F,y(t) = F)(t) forall t e R;

(PM-3) F,,(t +5) > A(Fy;(2), F,y(s)) forallx,y,z € X and £,5 > 0.

Definition 2.4 ([15]) Let (X, F, A) be a Menger space and {x,} be a sequence in X. The
sequence {x,} is said to be convergent to x € X if lim,_, o Fy, «(£) =1 for all £ > 0; the se-
quence {x,} is said to be a Cauchy sequence if for any given ¢ > 0 and € € (0, 1), there exists
N, € Nsuch that F,, », (¢) > 1 — € whenever m, n > N, .; the Menger space (X, F, A) is said
to be complete, if each Cauchy sequence in X is convergent to some point in X.

3 Main results
In this section, let @+ denote the set of all functions ¢ : R* — R* satisfying the following
condition:

for each #1,t, > 0 there exists r > max{t;,£,} and N € N

such that ¢”(r) < min{t, t,} for all # > N. (3.1)

Obviously, the condition (3.1) implies that

for each ¢ > 0 there exists r > tand N ¢ N

such that ¢”(r) < ¢t for all m > N. (3.2)
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It is easy to see that for each ¢ € @, ¢ € ®y+. In fact, if ¢ € Py, then for each ;,£;, > 0,
there exist r; > t; and r, > ¢, such that lim,_, o ¢"(r1) = lim,_, o ¢"(r2) = 0. Assume that
t; < tr. Then there exists N € N such that ¢"(r,) < t; for all # > N. Thus ¢ € ®y+.

However, if ¢ € @+, then it is unnecessary that ¢ € ®,,.

Example 3.1 Let ¢ : R* — R* by ¢(¢t) = ¢ for all £ € [0,1], ¢(¢) = ¢ — 1 for all £ € (1, 00).
Then ¢ € ®+. In fact, for each £, £, € (0,00), there exists N € Nsuch thatr =1+ N +¢€ >
max{ty, t}, where € € (0, min{#y, £,1}). Then we have ¢"(r) = € < min{t;, #,} forall n > N +1.
So ¢ € ®y+. However, since lim,,_, o, ¢"(r) #0 for all 7 > 0, ¢ ¢ ®,,.

From Example 3.1 we see that ®,,« is a proper subclass of ®,. On ®+, ®,, and ®, we
have ® C ®,, C ®-.

Lemma 3.1 Let ¢ € ®y=«. Then for each t > 0, there exists r > t such that ¢(r) < t.

Proof Suppose that there is £y > 0 such that ¢(r) > ¢, for all r > #,. By induction, we obtain
@"(r) > to for all n € N. From (3.2) it follows that there exist r > £, and N € N such that
@"(r) < to for all n > N, which contradicts ¢"(r) > £, for all ¥ > £y and # € N. Thus for each
t > 0, there exists r > t such that ¢(r) < t. This completes the proof. O

Lemma 3.2 Let (X, F, A) be a Menger space and x,y € X. If there exists a function ¢ € Py«
such that

Fiy(0(t)) = Fyy(t), VE>0, (3.3)
thenx = y.

Proof First by a similar proof with Lemma 2.2 of [14] we can show that for all » € N and
¢t >0, one has ¢"(t) > 0. By induction, from (3.3) it follows that

Fx,y(go”(t)) > F,,(t) forallmeNandt>0. (3.4)

Next we show that F, ,(£) = 1 forall £ > 0. In fact, if there exists #y > 0 such that F, ,(¢) < 1,
then since lim,_, o Fy, () = 1 there is £; > fo such that

Fy,(t) > Fyy(tp) forallt>t. (3.5)

Since ¢ € P+, there exist £, > max{t;, £y} and N € N such that ¢"(¢;) < min{¢, £;} for all
n > N. By the monotonicity of F,(-), from (3.4) and (3.5) it follows that, for each # > N,

Fx,y(tO) > Fx,y((pn(tZ)) > Fx,y(tZ) > Fx,y(tl) > Fx,y(t())'

It is a contradiction. Therefore, F,,(¢) =1 for all ¢ > 0, i.e., x = y. This completes the
proof. O

Lemma 3.3 Let (X, F, A) be a Menger space where A is continuous at (1,1) and let {x,}
be a sequence in X. Suppose that there exists a function ¢ € ®y+ satisfying the following
conditions:
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(1) ¢(2) >0 forallt>0;
(2) Frpoy(0(8)) > Fy\y 1 (2) forall n,m e Nand t > 0.
Thenlim,_, o Fy, . (t)=1forallk e Nand t> 0.

Proof 1t is easy to see that the condition (1) implies that ¢”(¢) > 0 for all £ > 0 and the
condition (2) implies that

Frpiyir (") = Fyo (6), VneNand Vi > 0. (3.6)
We first prove that
lim Fy,, ,(t)=1, Vt>O0. (3.7)

Since limy_, o Fy x, (£) = 1, forany € € (0,1), there exists ¢y > 0 such that F, ,, (£,) > 1-€. For
each t > 0, since ¢ € P+, there exist f; > max{¢, £y} and N € N such that ¢"(#;) < min{t, £}
for all # > N. By the monotonicity of Fy,,(-), from (3.6) we have

Fxn,xn+1 (t) > Fxn,xml (‘pn(tl))
> Fxo,xl (tl) > Fxo,xn (tO)
>1—€¢ forallm>N,

which implies that (3.7) holds. Assume that lim,,_, o F,, ., (t) = 1 for eachk € Nand ¢ > 0.

Since A is continuous at (1,1), we have
Frpitnint ) = A(Fay  (812), F oy #/2)) > A1) =1 asn— oo.
By induction we conclude that

lim F, . ,(t)=1, VYkeNandVt>0.

n—00

This completes the proof. O

Lemma 3.4 Let (X, F, A) be a Menger space where A is of H-type and continuous at (1,1)
and let {x,} be a sequence in X. Suppose that there exists a function ¢ € ®y« satisfying the
conditions (1) and (2) in Lemma 3.3. Then {x,} is a Cauchy sequence.

Proof Lett>0.By Lemma 3.1 there is r > ¢ such that ¢(r) < t. We show by induction that

F,

XnXp+k

t) = AX(Fyn,, (- 0(r))), VkeN. (3.8)

Obviously, (3.8) holds for k = 1. Assume that (3.8) holds for some k € N. By (2) in
Lemma 3.3 we have

Fxﬂvxn+k+l (t) = A (Fxn'an (t - g0(’”))’ Fxﬂ+1vxr1+k+1 (go(r)))

= A (Fxn,xml (t - 90(V))7 Fxn,xmk (r))
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> A (Fxn,xml (t - <ﬂ(f))’ Fxn,xmk(t))
> A(FXn,Xn+1 (t - <ﬂ(f)), Ak(Fxn,xml (t - W(r))))
= Akt (Fapnr (£ = 0(1)).

It follows that (3.8) holds for k + 1. So (3.8) holds for all kK € N.

Let ¢ > 0. Define a,, = infyz; Fy, x,
such that ¢(#) < £. So by the condition (2) we have

(#). Since ¢ € ®y,+, by Lemma 3.1 there exists £y > ¢

ay = ,1(1;{ Frp i (0)
> ]i(IZI{Fxn,xmk (¢(t0))
z /g{ Fxn—lvxn—hk (to)
> g{Fxm,xn_uk(t)

=a,1 forallneN.

So {a,} is non-decreasing. Since {a,} is bounded, there exists € [0,1] such that a, — a
as n — 00. Assume that 4 < 1. Then there exists 7 € (0,1) such that  + n < 1. For any given
€ € (0,1/2), by the definition of a,, there exists k = k(€,n) € N such that

an > Fyp, (£) — €/2. (3.9)

By Lemma 3.3 one has lim,_, o Fy, x,., (t — ¢(7)) = 1. Therefore there exist § € (0,1) and
N € Nsuch that F, (t—@(r)) € (1-6,1) foralln > N. Since A is of H-type, Ak(Fxn,xM (t—

XnXp+1

@(r))) >1—¢€/2 for all n > N and all k € N. Further combing (3.8) and (3.9) we get
1>a+n>a,>1-¢€

for all n > N, which implies that
1>a+6>a>1.

It is a contradiction. So a = 1. Since a,, — 1 as n — o0, there exists N’ € N such that a4, >
1-€ for all » > N. Then by the definition of {a,}, we have

Fxn,xn+k(t) >1-¢

for all n € Nwith n > N" and all k € N. Thus {x,} is a Cauchy sequence. This completes the
proof. O

Theorem 3.1 Let (X, F, A) be a complete Menger space where A is of H-type and continu-
ousat(1,1). Let T : X — X be a probabilistic p-contraction, where ¢ € ®.+ satisfies p(t) > 0
forallt>0. Then T has a unique fixed point x* € X, and {T"x,} converges to x* for each
X0 € X.
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Proof Take x € X arbitrarily and define the sequence {x,} by x,, = Tx,_; for each n € N.
Since T is a probabilistic ¢-contraction, we have

Fy\ 50 ((p(t)) =Fry, 1 T ((p(t)) >Fy 1x,.(), VYmmneNandVt>0.

So, from Lemma 3.4 it follows that {x,} is a Cauchy sequence. Since X is complete, there
exists x* € X such that x,, — x* as n — 0.

Next we show that x* is a fixed point of T. For any ¢ > 0, Lemma 3.1 shows that there
exists r > t such that ¢(r) < t. By the monotonicity of A we get

Fx*,Tx* (t) =>4 (Fx*vxml (t - (p(r)), Fxml,Tx* (¢ (7")))
= A(Fx*,xml (t - (p(r)):FTxn,Tx* ((P(V)))
= A(Fx*,xml (t - ‘p(r))¢Fxn,x* (I"))

> A(cp, cn), (3.10)

where ¢, = min{F ., (t — (7)), Fy, »<(r)}. Since ¢, — 1 as n — oo and A is continuous at
(1,1), from (3.10) we have

Foox 1 (£) = Alep ) = A(LD) =1,

which implies that x* = Tx*.
Finally, we prove that x* is the unique fixed point of 7. Suppose that T has another fixed
point ¥’ € X. Then we have

Fx*,x/ ((P(t)) = FTx*,Tx’ ((P(t)) > Fx*,x’(t)r vt > 0.

From Lemma 3.2 it follows that x* = x’". Thus x* is the unique fixed point of 7. This com-
pletes the proof. d

Corollary 3.1 Let (X, F, A) be a complete Menger space where A is of H-type and contin-
uous at (1,1). Let Ty, Ty : X — X be two mappings such that

FroxToy (go(t)) >F,,)(t) and Fryr,(t) > Fiy(t) forallx,yeXandt>0, (3.11)

where ¢ € @y« satisfies p(t) > 0 for all t > 0. If Ty commutes with Ty, then To and Ty have
a unique common fixed point in X.

Proof Let T = Ty T. Then (3.11) implies that T is a probabilistic ¢-contraction. From The-
orem 3.1 it follows that 7" has a unique fixed point x* € X. Since T, commutes with T3, we
have Ty T1x* = T1 Tox*. Further we have T(Tox*) = (To T1)(Tox™) = To(To Tix*) = To(Tx*) =
Tox*, which implies that Tox™* is a fixed point of 7. Since T has a unique fixed point x*, one
has Tox* = x*. Similarly, we have T1x* = x*. Thus x* is the common fixed point of T and T5.
Assume that ¥’ € X is another common fixed point of T and T;. Since Ty commutes with
Ty, we have T(Tox') = (ToT1)(Tox') = To(ToT1x') = To(T1 Tox') = Tox', which implies that
Tox' is the fixed point of 7. Since x* is a unique fixed point of T, one has ' = Tox' = x*.
Thus x* is the unique common fixed point of Tj and T;. This completes the proof. d
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Finally, we give an example to illustrate Theorem 3.1.

Example 3.2 Let X = {32 : n € N} U {0, 3} and define the mapping F: X x X — D* by
F,,(0)=0forallx,y € X, F;,(¢) =1forallx € X and £ > 0,

3 1

3, 0<t<3, 2 0<t=<l|x-yl,
Ena(t)=Fao®)=15° and F,,(t)=F,,(t)=1 2
0,3(8) = F3,0(¢) {L £53 xy(8) = Fye() 1, t>lx—y

for all x,y € X with x #y and {x,y} # {0,3}. It is easy to see that (X, F, A) is a complete
Menger space.

Let T: X — X be a mapping defined by T0 = T3 = T27 = 0 and 73"*3 = 3"*2 for each
neN. Let ¢ : R* — R* be a function defined by

(o) = t, ifo<t<l,
PV l1, s

Then ¢ € @+, but ¢ ¢ ®,,; see Example 3.1.
Next we show that T is a probabilistic ¢-contraction, i.e., T satisfies the following con-
dition:

Fremn ((p(t)) > F,,(t) forallw,yeXandt>0. (3.12)

First, it is easy to see that for x,y € {0,3,27}, (3.12) holds for all ¢ > 0 since 70 = T3 =
T27 = 0. Next we show that (3.12) holds for all x,y € X with x # y and {x,y} Z {0,3,27}
and ¢ > 0. Obviously, if | Tx — Ty| < ¢(£), then Fry, 13,(¢(£)) =1 > F,,,(£). So (3.12) holds. Now
we consider all x,y € X with x # y and {x,y} Z {0,3,27} and ¢ > 0 with | Tx — Ty| > ¢(¢) by
the following cases:
(a) For (x,9) € {(0,3"3),(3,3"*3),(27,3"3) : n € N}, it is easy to conclude that
@(t) < |Tx — Ty| implies that t < |x — y| for all £ > 0. Thus if ¢(¢) < |Tx — Ty|, then

=F,,(t) forallt>O0.

N =

FTx,Ty ((P(t)) =

Therefore (3.12) holds.
(b) For (x,y) € {(3"3,3"*3) : m,n € N with m > n}, we have
o(t) < |Tx - Ty| = 3"2 - 3"2 < 3(3"™+2 —3"*2) = |y — x| for t € (0,1]. For ¢ > 1, from
o) =t-1<|Tx - Ty| = 3"*2 — 3"*2, we have
£ <3m2 _3m2 41 <33 _ 3143 = |x — y] since
33 _gm3 _gmi2 4 3me2 - 9(3m+2 _3142) 5 1. So ¢(t) < | Tx — Ty| implies that
t <|x—y|forall £>0. Thusif () < |Tx — Ty|, then

=F,,(t) forallt>O0.

N =

FTx,Ty(w(t)) =
Therefore (3.12) holds.

By the discussion above, (3.12) holds for all x,y € X and ¢ > 0. Therefore, T is a proba-
bilistic ¢-contraction. All the conditions of Theorem 3.1 are satisfied. By Theorem 3.1, T
has a unique fixed point x* € X. Obviously, x* = 0 is the unique fixed point of 7. However,
since ¢ ¢ @, Theorem 1.2, i.e., Theorem 3.1 of [14] cannot be applied to this example.
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4 Conclusion

In this paper, we prove a new fixed point theorems for a probabilistic ¢-contraction in
Menger spaces. In the theorem, a more weak condition on the gauge function ¢ is required.
Thus our result improves Theorem 1.2 of Fang [14] and some others, such as Jachymski
[13], Ciri¢ [2], and Xiao et al. [19]. By using Theorem 3.1, it is easy to prove some fixed
point theorems for ¢-contraction in fuzzy metric spaces like Theorems 4.1-4.4 in [14].
For shortening the length of this paper, we omit the proofs of these theorems.
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