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Abstract

In this paper, we introduce the notion of generalized cyclic contraction pairs in
b-metric spaces and establish some fixed point theorems for such pairs. Also, we give
some examples to illustrate the main results which properly generalizes some results
given by some authors in literature. Further, by using the main results, we prove some
common fixed point results for generalized contraction pairs in partially ordered
b-metric spaces. Our results generalize and improve the result of Shatanawi and
Postolache (Fixed Point Theory Appl. 2013:60, 2013) and several well-known results
given by some authors in metric and b-metric spaces.
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1 Introduction

Fixed point theory plays a basic role in applications of many branches of mathematics.
Finding fixed points of generalized contraction mappings has become the focus of strong
research activity in fixed point theory. Recently, many authors have published many pa-
pers on fixed point theory and applications in several ways. One of the recently popular
topics in fixed point theory is to show the existence of fixed points of cyclic contraction
mappings in several spaces. In 2003, Kirk et al. [1] introduced concepts of cyclic mappings
and cyclic contraction mappings and also gave some interesting fixed point theorems for
these mappings. Later, several mathematicians have been studying fixed point results for
cyclic mappings satisfying generalized contraction conditions (see in [2-5]).

In 2013, Shatanawi and Postolache [6] introduced the notion of a generalized cyclic con-
traction for the pair of self-mappings in partially ordered metric spaces and proved some
common fixed point theorems for such a pair by using the idea of altering distance func-
tions due to Khan et al. [7].

On the other hand, in 1989, Bakhtin [8] introduced the concept of b-metric spaces as a
generalization of metric spaces and also proved Banach’s contraction principle in b-metric
spaces, which is a generalization of Banach’s contraction principle in metric spaces. After-
ward, many mathematicians have studied fixed point results for single-valued and multi-
valued mappings in b-metric spaces (see [9-13]).
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In this paper, we introduce the concept of new generalized cyclic contraction pairs in
b-metric spaces and establish some fixed point theorems for such pairs in the setting of
b-metric spaces. Also, we give some examples to illustrate that our results properly gener-
alize some results given by some authors in literature. Further, by using our main results,
we give some common fixed results in partially ordered b-metric spaces. Our result gener-
alizes and improves the corresponding results of Shatanawi and Postolache [6] and several
well-known results of fixed point and common fixed point theorems given by some au-

thors in metric and b-metric spaces.

2 Preliminaries
Throughout this paper, we denote by N, R, and R the sets of positive integers, non-
negative real numbers and real numbers, respectively.

In 1984, Khan et al. [7] introduced the concept of an altering distance function as follows.

Definition 2.1 The function ¢ : [0,00) — [0, 00) is called an altering distance function if
the following properties hold:

(1) ¢ is continuous and nondecreasing;

(2) @(t)=0ifand onlyif£=0.

The following examples illustrate the definition.

Example 2.2 Let ¢, ¢, : [0,00) — [0, 00) be defined by
@i(t)=(L-k)t and @y(t) =¢

for all £ € [0, 00), where k € [0,1) and [ € (0, 00). Then the functions ¢; and ¢, are altering
distance functions (see the geometry of the functions ¢; and ¢, in Figure 1).

In 2003, Kirk et al. [1] introduced the concepts of cyclic mappings and cyclic contrac-

tions as follows.

Definition 2.3 ([1]) Let A and B be nonempty subsets of a metric space (X, d). A mapping
f:AUB— AU B is said to be cyclic if f(A) C B and f(B) C A.
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Figure 1 Geometry of functions ¢4 and @;.
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Definition 2.4 ([1]) Let A and B be nonempty subsets of a metric space (X, d). A mapping
f:+AUB— AUBiis called a cyclic contraction if there exists k € [0,1) such that

d(fx.fy) < kd(x,y) (21)
forallx € A and y € B.
On the other hand, Bakhtin [8] introduced the concept of a b-metric space as follows.

Definition 2.5 ([8]) Let X be a nonempty set and s > 1. Suppose that the mapping 4 :
X x X — R, satisfies the following conditions:

(1) 0 <d(x,y) forallx,y € X and d(x,y) = 0 if and only if x = y;

(2) d(x,y)=d(y,x) for all x,y € X;

(3) d(x,y) <s[d(x,z) + d(z,y)] for all x,y,z,€ X.
Then (X, d) is called a b-metric space with coefficient s.

Every metric space is a b-metric space with s = 1 and so the class of b-metric spaces is
larger than the class of metric spaces. In general, a b-metric space does not necessarily
need to be a metric space.

Now, we give some known examples of a b-metric which show that a b-metric space is
a real generalization of metric spaces as follows.

Example 2.6 Let X =R and a mapping d : X x X — R, be defined by
dx,y) = |lx -y
for all x,y € X. Then (X, d) is a b-metric space with coefficient s = 2.

Example 2.7 The set [,(R) with 0 < p <1, where

L,(R) := {{xn} CR: Y |al < 00},

n=1
together with the mapping d: [,(R) x /,(R) — R, defined by
1
o0 r
d(x,y) = (Z 1~ 9 |P)
n=1

for each x = {x,},¥ = {y.} € [,(R) is a b-metric space with coefficient s = 2}’ > 1. The above
result also holds for the general case /,(X) with 0 < p <1, where X is a Banach space.

Example 2.8 Let pbea given real number in the interval (0,1). The space L,[0,1] of all real
functions x(t), ¢ € [0,1] such that fol |%(£)? dt < 1 together with the mapping d : L,[0,1] x
L,[0,1] — R, defined by

1 1/p
diy):=( | |x@-y@)| dt
0

1
for each x,y € L,[0,1] is a b-metric space with constant s = 27.
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Next, we give the concepts of convergence, a Cauchy sequence, b-continuity, and com-
pleteness and closedness in a b-metric space.

Definition 2.9 ([10]) Let (X,d) be a b-metric space. Then a sequence {x,} in X is called:
(1) b-convergent if there exists x € X such that d(x,,x) — 0 as n — o0; in this case, we
write limy,_, o %, = %;

(2) a b-Cauchy sequence if d(x,,x,,) — 0 as n,m — o0.

Proposition 2.10 ([10]) In a b-metric space (X, d), the following assertions hold:
(1) a b-convergent sequence has a unique limit;
(2) each b-convergent sequence is a b-Cauchy sequence;
(3) in general, a b-metric is not continuous.

We need the following lemma as regards b-convergent sequences in the proof of our
results.

Lemma 2.11 ([14]) Let (X, d) be a b-metric space with coefficient s > 1 and let {x,}, {y,} be
b-convergent to the points x,y € X, respectively. Then we have

1
—Zd(x,y) <liminfd(x,,y,) <limsupd(x,,y,) < szd(x,y).
S n—00

n—00

In particular, if x = y, then we have lim,_, » d(x,,y,) = 0. Moreover, for each z € X,

1d(x, z) < liminfd(x,,z) < limsupd(x,,z) < sd(x,z).
N n—00 n—00
Definition 2.12 ([10]) Let (X,d) and (X’,d’) be two b-metric spaces.
(1) The space (X, d) is b-complete if every b-Cauchy sequence in X b-converges;
(2) afunction f: X — X’ is b-continuous at a point x € X if it is b-sequentially
continuous at x, that is, whenever {x,} is b-convergent to x, {fx,} is b-convergent
to fx.

Definition 2.13 ([10]) Let Y be a nonempty subset of a b-metric space (X, d). The closure
Y of Y is the set of limits of all b-convergent sequences of points in Y, i.e.,

Y= [x € X : there exists a sequence {x,} in Y so that lim x, = x}
n—00

Definition 2.14 ([10]) Let (X, d) be a b-metric space. Then a subset Y C X is said to be
closed if and only if, for each sequence {x,} in Y which b-converges to a point x, we have
xeY (ie,Y=Y).

In 2014, Sintunavarat [15] (see also [16]) introduced the useful concept of transitivity for
mappings as follows.

Definition 2.15 ([15, 16]) Let X be a nonempty set. The mapping o : X x X — [0, 00) is
said to be transitive if, for all x,y,z € X,

alx,y) > 1, ay,z2)>1 = alxz)>1
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3 Main results
Let (X, d) be a b-metric space with coefficient s > 1 and f, g : X — X be two self-mappings.
Throughout this paper, unless otherwise stated, for all x,y € X, let

d(x, d(y,
Mi(x,y) = max{d(x,y),d(x,fx), d(y,gy), W }

If s =1, we write M(x, y) instead M;(x,y), that is,

d(x,gy) +d(y,fx) }

M(x,y) := max{d(x,y),d(x,fx),d(y,gy), 5

Definition 3.1 Let A, B be two nonempty closed subsets of a b-metric space (X, d) with
coefficient s > 1, & : X x X — [0,00), ¥ : [0,00) — [0,00) and f,g : X — X be four map-
pings. The pair (f,g) is called an cyclic a-(y, A, B)s-contraction if
(1) ¥ is an altering distance function;
(2) AU B has a cyclic representation w.r.t. the pair (f,g), that is, f(A) € B, g(B) C A, and
X=AUB;
(3) there exists 0 < § < 1 such that the following condition holds:

x€A,yeB witha(x,y)>1ora(y,x)>1

= Y (Sd(fxg) < 8Y (My(x,7)).

(3.1)

Definition 3.2 Let A, B be two nonempty closed subsets of a b-metric space (X, d) with
X=AUBand «:X x X — [0,00) and f,g : X — X be three mappings. The pair (f,g) is
said to be a-(A, B)-weakly increasing if o(fx, gfx) > 1 for all x € A and a(gx, fgx) > 1 for all
x €B.

Now, we give the main results in this section.

Theorem 3.3 Let (X, d) be a complete b-metric space with coefficient s > 1 and A, B be
nonempty closed subsets of X. Suppose that o : X x X — [0,00), ¥ : [0,00) — [0, 00) and
f.g: X — X are four mappings such that the pair (f,g) is a-(A, B)-weakly increasing and
the following conditions hold:

(1) the pair (f,g) is a cyclic a-(¥, A, B)s-contraction;

(2) f or g is b-continuous;

(3) « is a transitive mapping;

(4) if {x,} is sequence in X such that a(x,, X441) > 1 and x, — z as n — oo, then

a(z,z) > 1.

Then f and g have a common fixed point in A N B.

Proof Choose xy € A. Let x; := fx. Since f(A) C B, we have x; € B. Also, let x, := gx;. Since
g(B) € A, we have x, € A. Continuing this process, we can construct a sequence {x,} in X
such that

Xous1 = fXoy € B, Xone2 = GXons1 €A

foralln € NU{0}. Since f and g are «- (A4, B)-weakly increasing, we have «(fxo, gfxo) > 1and
a(gx1,fgx1) > 1. This implies that «e(x1,%2) > 1 and «(x3,%3) > 1. Repeating this process, we
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obtain
a(xnrxnﬂ) > 1
for all » e NU {0}. From (3.1), we have

Y (S d®ni1s ni2)) = V(Ao g5mi1))
= Sw(Ms(xmanrl)) 3.2)

for all » e NU {0}.

Now, we complete the proof by the following three steps:

Step I. We prove that limg_, o, d(xx,xx:1) = 0. For each k € N U {0}, we define dj :=
d(%k, xk+1). Now, we assume that dy,, = 0 for some ko € NU{0}. This implies that xx, = x¢;+1.
If ko = 2n for some n € N, then x,,, = %2,,41.

Next, we show that x,,.1 = X2,42. Since (X2, %2,41) > 1, we have

Y (S d2ne1,%2042)) = ¥ (S d(fron §62ms1))
<y (Ms(x2n,x2n+l))¢ (3.3)

where

Ms (xZn: x2n+1)

d(mengVHI) + d(x2n+1;fx2n) }
2s

= max{ A% X2141), AKX, fX21), AK11, §X2041)5

d(xZVU x2n+2) + d(x2n+1: x2n+1) }

= max { A% X2141)s A(X25 X2141), A(X20415 X2142),5 P

= d(Xops1, X2n42)-

Therefore, from (3.3), it follows that
Y (82 d(2n41,%2m42)) < 8V (d(Xami1s ¥ans2)) < 8W (A (a1, Xons2)).-
Since 8 < 1, we have ¥ (s3d(X2,,41, %2142)) = 0 and hence Xo,,,1 = X2,42-
Similarly, if ko = 2n +1 for some n € NU{0}, then xy,,,1 = %242 gives x,,42 = X2,43. Conse-
quently, the sequence {d)} becomes constant for k > ko and hence limi_, o d(x%, xx+1) = 0.
This completes this step. Therefore, we suppose that

dic = d(%s Xrs1) > 0 (3.4)

for all k e NU {0}.
Next, we will show that

d(xk+lr xk+2) =< d(xkr xk+1) (35)
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for all k € NU {0}. Assume to the contrary that
A(xs1, Xpr2) > d(Xks Xier1)
for some k € N U {0}. If k is even, then k = 2x for some # € N U {0}. Therefore, we have
d(x2n41, %2142) > A2, X241)-
Since xy, € A, X211 € B and a(x9,,%2,41) > 1, we have
Y (S d(2n41,%2002)) = ¥ (A (foron, @¥2ni1)) < 8 (M (%2 %2041)) (3.6)
where

Ms (xZn: x2n+1)

d(x2mgx2n+l) + d(x2n+1;fx2n) }

= max { A% X2141)s AKX, fX20), AKXy 11, X2041)5 F

(me x2n+2) + d(x2n+1: x2n+1) }

d
= max { d(xZn; x2n+1); d(me x2n+1); d(x2n+1; x2n+2)» s

= d(Xops1, X2n42)-

Then we have

1/f (Ssd(x2n+l: x2n+2)) = 51& (d(x2n+11 x2n+2)) =< 5’# (Ssd(x2n+lx x2n+2))
<Y (Ssd(x2n+l:x2n+2));

which is a contradiction. Thus we have
d(Xons1, %2n12) < d(Xon, X2041) = Ms(X2n, X241)
for all » € NU {0}. If k is odd, then k = 21 + 1 for some n € N U {0}. Therefore, we have
d(x2n42, %2n43) > d(X2ns1, X2042)-
Since x9,.2 € A, %2,41 € B and a(x2,,41, X2,42) > 1, we have
Y (S d(2n43: Xanr2)) = V(S A2, @62m11)) < 8Y (M (Kans2, K2041))5 (3.7)
where

Ms (x2n+2¢ x2n+1)

=max { AX2n425 %2141) A(X2n42, fX2142) A(K2n11, §X2041)s

d(x2n+2:gx2n+1) + d(x2n+1,fx2n+2) }
2s
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= max { d(x2n+21 x2n+1)1 d(x2n+2: x2n+3), d(x2n+1, x2n+2);

A(Xon+25 X2n42) + A(KX2041, X2043) }
2s

= d(x2n+21 x2n+3)'

Then we have

1# (sgd(x2n+3; x2n+2)) =< 510 (d(x2n+2’ x2n+3))
< (Sw (Ssd(x2n+21 x2n+3)>

<y (SBd(x2n+2,x2n+3)),

which is a contradiction. Therefore, we have

A(Xons2s Xone3) < AXopa1, X2n42) = M(X2p41,X2142)

for all n € N'U {0}. Hence the inequality (3.5) holds and then {d(xx,xx,1) : kK € NU {0}} is
bounded below and nonincreasing. Thus there exists r > 0 such that

lim d(xg, X)) =7 (3.8)
k—00

and we obtain
khm Ms(xk’ xk+1) =r. (39)
Letting n — oo in (3.2), using (3.8), (3.9), and the properties of ¥, we have

w(sgr) <8§¥(r) < (SW(ssr).
Since § < 1, we have v (s®r) = 0 and hence r = 0. Thus we have

klggo (%> xk41) = 0. (3.10)
Step II. We will show that {x,} is a b-Cauchy sequence in X. That is, for any € > 0, there
exists k € N such that for all m,n > k, we get d(x,,,x,) < €. Assume to the contrary that
there exists € > 0 for which we can find two subsequences {x,,)} and {x,u)} of {x,} such
that n(k) > m(k) > k and:
(a) m(k) is even and n(k) is odd;
(b)

AKXy Xnk)) = € (3.11)
(c) n(k) is the smallest number such that the condition (b) holds, i.e.,

AXn(k)s Xn(k)-1) < €. (3.12)
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From (3.11), (3.12), and the triangle inequality, we obtain

€ < dXm(t)s Xn(k)
< s[d@m@s Xn-1) + AEn-1, ¥n)) |

< s[e + d@ug-1, %)) |-
Letting k — oo in (3.13) and using (3.10), we have

€ < limsup dXp(k), Xnx)) < S€.
k—00

From the triangle inequality, we have

A Xn(t) < S[AGm(iys Xty 1) + A1 %n(k)) ]

and

A (i) %n(i)+1) < S[AGomyr Tny) + Ay Xnii+1) |-

Letting k — oo in (3.15) and (3.16), it follows from (3.10) and (3.14) that

€< s(lim sup d (X xn(k)+1))

k—00

and

1im Sup d(Xy(i)s Xn(r 1) < 5°€,

k— o0

which implies that

€ .
; <lim sup d(xm(k),x,,(km) < s%e.

k— 00

Again, using the above process, we have

€ .
— < limsup d(Xuk), Xm()+1) < s%e.
S k— 00

Finally, we obtain

A (i) %n(i)+1) < S[ Aoy Tmii41) + Ao 11, Fny 1) |-

Page 9 of 18

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

Taking the limit supremum as k — oo in (3.19), it follows from (3.10) and (3.17) that

€ .
oy <lim sup d(xm(k)+l: xn(k)+1)~
§ k— 00

Similarly, we have

1im sup d(Xp(ey+1, Xn(iy41) < €.
k— o0

(3.20)

(3.21)
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Thus it follows from (3.20) and (3.21) that

€ .
) < limsup d(Xpt)+1> Xn(i)+1) < sPe. (3.22)

k— o0

Since « is transitive, we have

& (Xm(k), Xn(r) > 1.
From (3.1), we have

Y (S A1 Xn 1)) = V(S AP @5nit)) < 8V (Mo Xnix))) (3.23)
where

M (Xm(k)» %n())

= max { A%k Xn(k))s BCm(i) femi))> Ak &%)

AKXk §nt)) + AKXk fHmi) }
2s

= max{d (Fm(k)> %n(k))> A Em(k)> Xm()+1)> A Xn(hy> (i) +1)5

A Xmi)> Xnk)+1) + AXu()s Xy +1) }
2s '

Letting the limit supremum as k — oo in the above equation and using (3.11), (3.15), (3.17),
(3.19), and (3.22), we have

£4< _ s%€ + 5%€
€ = maxi €, < lim sup M (X (), Xn(ry) < max{se, ———— t = se€.
2s k— 00 2s

Letting k — oo in (3.23), we have

= (e(3)

<y (SB lim sup d(xm(k)+1»xn(k)+1)>

k— o0

<8y (lim supMS(xm(k),xn(k)))

k—00

< 8 (se). (3.24)

Since § < 1, we have ¥ (s¢) = 0 and hence € = 0, which is a contradiction. Therefore, {x,} is
a b-Cauchy sequence in X.
Step III. We show that existence of a common fixed point of f and g. Since (X, d) is a

complete b-metric space and {x,} is a b-Cauchy sequence in X, there exists z € X such
that

lim d(x,,z) =0

n—00
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and so
lim x, = lim x9,,,1 = lim %y, = z. (3.25)
n—oQ n—0Q n—oQ

Since {x,} is a sequence in A, A is closed, and x,,, — z, we have z € A. Also, since {xy;,1}
is a sequence in B, B is closed, and x5,,1 — z, we have z € B.

Now, we show that z is a fixed point of f and g. Without loss of generality, we may assume
that f is continuous. Since {x,,} — z, we get x3,.1 = f¥2, — fz. By the uniqueness of the
limit, we have z = fz.

Now, we show that z = gz. Since z € A, z € B, and «(z,z) > 1, we have

v (s’d(z,g2)) = ¥ (s°d(fz, gz))
< 8¢/ (My(z,2))

=8y (max{d(z, 2),d(z,fz),d(z, &), d(z,g2) +d(z.fz) })

2s
= 89 (d(z.g2))
<8y (s*d(z,g2)).

Since § < 1, it follows that d(z,gz) = 0 and hence z = gz. Therefore, z is a common fixed
point of f and g. This completes the proof. d

Theorem 3.3 can be proved without assuming the b-continuity of f or the b-continuity
of g. For this instance, we assume that X satisfies the following property.

Definition 3.4 Let (X,d) be a b-metric space and « : X x X — [0,00) be a mapping.
A space X satisfies the property (Q) if {x,} is a sequence in X such that a(x,,x,,1) > 1
forall € Nand x, — x as n — oo, then a(x,,x) > 1 for all n € N.

Now, we state and prove the following result.

Theorem 3.5 Let (X,d) be a complete b-metric space with coefficient s > 1 and A, B be
nonempty closed subsets of X. Suppose that o : X x X — [0,00), ¥ : [0,00) — [0,00) and
f.g: X — X are four mappings such that the pair (f,g) is a-(A, B)-weakly increasing and
the following conditions hold:

(1) the pair (f,g) is a cyclic a-(¥, A, B)s-contraction;

(2) X satisfies the property (Q);

(3) « is a transitive mapping;

(4) if {x,} is a sequence in X such that a(x,,%,41) > 1 for alln € N and x, — z as

n— 00, then a(z,z) > 1.

Then f and g have a common fixed point in A N B.

Proof Now, we prove the reasoning of Theorem 3.3 step by step to construct a sequence
{x,} in X with

(X Xpe1) > 1, Xon €A, Xousl €B
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for all n € N and x,, — u for some u € X. Since X, — u, X,.1 — U, A and B are closed
subsets of X, we have u € A N B. Using the property (Q), we have «(x,,, u) > 1foralln € N.
Since x5, € A, u € B, and a/(xy,, u) > 1 for all # € N, we have

Ip(‘("?)d(xbul:gl't))
= ¢(53d(fx2mgu)) =< (SW(MS(erU Lt))

= 8'(# (max{d(xzn, M), d(xZ}'l’fon); d(u,gu), d(xzn,gu)z-; d(l/l)foVI) })

d n’ d n+l»
=8y (max[d(xm ”)’d(xh:xznu),d(u,gu), (%2 gu) ;‘S (X241, 4) })

for all n € N. Taking the limit supremum as # — oo in the above inequality, we have

w(szd(u,gu)) =y (s3 <%d(u,gu)>>

<y <33 lim sup d(x2n+1,gu)>

n— 00

<8y (max{o, 0,d(u, gu), d(uégu) })

= 8y (d(u, gu))
<8y (szd(u,gu)).

Since § <1 and s > 1, we have d(u, gu) = 0 and hence gu = u. Similarly, we may show that
fu =u. Thus u is a common fixed point of f and g. This completes the proof. O

Taking f = g in Theorems 3.3 and 3.5, we have the following result.

Corollary 3.6 Let (X,d) be a complete b-metric space with coefficient s > 1 and A, B be
nonempty closed subsets of X. Suppose that o : X x X — [0, 00), ¥ : [0,00) — [0, 00) and f
X — X are three mappings such that o(fx, ffx) > 1 for all x € X and the following conditions
hold:

(1)  is altering distance, f is a cyclic mapping, and there exists 0 < § < 1 such that

x€A,yeB witha(x,y)>1ora(y,x)>1

= V(Sdff) <oy <max{d(x, 9),d (6, f), A, f3), W })

(2) f is b-continuous;
(3) « is a transitive mapping;
(4) if {x,} is a sequence in X such that a(x,,%,41) > 1 for alln € N and x, — z as
n—> 00, then a(z,z) > 1.
Then f has a fixed point in AN B.

Corollary 3.7 Let (X,d) be a complete b-metric space with coefficient s > 1 and A, B be
nonempty closed subsets of X. Suppose that a : X x X — [0,00), ¥ : [0,00) — [0, 00), andf
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X — X are three mappings such that o(fx, ffx) > 1 for all x € X and the following conditions
hold:
(1)  is altering distance, f is a cyclic mapping, and there exists 0 < § < 1 such that

x€A,yeB witha(x,y)>1ora(y,x)>1

dx.fy) + d(y.fx) }) ,

= Y(Sd(fx ) <8y (max { d(x,y),d(x,fx),dy, /), 5

(2) X satisfies the property (Q);
(3) « is a transitive mapping;
(4) if {x,)} is a sequence in X such that «(x,,x,.1) > 1 foralln € N and x,, — z as n — o0
then a(z,z) > 1.
Then f has a fixed point in AN B.

Now, we give an example to illustrate the utility of Theorem 3.5.

Example 3.8 Let X = NU {oo} and d : X x X — [0,00) be defined by

0, if m=n;

d(m,n) = |$ - %I, if one of m, n is even and the other is even or co;
5, if one of m, n is odd and the other is odd (and m # ) or oc;
2, otherwise.

Thus (X, d) is a complete b-metric space with coefficient s = % Let
A=X-{32n:neN}

and
B={16n:neN}U {oc0}.

Note that A and B are nonempty closed subset of X and X = A U B. Define three mappings
frg:X— Xando:X x X — [0,00) by

16n, ifnelN;
"N =
oo, ifn=o00,

n, ifné¢B;
gn= .
oo, ifneB,

and

1, m<um
a(m,n) = {
0, m>n.
Also, define v : [0, 00) — [0,00) by ¥(t) = /£ for all £ € [0, 00).
Now, we show that all the conditions in Theorem 3.5 hold in this situation.
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To prove that (f,g) is «-(A, B)-weakly increasing. Let n € A. Then it follows that fu € B
and so gfnn = oo. Thus a(fn,gfn) > 1 for all n € A. Let n € B. Then gn = oo and fgn = co.
Thus a(gn, fgn) > 1 for all n € B. Therefore, (f,g) is «-(A, B)-weakly increasing.

Next, we show that (f, g) is a cyclic «-(y, A, B)s-contraction.

(a) Itis easy to see that v is an altering distance function;

(b) since f(A) € {16n:n € N} U {oo} = B and g(B) = {oo} C A, we conclude that AU B

has a cyclic representation with respect to the pair (f, g);

(c) here, we show that f and g satisfy the condition (3.1). Let m € A and n € B. We show

this proof in two cases.

Case I: Assume that m € A/{oo}. Then we have

3
\lf(s3d(fm,gn)) = 1/[((%) d(16m, oo)>

~ 53 1
- 23.16"Z‘
55

< 8¢ (M(m,n)).

Case II: Assume that m = 0co. Now, we have d(fim, gn) = 0. Then we have nothing to prove.
From (a), (b), and (c), it follows that (f,g) is a cyclic «-(y, A, B)s-contraction with § =
% < 1. It is easily to show that X satisfies the property (Q) and « is transitive. Moreover,
the condition (4) of Theorem 3.5 holds. Thus f and g satisfy all the conditions of Theo-
rem 3.5. Hence f and g have a common fixed point, i.e., a point oo is a common fixed point

of fand g.

4 Some particular cases
In this section, we give some fixed point results on partially ordered b-metric spaces which
can be regarded as consequences of the results presented in the previous section.

Now, we need the following notions and definitions for the main results in this section.

Definition 4.1 Let X be a nonempty set. Then (X, d, <) is called a partially ordered b-
metric space if (X, d) is a b-metric space and (X, <) is a partially ordered set.

Definition 4.2 Let A, B be two nonempty closed subsets of a complete partially ordered
b-metric space (X, d, <) with coefficient s > 1 and ¥ : [0,00) — [0,00), f,g : X — X be
three mappings. The pair (f, g) is called a cyclic (¥, A, B)s-contraction if

(1) ¥ is an altering distance function;

(2) AU B hasa cyclic representation w.r.t. the pair (f, g);

(3) there exists 0 < § < 1 such that the following condition holds:

xc€A,yeB withx<yory<x = lp(sgd(fx,gy))§8w(Ms(x,y)).

Definition 4.3 Let (X, d, <) be a complete partially ordered b-metric space with coeffi-
cient s > 1 and A, B be nonempty closed subsets of X with X = AUB. Let f,g: X — X be
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two mappings. The pair (f, g) is said to be (A, B)-weakly increasing if fx < gfx forallx € A
and gx < fgx for all x € B.

Definition 4.4 We say that a partially ordered b-metric space (X, d, <) satisfies the prop-
erty (P) if {x,} being a <-nondecreasing sequence in X and x, — x as n — 0o, thenx, < x
forallm e N.

Theorem 4.5 Let (X, d, <) be a complete partially ordered b-metric space with coefficient
s> 1and A, B be nonempty closed subsets of X. Suppose thatf,g : X — X are two mappings
such that the pair (f, g) is (A, B)-weakly increasing and the following conditions hold:

(1) the pair (f,g) is a cyclic (Y, A, B)s-contraction;

(2) f or g is b-continuous.
Then f and g have a common fixed point in A N B.

Proof Define a mapping « : X x X — [0, 00) by

1L, x=y
alx,y) =
(:9) 0, otherwise,
in Theorem 3.3, then we get this result. 0

By using the same technique in Theorem 4.5 with Theorem 3.5 and Corollaries 3.6

and 3.7, we get the following result.

Theorem 4.6 Let (X,d, <) be a complete partially ordered b-metric space with coefficient
s>1and A, B be nonempty closed subsets of X. Suppose that f,g : X — X are two mappings
such that the pair (f, g) is (A, B)-weakly increasing and the following condition holds:

(1) the pair (f,g) is a cyclic (¥, A, B)s-contraction;

(2) X satisfies the property (P).
Then f and g have a common fixed point in A N B.

Corollary 4.7 Let (X,d, X) be a complete partially ordered b-metric space with coefficient
s>1and A, B be nonempty closed subsets of X with X = A U B. Suppose that v : [0,00) —
[0,00) and f : X — X are two mappings such that fx < ffx for all x € X and the following
conditions hold:

(1) V¥ is an altering distance, f is a cyclic mapping and there exists 0 < § < 1 such that

x€A,yeB withx<yory=<x

= Y(Sdlfef) <5y (max{d(x;y%d(x’fx)' oy, TR D

2s

(2) f is b-continuous.
Then f has a fixed point in AN B.

Corollary4.8 Let (X,d, <) be a complete partially ordered b-metric spaces with coefficient
s> 1and A, B be nonempty closed subsets of X with X = AU B. Suppose that  : [0,00) —
[0,00) and f : X — X are two mappings such that fx < ffx for all x € X and the following
conditions hold:
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(1)  is altering distance, f is a cyclic mapping, and there exists 0 < § < 1 such that

x€A,yeB withx<yory=<x

= Y (Sd(fe.f) <oy (max{d(x,y),d(x,fx), aW,fy),

(2) X satisfies the property (P).
Then f has a fixed point in AN B.

In 2013, Shatanawi and Postolache [6] introduced the notion of a cyclic (y,A,B)-
contraction pair in partially ordered metric spaces as follows.

Definition 4.9 ([6]) Let (X,d, X) be a partially ordered metric space and A, B be two
nonempty closed subsets of X. Let i : [0,00) — [0,00) and f,g : X — X be three map-
pings. The pair (f,g) is called a cyclic (¥, A, B)-contraction if
(1) ¥ is an altering distance function;
(2) AU B has a cyclic representation with respect to the pair (f,g);
(3) there exists 0 < § < 1 such that, for any comparable elements x,y € X with x € A and
y€B,

) 1))

v (d(fx,gy)) <8y (max{d(x,y), d(x, fx), d(y,gy), 3

Since the class of b-metric spaces is effectively larger than that of metric spaces, we can
obtain the result of Shatanawi and Postolache [6] from our results.

Corollary 4.10 ([6]) Let (X,d, X) be a complete partially ordered metric spaces and A, B
be nonempty closed subsets of X. Suppose that f,g : X — X are two mappings such that the
pair (f,g) is (A, B)-weakly increasing and the following conditions hold:

(1) the pair (f,g) is a cyclic (¥, A, B)-contraction;

(2) f org is continuous.
Then f and g have a common fixed point in A N B.

Corollary 4.11 ([6]) Let (X,d, X) be a complete partially ordered metric space and A, B
be nonempty closed subsets of X. Suppose that f,g : X — X are two mappings such that the
pair (f,g) is (A, B)-weakly increasing and the following conditions hold:

(1) the pair (f,g) is a cyclic (Y, A, B)-contraction;

(2) X satisfies the property (P).
Then f and g have a common fixed point in A N B.

Corollary 4.12 ([6]) Let (X,d, <) be a complete partially ordered metric space and A, B
be nonempty closed subsets of X with X = A U B. Suppose that i : [0,00) — [0,00) and
f X — X are two mappings such that fx < ffx for all x € X and the following conditions
hold:

(1)  is altering distance, f is a cyclic mapping, and there exists 0 < § < 1 such that

x€A,yeB withx<yory=<x

’

dx,fy) +d(y,f) D

= w(d(fx,fy)) <8y (max{d(x,y),d(x,fx),d(y,fy), 5
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(2) f is continuous.
Then f has a fixed point in AN B.

Corollary 4.13 ([6]) Let (X,d, <) be a complete partially ordered metric spaces and A, B
be nonempty closed subsets of X with X = A U B. Suppose that  : [0,00) — [0,00) and
f: X — X are two mappings such that fx < ffx for all x € X and the following conditions
hold:

(1)  is altering distance, f is a cyclic mapping and there exists 0 < § < 1 such that

x€A,yeB withx<yory=<x

’

d(x, d(y,
= y(dfx.f) <y (max{d(x, ), d(x,fx), d(y,f7), dbsfy) +d0,fx) })

2

(2) X satisfies the property (P).
Then f has a fixed point in AN B.

5 Conclusions

The study of fixed points of mappings and common fixed points of pair of mappings sat-
isfying cyclic contractive conditions has been the focus of vigorous research activity in
the last years. As a consequence, many mathematicians obtained more results in this di-
rection. In this paper, the concept of new generalized cyclic contraction pairs in b-metric
spaces is introduced. Based on this concept, we have studied the existence of common
fixed point results for such pairs in b-metric spaces. Some illustrative examples are fur-
nished which demonstrate the validity of the hypotheses and degree of utility of our re-
sults. Also, we can derive some common fixed points existence results for mappings satis-
fying a generalized cyclic contractive condition in partially ordered b-metric spaces from
our main results. These results improve and generalize the main results of Shatanawi and
Postolache [6].
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