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Abstract

The aim of this paper is to establish some new fixed point theorems for the
superposition operators in locally convex spaces which satisfy the Krein-Smulian
property. We employ a family of measures of noncompactness in conjunction with
the Schauder-Tychonoff fixed point theorem. As an application, the existence of
solutions to a quite general nonlinear Volterra type integral equation is considered in
locally integrable spaces.
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1 Introduction

As an example of algebraic settings, the captivating Krasnosel’skii fixed point theorem
leads to the consideration of fixed points for the sum of two operators. It asserts that, if M
is a nonempty, bounded, closed, and convex subset of a Banach space X and A, B are two
maps from M into X such that A(M) + B(M) € M, A is compact and B is a contraction,
then A + B has at least one fixed point in M (see [1] or [2], p.31). Since then, there has been
a vast literature dealing with the improvement of such a result. In the previous decade,
several papers have given generalizations of this theorem involving the weak topology of
Banach spaces by using the De Blasi measure of weak noncompactness (see [3-12]). The
novelty of their results is that the involved operators need not to be weakly continuous.
Some weak and strong compactness are addressed instead of the weak continuity since
the condition of weak continuity is usually not easy to verify.

On the other hand, the Krasnoselskii fixed point theorem has been generalized to locally
convex spaces or Fréchet spaces by some authors (see [13—18]), and a family of measures
of noncompactness has been introduced to the concrete spaces by Olszowy [19, 20]. All
of these results naturally cause us to consider the Krasnosel'skii type fixed point theorems
in locally convex spaces by means of a family of measures of weak noncompactness. This
problem will be followed with interest in some special situations in the present paper.

Asamore general consideration, there is another setting which leads to the investigation
of the fixed points for so-called nonautonomous type superposition operators, that is, to
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study the existence of solutions to the following operator equation:
x = F(x,Ax) (L1)

for given A: X — Y and F: X x Y — X, where X is a locally convex space and Y a topo-
logical vector space. In [12, 21], one of the authors of this paper has established some fixed
point results for (1.1) in the framework of Banach spaces. In this paper, by means of a family
of measures of weak noncompactness we will establish some new fixed point theorems for
(1.1) in the framework of locally convex spaces. Our results extend several Krasnosel’skii
type fixed point theorems from the previous literature.

As an application we will also study the solvability for the following quite general non-
linear Volterra integral equation:

x(¢) =f(t,x(t), /tl((t, s)v(s,x(s)) ds) (1.2)
0

=L

loc

in £} . (R,), the space consisting of all locally integrable functions on R, := [0, 00).

Here f: R, x R? - R and v: R, x R — R are given functions, while « is a given real
function defined on A := {(¢,s) € R?: 0 < s < t}. We say the nonlinear integral equation
(1.2) is of Volterra type, since within its form an operator of Volterra type appears.

Our goals in this paper are to establish new fixed point theorems for the solvability of

1

(L.1) in locally convex spaces, and to study under what conditions (1.2) is solvable in £

by applying our new theorems.

This paper is organized as follows. In Section 2, we present the relevant definitions and
results needed in our work. In Section 3, we establish some new fixed point theorems for
(1.1) in the framework of locally convex spaces. In Section 4, we prove the existence of
locally integrable solutions for (1.2) by virtue of our fixed point theorems and a family of
measures of weak noncompactness.

2 Definitions and preliminaries
Throughout this paper, X will denote a Hausdorff locally convex topological vector space,
and {| - |,}pea a family of seminorms which generates the topology of X.

Recall that the weak topology on X is the weakest topology (the topology with the fewest
open sets) such that all elements of X’ (the topological dual of X) remain continuous.
Explicitly, the neighborhood system of the origin for the weak topology is the collection
of sets of the form ¢~!(U/) where ¢ € X’ and U is a neighborhood of the origin.

Definition 2.1 (see [5], Remark 2.1) We say that X satisfies the Krein-Smulian property if
the closed convex hull of each weakly compact set is weakly compact.

Remark 2.2 Each Fréchet space satisfies the Krein-Smulian property (see [22], p.233),
particularly for each Banach space (see [23], p.434).

In our considerations, a family of measures of weakly noncompactness in locally convex
spaces will play an important role. A single measure of weak noncompactness in Banach
spaces may refer to the definition of Bana$ and Rivero [24]. Next, we will use 25(X) de-
noting the collection of all nonempty bounded subsets of X, and 20(X) a subset of B(X)
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consisting of all weakly compact subsets of X. For p € A and r > 0, the set {x: |x — x|, <7}
is denoted by V,(x9, 7). The closure of this set is denoted by B, (xo, 7). We shall also some-
times use V/(p) to stand for V,(0,1).

Definition 2.3 Let X satisfy the Krein-Smulian property. A family of functions w,, :
B(X) - R, (p € A) is said to be a family of the measures of weak noncompactness of
X if this family satisfies the following conditions:
(1) The family ker(w,) := {M € B(X) : w,(M) = 0 for all p € A} is nonempty and ker(w,,)
is contained in the subfamily consisting of all relatively weakly compact sets of X
(2) NCM= w,(N) <w,(M) for each p € A, where M,N € B(X);
(3) w,(Co(M)) = w,(M) for each p € A, where co(M) is the closed convex hull of

M e B(X);

(4) w,(AM + (1= A)N) < rw,(M) + (1 - 1)w,(N) for each p € A, > €[0,1] and
M,N € B(X);

(5) if (M,)$2, is a decreasing sequence of nonempty, bounded, and weakly closed
subsets of X with lim,,_, o, @,(M,) = 0 for each p € A, then M, := (oo M, is
nonempty.

The family ker(w,) described in (1) is called the kernel of the measure of weak noncom-
pactness w,. Note that the intersection M, from (5) belongs to ker(w,) since we have
w,(My) < w,(M,) for each p € A and all n € N, and lim,,_, o w,(M,,) = 0.

Following the notion of a single measure of weak noncompactness in Banach spaces
which is introduced by De Blasi [25], a family of measures of weak noncompactness in
locally convex spaces for p € A may be defined by

w,(M) =inf{r > 0:3W € 2(X) such that M € W + B,(0,7)}. (2.1)

Nevertheless, it is rather difficult to express this family of weak noncompactness with the

help of a convenient formula in a concrete locally convex space. Such a formula is known in

1
loc

the case of the space £, . which is endowed with the family of seminorms |¢|; := f] lo(8)| dt
for ¢ € L], where I is a bounded subinterval of R,. In [26], Appell and De Pascale give

to each wy the following simple form:
wr(M) = lim sup {sup{/ |g0(t)} dt : D C I, meas(D) < 8} }, (2.2)
S_)OgoeM D

for all bounded subsets M of £}

loc» Where meas(-) denotes the Lebesgue measure. It is easily

verified that the family {w;};ca satisfies Definition 2.3.
Following the definitions given by [27, 28] in Banach spaces, we introduce the concepts

of ws-compactness and ww-compactness in locally convex spaces as follows.

Definition 2.4 Let Y be a topological vector space. A mapping 7: D C X — Y is said to
be:
(i) ws-compact if it is continuous and maps relatively weakly compact sets of D into
relatively strongly compact ones of Y;
(i) ww-compact if it is continuous and maps relatively weakly compact sets of D into
relatively weakly compact ones of Y.
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Next, we collect a few auxiliary facts concerning the superposition operator required in
the sequel.

Consider a function ¥ (£,x) = ¥ : I x R — R, where [ is an interval of R, and R% a
real Euclidean space of d-dimensions. We say that i is a Carathéodory function if it is
measurable in ¢ for each x in R? and continuous in x for almost everywhere (a.e., for short)
givent € I.

Let m(I) be the set of all measurable functions x : I — R?. If v is a Carathéodory func-
tion, then ¥ defines a mapping Ny, : m(I) — m(I) by (Nyx)(¢) = ¥ (¢,%(¢)). This mapping
is called the superposition operator (or Nemytskii operator) associated to . For a given
measurable function ¢ : I — R?, the composite operator Nyo() := ¥ (-, ¢(-)) which maps
I into R is said to be a nonautonomous type superposition operator.

By generalizing the above concept, the solvability of (1.1) may be thought of as the ex-
istence of fixed points for the nonautonomous type superposition operator NrA, where
NEA(:) := F(-, A(-)) for simplicity.

The following theorem was proved by Krasnosel’skii [29] (see also [30]) in the case when
I is a bounded interval and has been extended to an unbounded interval by Appell and
Zabrejko [31].

Theorem 2.5 ([31], Theorem 3.1, p.93) Let I be an interval in R. The superposition oper-
ator Ny maps L'(I) into L'(I) if and only if there exist a function a € L' (I) and a constant
b > 0 such that

¥ (t,%)| < a(e) + blx|,
where L\ (I) denotes a positive cone of the space L'(I).

In this case, the operator N, is continuous and bounded in the sense that it maps
bounded sets into bounded ones.

3 Fixed point theorems
Let U be the neighborhood system of the origin obtained from A. Thus if U € U, there
is a finite number of seminorms pi, 0, ..., 0, in A and real numbers ry,r,,...,r, such that
U= rV(p).

A mapping T: X — X issaid to be a | - | ,-contraction for p € A if there exists &, € [0,1)
such that |Tx; — Tx,|, < a,|w; — %2, for all x1,%, € X; if &, = 1 then the mapping T is said
tobea | - |,-nonexpansion for p € A.

Theorem 3.1 Let M be a nonempty, closed, and convex subset of X, and let the Krein-
Smulian property be satisfied. Suppose that T : M — M is ws-compact such that T(M) is
relatively weakly compact, then T has at least one fixed point.

Proof Let N :=To(T(M)). Since M is closed and convex satisfying T (M) € M, then ' C M
and therefore T(N) € T(M) C N.

It is clear that A is weakly compact according to the relatively weak compactness of
T (M) and the Krein-Smulian property. Moreover, T(\) is relatively compact since T is
ws-compact. Now applying the Schauder-Tychonoff fixed point theorem (see [13], Theo-
rem 2.1(b) or [2], p.32), we conclude that T has at least one fixed point x € N' € M such
that Tx = x. g
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Theorem 3.2 Let X be sequentially complete and the Krein-Smulian property be satis-
fied. Let Y be a topological vector space. Suppose that M is a nonempty, bounded, closed,
and convex subset of X and the operators A: M — Y, F: X x Y — X satisfy the following
conditions:

(i) A(M) is relatively weakly compact and A is ws-compact;

(ii) for each p € A there exists o, € [0,1) such that

|[Fx1,9) = F(x2,9)| ) < @pl1 =2l Va0 €Xandy e,

and F is ww-compact;
(iii) [x=F(x,Az),ze M| = x € M.
Then there is a point x in M such that x = F(x, Ax).

Proof For a given y € A(M) the mapping F(-,y) isa | - | ,-contraction for each p € A, so by
Cain-Nashed theorem ([13], Theorem 2.2) it has a unique fixed point in X. Let us denote
by J : A(M) — X the mapping which assigns each y € A(M) to the unique point in X such
that Jy = F(Jy,y). Thus, J is well defined.

For arbitrarily given y,yo € A(M) and p € A, from the inequality

Uy = Jvolo = |FUy,9) - F(]yo,yo)|p

< [FU3.9) = EUyo,9)|, + [FUy0,5) — F(yo, o),

< aplly = Jyolp + |F(y0,9) = E(y0, o)

0’
we obtain
Uy =Jyolp < (1= ap)[FUyo,9) = F(yo, 30) -

Let U = (), r:V (p;) be an arbitrarily given neighborhood of the origin in X. By the conti-
nuity of F, there exists a neighborhood W), of yo € Y such that, for all y € W,, N A(M),

|[FUyo,9) = EUyo,yo)|, <1-ap  (i=1...,n),
which implies that

Uy = Fyol o < (1 =a,) ™ [FUyo, %) = F(90,50) ’pi <L
It follows that

W,, NAM) T (yo + U),

and therefore J is continuous.

For any z € M, by assumption (iii) we infer that there is x = (JA)z € M such that x =
F(x,Az). This shows that JA(M) € M. Let M; := M and M,,,; := co(JA(M,,)). By induction,
we infer that (M,,),cn is a decreasing sequence of nonempty, bounded, weakly closed, and
convex subsets of X. Moreover, we obtain
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Next, according to (2.1) for an arbitrarily given p € A we may take r >0 and W € 25(X)
such that M,, € W + B,(0,r). By assumption (ii), there exists a constant «, € [0,1) such
that

|[F(,9) = Fw,p)|, < aplx—wl, <apr,

forallx € M,,, we W, and y € A(M). Accordingly, for all y € A(M) we infer that
F(M,,y) CF(W,y) +B,(0,a,r) C F(W,A(M)) +B,(0,a,1),

it follows that
F(M,, A(M)) € E(W,AM)) + B,(0,a,7) € F(W,AM)) +B,(0,a,r).

Moreover, from the weak compactness of W and A(M )w we see that W x A(M) is relatively
weakly compact by Tychonoft’s product theorem. Thus, F (W,AM))" is weakly compact
since F is ww-compact. Accordingly, we have

Wy (]A(Mn)) =y (F(M}’I’A(M))) < a0, (M),

which implies that w,, (M,1) < o, @, (M,). It follows by induction that w, (M,,) < ajw, (M)
and therefore lim,_, o, w,(M,) = 0. The arbitrariness of p € A shows that N := (2, M,
is a nonempty, closed, convex, and weakly compact subset of M by Definition 2.3. It is
easily seen that JA(N) C NV. Consequently, JA is ws-compact since A is ws-compact and
J is continuous. Now by the use of Theorem 3.1 we conclude that JA has at least one fixed
point x € A' € M such that (JA)x = x, which implies that

F(x,Ax) = F(JA)x, Ax) = JA)x = .
This completes the proof. d

In the framework of locally convex spaces, the following result can be thought of as an
extension of Latrach et al. [9], Theorem 2.3, and also a variant of Cain and Nashed [13],
Theorem 3.1, under the weak topology. This implies that we are to establish a new version

of Krasnosel’skii’s fixed point theorem in locally convex spaces.

Corollary 3.3 Let X be sequentially complete and the Krein-Smulian property be satisfied.
Suppose that M be a nonempty, bounded, closed, and convex subset of X, and the operators
A:M — X, B: X — X satisfy the following conditions:
(i) A(M) is relatively weakly compact, and A is ws-compact;
(ii) Bisa|-|,-contraction for each p € A, and B is ww-compact;
(iii) [x=Bx+Az,ze M] = x e M.
Then there is a point x in M such that Ax + Bx = x.

Proof Let us take F(x,y) := Bx +y and Y = X. All assumptions of Theorem 3.2 are easily
verified, and then the proof immediately is achieved. O
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Since assumption (iii) of Theorem 3.2 is hard to verify in real applications, we next es-
tablish a Schaefer type fixed point theorem for (1.1).

Theorem 3.4 Let X be sequentially complete and the Krein-Smulian property be satisfied.
Let Y be a topological vector space. Suppose that the operators A: X — Y,and F: X x Y —
X satisfy the following conditions:
(i) A maps bounded sets of X into relatively weakly compact ones of Y, and A is
ws-compact;
(ii) foreach p € A there exists a, € [0,1) such that

|[F(x1,9) = F(x2,9)| ) S @pla1 =2, Va0 €Xandy €Y,

and F is ww-compact.
Then either
(a) there is a point x in X such that x = F(x, Ax), or
(b) the set {x € X :x = LF(x/)\,Ax)} is unbounded for A € (0,1).

Proof As in the proof of Theorem 3.2, let us denote by J : A(X) — X the mapping which
assigns each y € A(X) to the unique point in X such that Jy = F(Jy,y). We know that J is
well defined and continuous.

Let U be a convex, symmetric, and closed neighborhood of the origin in X, and let B,, :=
nl for n € N. We define the radial retraction onto B,, as follows:

X

r(x):

= T A f X;
max(Lu@)

where u is the Minkowski functional on B, i.e., u(x) = inf{a > 0 : x € @B,}. Then r is a
continuous retraction of X onto B,; and if x € B,, then r(x) = x, otherwise r(x) € 9B,, (the
boundary of B,,).

Then rJA has a fixed point x in B, by Theorem 3.2. Either (JA)x € B,, in which case

x=0JA)x = (JA)x = F((]A)x,Ax) = F(x,Ax),
or (JA)x ¢ B, in which case x = (rJA)x € B,, such that

1
x=1JA)x = m(]A)x = A(JA)x,

that is, (JA)x = x/A, and the property of (JA)x yields

x :p<f,Ax).
A A

Thus either (a) for some 1 € N we obtain a solution of (1.1), or (b) for each n € N we obtain
a solution of x = AF(x/A, Ax) for some A € (0,1); in the second case the set of such solutions
is unbounded. O

Corollary 3.5 Let X be sequentially complete and the Krein-Smulian property be satisfied.
Suppose that the operators A, B : X — X satisfy the following conditions:
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(i) A maps bounded sets into relatively weakly compact ones, and A is ws-compact;
(ii) Bisa|-|,-contraction for all p € A, and B is ww-compact.

Then either

(a) there is a point x in X such that x = Ax + Bx, or

(b) the set {x € X : x = LAx + AB(x/A)} is unbounded for A € (0,1).

Recalling that a mapping 7 : M — X is said to be demiclosed at O if for every net (x;) in
M converges weakly to x and (T%;) converges to 0, then we have Tx = 0.

Theorem 3.6 Let X be sequentially complete and the Krein-Smulian property be satisfied.
Let Y be a topological vector space. Suppose that M is a nonempty, bounded, closed, and
convex subset of X, and the operators A: M — Y, F: X x Y — X satisfy the following
conditions:

(i) A(M) is relatively weakly compact, and A is ws-compact;

(ii) foreach p € A and all x1,%, € X,y € Y we have

|[F(x1,9) = F(x2,9)] , < %1 = %2,

and F is ww-compact;
(iif) if (Xn)uen is a sequence such that (x, — F(%,, A%y))nen is convergent, then (x,)nen has
a weakly convergent subsequence;
(iv) I—NEA is demiclosed at 0;
(v) if» €(0,1) and x = AF(x,Az) for some z € M, then x € M.
Then there is a point x in M such that x = F(x, Ax).

Proof For each A € (0,1), the operators A and AF satisfy the assumptions of Theorem 3.2,
then there is a point x; € M such that x; = AF(x;,Ax;). Now, choose a sequence (A,),eN
in (0,1) such that A,, — 1 and consider the corresponding sequence (x;,),cn of elements of
M satisfying

Xn = AnF (o, Axy).

Since M is bounded and A,F(x,,Ax,) = x, € M, F(x,,Ax,) is bounded. Thus, for each
o € A we have

[ = F(xn, Axy)| | = (1= 3n) [F s, Axy) |, — 0,

which implies that x,, — F(x,, Ax,) — 0.

By condition (iii) the sequence (x,),en has a subsequence (x,, )ien Which converges
weakly to some x € M (M is weakly closed because of its closeness and convexity). The
demiclosedness of I — NVFA at 0 yields (I — NpA)x = 0, that is, x = NrAx = F(x, Ax). O

The following corollary extends [4], Theorem 2.1, and [11], Theorem 3.8, to locally con-

Vex spaces.

Corollary3.7 Let X be sequentially complete and the Krein-Smulian property be satisfied.
Suppose that M be a nonempty, bounded, closed, and convex subset of X, and the operators
A:M — X, B: X — X satisfy the following conditions:
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(i) A(M) is relatively weakly compact, and A is ws-compact;
(i) Bisa|-|,-nonexpansion for all p € A, and B is ww-compact;
(iif) if (Xn)uen is a sequence such that (x, — Bx, — Axy)uen is convergent, then (x,)nen has
a weakly convergent subsequence;
(iv) I—A — B is demiclosed at 0;
(v) if» €(0,1) and x = ABx + AAy for some y € M, then x € M.
Then there is a point x in M such that Ax + Bx = x.

4 Application to the existence of locally integrable solutions for a general
nonlinear integral equation

In this section we mainly consider (1.2). Solutions to it will be sought in £} , the space

loc’
consisting of all real functions defined and locally Lebesgue integrable on R, equipped

with the family of seminorms

T
IxIT::/ |x(6)|dt, T >o.
0

It is well known that £ _ is a locally convex space and becomes a Fréchet space furnished
with the distance
oo

1
d(x,) 1 -yl
21+ |- Y

Let L'[0,T] denote the Banach space consisting of all real functions defined and
Lebesgue integrable on [0, T], and let 17 : £} . — L'[0, T] denote the restrictive map-

ping.

Remark 4.1 Assume that M is a nonempty subset of £ . The following facts are impor-

loc*
tant in our further considerations:
(1) M is bounded if there exists a L7 > 0 for each T > 0 such that |x|7 < Ly for all x € M;
(2) M is relatively (strongly) compact if and only if IT7(M) is relatively (strongly)
compact in Banach space L![0, T for each T > 0;
(3) M is relatively weakly compact if and only if 17 (M) is relatively weakly compact in
Banach space L'[0, T for each T > 0;
(4) asequence (x,),en in L1

each T > 0.

is convergent to x € £} _ if and only if |x,, — x| — O for

loc loc

We will discuss the solvability of (1.2) under the following hypotheses:

(H1) «k:A — Ris measurable, where A = {(t,s) € R?:0 <s < t};

(H2) v:R, x R — R is a Carathéodory function, and there exist a function a € £! and a
constant b > 0 such that |v(¢,x)| < a(¢) + b|x|;

(H3) f:R, x R? — R is a Carathéodory function, and there exist two positive functions
o, B € L such that

loc

f (&1, 1) = f (6,22, 32) | < @(®) |1 — 2] + BE)Iy1 — y2;
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(H4) ar +bBr|K|r <1forall T >0, where

T
ar:=ess sup alt), Br:=ess sup B(t), |K|7 :=ess sup / |k (t,9)| dt.
te[0,T] te[0,T] s€[0,T] Js

Note that (1.2) may be written in the abstract form x = F(x, Ax), where F is the superpo-
sition operator associated to f (i.e., F = Ny):

F:Ll xLi . — L., () Fy),

loc loc

F(x,y)(t) = f (£,2(2), 5(1));

and A := KN, appears as the composition of the superposition operator associated to v

with the linear operator K defined by
K:Lie— Lo ¢ Ky,

W@@zﬁﬂmwwm

Our aim is now to prove that the nonautonomous type superposition operator NrA has a
fixed point in £] . Before starting to prove the solvability of (1.2), we make some remarks.

Remark 4.2 It should be noted that assumption (7;) leads to the estimate

T T
TS/O </s |K(t’s)|dt)|‘p(s)|d35|K|T|<P|T,

forall g € £] _and an arbitrarily given 7' > 0. This shows that the linear Volterra operator

/t k(t,s)p(s)ds
0

K is continuous on the Banach space L![0, T], hence weakly continuous from L[0, T] into
itself.

Theorem 4.3 Assume that the assumptions (H1)-(H4) are satisfied, then (1.2) has at least

one solution in L.

Proof We will apply Theorem 3.4 to prove the present theorem. Let us take the spaces X
and Y of Theorem 3.4 to £, . Our proving is divided into several steps.

(1) Assumption (#,) shows that the superposition operator N, is continuous and maps
bounded sets of £ _ into bounded sets of L] by Theorem 2.5. It follows that the op-

loc loc
erator T17KN, is continuous and maps L[0, T] into itself since Remark 4.2 shows K is

1
loc*

Now we check that A = KA, maps relatively weakly compact sets into relatively strongly

continuous. The arbitrariness of T > 0 implies that A = KV, is continuous on £

compact ones. To this end, let (x,),cy be a weakly convergent sequence of E}OC. By Re-
mark 4.1(3), (IT7%x,,) 4en is weakly convergent for an arbitrarily given T > 0. Since NV, is ww-
compact on L![0, T] by [10], Lemma 3.2, the sequence (IT7N,x,),.cn has a weakly conver-
gent subsequence, say (HTM,xnk)keN. Moreover, since the linear operator K is weakly con-
tinuous on L![0, T] by Lemma 4.2, the sequence (TT KN %, ken, ie., (TT7A%,, )ken, con-
verges pointwise almost everywhere on [0, T]. Using Vitali’s convergence theorem [32],

p.94, we conclude that (IT7Ax,, )ren is strongly convergent in L'[0, T]. The arbitrariness
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1

of T > 0 implies that (Ax,, )ken is strongly convergentin £,

and the condition (i) of Theorem 3.4 is fulfilled.
(2) For all x1, x, and y € L'[0, T] where T > 0 is given, by (#3) we obtain

. Accordingly, A is ws-compact

T
|FGaa,y) — Flaay)] = fo (6,510, 50) £ (6,20, 5(0) | e
T
EOlT/ |x1(8) — 22(8)| dt = aurloy — %5 |7
0

(3) From assumption (#3) it follows that, for a given 7' > 0,

T
|F(x1,01) = F2,70)| , < /0 If (£:%1(0),31(2)) — £ (£:%2(2), 2(2)) | At

T T
s/ oe(t)lxl(t)—xz(t)ldnf B(@)|y1(2) - y2(0)| dt
0 0

<arlu —xlr+ Briyi —ylr (%uyi € L i= 1,2),

which implies the continuity of IT17F. The arbitrariness of T' > 0 shows that F is continuous
1 1
onL XL .

Now we check that F maps relatively weakly compact sets of L1  x L]

loc loc into relatively

weakly compact ones of Elloc. Note that (#3) leads to the estimate

If (6%, 9)| < |[f(£,0,0)| + a(t)|x] + B@)Iy].

Let M,N € B(L! ). Foragiven T >0 and D C [0, T] with meas(D) < & we have

loc

s , d ,0,0)|d d dt,
/D[f(t x(2),y(2))| tf/D[f(to 0)| t+aT/D]x(t)\ t+ﬁT/D\y(t)] t

where x € M and y € N. Taking into account the fact that the set consisting of one element

is weakly compact, by means of (2.2) we obtain
wr(F(M x N)) < aror(M) + Bror(N),

which implies that ITrF maps relatively weakly compact sets of £j = x L]
1

loc- The arbitrariness of T' > 0 implies that the condition (ii) of

into relatively

weakly compact ones of £

Theorem 3.4 is fulfilled.
(4) We will prove that if there exists x € £] _ such that

x(t) = )»f(t,x(t)/)», (Ax)(t)),
then x is bounded for any A € (0,1). In fact, we have

[x(6)] < A|f(£,0,0)| + A|f (£, 2(6)/2, (Ax)(2)) - f(£,0,0)]
< |f(£,0,0)| + a(®)|x(t)| + B(®)|(Ax)(2)],
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by integrating on [0,T] for an arbitrarily given T > 0, it follows that
x| < |[f(£,0,0)|, + arlx|r + BrIK|r(|lalr + blxlT),

which implies that

- If(£0,0)|r + BriK|rlalr _

e R Y RTE s

The arbitrariness of T > 0 implies that the set {x € £ :x = AF(x/A, Ax)} is bounded for

loc

any A € (0,1). According to Theorem 3.4, (1.2) has at least one solution x in L% , which

loc’

completes the proof. d

Example 4.4 Consider the following nonlinear integral equation:

int 1 [t 44 @2
o) = e AN / G s () ds
2 + |o(t)] 2 Jo t—s

t t 4 2
+ / e Vs Srens) ) ds, teR*.
8+2t2 J, t—s

In order to show that such an equation admits a solution in £} _, we are going to check
that the conditions of Theorem 4.3 are satisfied. To this end, define the functions as fol-

lows:

e t—s

2«/t—s,
v:R* xR — R, v(t,x) = Vit + x2;

K:A— R, k(t,s) = A::{(t,s):O§s§t<oo};

sin¢siny ty

‘R* xR > R, t,x,y) = .
f R St%3) 2 + x| Tii e

Obviously, v and f are Carathéodory functions, and « is measurable. Furthermore, we

have
’V(t,x)| =t4+ 22 <+ |x| = at) + blx|,
where a(t) := t* and b := 1; in addition, we have

V(trxlﬁyl) _f(t:x27y2)|

1
24| 2+ |x

| sin £

. . t
< |sint||siny;| |)’1—J’2|+m|)’1—3’2|

+
2 + |x2]

=< |Sint'l | [sin] ‘ I | = () |+ B ()] |
X1 —Xo| + + — — =a(l)|x; —x| + - Yal,
=72 1 2 5 4112 V1 —)2 1 2 Y1—)2
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where () := | sint|/4 and B(t) := | sint|/2 —t/(4 + ). It follows that (H;)-(Hs3) are satisfied.
By a simple calculation, we obtain

Bl | sin ¢ t - 3
s =ess su + < -,
T tE[O,I;"] 2 4+t2 4

| sin ¢

|| =ess sup

=<
tefo,r] 4

N

T T eﬂ/tfs s
K|7 =ess su k(t,s)|dt =ess su / ———dt=1-eV".
Kl p/s e(6,9) v [ o

5€[0,T7] s€[0,T]

It follows that

1
ar +bpr|Kl|r < 2t 1(1—6“/7):1—

w

4eVT <b

which shows that (H,) is satisfied.
Since the assumptions (H;)-(#H4) are all satisfied, we apply Theorem 4.3 to derive the
existence of solutions to the equation of this example.
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