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Abstract

In this paper we generalize the notion of C*-valued contraction mappings, recently
introduced by Ma et al., by weakening the contractive condition introduced by them.
Using the new notion of C*-valued contractive type mappings, we establish a fixed
point theorem for such mappings. Our result generalizes the result by Ma et al. and
those contained therein except for the uniqueness.
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1 Introduction and preliminaries
Let (X, d) be a metric space. A mapping 7 : X — X is said to be a contraction if 3« € (0,1)
such that

d(Tx, Ty) < ad(x,y). @)

One of the most important tools used for the existence of solutions of many nonlinear
problems arising in physics and engineering sciences is the Banach fixed point theorem
which asserts that every contraction on a complete metric space has a unique fixed point.
This theorem is also known as the Banach contraction principle (BCP), and it first ap-
peared in its explicit form in Banach’s PhD Thesis [1]. The strength of BCP lies in the fact
that the underlying space is a quite general, complete metric space, while the conclusion
is very strong, including even error estimates. Note that a mapping T : X — X satisfy-
ing (1) is uniformly continuous on X. Therefore, the Banach contraction condition forces
the mapping T to be continuous. Given a mapping 7 : X — X and x € X, the sequence of
points Or(x) = {x, Tx, T?x, ...} is called the orbit of x with respect to T. Hicks and Rhoades
[2] showed that if a mapping T : X — X satisfies the following contractive condition

d(Ty, T*y) < hd(y, Ty) 2)

for some 4 € (0,1) and every y € Or(x), then T has a fixed point. Note that the contrac-
tive condition (2) is weaker than condition (1). Moreover, condition (2) does not force the
mapping T to be continuous [2]. In contrast to the Banach contraction principle, the Hicks
and Rhodes theorem [2] does not guarantee the uniqueness of the fixed point of T.
Recently, Ma et al. [3] introduced the notion of C*-valued metric spaces and, analogous
to the Banach contraction principle, established a fixed point theorem for C*-valued con-
traction mappings. In this paper, we first introduce the notion of continuity in the context
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of C*-valued metric spaces and show that a C*-valued contraction map is continuous with
respect to our notion of continuity. Then we introduce a C*-valued contractive type con-
dition and establish a fixed point theorem analogous to the results presented in [2]. We
also show that a C*-valued contractive type map need not be continuous in the context of
C*-valued metric.

We now recollect some basic definitions, notations, and results that will be used sub-
sequently. For details, we refer to [4, 5]. An algebra A together with a conjugate lin-
ear involution map * : A — A, defined by a + a* such that for all 4,b € A we have
(ab)* = b*a* and (a*)* = a, is called a *x-algebra. Moreover, if A contains an identity ele-
ment 1,, then the pair (A, %) is called a unital x-algebra. A unital x-algebra (A, %) together
with a complete sub multiplicative norm satisfying ||a*| = ||4| for all a € A is called a
Banach s#-algebra. A C*-algebra is a Banach x-algebra (A, *) such that ||a*a| = ||a|? for
all 2 € A. An element a € A is called a positive element if a = a* and o (a) C R,, where
o(a) = {A € R: Al — ais non-invertible}. If a € A is positive, we write it as a > 04. Using
positive elements, one can define a partial ordering on A as follows: b > a if and only if
b —a > 04. Each positive element a of a C*-algebra A has a unique positive square root.
Subsequently, A will denote a unital C*-algebra with the identity element 14. Further, A,
isthe set {a € A :a > 04} of positive elements of A and (a*a)!/? = |a|. Using the concept of

positive elements in A, a C*-algebra-valued metric space is defined in the following way.

Definition1.1[3] Let X be anonempty set. A C*-algebra-valued metric on X is a mapping
d: X x X — A satisfying the following conditions:
(i) 0p <d(x,y) forallx,ye Xand d(x,y) =0p < x =y,
(i) dx,y)=d(y,x) Vx,y € X,
(iil) d(x,y) <d(x,2) +d(z,9) Vx,,z € X.
The triplet (X, A, d) is called a C*-algebra-valued metric space.

A sequence {x,} in (X, A, d) is said to converge to x € X with respect to A if for any € > 0
there exists N € N such that ||d(x,,x)| < € for all n > N. We write it as lim,_, %, = x.
A sequence {x,} is called a Cauchy sequence with respect to A if for any € > 0 there exists
N € Nsuch that ||d(x,, x,,)|| < € forall n,m > N. The triplet (X, A, d) is said to be a complete
C*-valued metric space if every Cauchy sequence with respect to A is convergent. Now

we state the definition and result from [3], for convenience.
Definition 1.2 [3] Let (X, A, d) be a C*-algebra-valued metric space. A mapping 7 : X —

X is said to be a C*-algebra-valued contraction mapping on X if there exists a € A with
llz]] <1 such that

d(Tx, Ty) < a*d(x,y)a forallx,ye X. (3)

Theorem 1.3 [3] Let (X, A,d) be a C*-algebra-valued complete metric spaceand T : X —
X satisfy (3), then T has a unique fixed point in X.

From now on, we call a C*-algebra-valued metric and a C*-algebra-valued metric space

simply a C*-valued metric and a C*-valued metric space, respectively.
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2 Main results
We begin this section by introducing the notion of continuity in the context of C*-valued

metric spaces.

Definition 2.1 Let (X, A,d) be a C*-valued metric space. A mapping T : X — X is said
to be continuous at x¢ with respect to A if given any € > 0 there exists § > 0 such that
ld(Tx, Txo)|| < € whenever ||d(x,x0)| < 8. T is said to be continuous on X with respect to
A if it is continuous for every x € X.

Example 2.2 Let A = R?, then A is a C*-algebra with pointwise operations of addition,
multiplication, and scaler multiplication. The norm on A is defined by

(%, 9)|| = max(|x], [y1), (4)
where ordering on A is given by

(a,b)=x(c;d) & a<candb<d. (5)
Let X = [0,1], define a C*-valued metricd : X x X — A on X by

d(x,y) = (Ix - y1,0). (6)

Then T: X — X, given by T'(x) =

-3

Remark 2.3 Note that every continuous self-map is continuous with respect A = R and a

3» is continuous with respect to A since

<€ whenever |[x —y| <& =3e.

x )
3 3

C*-valued contraction map is continuous with respect to the C*-algebra A.

Definition 2.4 A function f : X — A is said to be T-orbitally lower semicontinuous at &
with respect to A if there exist a mapping T : X — X and a sequence {x,} in Or(xo), for
some x( € X, such that lim,,_, . x,, = £ with respect to A implies

/@] < timinf]fe,) . 7)

Remark 2.5 If A =R, then our definition coincides with the usual definition of T-orbitally
lower semicontinuous as defined by [2].

Example 2.6 Consider the C*-algebra A = R? as defined in Example 2.2. Let X = [-1,1]
and define f : X — A by

x,0) if x>0,

fx) =
(lx—=1},0) ifx<O.

By taking T: X — X, Tx = %, we see that, for % € [-1,1], we have

1 11 1 1
O bl Bl Tt R b Rl DR 6]
T<2> {2 23’ 27’ 215 }
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and any sequence {x,} in X converges to 0. Further,

@] - 10,0)] = timinflste,).
Thus f is T-orbitally lower semicontinuous at x = 0.

Definition 2.7 Let (X, A, d) be a C*-valued metric space. A mapping 7 : X — X is said to
be a C*-valued contractive type mapping if 3x € X and a € A such that

d(Ty, T*y) = a*d(y, Ty)a with ||a|| <1 for every y € Or(x). (8)

Remark 2.8 A C*-valued contraction mapping is a C*-valued contractive type mapping,
but the converse is not true as shown in the following example.

Example 2.9 Let X = [-1,1] and A = M3,»(R) with ||A| = max{|a], |az|, |as|, |a4|}, where
a;’s are the entries of the matrix A € My,>(R). Then (X, A, d) is a C*-algebra-valued metric
space, where

=y 0
d(x’y) _[ 0 |x_y|:|;

and partial ordering on A is given as

[“1 “2}:[171 bz} & a;>b fori=1,2,3,4.

az  adg by b,

Define a mapping 7': X — X by

- 0 1
where a = |:ﬁ :| and ||a] = —.
G

7 V2

Thus T is a C*-valued contractive type mapping. Note that 7T is not continuous with re-
spect to the C*-algebra A and hence not a C*-valued contraction mapping.

Before giving our main result, we prove the following lemma which is essentially ex-
tracted from the proof of Theorem 1.3.
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Lemma2.10 Let A be a C*-algebra with the identity element 15 and x be a positive element
of A. If a € A is such that ||a|| < 1, then for m < n we have

Nk lall™
A, ;(“ ) xd" =14 ()" “2(1——H61H) ©)
and
Z(a*)kxak — 0p asm—> o0. (10)
k=m

Proof Since x is a positive element of A, we have

Xn:(d*)kxdk _ Zn:(a*)k(x)m(x)l/zak
k=m k=m
_ ((x)l/Zak)* ((x)1/2ak)
k=m
_ ‘(x)l/zak’2
k=m
<1 Y |2k
k=m

<1 ) [@" ) o]
k=m
= L@ Y]]
k=m

Since ||a|| < 1and m < n, therefore m — oo implies that # —> oco. The proof of (9) follows
from the fact that Y _}_, lla®||* is a geometric series. Moreover, m —> 00 = |la|” —> 0
and hence (10) follows from (9). a

We are now ready to state and prove our main result.

Theorem 2.11 Let (X, A, d) be a complete C*-valued metric space and T : X — X be a
C*-valued contractive type mapping. Then
(Al) Ixo € X such that the sequence T"x converges to xo,

(A2) d(T"%,x0) < 12 |1d(x, T)2 |1,
(A3) xo is a fixed point of T if and only if G(x) = d(x, Tx) is T-orbitally lower

semicontinuous at xy with respect to A.

Proof If A = {04}, then there is nothing to prove. Assume that A # {04}.
(Al): Let x € X and consider the orbit O7(x). Since condition (8) holds for each element
of Or(x) and ||| <1, it follows that
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d(T%x, T°x) = d(T(Tx), T*(Tx))
< a*d(Tx, T(Tx))a
= a*d(Tx, T°x)a
< a*a*d(x, Tx)aa

= (u*)zd(x, Tx)a®
Continuing in this way, one can show that
d(T”x, T’”lx) =< (a*)"d(x, Tx)a". (11)

Let {T"x} be a sequence in Or(x). Then, for m < n, from the triangle inequality and (11)
we have

d(T”*lx, T'"x) < d(T"’x, Tm+1x) + d(Tm+1x, Tm+2x) 4ot d(T"x, T"*lx)
< (a ) d(x, Tx)a™ + (a ) Y, T)a™ 4+ -+ (a*)”d(x, Tx)a"

n

- Z(u*)kd(x, Tx)ak — 0, asm — oo
k=m

using (10) of Lemma 2.10. This shows that {7"x} is a Cauchy sequence in Or(x) C X with
respect to A. Since (X, A, d) is a complete C*-valued metric space, there exists x; € X such
that T7"x — x¢. This completes the proof of (Al).

(A2): It follows again from the triangle inequality and (11) that

d(T”x, T”””x) < d(T”x, T””x) + d(T’”lx, T"*Qx) +oo 4 d(T"””_lx, T””"x)

A

(a*)"d(x, Tx)a" + (a )nﬂd(x, Tx)a"! +

+(a )VHm 'd(x, To)a™

n+m-1

= Z d(x, Tx)a

k=n

Since d(x, Tx) is a positive element of A, using (9) of Lemma 2.10 and letting m — oo, we
conclude (A2).

(A3): To prove (A3), if Txy = xo and {x,} is a sequence in Or(x) with x, — x¢ with
respect to A, then ||G(xo)| = |d(Txo,%0)|| = 0 < liminf | G(x,)|. Conversely, if G is T-
orbitally lower semicontinuous at x¢, then

|G x0)]|| = ||d(xo, Txo) | < liminf|G(T"x)|

= liminf||d(T"x, T""%) |

2n

.. a
< liminf lal
1-lal

|, )2 |* = 0.

This implies that d(xg, Txo) = 04, i.e., xo = Txo. O
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Remark 2.12 Note that:
(1) By taking A =R, we see that the main result of [2] follows immediately from
Theorem 2.11.
(2) Theorem 1.3 is a special case of Theorem 2.11 except for the uniqueness of a fixed
point of the mapping involved.

The following example shows that our result properly generalizes Theorem 1.3.

Example 2.13 Consider the C*-algebra A = R? with component-wise operations where
norm and ordering are given by (4) and (5), respectively. Let X = [-1,1] x [-1,1] and define
the C*-valued metric d: X x X — R? by d(x,7) = (|1 — 1], |%2 — y2|) for all x = (x1,%,),y =
(91,72) € X. Define T : X — X by

L2y ifxy,x >0,
O L

1,0) otherwise.

Taking (u1,u3) € X such that 0 < 3, u; < 1, we have

OT((ulru2)) = {(ul’MZ)r (%’ %): <%1 %)7}

U] u

For any u,, = (541, 2,1—_1) € Or((u1,u,)), we have

d(Tun, T* ) = a* d(tn, Ty,

where a = (%, %). Note that «,, — (0, 0). Further, G : X — A defined by G(x) = d(x, Tx) is
T -orbitally lower semicontinuous at (0, 0). Therefore, all conditions of Theorem 2.11 are
satisfied and (0, 0) is the fixed point of 7. Note that Theorem 1.3 is not applicable here
since T is not continuous at (0, 0) with respect to A.

3 Application

In this section we provide the existence result for an integral equation as an application
of C*-valued contractive type mappings on complete C*-valued metric spaces. Let E be
a Lebesgue measurable set, X = L>°(E), and H = L?(E). We denote the set of all bounded
linear operators on a Hilbert space H by L(H). With the usual operator norm, L(H) isa C*-
algebra. For S, T € X, defined : X x X — L(H) by d(T,S) = m|7_s), where 7, : H — H is the
multiplication operator given by 7;(¢p) = /1 - ¢ for ¢ € H. Then (X, L(H),d) is a complete
C*-valued metric space [3].

Example 3.1 Let E, X, H, and the metric d be as above. Suppose that
(1) K:Ex ExR— R,and let T be a self-mapping on X,
(2) there exists a continuous function ¢ : E x E — R and « € (0,1) such that for every
x€X,ye Or(x),and ¢,s € E, we have

|K(t, s,x(s)) - I((t, s,y(s))| <a |¢>(t,s)(x(s) —y(s)) | (12)

(3) sup,eg [; 1@(t,s)|ds <1.
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Then the integral equation
50 = [K(usxo)ds, 1€
E

has a solution.

Proof Here (X,L(H),d) is a complete C*-valued metric space with respect to L(H).
LetT:X — X be

Tx(t) = fK(t,s, x(s)) ds, teE.
E
Let Tx = y, then

(76, T%) || = |4(Zx )|

77 7731 l

sup (mzx-my1, h) foranyhe H
llAll=1

= sup /_ /([((t,s,x(s))—K(t,s,y(s))) ds ]h(t)mdt
lAl=1JELIJE
< sup /- /(K(t,s,x(s)) —K(t,s,y(s))) ds ]|h(t)‘2dt
IAl=1JELIJE
i 2
< |shlﬁl=)1/g_/g|k¢(t’S)(x(S)_y(S))MS]‘h(t)‘ dt
k )| ds ||h(e)) > dt - %= ylloo
<ksup / [ [lote.s) s}| O dt - 1%y

< esup [ [p(e5)|ds- sup. [ o) de - 1=
teE JE \hl=1JE

< kllx = ylloo

= llall|d(x, )| = llall |d(x, Tx)|.

Setting a = kI, we have a € L(H), and |4 = k. Thus all the conditions of Theorem 2.11

hold and hence the conclusion. O
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