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1 Introduction

Let R be the set of real numbers, H and H; be (real) Hilbert spaces with inner product (-, -)
and norm || - ||. Let C and Q be nonempty, closed, convex subsets of H and Hj, respectively.
Let ['o(H) be the space of all proper lower semicontinuous convex functions from H to

(—00, 00]. In this paper, we consider the following minimization problem:

arg min /11 (x) + g1 (x), (1.1)
x€eH
where /11,¢1 € T'o(H), and g1 : H — R is a Fréchet differential function.
Let A be a m x n real matrix, x € R”, b € R”, y > 0 be a regularization parameter and
t > 0. Tibshirani [1] studied the following minimization problem:

1
min 5 [Ax — b3  subject to ||lx[; <¢, (1.2)
X
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where [|x[[; = Y7, |x;] for x = (x1,%2,...,%,) € R”, and ||ylI3 = X7, (9:)* for y = (y1, 52, .-,
¥m) € R™. Problem (1.2) is called lasso, an abbreviation of ‘the least absolute shrinkage and
select operator’. This is a special case of problem (1.1). Besides, we know that problem (1.2)
is equivalent to the following problem:

1
min o |Ax = b3 + ¥ |l#ll (1.3)

Therefore, problems (1.2) and (1.3) are special cases of problem (1.1).

Due to the involvement of the ¢; norm, which promotes the sparsity phenomena of many
real world problems arising from image/signal processing, statistical regression, machin-
ing learning and so on, the lasso receives much attention (see Combettes and Wajs [2], Xu
[3], and Wang and Xu [4]).

Letf : H — (—00,00] be proper and let C be a nonempty subset of dom(f). Then f is said
to be uniformly convex on C if

Sflax+Q-a)y+a@-a)p(lx-yl)) <afx) + 1 -a)f (y)

forall x,y € C, and for all « € (0,1), where p : [0,00) — [0, 00] is an increasing function, p
vanishes only at 0.

Let g € I'o(H) and A € (0, 00). The proximal operator of g is defined by

. 1 2

Prox, x = argmm(g(v) + 2 lv—x| ), x€H.
veH

The proximal operator of g € I'o(H) of order X € (0, 00) is defined as the proximal operator

of Ag, that is,

1
Prox;,x = argmin(g(v) + Xllv—tz), x€H.

veH

The following results are important results on the solution of the problem (1.1).

Theorem 1.1 (Douglas-Rachford-algorithm) [5] Let f and g be functions in T'o(H) such
that (Of + 3g)™0 # . Let {Ay}nen be a sequence in [0,2] such that )", hn(2 = Ay) = +00.
Let y € (0,00), and xo € H. Set

Zu = ProxX, ¢ (2y, — xu),
Xn+l =Xpn t )\n(zn _xn)r neN.

Then there exists x € H such that the following hold:
(i) prox, . x € arg mingeg (f + g)(x);

(i) {yn — zn}nen converges strongly to 0;

(iif) {%n}nen converges weakly to x;

(iv) {Yuluen and {z,}nen converge weakly to Prox,,, %;

(v) suppose that one of the following holds:
(a) f is uniformly convex on every nonempty subset of dom of’;
(b) g is uniformly convex on every nonempty bounded subset of dom dg.
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Then {y,}nen and {z,}nen converge strongly to Prox,, %, which is the unique minimizer of

f+g

Theorem 1.2 (Forward-backward algorithm) [6] Let f € T'o(H), let g : H — R be con-
vex and differentiable with a %-Lipschitz continuous gradient for some B € (0,00), let
y € (0,28), and set § = min{l, g} + % Furthermore, let {A,},en be a sequence in (0,26]
such that ), .y Au(8 — A,) = +00. Suppose that argmin(f + g) # ¥ and let

Yn =% — Y Vg(xn),
Xns1 = X + hn(ProX, r y, —x,), neN.

Then the following hold:
(i) (xy)nen converges weakly to a point in argmin,ey (f + g)(x);
(ii) suppose that inf,ey 1y, € (0,00) and one of the following hold.:
(@) f is uniformly convex on every nonempty bounded subset of dom df;
(b) g is uniformly convex on every nonempty bounded subset of H.

Then {x,},en converges strongly to the unique minimizer of f + ¢

Theorem 1.3 (Tseng’s algorithm) [7] Let D be a nonempty subset of H, f € T'o(H) be such
that dom df C D, and let g € I'o(H) be such that Géateaux differentiable on D. Suppose that
C is a nonempty, closed, convex subset of D such that C Narg mingey (f + 2)(x) # ¥, and that
Vg is %—Lipschitz continuous relative to C U dom df for some B € (0,00). Let xy € C and
y €(0, B), and set

In =% — Vg(xn),

Zy = PIOX,, ¢ Yy

Tn =2y =y Vg(2n)

Xps1 = Pe(xy —y,+1y), neNlN

Then
(@) {xntnen and {z,}nen converges weakly to a point in C N argmingey (f + g)(x);
(b) suppose that f or g is uniformly convex on every nonempty subset of dom of .
Then {x,},en and {z,},en converges strongly in C N argmingcy(f + g)(x).

Combettes and Wajs [2] used the proximal gradient method to generalize a sequence
{x,,} by the algorithm: x, € H is chosen arbitrarily, and

Kl = proxkng(l = A Vf)x,.

We observed that Combettes and Wajs [2] showed that {x,} converges weakly to a solu-
tion of the minimization problem (1.1) under suitable conditions. In 2014, Xu [3] gave an
iteration process and proved weak convergence theorems to the solution for the problem
(1.1). Next, Wang and Xu [4] studied problem (1.1) by the following two types of iteration
processes:

(@) %441 = proxkng((l = Yu)%y — 8,Vf(x,)) for all m e N;

(b) wps1:=U - vy proxkng(l -8,Vf))x, forallmeN.
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For these two iteration processes, Wang and Xu [4] proved that they converge strongly to
a solution of the problem (1.1) under suitable conditions.

Let I be the identity function of H, and let f; : C x C — H be a bifunction. Let g :
H — (—00,00] be a proper convex Fréchet differentiable function with Fréchet derivative
Vg on int(dom(g;)), C C int(dom(gy)), and /4 : H — (—00,00] be a proper convex lower
semicontinuous function. Let Pc be the metric projection of H into C. Throughout this
paper, we use these notations unless specified otherwise.

Motivated by the results of the above problems, in this paper, we introduce the following

iterations to study problem (1.1).

Iteration (I) Let x; € C be chosen arbitrarily, and

_
Vn —])L chn;
Xntl = OpXy + (1 - an)(ﬂnen + (1 - ﬁn V)yn)’ ne N;

where fi(x,y) = (y — %, Vg1 (%)) + I (y) — I (x).

Iteration (II) Let x; € C be chosen arbitrarily, and

Yn = l?hl (I - ’"Vgl)xm
Xp+l = OpXy + (1 - an)(ﬁnen + (I - ﬂn V)yn): neN.

Then we establish two strong convergence theorems without the uniformly convex as-
sumption on the functions we consider. Our results improve Combettes and Wajs [2], Xu
[3], Douglas-Rachford [5], Theorem 1.2, and Tseng [7]. Our results is also different from
Wang and Xu [4].

We also apply our results to study the following problems.

(AP1) Split feasibility problem:

Find ¥ € H such that x € C and Ax € Q, (SEP)

where A : H — H; is a linear and bounded operator.

In 1994, the split feasibility problem (SFP) in finite dimensional Hilbert spaces was
first introduced by Censor and Elfving [8] for modeling inverse problems which arise
from phase retrievals and in medical image reconstruction. Since then, the split feasibility
problem (SFP) has received much attention due to its applications in signal processing,
image reconstruction, with particular progress in intensity-modulated radiation therapy;,
approximation theory, control theory, biomedical engineering, communications, and geo-
physics. For examples, one can refer to [8—13] and related literature.

In 2002, Byrne [9] first introduced the so-called CQ algorithm which generates a se-

quence {x,} by the following recursive procedure:
Xn+l = PC(xn - pnA*(I _PQ)Axn)r

where the stepsize p, is chosen in the interval (0,2/||A||?), and Pc and Pg are the met-
ric projections onto C € R” and Q € R, respectively. Byrne [9] used the CQ iteration
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method to study the split feasibility problem in finite dimensional spaces, but in the in-
finite dimensional Hilbert space, a strong convergence theorem may not be true for the
split feasibility problem by the CQ algorithm [14]. Hence, some modified CQ algorithms
are introduced.

In this paper, we give a new iteration to study the (SFP), we also give our modified CQ
method to study (SFP), we study two strong convergence theorem to the solution of this
problem. We establish a strong convergence of this problem. Our results are different from
Theorem 5.1 of Xu [14] and improve other results of Xu [14].

(AP2) Lasso problem:

1
argmin ~ |Ax — b3 + y |lx[|1.
xeR" 2
We give two iterations to study the lasso problem, and we establish two strong convergence
theorems of the lasso problem.
(AP3) Mathematical programming for convex function:

argmin /1 (x), where /1, € I'o(H).
xeH
Rockafellar [15] used a proximal point algorithm and proved a weak convergence theo-
rem to the solution of this problem. We establish a modified proximal point algorithm
and prove a strongly convergence theorem to study this problem. Our result improves the
results given by Rockafellar [15].
(AP4) Mathematical programming for convex Fréchet differentiable function:

Find arg min g1 (x), where g1 : H — R is a Fréchet differentiable function.
xeH

Recently, Xu [16] studied weak convergence and strong convergence theorem of this prob-
lem with various types of relaxed gradient-projection iterations. He also used the viscosity
nature of the gradient-projection method and the regularized method to study strong con-
vergence theorems of this problem.

A special case of one of our iteration is modified gradient-projection algorithm. We use
this modified gradient-projection algorithm to establish a strong convergence theorem of
this problem (AP4), and our results improve recent results given by Xu in [16].

In this paper, we apply a recent result of Yu and Lin [17] to find the solution of the math-
ematical programming for two convex functions, then we apply our results on mathemat-
ical programming for two convex functions to study the above problems. We establish a
strongly convergent theorem for these problems and apply our result on the lasso problem
to the image deblurring problem. Some numerical examples are given to demonstrate our
results. The main result of this paper gives a unified study of many types of optimization
problems. Our algorithms to solve these problems are different from any results in the
literature. Some results of this paper are original and some results of this paper improve,
extend, and unify comparable results existence in the literature.

2 Preliminaries

Throughout this paper, we denote the strong convergence of {x,} to x € H by x, — x. Let
T : C — H be mapping, and let Fix(T) := {x € C: Tx = x} denote the set of fixed points
of T. Thus:
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(i) T is called nonexpansive if || Tx — Ty|| < |lx —y|| for all x,y € C.
(ii) T is strongly monotone if there exists > 0 such that (x — y, Tx — Ty) > 7 ||lx — y||
forallx,y € C.
(iii) T is Lipschitz continuous if there exists L > 0 such that || Tx — Ty|| < L|lx — y|| for all
x,y€C.
(iv) Let a > 0. Then T is a-inverse-strongly monotone if {x — y, Tx — Ty) > o|| Tx — Ty||?
for all w,y € C. We denote T is a-ism if T is «e-inverse-strongly monotone.
(v) T is firmly nonexpansive if

T — Ty| < |lx -yl - ”(1— T)x - (I - T)y”2 for every x,y € C,
that is,
| Tx — Ty||2 <({x-yIx—-Ty) foreveryx,yeC.

Let B: H — H be a multivalued mapping. The effective domain of B is denoted by D(B),
that is, D(B) = {x € H : Bx # #}. Thus:
(i) B isa monotone operator on H if (x — y,u —v) > 0 for all x,y € D(B), u € Bx and
v € By.
(i) B is a maximal monotone operator on H if B is a monotone operator on H and its
graph is not properly contained in the graph of any other monotone operator on H.

Lemma 2.1 [18] Let G; : H — H be maximal monotone. Let ],G1 be the resolvent of G de-
fined by J =+ rGy)~! for each r > 0. Then the following hold:

(i) Foreachr>0,J" is single-valued and firmly nonexpansive.

(ii) DUFY) = Hy and Fix(7h) = {x € D(G1) : 0 € Gy}

Let C be a nonempty, closed, convex subset of a real Hilbert space H. Letg: C x C — R
be a function. The Ky Fan inequality problem [19] is to find z € C such that

g(z,y9)>0 foreachyeC. (EP)

The solution set of Ky Fan inequality problem (KF) is denoted by KF(C, g).

For solving the Ky Fan inequalities problem, let us assume that the bifunction g : C x
C — R satisfies the following conditions:

(Al) g(x,x) =0 foreachx € C;

(A2) gis monotone, i.e., g(x,y) + g(y,x) <0 for any x,y € C;

(A3) for each x,y,z € C, limsup, o g(tz + (1 - t)x,y) < g(x,y);

(A4) for each x € C, the scalar function y — g(x, y) is convex and lower semicontinuous.

We have the following result from Blum and Oettli [20].

Lemma 2.2 [20] Let g: C x C — R be a bifunction which satisfies conditions (A1)-(A4).
Then for each r > 0 and each x € H, there exists z € C such that

1
gy +-(y-2z2z-x)>0
r

forallye C.
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In 2005, Combettes and Hirstoaga [21] established the following important properties

of resolvent operator.

Lemma 2.3 [21] Letg: C x C — R be a function satisfying conditions (Al)-(A4). Forr > 0,
define TS : H — C by

1
T8x = {zeC:g(z,y)+ ;(y—z,z—x) zO,‘v’yeC}

or all x € H. Then the following hold.:
forall hen the foll g hold
(i) T¢ is single-valued,;
(ii) T¢ is firmly nonexpansive, that is, | Tex — Tey||> < (x —y, Tsx — TSy) for all x,y € H;
(iii) {xe H:Téx=x}={xe C:g(x,y) >0,V¥y e C};
(iv) {xe C:g(x,y) > 0,Vy € C} is a closed and convex subset of C.

We call such T? the resolvent of gforr>0.
Takahashi et al. [22] gave the following lemma.

Lemma 2.4 [22] Let g: C x C — R be a bifunction satisfying the conditions (Al)-(A4).
Define Ag as follows:

_J{zeH:glxy) > (y-x2),¥Vye C} ifxeC,

Agx .
Y/ ifxé¢ C.

(L4.2)

Then KF(C,g) = Ag‘IO and A, is a maximal monotone operator with the domain of A, C C.
Furthermore, for any x € H and r > 0, the resolvent T¢ of g coincides with the resolvent of
Ag e, Tix = (I +rA,) .

Let f : H — (—00,00] be proper. The subdifferential 9f of f is the set valued operator,
defined of ={u € H:f(y) > f(x) + (y —x,u) for all y € H}.

Let x € H. Then f is subdifferentiable at x if 3f (x) # . Then the elements of 9f(x) are
called the subgradient of f at x.

The directional derivative of f at x in the direction y is

Py -t DS
@l0 o
provided that the limit exists in [-o0, 00].

Let x € domf and suppose that f'(x,y) is linear and continuous, then f is said to be
Géteaux differentiable at x. By the Riesz representation theorem, there exists a unique
vector Vf(x) € H such that f'(x,y) = (y, Vf(x)) forally € H.

Let x € H, let j1(x) denote the family of all neighborhood of x, let H; be a Hilbert space,
let C € u(x) and let f : C — (—00,00]. Then f is said to be Fréchet differentiable at x if
there exists an operator Vf(x) € B(H,R), called the Fréchet derivative of f at x, such that

; [f (e + ) = f(x) = (y, V(%)) 0
0lyll—0 Iyl ’

Further, if f is Fréchet differentiable at x, then f is Gateaux differentiable at x.
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Let C be a nonempty, closed, convex subset of H. The indicator function (¢ defined by

0, xe(C,
¥, x¢C,

lcx =
is a proper lower semicontinuous convex function and its subdifferential d:¢ defined by

dcx={zeH: (y—x2) <1c(y) - 1c(x),Vy € H}

is a maximal monotone operator (see Lemma 2.8). Furthermore, we also define the normal

cone Ncu of C at u as follows:
Ncu = {zeH: (z,v—u) <0,Yve C}.
We can define the resolvent ]fic of dic for A >0, i.e.,
YCx = (I + Adic) %
for all x € H. Since

dicx = {z€H:icx+(z,y—x) <icy,Vy € H}
={zeH:(z,y-x) <0,V¥yeC}

= Ncx
for all x € C, we have

3i ,
u=J, x X €u+Micu
x—ueINcu

x—uy—u) <0, VyeC

A

u = Pcx.
For details see [22].

Lemma 2.5 [4] Let g € I'o(H) and A € (0,00). Thus:
(i) If C is a nonempty, closed, convex subset of H and g = ic is the indicator function of
C, then the proximal operator prox;, = Pc for all A € (0,00), where Pc is the metric
projection operator from H to C.
(ii) prox,, is firmly nonexpansive.
(ifi) prox,, = (I +Adg)™ = J;*.

Lemma 2.6 [3] Letf,g € To(H). Let x* € H and A € (0,00). Assume that f is finite valued
and Fréchet differentiable function on H with Fréchet derivative Vf. Then x* is a solution
to the problem arg mingcy f(x) + g(x) if and only if x* = proxkg(l —AVf)x*.

Lemma 2.7 [23] Let C C H be nonempty, closed, convex subset, let A : H — H, and let
f:H — R be convex and Fréchet differentiable. Let A be the Fréchet derivative of f. Then
VI(C,A) = arg mingec f(x).
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Lemma 2.8 [6] Letf € I'y(H), then of is maximum monotone.

Lemma 2.9 [6] Let f and g be functions in Uy(H) such that one of the following holds:
(i) domf Nint(dom)g # &;
(i) domg=H.

Then d(f + g) = of + 0g.

A mapping T, : H — H is said to be averaged if T,, = (1 — @)/ + «T, where « € (0,1) and
T : H — H is nonexpansive. In this case, we say that T, is «-averaged. Clearly, a firmly
nonexpansive mapping is %—averaged.

Lemma 2.10 [24] Let T : H — H be a mapping. Then the following hold:
(i) T is nonexpansive if and only if the complement (I — T) is 1/2-ism;
(ii) if S is v-ism, then for y >0, yS is v/y-ism;
(ili) S is averaged if and only if the complement I — S is v-ism for some v > 1/2;
(iv) if Sand T are both averaged, then the product (composite) ST is averaged,;
(v) ifthe mappings {T;}, are averaged and have a common fixed point, then
N, Fix(T;) = Fix(T; - - - Ty,).

Lemma 2.11 [6] Let f: H — (—00,00] be proper and convex. Suppose that f is Gdteaux
differentiable at x. Then df (x) = {Vf(x)}.

3 Common solution of variational inequality problem, fixed point, and Ky Fan

inequalities problem
For each i = 1,2, let F; : C — H be a k;-inverse-strongly monotone mapping of C into H
with «; > 0. For each i = 1,2, let G; be a maximal monotone mapping on H such that the
domain of G; is included in C and define the set G;'0 as G;'0 = {x € H: 0 € G;x}. Let
]fl = +2G) " and J® = (I + rGy) ! foreach n € N, A >0 and r > 0. Let {6,} C H be
a sequence. Let V be a y-strongly monotone and L-Lipschitz continuous operator with
y >0and L > 0. Let T: C — H be a nonexpansive mapping. Throughout this paper, we
use these notations and assumptions unless specified otherwise.

In this paper, we say conditions (D) hold if the following conditions are satisfied:

(i) 0<liminf, o o, <limsup,_ . o, <1;
(i) lim,— o B, =0,and Y o2 By = 00;
(iii) lim,_ o0 6, = 0.

The following strong convergence theorem is needed in this paper.

Theorem 3.1 [17] Suppose that 21 = Fix(T) ﬂFix(]AG1 (I-AF))NFix(2(I - rF)) # . Take
i € R such that 0 < u < i—’z’ A sequence {x,} C H is defined as follows: x, € C is chosen
arbitrarily,

In = = AR (I = rFy)icy,
Sp = Ty,
KXnl = OpXy + (1 - an)(ﬂnen + (I - ﬁn V)Sn)

foreachneN, {x,r} C(0,00), {a,} C(0,1), and {B,} C (0,1). Assume that conditions (D)
hold and 0 < A <2k and 0 < r < 2k,. Then

lim x, = x,
n— 00
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where

X = P ORGP (A E)NFix (2 (t-rgy® = VE):

This point x is also the unique solution to the hierarchical variational inequality:
(VX,q—% >0, VqeFix(T)NFix(7'( - AF)) NFix(J@( - 1F)).

For eachi=1,2,let f; : C x C — R be a bifunction satisfying conditions (Al)-(A4). An
iteration is used to find common solutions of a variational inequality problem, Ky Fan
inequalities problems, and a fixed point set of a mapping:

Find ¥ € H such that x € Fix(T) N KF(C,f;) N KF(C, f;) and
(Vx,q—x) >0, VqeFix(T)NKF(C,f) NKF(C,f).

Theorem 3.2 Foreachi=1,2,letf;: C x C — R be a bifunction satisfying conditions (Al)-
(A4), and let Ay, be defined as (L4.2) in Lemma 2.4. Suppose that Q2 := Fix(T) NKF(C, i) N
KF(C,f;) # 0. Take i € R such that 0 < u < i—){ A sequence {x,} C H is defined as follows:
x1 € C chosen arbitrarily, and

Ar A
In :])Lfl]rfzxm
Sp = Tyy,
X1 = Uy + (L= 00,)(Bn6n + U = BuV)s1)

foreachneN, {x,r} C(0,00), and {ay, B,} C (0,1). Assume that conditions (D) hold. Then
lim,, o %, = X, where x = Pg, (x — V). This point x € Q, is also the unique solution to the
hierarchical variational inequality:

(Vx,g—%x) >0, VqeQ.

Proof For each i = 1,2, by Lemma 2.4, we know that Ay, is a maximal monotone operator
with the domain of A; C C and KF(C,f;) = Ajil_lO. For eachi=1,2,let F; = 0, and G; = Ay,
in Theorem 3.1. By Lemma 2.1(ii), we have, for each i =1,2,

Fix(J"(I - AF) = G0 = A7'0 = KF(C,f;).

This implies that ©; = ©,. By Theorem 3.1, lim,,_, X, = X, where % = Pg, (¥ — Vx). This
point x € 2, is also the unique solution to the hierarchical variational inequality:

(Vx,g—x) >0, VqgeQ,.
Thus,
x € Fix(T) N KF(C,£i) NKF(C,f>)
and
(Vx,q—x) >0, VqeFix(T)NKF(C,f)NKF(C,f).

Therefore, the proof is completed. d
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As a simple consequence of Theorem 3.2, we study the common solution of the Ky Fan

inequalities problems.

Theorem 3.3 Let fi : C x C — R be a bifunction satisfying conditions (Al)-(A4) and let
Ay be defined as (L4.2) in Lemma 2.4. Suppose that Q3 := KF(C, f1) # 0. Take j1 € R such
that0< < i—g.A sequence {x,} C H is defined as follows: x, € C is chosen arbitrarily, and

A
Yn :]AﬁPan:
X+l = Xy + (]- - an)(ﬂnen + (1 - ﬂn V)_yn)

foreachneN, {r,r} C(0,00), and {ay, B,} C (0,1). Assume that conditions (D) hold. Then
lim,—, o0 %, = X, Where x = Po, (X — VX). This point x € KF(C, f) is also the unique solution

to the hierarchical variational inequality:
(Vx,q—x)>0, VqeQs.

Proof LetI|c and ic be the restriction of the identity function on C and the indicate func-
tion on C respectively and let T = I|c, f; = ic in Theorem 3.2, then Theorem 3.3 follows
from Theorem 3.2. O

Theorem 3.4 Let Q4 := Fix(T) # @. Take i € R such that 0 < u < i—Z.A sequence {x,} C Hy
is defined as follows: x; € C is chosen arbitrarily, and

Sn = TPan)
K1 = Uy + (L= ) (Br0n + (1 = Br)su)

foreachn e N, and {a,, B,} C (0,1). Assume that conditions (D) hold. Then lim,,_,  x,, = X,
where X = Pq, (x — V). This point x € Fix(T) is also the unique solution to the hierarchical

variational inequality:
(Vx,g—x) >0, VqeQ.

Proof Foreachi=1,2,letf; =ic, A; = dic in Theorem 3.2, where ic is the indicator func-

tion of C. Then KF(C,f;) = C and ]ff" = Pc. Therefore, Theorem 3.4 follows immediately
from Theorem 3.2. O

4 Mathematical programming for the sum of two convex functions
In the following theorem, an iteration is used to find the solution of the optimization prob-
lem for the sum of two convex functions:

argmin(gy + 113)().
yeC

Theorem 4.1 Let gy : H — (-00,00) be a convex Fréchet differentiable function with
Fréchet derivative Vg, on H, and hy : H — (—00,00] be a proper convex lower semicon-
tinuous function. Let fi(x,y) = (y — x, Vgix) + h(y) — li(x) for all x,y € H and let Ay be
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defined as (L4.2) in Lemma 2.4. Take p € R such that 0 < u < E—Z Suppose that T1; =
H - VI(C,Vg, h)#0, where

H-VI(C,Vg, )= {x eC:(y—xVgx)+h(y)—hx)>0forallye C}.
A sequence {x,} C H is defined as follows: x, € C is chosen arbitrarily, and

A
Yn :]AﬁPan:
X+l = OpXy + (]- - an)(ﬂnen + (1 - ﬂn V)_yn)

for each n e N, & € (0,00), and {a,, B,} C (0,1). Assume that conditions (D) hold. Then
lim,, o %, = %, where X = P, (x — VX). Further, x is the unique solution to the hierarchical
variational inequality:

(Vx,q—x) >0, Vgell,.

Proof Since Vg; is the Fréchet derivative of the convex function gi, it follows from Corol-
lary 17.33 of [6] that Vg is continuous on C. By Proposition 17.10 of [6], Vg is monotone
on C. Hence, Vg is bounded on any line segment of C. By Proposition 17.2 of [6],

y-xVaw)<a@) -g@ foralxyeC. (4.1)

Since /1, : C — Ris a proper convex lower semicontinuous function, it is easy to see that
for each x,9,z € C,

limsupfi (¢z + (1 - t)x, )
£40

<Ilim sup(y - (tz +(1- t)x), Vg (tz +(1- t)x)> + lim sup(hl(y) - (tz +(1- t)x))
t}0 tl0

=limsup((y -tz — (1 - )x - (y =), Vg (tz + (1 - t)x)) + ((y — %), Vg1 (tz + (1 - t)x)))
£40

+limsup(/(y) — i (tz + (1 - t)x))
£40

= (- Vax) + @) - )
=filx, ).
This shows that condition (A3) is satisfied. It is easy to see that f; also satisfies conditions
(Al), (A2), and (A4). We see KF(C,f;) = H — VI(C, Vg, 1) and T1; = Q3 # ?. By Theo-
rem 3.3, lim,_, oo %, = ¥, Where ¥ = Pq, (X — V), x € KF(C, f1). This point x € Q3 is also the
unique solution to the hierarchical variational inequality:
(Vx,q—-%)>0, VqeQs.

By Q3 =IT; and ¥ € KF(C, f1), we have

(Vx,q—x)>0, Vgqell
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and
(y - X, Vgl(a_c)) +h(y)—hi(x) >0 forallye C. (4.2)
By (4.1) and (4.2), we have

a®) + @) -a® - @ =y -x Va @) + () - &) =0
for all y € C. Then x € argminyec(g + /1) (). (|

Example 4.1 Let /(x) = 2%, @) =2 +2x+ 1, C=[-L1, H=R, 1 =1, V=1 a, = 5
forallmeN, B, = I,Oﬁ’ C=[-11],6,=0, filx,y) = (y —x Vg (x)) + h1(y) — m(x). Then
filx,9) = (y —x)(2x + y + x + 2), this implies thatfl(—%,y) =(y+ %)2 >0 forall y € [-1,1], and
-3 €H-VI([-1,1], Vg, ly) # 0.

We also see Ag(-1) = (-00,—-2], A5(1) = [6,00), and A (x) = 4x + 2 if » € (-1,1). Let
T = i Pty 2er = Loy + 21— 009 -

It is easy to see that Pcx, = 5y, + 2 and y,, = é(ch,, -2).

Hence %1 = x, + %(1 - m)(chn —2). It is easy to see all the conditions of Theo-

2
rem 4.1 are satisfied.
Letx; =0, then x, = —0.1998, x3 = —0.31977001, x4 = —0.39177967, x5 = —0.435008, ...,

we see lim, oo X, =X = —% € arg minye[_1,1) 1% + M.

Next, an iteration is used to find the solution of the following optimization problem for
the convex differentiable function:

argmin g (y).
yeC
Corollary 4.1 Let gi : H — R be a convex Fréchet differentiable function with Fréchet
derivative Vg,. Let fi(x,y) = (y — %, Vgix) for all x,y € H and let Ay, be defined as (L4.2)
in Lemma 2.4. Suppose that T1,; := argminyec g1(y) # 9. Take u € R such that 0 < j1 < i—’z'
A sequence {x,} C Hy is defined as follows: x, € C is chosen arbitrarily, and

_ ™
Yn _]A Pcxy,
K1 = ki + (L= ) (Bu0n + (I — By V)yn)

for each n € N, A € (0,00) and {a,, B,} C (0,1). Assume that conditions (D) hold. Then
lim,,, oo X4 = X, where X = Pry,, (x — VX). Further, x is also the unique solution to the hierar-
chical variational inequality:

(VJ_C,q—.?_C) >0, Vq € H1,1~

Proof By Lemma 2.7, we know that VI(C, Vg;) = arg min,ec g1(y). Therefore, Corollary 4.1
follows immediately from Theorem 4.1 by letting /1; = 0. d

Next, another iteration is used to find the solution of the following optimization problem

for a convex function:

argmin /1 (2).
zeC
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Corollary 4.2 Let fi(x,y) = hi(y) — hi(x), for all x,y € C, and let Ay, be defined as (1L4.2)
in Lemma 2.4. Suppose that Iy := argminyec 1 (y) # 9. Take o € R such that 0 < ju < i—’z'
A sequence {x,} C Hy is defined as follows: x, € C is chosen arbitrarily, and

_ ™M
Yn —])\ Pcxy,
K1 = Uy + (L= ) (B840, + (L — By V)yn)

for each n e N, & € (0,00), and {a,, B.} C (0,1). Assume that conditions (D) hold. Then
lim,,, oo X4 = X, where X = Pry, , (X — V). Further, x is also the unique solution to the hierar-
chical variational inequality:

(Vx,q—x) >0, Vgell,.
Proof Put g1 =0 in Theorem 4.1. Then Corollary 4.2 follows from Theorem 4.1. O

In the following theorem, an iteration is used to find the solution of the following opti-
mization problem for the sum of two convex functions:

argming (y) + h1(y).
yeH

Theorem 4.2 Let g : H — (—00,00) be a convex Fréchet differentiable function with
Fréchet derivative Vg on H, and h; : H — (—00,00] be a proper convex lower semi-
continuous function. Suppose that Vg, is Lipschitz with Lipschitz constant ﬁ and T :=
argmin,ey (g1 + hy)(x) # 0. Take 1 € R such that 0 < u < i—’z’ A sequence {x,} C H is de-
fined as follows: x, € H is chosen arbitrarily, and

Yn = Prox,, (I —rVg)x, = JNI = V),
Xp+l = OpXy + (1 - an)(/snen + (1 - IBn V)yn)

foreach ne N, r € (0, Lz—l), and {a,, B} C (0,1). Assume that conditions (D) hold. Then
lim,, o %, = X, where x = Pry, (X — VX). Further, x is also the unique solution to the hierar-
chical variational inequality:

(Vx,qg—x) >0, Vqell,.
We give two different proofs for this theorem.

Proof 1 Put C=H, Gy =0dhy, Fy =Vg, T =1|c, F, =0, Gy = dig in Theorem 3.1, where
I|c is the restriction of I on C and ic is the indicate function of C. Since Vg, is Lipschitz
continuous with Lipschitz constant L, it follows from Corollary 10 of [25] that Vg is
i—strongly—inverse—monotone. Since /1 is a proper convex lower semicontinuous func-
tion, it follows from Lemma 2.8 that 9/ is a set valued maximum monotone mapping.
By Lemma 2.11, 3g; = {V@}. It follows from dom(f) N int(dom(g)) # ¥, dom(g) = H, and
Lemma 2.9 that

0(hy +g1)(x) = 0h1(x) + dg1 (%) = Al () + Vi (x).
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Hence,

I, = argmin(g; + /1)(y) = {x €H:xe (@ + Vgl)’IO}
yeH

= Fix(I|c) N Fix (/" (I - V1)) N Fix(Pc)
= Fix(T) N Fix(J," (I - Vgy)) N Fix (")

-Q.
Therefore, we get the conclusion of Theorem 4.2 from Theorem 3.1. O

Proof 11 Let C = H, T = prox,;, (I — rVg) in Theorem 3.4. Since Vg is Lipschitz con-
stant L;, it follows from Corollary 10 of [25] that Vg; is ﬁ—inverse— strongly-monotone.
By Lemma 2.10, rVg is %—ism and (I — rVgy) is averaged. Since 9/, is maximum mono-
tone, it follows from Lemma 2.5, prox,,, = Jim s firmly nonexpansive. Hence prox,;, is

1
1_

5-averaged. Then by Lemma 2.10, T is averaged and nonexpansive. We have

Fix(T) = Fix(J?" (I - rVg1)Py)
= Fix(prox,;,, (I - rVg1)) N Fix(Py)
=argming (x) + hy(x) N H
xeH
= argming (x) + /1y (x).

xeC

Hence, I, = 4, and we get the conclusion of Theorem 4.2 from Theorem 3.4. O

Remark 4.1
(a) The iterations in Theorems 4.1 and 4.2 are different.
(b) Theorem 1.1, Theorem 1.2, Theorem 1.3, and the results given by Combettes and
Wajs [2], and Xu [3] are weak convergence theorems for the problem:

arg min g1 (x) + /1 (x).
xeH

Further, Theorem 1.1, Theorem 1.2, and Theorem 1.3 gave strong convergence theorems
of this problem under the uniform convex assumption on /; or g;. Therefore, Theorem 4.2
is different from these results. Besides, Theorem 4.2 is also different from the result given
by Wang and Xu [4] and related algorithms in the literature.

Example 4.2 Let in(x) =x%, gi(x) =x> +2x+ 1, H=R,a =1,V =1, a, =3 foralln €N,
B = m, C=[-1,1], 6, = 0. Then 0/ (x) = {2x}, Vg1 (x) =2x + 2,6, = 0 for all n € N. We
see —1 € arg min,eg g1 (x) + /(%) # 0, let

Yo = I = Ving)x, = (L + 0l) (I = Vr)x,,

_1 1 1
Xn+l = Exn + 5(1 - 1,000m )}’n

for each n € N.
We see all conditions of Theorem 4.2 are satisfied.
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We obtain (I — Vgi)x, = (I + 0h1)yy = Yy + 29y = 3y = %y — 2%, — 2.
=(xn+2)

: and

From this we obtain y, =

R
Kpy1 = X+ = | 1— ———
1 = 5%t o\t T Looon )"

2

1 1 1 (x, +2)

= =X, — = 1-

2 2 1,000# 3

1 1 (% +2)

= —xp—(1- sty
2 1,000# 6

Let x; = 1, then x, = 0.0005, x3 = —0.33075, x4 = —0.4434906, x5 = —04810987, x¢ =
—0.493649, x; = —0.4978412, xg = —0.4992446, x9 = —0.4997169, x1p = —0.49987785,
x11 = —0.49993425, x19 = —4999553, x13 = —0.4999642, .... From the relation

1 1 1 —(x, +2)
KXpe1= =%, — | 1—
LT g 1,000% 6

and x; =1, it is easy to see that the sequence {x,},cy is nonincreasing for some n > m and

bounded. Hence lim,,_, o, %, exists. Let lim,,_, o, x,, = X. From the relation

1 ) 1 (%1 +2)
X1 = =%y — | 1= ,
LT g 1,000n) 6

we see that X = 1% — 22 Therefore x = —1 € argminycp g1(%) + /11 (x).

In the following corollary, an iteration is used to find the solution of the following opti-
mization problem:

Find x € arg min /1; (y).
yeH

Corollary 4.3 Let hy : H — (—00,00] be a proper convex lower semicontinuous function.
Take (1 € R such that 0 < < i—)z’ Suppose that T, := argminyey h1(y) # 9. A sequence
{x,} C H is defined as follows: x, € H is chosen arbitrarily, and

Vn = ]ghlxm
Xn+l = OpXy + (1 - an)(/snen + (1 - IBn V)yn)

for each n e N, a € (0,00) and {a,, 8,} C (0,1). Assume that conditions (D) hold. Then
lim,,, oo X = X, where X = P, (¥ — VX). Further, x is also the unique solution to the hierar-
chical variational inequality:

(VEi,q—-%) >0, VgeTll,.

Remark 4.2 In 1976, Rockafellar [15] proved the following in the Hilbert space setting: If
hy is a proper convex lower semicontinuous function on H, the solution set arg minyc /1 (y)
is nonempty and liminf,_,» B, > 0. Let

1
2

X1 = arg min{hl(y) + ly —x,,||2} = ProXg, , Xu =]g:'1x,,, neN, (4.3)
yeH
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then {x,} converges weakly to a minimizer of ;. We see that Corollary 4.3 gives a dif-
ferent iteration which converges strongly to the solution of the following problem: Find

X € argminyey M1 (y).

Next, a modified gradient-projection algorithm is used to find the solution of the fol-
lowing mathematical program:

Find x € argming; (y).
yeC

Theorem 4.3 Let g : H — (—00,00) be a convex Fréchet differentiable function with
Fréchet derivative Vg, on H. Take ;v € R such that 0 < u < i—’z’ Suppose that Vg, is Lipschitz
continuous with Lipschitz constant L, and T3 := argminyec g1(y) # 9. A sequence {x,} C H
is defined as follows: x; € C is chosen arbitrarily, and

Yn=Pc( -V gi)xy,
K1 = Uy + (L= ) (B840, + (I — By V)yn)

foreach n e N, a € (0, %), and {o,, B,} C (0,1). Assume that conditions (D) hold. Then
lim,, o %, = %, where X = P, (x — Vx). Further, x is the unique solution to the hierarchical

variational inequality:
(Vi,q—-x) >0, Vqells.

Proof Leth; = ic, where ic denotes the indicator function of C. From Lemma 2.5, prox; ;, =
Pc, and

arg min(hl(x) + gl(x)) = arg min g (x),

xeC xeC

Theorem 4.3 follows immediately from Theorem 4.2. g

Remark 4.3 We know an iteration, defined by
Xui1 = PcI —a,Vg)x,, neN,

is called a gradient-projection algorithm, where Vg is Lipschitz continuous. In 2011, Xu
[16] used the gradient-projection algorithm and the relaxed gradient-projection algorithm
and studied the problem

Find x € arg ming; (y),
yeC

and gave weak convergence theorems. Xu also used the viscosity nature of the gradient-
projection algorithms and regularized algorithm to study strong convergence theorems
for this problem [16]. In Theorem 4.3, we establish a strong convergence theorem for
this problem by a different modified gradient-projection algorithm and a different ap-
proach.
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In the end of this section, an iteration is used to find the solution of the following opti-
mization problem:

Find x € argming (y).
yeH

Corollary 4.4 Let g : H — (—00,00) be a convex Fréchet differentiable function with
Fréchet derivative Vg, on H. Take n € R such that 0 < u < i—’z’ Suppose that Vg is
Lipschitz continuous with Lipschitz constant L and I3 := argminyey g1(y) # 0. A sequence
{x,} C H is defined as follows: x| € H is chosen arbitrarily, and

Yn = (1_ avgl)xm
K1 = Uy + (L= ) (Bu0n + ([ — By V)yn)

foreach n e N, a € (0, %), and {o,, B,} C (0,1). Assume that conditions (D) hold. Then
lim,, o %, = X, where X = P, (x — VX). Further, x is also the unique solution to the hierar-
chical variational inequality:

(Vx,q—x) >0, Vqells;.
Proof Let I = iy. By Lemma 2.5, we know that prox,,, = /'fiH =Py =1,and

argmin(/ (%) + g1 (%)) = arg ming (x).
xeH xeH

Hence, Corollary 4.4 follows immediately from Theorem 4.3. O

5 Split feasibility problems and lasso problems
In the following theorem, a modified Byrne CQ iteration is used to find the solution of the
following split feasibility problem: Find X € C such that Ax € Q.

Theorem 5.1 Let A: H — H; be a bounded linear operator, A* be the adjoint of A. Take
i€ R such that 0 < u < i—’z’ Suppose that A, :={x € C: Ax € Q} # 0. A sequence {x,} C H
is defined as follows: x; € C is chosen arbitrarily, and

Vn = Pc(l - OlA*(A - PQA))xn,
Xn+l = OpXy + (1 - 0(,,)(/3,,9,,, + (1 - IBn V)yn)

foreachneN, a € (0, W), and {a,, B,} C (0,1). Assume that conditions (D) hold. Then
lim,, o %, = X, where x = Pa, (X — VX). Further, X is also the unique solution to the hierar-
chical variational inequality:

(Vx-0,g—x)>0, VgeA;.

Ax-PoAx|? . . .
Proof Let gi(x) = M. It is easy to see that gi(x) = min,eq %lle — y||? is a convex
function. Then for any v € Hj, we have

2g1(x +v) — 2g1(x) — 2(Av, (I — Pg)Ax)
= (I - PQ)A(x +v),(I = PQ)A(x +v)) — ((I - Po)Ax, (I — Po)Ax)
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—2(Av, (I - Pg)Ax)

= (Ax + Av — PoAx + (PoAx — PoA(x + v)), Ax + Av — PoAx
+ (PoAx — PoA(x +v))) — ((I - Po)Ax, (I - Po)Ax) — 2(Av, (I - Po)Ax)
= (Av, Av) + (PoAx — PoA(x +v), PoAx — PoA(x +v))

+2((I = Po)Ax, PoAx — PoA(x + v)) + 2{Av, PAx — PoA(x + v)).

Py is a self-adjoint operator and P = Pg, therefore, we have

|((I — Pg)Ax, PoAx — PoA(x + v))|

= (I - Po)Ax, PoAx) — ((I - Po)Ax, PoA(x + v))|

= (P — Po)Ax, Ax) — (Po(I — Po)Ax, A(x +v)) = 0.

Since P : H — Q is a nonexpansive mapping, we have

|(PoAx — PoA(x +v), PAx — PoA(x +v))|
- [PoAx—PoAGx + )|
< | Ax - (Ax + Av)|
= llAvIi3

2 2
< lIAllz - vl
and

2|{Av, PoAx — PoA(x + v))|
< 2|[|Av||2 | PoAx — PoA(x + V)|, |
<2||Av|2|Ax - A(x +v)|,
< 2| Avl2[lAvl2

<2||All3 - IVI13-
We also see that
(Av, Av) < ||A]13 - VI3
By (5.1), (5.2), (5.3), (5.4), and (5.5), we have

i 11 +V) ~ &1(®) — (v, A" - Po)Ax)|

v—>0 [Ivl2
 lim 1261 (x +v) - 261(x) = 2(v, A*(I — Pg)Ax)|
=0 12vll2

: 2
< lim 2| A[l3[Iv]l2
v—0

=0.

Page 19 of 23

(5.1)

(5.2)

(5.4)

(5.6)
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This shows that g; is Fréchet differentiable with Fréchet derivative Vig; = A*(A — PpA).
Since A is a bounded operator and Py, is a firmly nonexpansive mapping,

| Vai@) - V)| = [[A"(4 - PoA)x — A*(A — PoA)y|
< IIAIl||( = P)Ax — (I - Po)Ay||
< lA[||Ax — Ay|

< AI* - lx =yl (5.7)

This shows that Vg, is a Lipschitz function with Lipschitz constant [|A||%. By the assump-
tion A; # ), we know that A; = I13. Then we get the conclusion of Theorem 5.1 from
Theorem 4.3. O

Remark 5.1 In 2010, Xu [14] used various algorithms to establish weak convergence the-
orems in infinite dimensional Hilbert spaces for the split feasibility problem (see Theo-
rems 3.1, 3.3, 3.4, 4.1 and 5.7 of [14]). Also, Xu [14] established a strongly theorem for this
problem in the infinite dimensional Hilbert space (see Theorem 5.5 of [14]). Now, Theo-
rem 5.1 gives an algorithm to study the split feasibility problem which converges strongly
to the split feasibility problem, and this result improves Byrne’s CQ algorithm [9], and the
results given by Xu [14].

By Theorem 5.1, we get the following result for split feasibility problem.

Corollary 5.1 Let A: H — H; be a bounded linear operator, A* be the adjoint of A. Take
€ Rsuch that 0 < u < 2. Suppose that Ay := {x € C: Ax € Q} # 0. A sequence {x,} C H is
defined as follows: x, € C is chosen arbitrarily, and

Vn = Pc(l - OlA*(A - PQA))?C,,,
K1 = Uy + (L= ) (1 - ﬁn)yn)

foreachneN, a € (0, W), and {a,, B,} C (0,1). Assume that conditions (D) hold. Then
limy,_, oo %, = %, where x = Py, 0.

Proof Let 6, =0 =0 for all n € N and V =1 in Theorem 5.1, then Corollary 5.1 follows
from Theorem 5.1. O

Next, an iteration is used to find the solution of the following lasso problem:

1

Find x € argmin(— |Ax - b|3 +y ||x||1>.
xeR” 2

Theorem 5.2 Let A be a m x nreal matrix,x € R", b € R™, and y > 0 be a regularization

parameter. Take p € R such that 0 < u < j—g Suppose that A, := arg mingcgn %||Ax -bl3+

ylxl1 # 9. A sequence {x,} C H is defined as follows: x; € R" is chosen arbitrarily, and

n=Joa" "M (o, — € A*(Ax, - D)),
K1 = Xy + (1 — an)(/gnen +( - B V)yn)
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foreachneN, a € (0, m), and {a,, B,} C (0,1). Assume that conditions (D) hold. Then
limy,_, oo X, = X, where x = Pp, (X — V'X). Further, x is also the unique solution to the hierar-
chical variational inequality:

(Vx-0,g—x)>0, VgeA,.
Proof Let g1(x) = %IIAx —b|13, and h(x) = y ||x||;. For each v € R”,

B lg(x +v) —g1(x) — (v, A*(Ax - D))|
m

v—>0 Vil
. [{A(x +v) —b,A(x +v) — b) — (Ax — b,Ax — b) — 2(v,A*(Ax — b))|
= lim
v—>0 2|vll2
-0. (5.8)

Then Vg (x) = A*(Ax — b), and }; is a proper convex and lower semicontinuous function
on H. Hence,

|Vai(x) - V)| = | A*(Ax - b) - A*(Ay - b) |, < [|AI*[lx — ¥

and Vg is a Lipschitz function with Lipschitz constant ||A||?. Therefore, Theorem 5.2
follows from Theorem 4.2. g

The following is a special case of Theorem 5.2.

Corollary 5.2 Let A be a m x n real matrix,x € R",b € R", and y > 0 be a regularization
parameter. Take p € R such that 0 < u < 2. Suppose that A, := arg min,cgn %||Ax - b5+
yxll1 # 0. A sequence {x,} C R" is defined as follows: x; € R" is chosen arbitrarily, and

I =Ja" (2 A* (A, - b)),
Xp+l = OpXy + (1 - 0[,,)((1 - ﬁn)yn)

foreachneN, a € (0, W), and {a,, B,} C (0,1). Assume that conditions (D) hold. Then

limy,—, oo X, = %, Where x = Py, (0).

Proof Let 6, =0 =0 for all » € N and V =1 in Theorem 5.2, then Corollary 5.2 follows
from Theorem 5.2. O

Apply Corollary 4.1, an iteration is used to find the solution to the split feasibility prob-
lem: Find x € C, Ax € Q.

Theorem 5.3 Let A : H — Hy be a bounded linear operator, A* be the adjoint of A. Let
Ay be defined as (L4.2) in Lemma 2.4. Take |1 € R such that 0 < u < i—}z’ Suppose that
Mis:={xe C:Ax € Q} #0. Let fi(x,y) = (y — %, A*(A — PoA)x). A sequence {x,} C H is
defined as follows: x; € C is chosen arbitrarily, and

A
Yn :])\fl Pcxy,
K1 = Uy + (L= ) (Bu0n + (I — By V)yn)
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foreachneN, a € (0, W), and {a,, B,} C (0,1). Assume that conditions (D) hold. Then
lim,, o %, = X, where X = Pry,, (X — V%). Further, % is also the unique solution to the hierar-

chical variational inequality:

(Vx-0,g—x) >0, Vqells.

2
Proof Let gi(x) = w, then shows that g; is Fréchet differentiable with Fréchet
derivative Vg = A*(A — PgA), and Vg a Lipschitz function with Lipschitz constant ||A||>.
Applying Corollary 4.1 and following the same argument as Theorem 5.1, we can prove
Theorem 5.3. O

6 Image deblurring problem

This section mainly focuses on the image deblurring problems, which has received a lot
of attention in recent years. Until now, some researchers have proposed many novel al-
gorithms for this problem based on different deblurring models; for examples, see [26].
Now, by Corollary 5.2, we can consider the image deblurring problem.

All pixels of the original images described in the examples were first scaled into the range
between 0 and 1.

The image went through a Gaussian blur of size 9 x 9 and standard deviation 4 (applied
by the MATLARB functions imfilter and fspecial) followed by an additive zero-mean white
Gaussian noise with standard deviation 1073, The original and observed images are given
in Figures 1-3.

Remark 6.1 In the literature, we may observe that there are many fast algorithms for
the image deblurring problem. Here, we show that we can also consider this problem by

Corollary 5.2.
Figure 1 The original image. (RN Y] Eﬁ
ARRNE e
i B
LT =

Figure 2 The blurred image.

r

-y

Figure 3 The deblurred image.
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7 Conclusion and remarks

In this paper, we apply a recent fixed point theorem in [17] to study mathematical pro-
gramming for the sum of two convex functions, mathematical programming of convex
function, the split feasibility problem, and the lasso problem. We establish strong conver-
gence theorems as regards these problems. The study of such problems will give many

other applications in science, nonlinear analysis, and statistics.
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