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Abstract

We prove strong convergence of the viscosity approximation method for multivalued
nonexpansive mappings in CAT(0) spaces. Our results generalize the results of
Dhompongsa et al. (2012), Wangkeeree and Preechasilp (2013) and many others.
Some related results in R-trees are also given.
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1 Introduction

One of the successful approximation methods for finding fixed points of nonexpansive
mappings was given by Moudafi [1]. Let E be a nonempty closed convex subset of a Hilbert
space H and t : E — E be a nonexpansive mapping with a nonempty fixed point set Fix(¢).
The following scheme is known as the viscosity approximation method or Moudafis vis-

cosity approximation method:

x1 € E  arbitrarily chosen,

K1 = pf (%) + (L - ay)t(x,), neN, 1

where f : E — E is a contraction and {«,} is a sequence in (0,1). In [1], under some suitable
assumptions, the author proved that the sequence {x,} defined by (1) converges strongly
to a point z in Fix(¢) which satisfies the following variational inequality:

[fz)—zz-x)>0, xeFix(t).
We note that the Halpern approximation method [2],
Xp+l = Opld + (1 - ot,,)t(xn), neN,

where u is a fixed element in E, is a special case of the Moudafi one. Notice also that the
Moudafi viscosity approximation method can be applied to convex optimization, linear
programming, monotone inclusions, and elliptic differential equations.
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The first extension of Moudafi’s result to the so-called CAT(0) space was proved by Shi
and Chen [3]. However, they assumed that the space (X, p) must satisfy the property P,
i.e., for x,u,y1,y: € X, one has

p(x, m1) p(x, y1) < p(x, ma)p(x, y2) + p(%, 1) p(V1,¥2),

where m1; and m;, are the unique nearest points of # on the segments [x,y;] and [x, 2],
respectively. By using the concept of quasi-linearization introduced by Berg and Nikolaev
[4], Wangkeeree and Preechasilp [5] could omit the property P from Shi and Chen’s result.
Precisely, they obtained the following theorems.

Theorem 1.1 (Theorem 3.1 of [5]) Let E be a nonempty closed convex subset of a complete
CAT(0) space X, t : E — E be a nonexpansive mapping with Fix(¢t) # 0, and f : E — E be a
contraction with constant k € [0,1). For each s € (0,1), let x; be given by

x5 = f () ® (1 - )(x;)-

Then {xs} converges strongly as s — 0 to X such that X = Prix)(f (X)), which is equivalent to
the variational inequality:

(5?(_9?)),;9)?) >0, «xeFix(s).

Theorem 1.2 (Theorem 3.4 of [5]) Let E be a nonempty closed convex subset of a complete
CAT(0) space X, t : E — E be a nonexpansive mapping with Fix(t) # #, and f : E — E be
a contraction with constant k € [0,1). Suppose that x; € E is arbitrarily chosen and {x,} is
iteratively generated by

Xn+l = anf(xn) ® (1 -a,)t(x,), neN,

where {a,} is a sequence in (0, 1) satisfying:
(C1) lim,_, oy =0;
(C2) Y02 oy = 00;
(C3) >0, oty — psr| < 00 oF limn_m(%) =1

Then {x,} converges strongly to x, where x = Prix()(f (¥)).

However, on p.14 of [5], in order to conclude that o), = % € (0,1), the sequence {«,,}

must be contained in (0, Z—Ek). Therefore, Theorem 1.2 should be rewritten as follows.

Theorem 1.3 Let E be a nonempty closed convex subset of a complete CAT(0) space X,
t: E — E be a nonexpansive mapping with Fix(t) # 0, and f : E — E be a contraction with
constant k € [0,1). Suppose that x; € E is arbitrarily chosen and {x,} is iteratively generated

by
Xn+l = anf(xn) ® (1 -a,)tlx,), neN,

where {a,} is a sequence in (0, ﬁ) satisfying (C1), (C2), and (C3). Then {x,} converges
strongly to X = Prix) (f (X)).
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Fixed point theory for multivalued mappings has many useful applications in applied
sciences, in particular, in game theory and optimization theory. Thus, it is natural to study
the extension of the known fixed point results for single-valued mappings to the setting
of multivalued mappings.

Let E be a closed convex subset of a complete CAT(0) space, f : E — E be a contrac-
tion, and T be a nonexpansive mapping on E whose values are nonempty bounded closed

subsets of E. For each s € (0,1), we can define a multivalued contraction G; on E by
Gs(x)=(1-9)f(x) ®sT(x), x€E.

Applying Nadler’s theorem [6], G, has a (not necessarily unique) fixed point x; € E, that

1S,
x5 € 5f (%) @ (1 — )T (). ()

Recently, Bo and Yi [7] extended Theorems 1.1 and 1.2 to multivalued nonexpansive
mappings. We observe that there are many gaps in the proof of [7]. In fact, Theorem 3.1
of [7] is absolutely wrong since there is a closed convex subset E of the Euclidean plane R?
and a nonexpansive mapping on E such that the net {x} defined by (2) does not converge
(see [8], p.697).

The purpose of this paper is to extend Theorems 1.1 and 1.2 in the right way. Of course,
a condition like the endpoint condition must be added. Our main discoveries are Theo-
rems 3.1 and 3.3.

2 Preliminaries

Throughout this paper, N stands for the set of natural numbers and R stands for the set of
real numbers. Let [0,[] be a closed interval in R and x, y be two points in a metric space
(X, p). A geodesic joining x to y is a map & : [0,/] — X such that £(0) = x, £(/) = y, and
p(£(s),&(2)) = |s — t] for all s, ¢ € [0,1]. The image of & is called a geodesic segment joining
x and y, which when unique is denoted by [x, y]. The space (X, p) is said to be a geodesic
space if every two points in X are joined by a geodesic, and X is said to be uniquely geodesic
if there is exactly one geodesic joining x and y for each x,y € X. A subset E of X is said to
be convex if every pair of points x, y € E can be joined by a geodesic in X and the image of
every such geodesic is contained in E.

A geodesic triangle A(p, q,r) in a geodesic space (X, p) consists of three points p, g, r in
X and a choice of three geodesic segments [p,q], [¢,7], [r, p] joining them. A comparison
triangle for geodesic triangle A(p,q,r) in X is a triangle A(p,4,7) in the Euclidean plane
R? such that dg2(p,9) = p(p, q), dp2(q,7) = p(q, 1), and dg2 (7, p) = p(r, p). A point i € [p,q]
is called a comparison point of u € [p, q| if p(p, u) = dp2(p, ). Comparison points on [g, 7]
and [r, p] are defined in the same way.

Definition 2.1 A geodesic triangle A(p,q,r) in (X, p) is said to satisfy the CAT(0) inequal-
ity if for any u,v € A(p,q,r) and for their comparison points iz, ¥ € A(p, g, 7), one has

o(u,v) <dp2 (i, v).
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A geodesic space X is said to be a CAT(0) space if all of its geodesic triangles satisfy
the CAT(0) inequality. For other equivalent definitions and basic properties of CAT(0)
spaces, we refer the reader to standard texts, such as [9, 10]. It is well known that every
CAT(0) space is uniquely geodesic. Notice also that Pre-Hilbert spaces, R-trees, Euclidean
buildings are examples of CAT(0) spaces (see [9, 11]). Let E be a nonempty closed convex
subset of a complete CAT(0) space (X, p). It follows from Proposition 2.4 of [9] that for
each x € X, there exists a unique point xy € E such that

p(x,x0) = inf{p(x,y) : y € E}.

In this case, xy is called the unique nearest point of x in E. The metric projection of X onto
E is the mapping P : X — E defined by

Pr(x) := the unique nearest point of x in E.

By Lemma 2.1 of [12], for each x,y € X and ¢ € [0, 1], there exists a unique point z € [x, ]
such that

plx,z)=(1-t)plxy) and p(y,z)=toxy) 3)

We shall denote by tx & (1 — t)y the unique point z satisfying (3). Now, we collect some
elementary facts about CAT(0) spaces.

Lemma 2.2 (Lemma 2.4 of [12]) Let (X, p) be a CAT(0) space. Then
p(tx ® 1-t)y,z) <tp(x,z) + 1 - 1)p(y,2)

forallx,y,z€ X and t € [0,1].

Lemma 2.3 (Lemma 2.5 of [12]) Let (X, p) be a CAT(0) space. Then
P (tx ® (L-t)y,2) <tp’(x,2) + (1 - 1)p*(y,2) — t1 - 1) p°(x,9)

forallx,y,z€ X and t € [0,1].

Lemma 2.4 (Lemma 3 of [13]) Let (X, p) be a CAT(0) space. Then
p(tx® (1-t)z,ty ® (1-1)z) < tp(x,y)

forallx,y,z€ X and t € [0,1].

Let {x,} be a bounded sequence in X. For x € X, we set

r(x, {xy,}) = limsup p(x, x,,).
n—00

The asymptotic radius r({x,}) of {x,} is given by

r({xa}) = inf{r(x, {x.}) :x € X},
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and the asymptotic center A({x,}) of {x,} is the set

A({xn}) = {x eX:r(x, {x,,}) = r({xn})}.

It is well known from Proposition 7 of [14] that in a CAT(0) space, A({x,}) consists of
exactly one point. A sequence {x,} in X is said to A-converge to x € X if A({x,, }) = {x}
for every subsequence {x,, } of {x,}. In this case we write A-lim,_. %, = x and call x the
A-limit of {x,}.

Lemma 2.5 ([15], p.3690) Every bounded sequence in a complete CAT(0) space always has
a A-convergent subsequence.

Lemma 2.6 (Proposition 2.1 of [16]) If E is a closed convex subset of a complete CAT(0)
space and if {x,} is a bounded sequence in E, then the asymptotic center of {x,} is in E.

The concept of quasi-linearization was introduced by Berg and Nikolaev [4]. Let (X, p)
9
be a metric space. We denote a pair (a,b) € X x X by ab and call it a vector. The quasi-
linearization is amap (-,-) : (X x X) x (X x X) — R defined by

— —

(ab,cd) = (,0 (a,d) + p*(b,c) - p*(a,c) — p2(b, d)) foralla,b,c,d € X.

— —

It is easy to see that (b, cd) = (cd, ab), (ab, cd) = —(ba, cd), and (@%, cd) + (xb, cd) = (ab, cd)
forall a,b,c,d,x € X. We say that (X, p) satisfies the Cauchy-Schwarz inequality if

— —
|(ab,cd)| < pla,b)p(c,d) foralla,b,c,deX.

Itis well known from Corollary 3 of [4] that a geodesic space X isa CAT(0) space if and only
if it satisfies the Cauchy-Schwarz inequality. Some other properties of quasi-linearization

are included as follows.

Lemma 2.7 (Theorem 3.1 of [17]) Let E be a nonempty closed convex subset of a complete
CAT(0) space X, u € X and v € E. Then

v="Pp(u) ifandonlyif Vi, wv)>0 forallwekE.
Lemma 2.8 (Lemma 2.9 of [5]) Let X be a CAT(0) space. Then
02 (x,2) < p*(y,2) + 2@,?2) forallx,y,z € X.

Lemma 2.9 (Lemma 2.10 of [5]) Let u and v be two points in a CAT(0) space X. For each
te|0, 1] we set u; = tu @ (1 — t)v. Then, for each x,y € X, we have

() (iex, uy) < t{ux, ugy) + (1 - £) (Vx, uy);

(i) (%, uy) < t(ux, uy) +(1- t)(%)c,ﬁ})/) and (uﬂ,?ﬁl) < t{ux, vy) + (-0 vy).

Lemma 2.10 (Theorem 2.6 of [18]) Let X be a complete CAT(0) space, {x,} be a sequence
in X, and x € X. Then {x,} A-converges to x if and only if limsup,_, (%%, 7%) < O for all
yeX.
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Recall that a continuous linear functional p on £, the Banach space of bounded real
sequences, is called a Banach limit if ||u| = n(1,1,...) =1 and w,(a,) = nu(a,.) for all
{an} € lec.

Lemma 2.11 (Proposition 2 of [19]) Let « be a real number and let (ay, as, . ..) € Lo be such
that w,(a,) < o for all Banach limits p and limsup, (4,41 — a,) < 0. Then limsup, a, < a.

Lemma 2.12 (Lemma 2.1 of [20]) Let {c,} be a sequence of non-negative real numbers
satisfying

Cni1 < (L= Vp)en + Yulin forallneN,

where {y,} C (0,1) and {n,,} C R such that
(i) 2;321 VYn = O0;
(il) D021 [¥uniul < 00 or limsup,,_, . 1, < 0.
Then {c,} converges to zero as n — oo.

Let E be a nonempty subset of a CAT(0) space (X, p). We shall denote the family of
nonempty bounded closed subsets of E by BC(E), the family of nonempty bounded closed
convex subsets of E by BCC(E), and the family of nonempty compact subsets of E by K(E).
Let H(-,-) be the Hausdorff distance on BC(X), i.e.,

H(A,B) = max[sup dist(a, B), supdist(h,4)}, 4, B eBC(X),
acA beB

where dist(a, B) := inf{p(a, b) : b € B} is the distance from the point a to the set B.

Definition 2.13 A multivalued mapping 7 : E — BC(X) is said to be a contraction if there
exists a constant k € [0,1) such that

H(T(x), T(y)) <kp(x,y), *y€E. (4)

If (4) is valid when k = 1, then T is called nonexpansive. A point x € E is called a fixed point
of T if x € T(x). We shall denote by Fix(T) the set of all fixed points of 7. A multivalued
mapping T is said to satisfy the endpoint condition [21] if Fix(T) # @ and T'(x) = {x} for all
x € Fix(T).

The following fact is a consequence of Lemma 3.2 in [22]. Notice also that it is an exten-
sion of Proposition 3.7 in [15].

Lemma 2.14 IfE is a closed convex subset of a complete CAT(0) space X and T : E — K(X)
is a nonexpansive mapping, then the conditions {x,} A-converges to x and dist(x,,, T (x,)) —
0 imply x € Fix(T).

The following fact is also needed.

Lemma 2.15 (Lemma 3.1 of [22]) Let E be a closed convex subset of a complete CAT(0)
space X and T : E — BC(X) be a nonexpansive mapping. If T satisfies the endpoint condi-
tion, then Fix(T) is closed and convex.
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3 Main results
Theorem 3.1 Let E be a nonempty closed convex subset of a complete CAT(0) space X,
T : E — K(E) be a nonexpansive mapping satisfying the endpoint condition, and f : E — E
be a contraction with k € [0,1). Then the following statements hold:

(i) {xs} defined by (2) converges strongly to x as s — 0, where % = Pgix(1)(f (%)).

(ii) If{x,} is a bounded sequence in E such that lim,_, o, dist(x,, T'(x,)) = 0, then

P> (f(%), %) < pnp” (f (%), %)
for all Banach limits .

Proof (i) We first show that {x,} is bounded. From (2), for each x, there exists y; € T'(x;)
such that x; = sf(x5) ® (1 — s)y;. By the endpoint condition, for each p € Fix(T), we have

p(xsp) < sp(f(x),p) + (1-5)p (s, p)
= sp(f (%), p) + (1 —5)dist(ys, T(p))
<sp(f(x),p) + (1 —)H(T (%), T(p))
<sp(f(xs),p) + (1= 5)p(x5, p),

which implies

p(xs,p) < p(F(x5),p) < p(f(x:), () + p(f (V). p)
< kp(xs,p) + p(f(p).p).

Thus p(xs, p) < Lk,o(f(p) p)- Hence, {x,} is bounded and so are {f(x;)} and {y;}. We note
that

dist (x5, T(x5)) < p(%5,¥5) <5p(f (%), 95) > 0 ass— 0. (5)

Next, we show that {x,} converges strongly to ¥ where X = Prix(1)(f(¥)). Let a sequence
{s4} in (0,1) converging to 0 and put x, := x;,. It suffices to show that there exists a sub-
sequence of {x,} converging to X = Prix(r)(f(%)). By Lemmas 2.5 and 2.14, there exists a
subsequence {x,, } of {x,} and a point X in Fix(T) such that A-lim;_, o %,, = x. It follows
from the endpoint condition and Lemma 2.9(i) that

9 B _—
07 (X X) = (X X, %, )

< s,,k{f xnk)x,xnkx 1 =8 ) (Vi Xy Xy X)

= S”k<f xnk x’x”lk _Sl’lk p()/nk:x xnkr\;&)

= s )H (T (), T(X)) p (., %)

)+ (
)+

- Snk(f xnk )x: xnk > - snk) dlSt(ynkr T(x)) (xnkric)
= S"k<f x"k)x’x”’k )
)+ (

< s”k(f xnk)x,xnkx - snk)p (xnkvx)
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which implies
P20 %) < (F Gl i )
= (FGon @, 05 + (F @, 5)
< P(fGin ) f @) 0o ) + (F @, 5 )

< k2 (g, ) + ([, 5 ).

Since A-limy_, o %4, =X, by Lemma 2.10 we have

. =z T2
lim sup(f (x)x, xnkx) <0.
k—o00

This, together with (6), implies that {x,, } converges strongly to x.

Page 8 of 14

Next, we show that X = Prixr)(f(%)). Since T satisfies the endpoint condition, we have

dist(f (%) T(%,)) < p(f () f (X)) + p(f (%), X) + dist(%, T(x,,))
< P, %) + p(f (), %) + H(T(%), T (%))

< p(f(®),%) + 20(x,, %)

and

p(f&),%) = dist(f (%), T())

< ,o(f(fc),f(x,,k)) + dist(f(xnk), T(x,,k)) + H(T(xnk), T(5c))

< dist(f(x,,k), T(x,,k)) + 20K, %).
Thus
[dist(f (xn,), Txn) = £(f(R), Z)] < 20(x,, %).
Applying Lemma 2.3, for any g € Fix(T'), we have

P°@nrq) = P> (Smf Fo) ® (= 8 9)

= Snkpz(f(xnk)’q) +(1- Snk)pZ(ynk: q) - Sny. (1- Snk)pz (f(xnk)xynk)
= Snkpz (f(xnk% 51) + (1 - Snk)Hz(T(xnk)r T(Q)) - Snk (1 - Snk)p2 (f(xnk)rynk)

= Snkpz (f(xnk)! q) + (1 - Snk)pz(xnkr q) - Snk(l _Snk)pz (f(xnk):ynk)'

This implies that

pz(xnk; q) = ,02 (f(xnk): 61) - _Snk)pz(f(xnk)!ynk)

< P*(F (o), q) — (1 = 5, [dist(F (e )s T(x)) -

7)
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Taking k — oo, together with (7), we get
P’ q) < p*(f(®),q) - p*(f(R),%).
Hence

0< - [02®3) + p*(F(R),q) - P*(Goq) — P> (F@,7)] = (@ q¥) forall g € Fix(T).

N =

By Lemma 2.7, ¥ = Prix(1)(f (¥)) and this completes the proof.
(ii) Let {x,} be a bounded sequence in E such that lim,,_, , dist(x,,, T'(x,,)) = 0 and let « be
a Banach limit. Suppose that 11,0%(f(%),%,) < n < y < p2(f(X),%) for some 1,y € R. Then

there exists a subsequence {x,, } of {x,} such that
0> (f(fc),xnk) <y forallkeN. (8)

Otherwise p%(f(%),x,) > v for all large n which implies that 1, 0%(f(X),x,) > ¥ > 1, a con-
tradiction, and therefore (8) holds. By Lemmas 2.5 and 2.14, we can assume that {x,, }
A-converges to a point p in Fix(T). Then by (8) and Lemma 2.6, p is contained in the
closed ball centered at f(x) of radius ,/y. This contradicts the fact that x is the unique
nearest point of f(x) in Fix(7) and hence the proof is complete. d

As an immediate consequence of Theorem 3.1, we obtain the following.

Corollary 3.2 (Theorem 3.4 of [22]) Let E be a nonempty closed convex subset of a com-
plete CAT(0) space X, and T : E — K(E) be a nonexpansive mapping satisfying the end-
point condition. Fix u € E, and for each s € (0,1) let x; be a fixed point of G : E — K(E)
defined by Gy(x) = su @ (1 —s)T(x), that is, x; € E and x5 € su @ (1 — s)T(x;). Then the fol-
lowing statements hold:

(i) {xs} converges strongly to X as s — 0, where X = Prix()(1).

(i) If{x,} is a bounded sequence in E such that lim,_, «, dist(x,, T(x,)) = 0, then

P (1,%) < 11,0 (1, %)
for all Banach limits .
Now, we define an explicit approximation method for multivalued nonexpansive map-

pings. Let T': E — K(E) be a nonexpansive mapping, f : E — E be a contraction, and {«,,}

be a sequence in (0,1). Fix x; € E and y; € T(x;). Let

%o =of(x1) ® (1 - ar)yr.

By the definition of Hausdorff distance and the nonexpansiveness of T, we can choose
¥, € T(x,) such that

P, ¥2) < plar, x2).
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Inductively, we have
Xn+l = ar(f(xn) @ (1 - an)ynr Yn € T(xn): (9)

and p (Vs Y1) < pKu» Xp41) forall m e N,

Theorem 3.3 Let E be a nonempty closed convex subset of a complete CAT(0) space X,
T : E — K(E) be a nonexpansive mapping satisfying the endpoint condition. Let f : E — E
be a contraction with k € [0, %) and {a,} be a sequence in (0, ﬁ) satisfying:

(C1) lim,_ o, = 0;

(C2) Y02 oy = 00;

(C3) Y02, loty — aya1| < 00 o limnﬁoo(%) =1
Then the sequence {x,} defined by (9) converges strongly to X, where X = Prix(r)(f (X)).

Proof We divide the proof into three steps.
Step 1. We show that {x,}, {y,}, and {f(x,)} are bounded sequences. Let p € Fix(T). By

Lemma 2.2, we have

pEni1,P) < np(f (%), p) + A = n) (Yo )
=y [p (f(xn)rf(p)) + p(f(P)»P)] +(1- a,,)H(T(x,,), T(p))

A0}

< maX{p(xn,p), T %

By induction, we also have

Py, p) < max{p(xl,p), %ﬂ:ﬂ} forallm e N.

Hence, {x,} is bounded and so are {y,} and {f(x,)}.
Step 2. We show that lim,,_, oo p(%,41,%,) = 0. Observe that

Pt %) < p(nf (n) D (1= )Yy -t f (0-1) D (1 = @o1)Yn1)
< p(anf (%) ® (1= )y, f (%) ® (1 - @)y 1)
+ 0 (nf () @ (1= )1, f K1) @ (1 - )yn1)
+ p(0tf ®n1) @ (1= )Yty Cutf (Kno1) D (1= 2t )t )
< (1= )P Yn-1) + up (f (%), f (%4-1))
+ 0ty = @ | (f (1), Y1)

= (1 - an(]- - k))p(xnrxn—l) + |an - an—l|p(f(xn—l)ryn—l)-

211 o (f (%p-1)s Y1)

on

Putting, in Lemma 2.12, ¢, = p(%y,%4-1), ¥» = (1 —k)ary and 1, = T 11—
we get by (C2) and (C3) that limy,— o0 o (*4+1,%) = 0.

Step 3. We show that {x,} converges strongly to a point X € Fix(T') with X = Prixr) (f (X)).
For each s € (0,1), let x; be defined by (2). By Theorem 3.1, {x;} converges strongly to a
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point ¥ € Fix(T) and ¥ = Prix(1)(f (¥)). We note that

dist(%, T(%,)) < (%, Y)
< ;O(xmxwrl) + P(xnu,yn)
< p(Xn, Xni1) + anp(f(xn)ryn) —0 asn— o0

Again by Theorem 3.1, we have i,,(0(f(%),%) — p*(f(¥),,)) < O for all Banach limits .
Moreover, since lim,,_, o p(x,41,%,) = 0,

lim sup[(pz(f(fc),ic) —pz(f(ic),xml)) ( 2([ x), x) (f (%), xy,))] =0.

n—o0

It follows from Lemma 2.11 that

hmsup(,o (f ) 0 (f )) < (10)

n—0o0

For each n € N, we set z,, = 2,x ® (1 — @)y, It follows from Lemmas 2.8 and 2.9 that

, —
pz(xn+1: X)=<p (zn’ %) + 2{Xn 120 X1 %)

N —
<(@1- an)zpz()’m-;c) + 2[“n<f(xn)zm xn+155> +(1- an)()’n—Z:n xn+15&)]
< (-’ H(T(x,), T®)) + 2[ 3 {f (%)%, %.11%)

- —2 — —2
+ an(l - an)(f(xn)ynr xn+1x> + 0y (1 - an)(_ynx’ xn+1x)]

< (1= 00,) 0060, 8) + 2[ 02 (o) %11 + (1 — ) () 1))

N
=(1- Ol,,) Y (xnr )+2an(f(xn)x:xn+1x)

=(1- an)zpz(xm X) + 2an(f(xn)f(5c)» xn+19~c) + 20{n<f(5€)5c: xn+15C>
= —2
=< (1 - ) 1Y (xn’ )+ 2/(0(,,/)(96,,, )p(xn+17 ) + 2an<f(x)x,x,,+1x>
<Q- an)zpz(xm&) + kan[pz(xm&) + pz(xn+1¢5c)]
+ an[pz(f(;c):fc) + ,0 (Xne1,%) — p (f xn+1)]:

yielding
) o 1-Q2-Ka, +a? , oy, o e
P* (%41, %) < R (20, %) + —0+Pa, [0 (f®), %) - p*(f (&), x001) ]
1—(2 Ka, o
— 0 X — M
= (1+/<) w0, I T o

e [P U®R) -@)]
where M > sup, . {o(x,, %)}. It follows that

0% (%ns1,%) < (L= ¥) 0> (%0, %) + Vulls (11)
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where

(1—2]()0[,1 d oy
n= T 1 N n n=
Tl T A+ e, N T Tk

M ﬁ[fﬂ(f (®), %) = 0 (f R), %101)]-

Since «,, € (0, 21_1<) and k € [0, %), we have y, € (0,1). By (C1) and (10), limsup,, n,, < 0. Ap-
plying Lemma 2.12 to the inequality (11), we can conclude that x,, — X as n — oo. There-

fore, the proof is complete. O

Corollary 3.4 Let E be a nonempty closed convex subset of a complete CAT(0) space X,
and T : E — K(E) be a nonexpansive mapping satisfying the endpoint condition. Suppose
that u,x, € E are arbitrarily chosen and {x,} is defined by

Xps1 = 00U D (1 - an)yn;

where y, € T (x,,) such that p(Yu, Yn+1) < P&, %n11) for all n € N and {a,} is a sequence in
(0, %) satisfying (C1), (C2), and (C3). Then {x,} converges strongly to the unique nearest
point of u in Fix(T).

Proof We define f : E — E by f(x) = u for all x € E. Then f is a contraction with k = 0. The

conclusion follows immediately from Theorem 3.3. O

Remark 3.5 There are some results in Banach spaces related to our work (see, e.g., [23—
26]). Notice that our approach is quite different from that of [23-26].

As we have observed, Theorem 3.3 can be viewed as an extension of Theorem 1.3 for a
contraction f with k € [0, %). It remains an open question whether Theorem 3.3 holds for
ke[3,1).

Question 3.6 Let E be a nonempty closed convex subset of a complete CAT(0) space X,
T : E — K(E) be a nonexpansive mapping satisfying the endpoint condition. Letf : E — E
be a contraction with k € [0,1) and {«,} be a sequence in (0, 1) satisfying (C1), (C2), and
(C3) and {x,} be a sequence defined by (9). Does {x,} converge to X = Prixr)(f(X))?

4 R-Trees
Definition 4.1 An R-free is a geodesic space X such that:
(i) there is a unique geodesic segment [x, y] joining each pair of points x,y € X;
(i) if [y, 2] N [x,2] = {x}, then [y,2] U [x,2] = [y,2].
By (i) and (ii) we have
(iii) if u,v,w € X, then [u, v] N [u, w] = [u, z] for some z € X.

Itis well known that every R-tree is a CAT(0) space which does not contain the Euclidean
plane. To avoid the endpoint condition, we prefer to work on R-trees. Although an R-tree
is not strong enough to make all nonexpansive mappings having the endpoint condition
(see Example 5.3 in [27]), but it is strong enough to make our theorems hold without this
condition.

Let E be a closed convex subset of a complete R-tree (X, p) and T : E — BCC(E) a mul-
tivalued mapping. Then, by Theorem 4.1 of [28], there exists a single-valued mapping
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t: E — E such that t(x) € T(x) and
,o(t(x), t(y)) < H(T(x), T(y)) forallx,y € E. (12)

In this case, we call ¢ a nonexpansive selection of T.
Let f : E — E be a contraction and fix x; € E. We define a sequence {x,} in E by

Xns1 = f (%) @ (1= )y (13)
where y, = t(x,) € T(x,) for all n € N.

Theorem 4.2 Let E be a nonempty closed convex subset of a complete R-tree X, and T :
E — BCC(E) be a nonexpansive mapping with Fix(T) # (. Let f : E — E be a contraction
with k € [0,1) and {«,} be a sequence in (0, ﬁ) satisfying:

(C1) lim,_ o oy = 0;

(C2) 7 oy = 00;

(C3) Y0, oty — pa| < 00 oF limy,,oo(32-) = L.
Then the sequence {x,} defined by (13) converges strongly to X = Prixr(f (X)).

Proof By Theorem 4.2 of [28] (see also Theorem 2 of [29]), Fix(¢) = Fix(T). The set is
closed and convex by Proposition 1 of [30] and ¢ is nonexpansive by (12). The conclusion
follows from Theorem 1.3. O

Corollary 4.3 Let E be a nonempty closed convex subset of a complete R-tree X, and T :
E — BCC(E) be a nonexpansive mapping with Fix(T) # (. Let {«,} be a sequence in (0, %)
satisfying (C1), (C2), and (C3). Fix x; € E and let {x,} be a sequence defined by

Xne1 =yt B (1 —ap)t(x,), neN,

where t : E — E is a nonexpansive selection of T with Fix(t) = Fix(T). Then {x,} converges
strongly to the unique nearest point of u in Fix(T).
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